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[IEPIAHVH:

‘Eotw F éva alyefpixd oodua cuvapthoewy, e odpa otadepndv to K, émou K elvon éva
ahYeBpixd xhelotd ohpa xopaxtneotxhc p > 0. 'Eotew G vo elvon pior opddo cutolop@louoy
Tou F. Mehetdue tov xohpeo Q(m) twv ohopop@my m—(Tohu)dlopopxdy tTou couotoc F, dtav n
G elvan xuXhxh 1 otoelmdng offehiovh opdda téEne p™. Alvoupe Bdoelc dlapoptxdy Yo Tnv xdde
Tepintwon étav 1o obua FE elvar ontéd ewodyouue tny évvoia e avalhointne tou Boseck xou
vroloyilovpe v dour Tov Q(m) cav K[G]-rpbdTtuno cuvapthcel twv avolholwtony Tou Boseck,
xenowonoldvtag epyoheia and v Yewpla droxhddwone tou Hilbert. O mapandves vroloyioude
yiveton yoplc xoid mpobnddeon yia Ty xuxhixh meplrttwon, eved yio Tnv elementary abelian
neplntwon vrtodétovye 6Tl TO xdTw copa elvon eNTod.  AIVOUUE UL EQUPUOYH TWV TOEATEVE
ooV egantopEvo Y weo tou deformation functor yio xoundlec pe avtopoppiopols. Meletdue
enlone tic nuopddec Tou Weierstrass xow mndAuota tne ramification filtration cuvaptAcer Twv
AUTOUOPYLOUAOY Xl dLépopwy avahholwTwy tTne xaumding, 6mwe elvon ov Boseck, Hasse-Witt
xou 7o vévoc. Ewsdyoupe tnv évvola tne representation filtration n onolo poag Bondder ocrov
TPocdloplold TV TNONUdTLY Tne ramification filtration oe Wit ohixd droxhadillouevn Yéomn oty

xuxAxh p™ mepintwon. Meketdue symmetric nuouddec tou Weierstrass.
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Eiwooywyn

310 MPWTO XEPANO PEAETAUE TO TEOBANUA TNG avomaEdoTacn Wag opddag G
OTOV YOPO TWV AVIAVTIXOV—OAOROULOPPKY (TONU)BLapoplnv plag ahYERELXAC Xapl-
noAnc. H G elvon 1 ouddor Galois prog ahyefeinic enéxtaong owudtov cuvaeTr-
oewv F/E, xou ecTldloVUE OTIC TEPLTTOOELS 6TOL 1) opdda €xel Ty e€fic doun

(1) ebvou xuxhixh tééne p™,
(i) etvor oToyElddng afiehiovd (elementary abelian) té&ne p”,

6ToL p elvon TEVTA 1) YoUEAXTNELO TLXY TOL AAYEBPXA XAELG TOV COUATOS TwV G Torde-
ey K. Ioapdhinha Beloxouye and plo Baorn yio TOV TOQomdve Yweo oe xadeuld
and TIC MEQLTTWOOEL TOU PEAETAUE, oTNy eWdxy) nepintwon nou To owua E el-
vou entéd. Autéd amotelel xan To €vauouo yia Vo 0plcoupe xdmolec avarlolwTeg
e xounUAng, mov Va Tic Bagticovpe avorroiwtee tou Boseck, npogc twhv tou
Teppavol padnuatixod Helmut Boseck, ol onoleg avadeixviovion amd tic cuvi-
XEC TOL TMEETEL VOL LXAVOTIOLOLY Tol otolyela piag Bdong Tou Slavuouatinol yheou
TWY OVAAUTIXGY BLopopxdv xat (Tolu)dlapopndy. MEow autdv Unopody vo ex-
PEAGTOVY TAAEWS 1 SoUN TOL YMPOU TeV avahuTiXdY (Tohv)diagopixdy cav K[G]
TpdTUTO, SNhadY| Vo Tov Yedoupe cav o (eudl) dlpolopa Suvdpenmy addoTOC TWY
(indecomposable) K[G] mpotinwy (und tny évvola §TL emitpénovye enavalfPels
v TpooVetény 610 dVpolopa). To eviunwolaxd oe autéd To onueio elvan 6Tt
oL TOTOL oL Blvouy T 800 BOPES, Yo AUTES TG QPULVOUEVIXE UXPAlEC TEPLTTAOGCELS
ofEMAVY OUddwY TOU UEAETAUE, EVOTOLOVVTAL Y€K TWV avohholwtwy Tou Bose-
ck, %dtL mou pag odnyel oty Swthmwon wog exactiog Yo TY Yevixr] teplntwon
ploc oafBENOVAC P—ETEXTAONC CWUATWY GUVOETHCEWY. Mo amd TG EQoEUOYES Yia
o vohUTIXG (TOAU)BLapopind amoTeEREL oL 0 LTOAOYLOUOS TNC BACTAUONS TOU &-
qomtouevou yoeou tou local —global deformation functor. I'ia ti¢ 800 mopomdves
TEQINTOOES TS dounc e G mou peAetdue, uroloyilovye Ty K-BidoTtaon tou
local deformation functor cuvagtfoet twv Boseck availoiwtwy xat enaindedovue
TOL AMOTEAEGUATO TTIOU TTROXUTTOUY e Bdom TNy undpyouca BiBAoypocpla.

Y70 0e0TEPO AEPAROLO UEAETAYE TIC NUoUddes Tou Weierstrass, Tic ouddeg dlo-
AAABWoNG xoME %o TS CUVBESELS TOU LTdEyoUV UETal) QUTMY, GE ULl XOWT
epyaoia tou mpoéxude pe Ty cuvepyacio Tou cuyypapéa xou Tou Aploteidn Kov-
TOYEDEYT. Xe oUTO TO XOPUATL TNS EPYAOloC TEOXAAEL EVIUTOOT TS XYTL TOU
elvon oplouévo Tomixd oe xdmnoto onuelo P, énwe mpoxelton yioo v Weierstrass
nutoudda, umopel vo eumepLéyel TAnpogopleg yia xdnoteg xadohxég avariolnTeg
oneg elvar To Yévog Tng xoumOANG ¥ tov mivaxa twv Hasse-Witt.

Yuvoilouvye

(i) Biénoupe nwe ovoyetilovton ol nuouddec tou Weierstrass otny nepintwon
ohxAc dlaxhddwaong evog Galois xohbuparog,
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(i)
(iif)

(vi)

Fedpovpe oyéoeic Soupetdtntoc twv pole numbers and tnv téEn xdmotog
ouddag SLoaxAddwong,

Optlouye wa axohouvdio avamopao Tdoewy, xot P€ow Twv Tndnudtey tne Bel-
oxouvye ta ndAuata Tne ramification filtration yio pior oAd Sonchadilduevn
Véon otnv xuxhix Galois p" neplntwon,

Xernotpomololue Tic avohholwteg Tou Boseck yio tny ebpeor twv gaps xou
TwV Nuopddwy tou Weierstrass, oe éva Slonchadllopevo onuelo xou g ou-
oyetiloupe téhoc ue xdmoteg avarholwtes tou Lewittes,

Abvoupe éva gedypo ylor To HEYLOTO gap cLVUETHOEL Twv pole numbers,
oL o 0dnyYel 6TOV UTOAOYIOUG TOU YEVOUC TNG XUUTUANG o€ TEpinTwoN
GUHUETELXWY Nlopddwy tou Weierstrass, nou nopdyovtow and 2 yevvitopeg,

Xopaxtnellovue xdmoteg Artin-Schreier emextdoeic xou xdnolec maximal
AAUTOAESC OC TPOG TNV CUUUETELXT WBLOTNTO TV Weierstrass nulopddwy toug.

YTV yoeaxTnelo Ty UNdEV TOANG and Tol TUEATEvVe ATOTENOUY xAooixd Vé-
portor emuporveldy Riemann xou €youv yeketniel opxetd. Avtideta, n dewplo twy
ovamapoo TdoEwy, Tewv Welerstrass nuogddwy xou twv opddwy dtaxhddwone G(P)
elvon Buoxohdtepec oTNy mepintwon mou p > 0. Evdeixtind avagpépouue 6Tt

H &N tne opddag pog Sonpelton and T0 P Ye GUVETELD VoL EYOUUE TI BUGXO-
Aeg tne modular avanapdoTaong, GUYXEITIXG UE TIC OVOTUEC TAOELC TIETE-
QUOUEVWY OUBBMY GTNY UNBEV YAUEAUXTNELC TIXT),

XNV undéyv yopaxtneto Tt Oha exTé¢ amd menepacuéva To Thfdoc onuela,
mou ovopdlovton onueio tou Weierstrass, éyouv gaps oto P, axpBdg 1o
obvoro {1,...,g}, x&tL mou dev odndederl oy Yetinnh yopaxTnelo Ty,

Sty pndév yopaxtnelo T n oudda G(P), o otadeporomntic tou P, elvon
VT XU, ®3Tt Tou Bev Loy Vel av p > 0 %o to p dwupel v |G(P)].

XNV undév YopaxTnELo TIXY TO QUIVOUEVO TNS dYpLIC SLOXAABWoNG EVOS o1
ueiou amovotdlel anhouctedovTag TOA) TNY XATAGTAGT GTHY BLXAAdWo).

XNV UndEV yopox TNELo TIXT TO (PUUVOUEVO TNG SLUXAABWoNE ToL EVOC orueiou
anovotdlel. Kdie avahutind (Sraxhadilépevo) xdhuppa tou PH(C) pe pova-
dwd omnuelo Sloxhddwong odnyel oe éva totohoynd xdhvupa touv C. Kad’'ot
o C elvon amhd cuveEXTIXOE GLUUTERAVOUUE OTL BEV PUTOREL VoL UTLEEY OLY TETOLNL
UN TEPLUUEVO TOTONOYIXE XOANDUUOTOL.

YUpBaon: lpénel va modye OTL Pe TovV 6p0 XAUUTOAN EVVoOUPE ot U Widlovoa,
aVEYwYT), 0PLOUEVT TAVe amd Eva ahyeBpxd xAeloTod cwua K detinic yopoxtnpl-
otwhc (Lepiée popéc to ouuBohilovpe xou pe k), TeoBohxh xaumin, eEXTOC oV
AVOUPEPOLUE AT GANO.

AwoVdvopon Ty avdyxn vo evyaplotiow tov Aploteldn Kovtoyedpyn nou E6-
dee 1600 and Tov Ypdvo Tou pall You, xou Tou oTdUNXE 6TO TAEVES LoL XAVE
oTYN, OTWE XOL TNV ETUTEOTY YLoL TNV ELXLEX TTOU OU TEOGPEREL VoL JOLEOG T
pall g v Souleld pou. Téhog elyon euyvouwy otov Avtovn Tooloudtn yia
v Bofdewr oto BTEX, énwe xaw oty Mativa Mdavtloger yia Tic Yprioyes mapa-
neNoel e xou TNV oTHEEN TNC.

3. Kapavixohérouhog, Xduog 2010.



Kegpdiaio 1

OASpoppa (TTOAL)BLUPOELX

e auTd TO XEPEAUO ETUXEVTPOVOUAG TE G TNY TERTTWOT o 1) enéxtaon E/F etvon
Galois »xuxhixn 1} otoyeddng ofehiovy) tééne p™. Ilpdta vroloyilouvpe Bdoelg
avohuTxdv Blapopixdy oto Afuuo 1.3.11 xou IHpdtaon 1.3.18 avtiotoiya, xou
énertol opllovpe Tic ToobTNTES ik (M) Vo elvon

{m&- + {extiunon tou k otowyelou woc E-Bdone TOUF}J

pe ’
omou T dj, €4, % oyetilovron pe TV Blohddwon Tng enéxtaong, delte TV ewxaocio
1 mopadtey 6mme xou Ny Hapathenon 1.3.17. Ta otouyeio tng Bdong, extiuwy-
Ton o ot (xovovixorounuévn) extiunon nouv xodopiletan and o Yéorn tou F
utép wag Slhadlopévne Yéone Tou E xou 1o || cupPorilel to axépaio pépoc.
Ewsdyoupe 1 avaddoiwtes tov Boseck, ol omoleg elvar mocdTnteg g HOpYhc
I'i(m) := Y, vik(m), émou o delxtng i Satpéyel Ghoug ToUg DlXhaBLOPEVOUS
TEMTOUS TNG EMEXTAONG. AUTEC Ol TOCHTNTES opyLxd Yenotpomotiinxay ond Tov
Boseck, [7] yio tnv xataoxeur| Bdoewy 1-0Aopop@pmy SLopoptxdv xat TEPLEYOLY 6N
v TAnpogopia Tou amartelton €Tol WoTE €val Blapoptxd va elvon oldpopgo. Ia
TNV €VPECT QUTWY TOV AVUANOIOTWY TOU AVTIETOLYOVY GE EVHL GWUN CUVUPTHOEWY
F/E, noipvouye pntéc enextdoels e pwopyhc F/K (x) xau Peioxovue K-Bdoeic
Yo Toug avtioToryoue yweouc Qp(m), yia m > 1. (Xtnv nepintwon nov m = 1,
ol Bdoeic avtéc ouyvd ovoudlovton xou Bdoeic Tou Boseck). H emhoyh tou pn-
100 OWUATOS GUVORTACEWY elvan caprc and TIC eELGHOOELC 0PLOUOD TWY XAUTUAGY
poc (Edwodoec (1.15), (1.31), (1.32) ). Arnodewvieton dTL YioL TIC TEPLTTMOOELS
7oL PEAETAUE oL avalhoiwtes Tou Boseck xadopilouy mijpwe tnv Galois module
structure Tou YWEOUL TWV M—OAOUOEPWY TOALBLUPOELXEWY, dNAudY) Yo amodel&ou-
pe OTL v m > 1 xou yiol TNV TepInTWor mou N mopoxdtey G elvan plor xuxA 1
o TOLYELOONS oehiovT] To:

Oevpnpa 1.0.1. Eotw G pia afeharij opdda avtopoppioudyy tov F, ue |G| =
p". Oétoupe pe E = FC ka1 oupfodilovue pe gg to yévos wou E. Fotw m
évag Quoikds apiiuds pe m > 1. H opaln) avanapdotaon s G eupavidetar
dpn =Tpn_1(m) + (9 — 1)(2m — 1) gopés atny avanapdotaon tns G otov xdpo
Qp(m). Nak =1,...,p" —1, n abdonaotn avarnapdotaon PaBuol k eppavitear
di. =Tk—_1(m) — Tr(m) @opés.

To mapandvew Oedenuo aviiotolyel oto Oedenua 1.3.7 dtav 1 G elvon xuxhixt
xon 0To Oevpnua 1.3.22 otny mepintworn mou 1 G elvor oTowyelddng aBelov xau
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ge = 0. Ta nogoamdve delyvouv ue Eexdiltopo tedno 6TL 0 TOnoC Tou Yoc divel TNy
Boph Tou XDEOL TWY OAGUOEPwY (Tolu)dlagopixdv cav K [G]-tpdtuto cuvaptAcel
v avahholwtey tou Boseck, topopéver o (Slog. Enlong yioo m > 1 dev e€optdton
and v Umapgn N oyt abloxhddloTwyY uToenexTdoewy Tou F, xdtl to onolo dev
wyeL v Ty m = 1 nepintwon (Iapatipnon 1.3.9).

T tpv m = 1 neplntwon to nopomdve Yedpnuo €xel anodelytel, oveldotn-
T, omd Toug [82, Oewpnua 2] yia xuxhix G xau and toug [62, Bedpnua 1] yio
G TOLYELOON afiehlovT], Toug omoloug xat axohouvdolue and xovid.

Ot avolhoiwtee T'y;(m) neptéyouv ol tAnpogopia. o topdderypa to degree
tou different tng enéxtaong pnopel va anododel cuvopThoel aLTOY:

2
2m — 1

> Tx(m) = deg Diff(F/E),
k

(IMapoatnerioeis 1.3.8, 1.3.15, 1.3.19), vy v xuxhixf t8&ng p™, v xuxhixt té-
&Nc mpdTN WS TEOC P XaL TNV GTOLYEWWOT afdehlovy| tepintwon aviloTolya. Xuve-
TG UTOPOVUE VAL YENOLLOTOLcoUUE TIC avaAlolwtee Tou Boseck yia vo ndpouyue
EVOAAUXTIXES EXPEACELS, Ylot Tapddetyuo, twv Efiowoewy Riemann-Hurwitz 7
Riemann-Roch. Téhog, delyvouue nwg ebvar ou avolholwteg 0Ty xUXALXY Xxou
DTN WS TROS To P mepintwor, dnhad dtav n F/E elvou oo Kummer enéxtoon
v m = 1 xou nwg o Bdon 1-ohépoppwy dlapopxdy odnyel oty meplntwon
auth ot éva Yedpnua tov Hurwitz, [28, celido 439, formula 2],  [53, oel. 600,
Ocdpnpo 3.5]:

Oevpnpa 1.0.2 (Hurwitz). I'a k = 0,...,n — 1, éwouvue n Sapopetikés
avdywyes avarapaotdoes faduod 1. H k avarapdotaon eupaviletar dp_j =
Th—k(1) = 14 gg popés otnr avarapdotaon g G otov Qp(1l), drav k # 0 kar
gE @opés otny mepintwon mov k = 0.

Avtéd avuotouyel oto Oewpnua 1.3.16.

Treviupiloupe 6Tt oL Suoxohieg TOU GUVOYTAUE GTNY VETIXT YoEUXTNELGTLXT,
og oyéon Pe TNV yopaxtneloTixy 0, elvon 1 eu@dvion tng dyplag SlaxAddmaong oTig
enextdoeic F/E, odld xou ot Suoxoliec tne modular dewploc avonopas tdoewmy.

1.1 Ocpéha

T v xotavénon tou xegoialou auTol amaLTOUVTAUL XATOLES PACIXES YVAOOCELS
and v Yewpla dlxhddwone tou Hilbert, xoldde xou otovyela and vy Yewpla
OVOTIUPUO TAOEWY TETEPUOUEVWY OUADWY, To OToldl XOU UVUPECOUNE TEQLANTTIXG.
TPOC HPENOC NS TANEOTNTAS TOU GUYYEIUUATOC. AVTIXEWUEVIXOS oXOTOC elval Vol
TPOopEREL xdmota eE0XelwTTN Y TNV 0pOAOYIOL GTOV UN EWBIXG AVOY VG T YLo Vol
unopéoel €nelto vo SLfdoEL TNV TUEdYEUPO TV ATOTEAECUAT®Y Tou axoloudel.
O edixol tou Véuatog Yo TEENEL VoL TEPACOLY GTNV ETOUEVY TTAURAYEUPO Y welg
oeltepn oxédn. O mnyéc oe authv v nopdypapo Bacilovton, xupiwe, cToug
70], 24], [25), [2]

1l.1o¢ Oéféoeig —AaxtOAOL exTiunone —AlaxplTtés EXTIUACELS

Optopde 1.1.1. Eva alyeBpikd odue ovvaptioewy ag petefAntis F/K
unép tov K etvar pua enéktaon owpdrwy K C F nonola anotelel pia nenepacpévn
akyePpiy enéitaon tov K(x), érov x € F elvar vrepPatiké vnép touv K.



1.1 ©EMEAIA - 3

Av 10 odpa K = R, C €youye vo avTipetwtloovye yewpueTexd npoAfuato.
T tig eappoyéc TN xpUTTOYEAQIAC XAl XWBIXWY TO EVOLUPEPOY GOUN EiVal TO
K =T,, ye 1o F/K va ovopdleton congruence Gouo GUVIPTHOE®MY GTNY TERITTwL-
on auth, eved av K = Q aoyohobuacte pe dogavtixd tpofhiuata xouu 1o F/K
ovoudletan aptduntind owua cuvapThoewy. MdAloto oty TeEleuTalor TeplnTwon
ETMUXEVTPWVETAL V0L UEYAAO TOGOGTO NG €peuvag ofuepa oty Yewpla aprdudy.

To ovvoro K := {z € F|z va eivon adlyePpixd et tou K}, amotehel évor uné-
owpo tou F, xou ovoudletan oodua v otodepdv tou F/K. Eivou tetpiupévo
ot woyler K C K CF. Agol éyouvue urnodéoel, oty eloaywyr, 6Tt To K elvou
ahyeBpurd xAeoT6, éxouye oav cuvénea 6t K = K. Evo obus ouvapthoewmy
F/K ovopdleton pntd, av F = K(z) v xdnowo z € F, vnepPfotixd vnép tou K.
e pntd odyato cuvapthoewy Exoupe 6Tt xde k € K(x) urnopel va ypaptel ye
povadixd TpoTo

k(z) =« sz(:c)”l,

onov a € K, p; € K[z] vo elvon avdywya xon dopopetind avd Ledyo povixd
TOAVGVUYO Xt ; € Z. M tétowa naparyovtonoinet, mou guoxd pog Yuuilel tnv
TopAYOVTOTO(NoT 08 JUVAPELS TEWTWY aptdUmY (Ue Tic duvdyels va elvon omhd ot
EXTWAOELS TWV AVAYOYWY TOMWYOUNY), OEV EEPOUNE TS UTOPEL VoL TEAY HOLTOTIOL-
noel oty neplntwon evéc un entod couatoc cuvapthoewy. Ti urnopel doaye oe
auTAY TNV TepinTwor va Yewenldel avdywyo otoyeio Tou F; H andvinon diveton
péow Tov Soxtuinwy extiunone (valuation rings):

Optopdc 1.1.2. Ervag daxtidios extiunong evés oouatos ovvaptrioewv F/K
etvar évag daktiliog O C F' nov ikavomolel

(1) KCOCF
(2) TaxidezeF=2€0 1z "€0.

T v nepintwon tou pntod copatog cuvapthoeny F = K(x) éyoupe yi
avaywyo, wovixd p(z) bt

flz
(1) Oyt = {ﬁ | @), 9(2) € Kla, pla) 1 (0)
Ipdrypart, edxolo Brénovpe étL wavornoweitan to (1). T to (2) unodéote 6n
ke K(z) xuk & Opyy. Tote k = %, pe k(x), ANz) € K|x] xou p(z)|A(z). Av

p(x)|k(x) t6te k € Oy, dromo! Buvenag k=1 = 28;, ue p(x) 1 k(x), xou dpo

k=le ﬁp(z)

Etvor d€o mpocoyrc 61t otny nepintwon touv entod owpatog o daxtOAog €-
xtiunone dev elvan tinota neplocdtepo and v tomxonoinoy (localization) tou
Sax TUMOU TOAVWYOULY 0To péyitoto Wemdee p(x), dnhadh n E€lowon 1.1 unopel
Vo YPUPTEL oo

Avté yivetow dtav 1o clvoro (K[z] \ (p(x))) ebvor morhamhactactind (xhelotd
WS TPOC TOV TOMITAAGLAOUS), Tou LoyVel 6ty To avdywyo p(x) elvon mpdTo,
dnhadry amoutolpe to K[x] va eivon ILM.A. (Ilepioyry Movooruavine Avdiuong),
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yeyovoe o oy Vel Tetppéva xodoe 1o Kz] eivon ILK.IL (ypnowonodvtog yio
Topdderypa o [27, Oedpnuo 3.7]) .

Erione n 8ebtepn cuvivxn tou Oplopot 1.1.2, .ooduvapet pe to F va anotelel
10 odpa TNiixo Tou 0.

Mapddevypa 1.1.3. K =C, F = C(x).

Téte to F efvar to odpa twv pepduoppwy auvapticewy oto PL(C) evd o
kaBohikés (global) avalvtikés ovvaptiioes otny mpofoliki) evleia efvar o1 ota-
Oepés ([32, Iopropa 2.15]). Xkeptopaote, ya napdderyua, Tis pntés avaAvtikés
ovvaptrioes oto 0. Avtég éxouvr tny popen

0 = {%I f(z) € Cla], g(x) € Cla] \ {0},9(0) # 0}
- {%| fz) € Clz], g(x) eC[w]\{O}ng(x)}
= {%I f(z) € Clz], g(z) € Cla] \ {0}, 9(z) ¢ <w>}
= C[2](Cla] \ (#))™" = Cla)n).-

Ipogavds to péyaro 1beddes tov O efvar to P := (z)(Clz] \ (z)) ™!, dnAadn

_ {%| F(0) =0, g(z) e@[x]\{0}7g(0)#0}7

ka1 ka®’'oti 0 O elvar Tomikos 6A€S o1 uovddes Ya elvar avtés mov dev Ja mepréyovtar

oto P, dnAadn

o — {%| f(0) #0, g(z) € Clx] \ {0}, 9(0) # 0}-

T mepoutépe aryePpnée xaumbdieg Tdve amd TOUg WY odXOUEC TUPUTEUTOUUE
otic empdvetec Riemann oo [32, Kegdhawo 2].
Moéhie deilope (touhdylotov yio Ty pnt Tepintwon) T o daxtiMoc extiunong
ebvan évac tomuxde (local) SoxtOhoc. H emduevn npdtoaor poc delyver ot o O
elvon €vog Blaxpttdg doxtOAog extiunong, onrady etvan ILK.I. ye povadued péyioto
LOEMOEC:

ITeoétaom 1.1.4. Ia wov daxtidio extiunong O tov oduatos ouraptiioewy
F/K 1oxdovr:

(i) Efvar tomkdg pe povadikd péyoro 1dedddves P = O\ 0*, érov 0* = {z €
O| vrdpyaw € 0 : zw = 1}

(il) Eivar ILK.I. Trdpyert € P térowo dote P = t0 ka1 kde z € F umopel
va ypagtel povoonuavta otny popen z = t" - u, orov u € O* ka1 n € Z.
MdAiota av 2 € O tére n > 0, evdd av z~1 € O tére n < 0. Télog kdle un
UNOeViKS 10edddes Tou I < O, unopel va ypagrei oav I =t"0 ya n € N.

Andéeén. Eivow n [70, pdtoon 1.1.5 xou Oewpenua 1.1.6) O
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To otowyeio t € P nou yevvdel o péyioto Wemdes ovoudleton P-Tpito oTol-
¥eto A tomuxy| petofAnty (prime element, local parameter, uniformizing variable)

Opgtopdc 1.1.5. M Oéon (ouyvd avapépetar kai oav mpddtog) P tov odpatos
owvaptricewy F /K elvai to péyoto 18edddes touv daktuliov extiunons O tov F/ K,
ka1 ouppodilovpe to ovvoro twy Uéoewr tov F' oav

Pr := {P| P va efvar Yéoerg Tov F/K }.

Hopoatnedvtoac 6t 0 = {z € F|z71 & P}, PAénoupe 6T 0 daxtihog extiunone
xadopileton Thpwe and to P. Etol éyouye téoec Véaeic 6o0ug xat Saxtuiloug
extiunong xat o SaxtOAlog extiunong Op = O ovoudletal o SaxtOAOG extiunong
Tou P.

Topa xataoxevdlovye wa 1-1 avtiotolylo yetolh Véoewv xou exTUROEWY.
Ipota ag opicoupe oume T elvon puor extiunon:

Optopde 1.1.6. M bukprei extipnon wov F/K efvar yua ouvdptnon v :
F — Z U {00}, téroa dote va 10xdovr ta akdlovda

(i) v(z) = 00 av kar pévov av z = 0,

(i) v(zf) = v(z) +o(f),

(iii) Tprywrikn anwodnza: v(z+ f) > min{v(z),v(f)}, pe Tnv wdtnta va wxle
oy mepintwon émov v(z) # v(f),

(iv) Trdpyer ndvta kdrow z € F térow dote v(z) = 1.
(v) v(k) =0 ya kdOe un underikd k ovo odua twv oradepdv.

IHopathenor 1.1.7. Kdde térowa daxpien) extiunon pag opiler kar pua vopua
ka1 ézot pia (puetpikri) tomodoyia, Tny ultrametric
Eniéyouvpe éva ¢ € (0,1) kar opilovpe | |, : F — R téroia dote ya kde
07 f
|f|v = Cv(f)v

kai |fl, = 0 av ka1 pévov av v(f) = oo. O perpikés xpos (F,| - |), dev efvar
TAnpns ka1 n TArpwon tov F ovopdletar odpa twv (formal) Svvapooepdy.

Ye xdde Véon P € Pp avtiotolyolue plo 6UVERTNOT), TOU EUXOAN OTOBEIXVVE-
o 6L weavorotel Tig unotéoelc Tou Optopot 1.1.6 xan dpor amotelel wiar Slaxplth
extiynon vp : F — Z U {o0}. Awdéyovtog évo P-pdto ototyelo tou P, ac
1o molue ¢, t6te xde 0 # f € F éyel yovadix)| mapayovionoinor, mou eivou
nf =ut", yen € Z. Opilovtoc vp(f) = n xu vp(0) = oo @tdooue oV
TOEOXATE avTLo ToLy (ot

(1.2) ©éoeic Tov F,Pp 3 P <— vp, Aloxpitéc exnyioeic tou F.
Iopotneotpe 61l 1 avtiotolyia VEoewv—laxpltdv exTiuioeny e&aptdtal Hovov
and TNy emhoyr g VEonc xou Oyl amd TNV EMAOYY TOU YeEVVHTOpd TG VEang.

pdypott av t0 = P =t'0 téte t = wt’ pe u € 0*. 'Etou

t"u = t"w"u = " (w"u), pe wu € OF.
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Mrnogolue thpa var Bolue Toug SaxTuAioug extiunong pe wa GARY, evaAloxTtixn
pottd. Av F/K eivon éva ompa ouvapthoewy, tote yia xdde Yéon P € Pp avu-
ototyioaye pla Swoxpity| extiunon vp v Eglowon 1.2. Téte n Hpdtaon 1.1.4 pag
olvet

Op = {f€F| UP(f)ZO}a
Op = {feF[ve(f)=0},
P = {feF|vp(f)=0}

Opiopobc 1.1.8. Xnr nepintwon érov vp(f) > 0, Aéue éu n f napovoidla
pila ovo P. Mdhioza ypdgovtas to f = t"u and tny Ilpéraon 1.1.4 Aéue éu n
Tdén g pilas etvain. Avvp(f) <0, Aéue du n f napovordler téro oo P tdéng
n.

Moo etvan exetva tar f mou mapovotdlouy toho xau pila; Andvinom ol ctodepés:
TEAYUOTL PWTYUE LGODDVOY ToLaL Lop@T| €xouv To. GTowyelo exclva f € O xou f~1 €
0. EOxola BAénovpe oL autd ta otolyelo etvon exelva ue extiynon oto P lon ye
0, Snhady) oL otodepée, xou €tol eénynooue yiatl ta aviioteédulo Tou Op elvon
aUTE ue undevixh) oto P extiunon.

Mrogel vo anodetytel xou to avtiotpogo, apyilovtoag dnhady amd uro dtaxpt-
) extiunon v evéc odpatoc ocuvapthoewy F/K, téte 10 cbvoho P = {f €
Flvop(f) > 0} anotehel pa Yéon tov F/K, dnhady eivar 1o péyloto Weddec tou
daxtulou extiunone Op = {f € F| vp(f) > 0}. "Apa n E€icwon 1.2 naipver tnv
popPn

(1.3) Pr > P +— vp +— Op.

1.13° AvTiwoTouyieg

Ac Zeywplooupe xdnoleg avTloTolyleg TOU TIC BIEXELVOLY XATOLOL EUTVEUCHUEVOL o
Unuatixol. Ac dwoouye opynd évay oploud:

Opgiopodc 1.1.9. Ia kdVe P € Pp opilovue to odua nniiko tov P, ws Fp =
Op/P ka1 tov Baud tns P (degree, relative degree) va efvar o BaBuds tng emé-
ktaong deg P = [Fp : K].

Ed6, omou 1o K elvon ahyeBpuxd xheiotd, dhec ol Véoelg €youy Bodud povddo
xow Fp = Op /P = K. Auté éyel oav cuvénela S pa avtiototyio, 1 onola etvon
otL v xde f € F:

ﬁp — ﬁp/P:K
f — f(P):=f modP, av f € Op, xou av oyt
F\ﬁpaf —> 0Q.

YUVENOC PTAEAUE Lol OTELXOVLOT)
(1.4) F — PY(K)
Ac aoyohndolue todpa pe Ny avtiotolylo petall Yéoewy, dNAadT HEYLOTWY WOEW-

06V xou onpeiwy T xounvAng. H ibéa auty| yenowonotelton cuyvé otnv alyefeixt
yewpeTplo.
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Ac ovopdooupe agvixd (affine) ydpo A% ol o onuelo and to K pe n
ouvtetorypéves, dnhadf P € A% av P = (ki, -+ ,kn) xou k; € K. Ac ouy-
Bohiooupe pe Y vo elvon wiar apvixt| ohyeBpuxt) molhomhdtnta xan ye A(Y) =
Klz1,...,2,]/I(Y), va eivon 0 SaxtOlog cuvtetaypévey tne. Trodétoupe dnha-
O 6t n Y ebvon évar Zariski xheis 16, xou avdywyo, dnhadi 1o I(Y) npdto.

Optopde 1.1.10. Opilovue wa kavoviki (reqular) ovvdptnon o€ éva onpeio
P €vdég avoiktol Y piag apuiknig noAdamAdTnzas (quasi-affine) va elvar ua ov-
vdptnon ané to f 1Y — K, térowa dote va vndpyer avoikto U 3 P tov Y kai
roAvdvupa g, h € Klxy,...,xy,], tétowe dote h(u) # 0 yia dda ta u € U kar
f=g/h otov U. Aéue déu eftvar kavovixij otov Y av efvar kavovikij e kdde tov
onueto.

Opilovpe pe O(Y) tov doxtilo Ghwv twy xodohxav (global) xavovixdy cu-
voptrhicewy oTov Y, ue ta otolyelo Tou vo ovopdlovtan global sections, xou ye Op
TOV BAXTUMO TOV Zerms TV XAVOVIXOY CUVAPTACEWY 6Tov Y 67To onuelo P € Y.
Opowr av O(U),U C Y, elvon 0 doxtOhog twv xavovixdy 610 U cuvapticewy
o otolyela tou ovoudlovton local sections. Av s, elvon pia local section tote To
otolyelo Tou Op elvar oL exxdveg tov local sections oto stalk tou P, dnhadn

ﬁ(U) — ﬁp::UpeUﬁ(U)/N
s — Sp.

Tevind éva otowyelo Tou Op éyer v woeet (U, f), ue U 3 P, avowté tou Y xou
f o xavovix| suvdptnon oto U. Abo otouyeio tou, (U, f), (V,g) elvou ioa av
f=gotwUNV. Me autév tov tpéro neprypdape tnv xhdon ooduvopios oto
stalk mouv oploape mapamdve.

Mrnogel 0 nogoamdve oplogds Vo Qalveton GTEUOVOS UANS ToL TRyt ATAOU-
otebovToL.

Etvor yevixd yvwotd 6tL ta onuelor plog agixic ahyeBeixic Tohhamhotntac
avTiotolyolvTol Ye 1-1 TpdTo Ye PEYLo T LBEWOT) TOU BaxXTUAIOU GUVTETAYUEVKY TN
noloamhotnroc. Iho ocuyxexpwéva mopadétoupe o mapaxdtw ouoppo Vedprnuo
tou Hartshorne, [25][@sdpnua 3.2, oeh. 17]

Oewenua 1.1.11. Av Y elvar pua vrorodanAdtnta tov agvikol A" yopov kai
A(Y) o daxtdhiog ourtetaypévwy tng, tdte

(i) O(Y) =~ A(Y), érnov O(Y) efvar o daktiliog Awv twv kavovikdy ouvapti-
oewy otov Y.

ii) e kdOe P € Y, 0érovtag ue mp va €fvar to 10€ddeg and ovvapTioes mov
SH S pTIOES
undevitovtar oto P, éniadnymp = {f € O(Y)| f(P) = 0} n avuiorowyia

P <— mp,

etvar pua 1-1 avnioroyia peta&V odwy twv onuelowy tngY kai twy uénotwy

16€cwdcor Tou A(Y).
(iii) I'a kdGe P €Y éyovue Op ~ A(Y ),

(iv) To odua ovvaptricewr ts'Y efvar to Quot.(A(Y)).
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Ac¢ otadolue Aiyo v avuotoryio yetadd onueiwy xa PEYLoTWY LBEWDBWY Xou
ag dovpe Ty avtioTotyia oe ahyeBend vtochvora V. C A™, dnhadn o éva xheloTd
e v Zariski tonoloyla tou U: oe xéde onpelo (a1, - ,a,) € V avuiotouyel éva
pEYIoTo WEMdES (X1 — a1, , & — ) TOU K[T1,...,2y,]. Ac oupBohilovye pe T;
Klzi,...,xy]

w) -
Téte 10 WBeddec (T, . .., Ty) evon péyioto Tou A(V). Aviiotpdpwe Yia omolod-
Tote péyioto Wenmdec m tou A(V), n aviiotpopn exdva ¢(m)~! tou m péow Tou
AAYOVLXOU ETULORPIOHOU

MY EOVeL TOU Z; PYECA 6TOV daxTUMO cuvTeTayuévwy tou A(V) =

K[‘Tla' --7$n]
s Kz, ... —_—
1/} [zlv ) ZEn] I(V) )
elvan éva péyoto tov Ky, ..., x,]. Kadoe to K eivoan ahyefoind wheiotd autd

Yo éyer v pope (21 — b1, -+ , & —by), 610U b; € K. Ou deifovpe bt To onueio
(b1,...bn) € V. Apxel va delovpe 6t I(V) C (21 — by, -+, 2 — by). Kaddxc
buwe 0 0 € m xow »~1(0) = I(V) nobpvouye 6t p(m) =t D ¢p=1(0) = I(V).

To B0 Vedpnuo emexteiveton xou yior Tpofolxéc moAamAdTNTES, [25, Oedpen-
po, 3.4]. "Eyoviac avtd 0To puokd pog propolue vo Soue Ty aviiototyio 6Tny
EZ. 1.3 cav pla avtiotolylo HeTa€ld TV oNUelY TOU GOUNTOC GUVIPTHCEWY, EVE
n avuotoiyio tng EE. 1.4 nolpvel topa Ty popen

Pr +— PYK)
P +— f(P)=f modP, yiaxdde f € F,

pe anotéheopa xdie otolyelo tou f, va urnopel vo Yeodel cov yio anetxévion twy
Yéoewy, pe 1o atotyela tou K vo anoteholyv g otadepésc. Autd e€nyel xou tnyv
ovopaoio F/K w¢ o®po GUVIPTAGEWY.

Opgtopdc 1.1.12 (Mopgiopol). Av XY nodanddtntes, évag Hop@iopds ¢ :
X — Y evar pia ovveyns ovvdptnon, térowa dove: Ia kd0e V C Y, avoiktd kai
yia kdde kavovikiy ouvdptnon f:V — K, n ouvdptnon fod: ¢ (V) — K,
va elvar kavovikn.

Eivow yvwotéd 61 800 ahyeBpixéc molamhdtntes unopel vo elval opolopoppixol
TOTOAOYLXOL YOEOL Ywelg xorT’ avdyxn va elvar Llodpoppes tolhamidtntes. o nopd-
detypo otov [25, Aoxnon 3.2], énou tapouctdletar évag popplopoc ¢ @ Al — A2
e tomo t — (t2,13). Hopotnpolue 6t 1 ¢ ebvou 1-1, enl, ouveyhc e ouveyn
avtiotpopn oAk byt toopoppioude. ‘Evac tpodmog va to Solue elvan dtL ametxovilel
v evdela oe Wlouoppia, cusp:

— >~

X0l CUVETOC Bev dlatnpel Tic Wloopples, Omwe xou Vo OQeLRe €VaC LGOUORPIOUOS
TOAATAOTATOV.

‘Evo d\ho moapddetypa etvon ot EANELTTIXES XOUTUAES TTOU Téve antd to C, mou
yior TNV Torohoyia elvon OAEC OUOLOPOPPIXEC ETLPAVELES Lovadlatou Yévoug (Tdpot),
eve ooy aAYEREES TOMATAOTNTES ElVOL LOOUOPYES oV ol UOVOV oy €YOLV TNV
(BLor j—ovohholwTn.

Opiopobg 1.1.13 (Prtéc Anewovioewe). Av X, Y alyefpixés moddanAdrnzres,
pia pnery areikévion ¥ : X — Y efvar pia kAdon wodvvauias ané Letyn (U, Yy ),
ueU C X, avoixté un kevo, Yy évas poppiouds tov U ue to Y, pe 600 otoiyeta,
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(U, ), (V,by) va opilovy Tny e kAdon wwodvvauias av n iy =y otoUNV.
H pnt aneikovion Yy ovoudletar dominant av n eikéva tng eivar tukvn otov Y,

onkadrj av Yy (U) =Y.

Optopde 1.1.14. To odua ovveptioewr K(Y) piag avdywyns alyefpixiig
rolamddtntas Y opiletar ws e&rjs: ‘Eva oroiyeio tov K(Y) elvar ula kAdon wo-
duvauiag Levyapidhv (U, f), drov to U elvar un kevd avoryté vrootvolo tov U, kai
n f evar pia kavovikny ovvdptnon oto U. EmmAéov dvo Cevydpa (U, f), (V,g)
Uewpolvtar wodbvaua av ka1 pudévo av f = g oo UNV. Ta otoeia tov K(Y)
Ua ovopdlovtar pntés ouvvaptroes oto Y .

Mrnogolue tépa vor opicoupe U0 EVVOLEC IGOBUVOHLY TOANATAOTATOV:

(i) Oa Aépe 6T oL avdywyee tolarhotntee X, Y eivan apglontec av undpyel
enty ouvdptnon X — Y 1 onolo vo etvan avtio teéduun xou 1 avtic teopn va
ebvan o). IoodOvapa to odpata cuvapthoeny K (X), K(Y) elvou .obpopgo.

(i) Ou Aépe bt oL mohharhétntes X, Y elvan todpoppec av undpyel avtiotpédi-
poc woppiopos X — Y mou o avtiotpopds tou enlong va efval Loppiopoc.

Trdpyouv mopadelypato [67, oeh. 30 Hopdderypo 8,9] oto omolo alyeBpixéc
noAhanAoTNTES Tou elvan applonTec Bev elvan Wodpopyes. ‘Eva tétolo mapddetypa
ebvan xan to [25, "Aoxnon 3.2] mov avahdooUe TOPAUTAVe. TNV TERITTOOTN TWY Ui
18LOUOPPWY UAYEREIXOY XOUTUAGDY EYOUUE TO TUEAUXETE

Oewenua 1.1.15. Ado un iduopges npoPohikés alyefpixés kapmides X,Y
TOU éXOUV 100L0PPA TOUATA OCUVAPTHOEWY €1Val 100LOPPES.

Arndbeén. [25, bpiopa 6.12) O

e oahyeBpuéc un WLOU0PPEC TOAAATAOTNTES DGO TAOTG UEYAAVTERES TOU 2 TO
Tapamdve Yewpenua dev oylel. o mopdderypo umopolue vor Yewehioouue Wia U1
18Louopn empdvelo Vo exteAécoude €va blow-up oe éva onuelo xou Vo TdpouUE
wlor véor un Wiépopgn TorhamhETHTO o plenTn UE THY TR TN ahhd Oyt todpopen [25,
oeh. 28].

Agol G yeheToOUYE ATOXAELCTIXG QUTOUOROUOVE OO N LOLOPOPYPES o~
TOAEC UTOPOVUE VO TIEPLOPLO TOVUE GTNY PEAETY] TWV CWUATWY GUVIPTHOENY TOUC.
M 9éom oe autd éva owuo cuvopThoewy F' avtioTolyel e LOVOSHUIVTO TOTO
oe éva onuelo pwLde un wiopopene tpoolurc alyeleinhc xaumding Y mou va €yel
K(Y) = F. Tw to 61 undpyet ndvta pio tétolo xoundhn Y mopaméunoupe 61o
[25, 1.6 oeA. 39].

1.1y Divisors

O divisors 6ev elvan timota dhho and Tumxd adpolopata Yéoewy, dnhady onuelwy
e xounving. ‘Evog divisor D tou F', ypdgetan cav

D= Z npP, ye np € Z,
PePg

XL YLOL VoL €YEL VOTUAL 1) OELRG AOUTOVUE HOVO Yl TENEPAOUEVO To TAidog aptdud
Véoewv to np # 0. Ag dtoovye évov To avoTned opLlold
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Opiopwode 1.1.16. H eAetOepn aPfeliaviy opdda pe mpdén tnv mpéodeon mou
rapdyetar and ng Yéoeig tov F/K ovoudletar oudda twv divisors tov F/K ka1
ovpporiletar ue Divy.

Ac Bolpe xdmotec WOLOTNHTES

support

el

0LBETERO
TEMTOG

uepwer) dudtodn

Jetinde
degree tou divisor

divisor pillwv & ndrwv

%©0plog

class group

dldoTaom

tou divisor D, op{leton to chvoro {P € Pp| np # 0}, étol évac tuyoioc
divisor ypdgetaw cav D = Y p g np, ue S 2 supp.D

e mpoceon yivetaw xotd cuvietayuéveg, dniady av D, Dy € Divgy ye
D =3 pep, npP xou D1 =3 pep, np(1)P téte

D+D, = Z (np+np(1))P.
PePg

otowyelo tne mpdodeorc ebvan o divisor 0 =Y pp, npP, pe np = 0.
divisor efvar autédg mou €xel Ty popyry D = P yia xdnow P € Pr.

yior Toug divisors divetow and Dy < Dy av xou pévov av np(l) < np(2)
v xde P € Pp. Opilovtac xatd avaroyio pe tic Véoelg, eEXTUAOES ToV
divisors, dnhad?| yio xdde @ € Prp xou D = ZPeIP’p npP, opllovtag ng =
vg(D), t6te D1 < Dy av xou pévov av vp(D1) < vp(D3), yiaxdde P € Pp.

1) effective 7 integral divisor D eivou autédc nov vp(D) > 0 yiaxdlde P € Pp.

deg D := ) pcp, Vp-

eVOC U undevixol otolyelou x € F elvan avtiototya ol Yetixol divisors

(@o = Y. vp(@)P

P olla

@We = Y. —vo@)Q.

Q mbhoc
HE Toug TOhoUE xou Tig plleg Vo divovton amd Tov oploud 1.1.8.

divisor evéc un undevixod ototyelov & € F elvon o divisor
(x) = (2)o = ()oo-
Ep clvan 1 oudda TNAXO TTOL TEOXVTTEL OO TOV PUGLXO ETULOPPLOUS
Divyp — Divp/{ xbplol un undevixol Div} := ép

Yuvenog etvar puotohoynd va oploouye Lo xAdor looduvapiog ~ oe divisors
tou F, ye Dy, D2 € Divp va elvar 10od0vapol av 1 edvo Toug UG Tou
TUEATAVE ETUHOPPLOUOU avixeL oTnY (Bl xhdom ooduvoplog, dnradh Dy ~
Dy av xon pévov av Sopépouv xatd éva xplo divisor, dniadh av D =
Dy + (z) ywo xdmoto 0 # € F.

evoc divisor D elvon 1 8do taom tou K—-Blavuopatinod yoeou
(1.5)  L(D)={z € F|lvp(z) > —vp(D), v xdde P € Pp} U {0},

ouyvé cupPBohiilouvpe ye ¢(D) = dimg L(D).
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Ac Sovpe yiatl o nopandve elvon évag K-dlavuopotixic yopoc. Av .,y € L(D)
téte vp(z+y) > min{vp(z),vp(y)} > —vp(D), dnhadh 1o z+y € L(D). Enionc
n K—ypopuxdtnta éneton and v napathenon ot vp(ax) = vp(x) > —vp(D),
yio @ € K. Mropel va deiytel 61t av Dy ~ Do téte L(Dq) ~ L(D3) ocoav
K-3dwavuopatixol yopol xou 6t av D dev elvon Yetixde, t6te L(D) = {0}. T
TNV CLVEYEL BAETOVYE ENEXTATELS PNTOY COUATWY GUVIRTHCEWY TIOU £Y0UV XOWVO
oOU oTodEPMY, XD Xa XATOLES PacIXES EVVOLES BLUXAADWONC.

1.18° Ernextdoceic dAYERRIX®OYV COUATWY CLVALTHOEWY

Optopde 1.1.17. ‘Eva alyefpixd odpa ovvaptioewy F' /K ovoudletar aye-
Bpix1j enéktaon tov odpatos ouvaptrioewy F/K, av F C F' anotelel pia alye-
Ppixij enéxtaon owpdrwr. Efvar netepaouévn av [F' : F| < oo.

Epelc Soulevovye mévto Ue TETEPUOUEVES ENEXTAOELC.
Iow oyéon diénel Tic Véoec tov F pe tic Yéoewc tou F7;

Ogtopdc 1.1.18. Eoww P’ € Pp ka1 P € Pp. Aéue éu n P’ Bploketar vrép
s P, 1§ éu n P Ppioketar kdtw ané tny P, av P C P’ ka1 ovpforilovue ue
P'|P.

Ac Sovpe T oylel Yo toug avtioTolyoug daxtuhioug extiunong
Ieétaocy 1.1.19. Eotw F'/K alyeBpikh enéktaon tov oduatos ouvaptrioe-
wv F/K, ag ndpovue P € Pp ket P € Pp pe P'|P. Ag mdpouue kair toug

avtiotoous daktudious extiunong Op kar Op: , 0TwS Kal TS avTioTolyeS O1akpl-
TéS ekTipunoe vp, vp. ‘Exouue ot ta axddovia elvar wvodvvaua

(i) P'|p,
(i) Op C Opr,

(iii) Yrdpyer kdroog axépaiog e > 1 tézowog dote vp (z) = e - vp(x) ya e T
x € F. Eriong, av P'|P téte

P:P/ﬂF, Kalﬁp:ﬁp/ﬂF/.

Midhiota ya kd9e P’ € P urdpyer akpiBos e 9éon P € Pp ue PP, evd ya
kdOe Oéon P € Pr, vndpyer touldyotor pia P’ € Pp vrép avtig.

Anédaén. Eivaw ou Ilpotdoeig I1.1.4 »ou II1.1.7. tou [70]. O

O apWiude e nailel 1600 onpavtixd pdho nou tou o&ilel Evac oplopog xou éva
Wraitepo dvopo:

Opiop6c 1.1.20 (Awxhddwon). Eotww F' /K alyeBpiki enéktaon tov odua-
to§ ouvaptricewy F/K. Haipvovue P € Pp: ka1 P € P ue P'|P. O aképaiog
e:=e(P'|P), ue

vp(z) = e-vp(x),

ovoudletar befkng SakAddwong tng Béong P’ ov Ppioketar vrép tng P. Xtny ne-
pirtwon rov e(P'|P) = 1 Aéue éni n 9éon P’ elvar abaxAddiotn evd) av e(P'|P) >
1 Aépe 6ni n P’ draxdadiletar.
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H nepintwon 6nou e(P'|P) = 1, v 6hec tic Véoewc P € Pp, dev eivon A7
ané ta etdle xohOupoto, ONAUDT EMEXTACEL COUATWY CUVAPTHCEWY TOU 0B YOUV
OE TOTOAOYINE XOADUUATO X0 XUAUTTIXES OMEXOVIOELS.

Ioyvel n e&hc petaPaticr) idiétnTo yio toug deixteg Slahddwone. Av F C F/ C
F" avtiotot00y ot ahyePpixéc ENEXTACELS COUATMV GUVAPTACENY, Xl TalpvovTaC
P"|P'|P bt woydet

e(P"|P) = e(P"|P') - e(P'| P).

T v ouvéyela, xou agol eldayue TNy o€om Tou xavorololy oL VEELS, TEOoYWEHUE
éva Brpa axdua, oTo Vo Bolue TL oyéor €youy adpolopata Héocwy, dnhady) divisors
Divgr ye toug Divp.

Aedopévng piog enéxtacne owpdtwy cuvaptioewy F'/K tou F/K, otadepo-
notoVue wot Véon P’ € Ppr xon dhn wot P € Pp pe P'|P. "Eyouye 0o opopop-
propove. Ag dolpe, apyxd, twe autol opllovton méve oe mpdtoug divisors. Efvou
T Voppa

NF//F:DiVF/ — Divp
P~ P
X0 1) CO—VORUOL TOU XAVEL TNV oVETOdY) BoLAELS
COHF//F :Divp — Divp

P — > e(P'|P)P’

ettt P'EP sz P'|P
ITéves oe évav tuyaio D € Divp, opileton wq e€hc
D= Z inl—>anZConF//F anz (P'|P)P
PEPr P'|P PP

Malédope T ONUOVTIXOTERES LOLOTNTES:
IMpévaoy 1.1.21. Ia xdde¢ D € Divy ka1 D' € Divps éyouue

(i) deg Npryp(D') = deg D',

(ii) degConp:/p(D) = [F": F]deg D,

(iii) Npsjp(Conpr/p(D)) = [F': F|D,

(iv) (2)pr = Conpr p(x)F, ya kile x € F
Anddaén. Eivaw to [24, Afupa 3.1.2]. O

ITpénel vor avapépoupe xat To Topaxdte ongovtixd [70, Oedpnuo 1.1.11]:

Ieétaocy 1.1.22. Eoto F'/K alyeBpiki €néktaon tov oduatog ouvaptrigewy
F/K, ket P € Pr. Xuufolilovue pe P; € Pr kar 1 < i < m, va elvai dAeg o1
Véoeg ue P;|P. YXuvuBodilovzag ue e(P;|P) = e; va eivar o1 beilktes SiakAddwong
éxouue otl
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1.1 Awagopixd

T Ty ouvéyeta opiloupe éva derivation mdve oe évay doxtOMO xou enEXTEVOLUE
ToV 0plopd 610 oMpa TNhixo Tou, axohouvdnvtac tov [87, Kegdhowo 2, oeh. 120].
Bhénovtac tov SaxtOMo cav €vo BuxTOAo exTiUnong GTAVOUUE €TOL GE GOHATO
CUVIPTACEWV.

Optopde 1.1.23 (derivation). Eotw S daxtidios kar R vrodaxtilios avtod.
Ma areikérion § : R — S ovoudletar derivation tov R pe tpés oto S, av ya
kdOe x,y € R, n ¢ kavonoiel ta akérovda

(1) d(z +y) = d(z) +(y),
(i) o(zy) = x6(y) + yo().
EnavolauBdvovtog tny dedteen wbidtnta edxoha talpvouue ot
S(r™) = nr"1s(r).
Enextelvouye to derivations pe tpdmo guotohoynd av o S elvon oxépana TepLoyn

Adppoa 1.1.24. FEotw du R elvai axépaia tepioxn kai &' diapopikd e tipég oto
R C F téte enexteivouue tnr 0’ e tpdno povoorjuarto o€ éva diapopikd & oo
odpa tAiko tov R, K = Quot.(R), étor dote yia x/y € K, pe x,y € R,y #0
va éxoupe ot
yo(x) — xd(y)
o(zfy) = ——F——
Y

pued: K — L.
Anédaén. Eivoaw to Afppa oty 17 topdypopo tou [87]. O

Modpvoupe tdhpa éva owpo ouvaptioewy F/K xo oxeptéuacte 10 GUVORO
twv derivations tou F. Oo pac anacyorfoouv exelvo to derivations mou eivon
tetppéva oto K, dnhad exeiva ta 0 pe 0(k) = 0, yio kot k € K. Moo
xS g eUds N yopoxtnelo e Tou K Ya elvan évag mpddtog p Yo €youye eminAéoy
ot

(1.6) 0(zP) =0, v xdde x € F.

Ac Yupndoiue 6 éva dywplowo otouyeio tov F/K eivan éva o € F této10 (BoTe
7 enéxtaon F/K(z) vo eivar ohyeBpunn. Hafpvovtac o K ahyefpind xhewoté e€a-
oanilouvpe v Umopdn evic tétolou otoyeiou ([70, Hpdtaon I11.9.2., cel. 128],
pdhiota Yo apxodoe va to K va eivon tédeto). Ilo ocuyxexpiéva, ta dywelowa
Tou F efvan exetva axpBog mou « & FP, [70, Ilpbtaon I11.9.2(d), oeh. 128]. Apa
and v napandve eElowon o dlapoptnd undevilovtat axptBoe oo un-dtaywelotuo
ototyeia (awtdc elvar 0 xaw Adyoc nou 1 E&lowon 1.6 cuyvd avagpépeton otny Pi-
Bhoypapio cov test for seperatness yio xdnowo z € F).

Adppoa 1.1.25. Eoww du nx evar éva Siaywpiouo otoeio tov F/K kai éotw
61 6Yo derivations éxovr Tig b eikdves oo x, dnAadry 01(x) = da(x). Tdre

01 = 02.

ESaue 611 éva derivation oe évary daxtOAO avopiddveTol LOVOoHUaVTY OE Eval
derivation oto coya TRAixo Tou ue TWEC o xdmoto xowd undowua. Tu yiveton
HE To DLOpPOpIXE OE Lol ETEXTACT] CWUATOV CUVOPTACEWY; LOuguve pe tov [70,
Tp6taon IV] wybet to avtiotoryo av 1 enéxtaon elvor daywpelown:
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Ilpdbtaocm 1.1.26. Trodéote dn éxovue enextdoes owpdtwr F C E C N e
E/F va avuiotoiyel oe diaywpioun eréktaon owudrwy ovvaptricewy tov F/K
/. 7 4 ’ ! ’ N N ’
ka1 N va eivar tuyaio odua. Eotw § éva derivation tov F' ue tiués oto N,
§' : F — N. Tére avtd avopidvetar pe tpdro povoorjuavto oe éva derivation
0 : E — N. Mdhiota av to x €fvar éva Oiaxwpioijio otoiyelo Ttov owuatos
ouvaptricewv F/K, tdte vndpyer povadixé derivation tov F ue tpés oto N,
d: F — N térowo dote d(x) = 1.

Optowoc 1.1.27. Eotw x éva Siaxwploto oToryeio Tov oduatos ouvaptrjoewy
F/K. To povadiké derivation 6 : F' — F tng Ilpdtaong 1.1.26 e tny 1didtnta
0z(x) = 1 ovoudletar to derivation ws mpos to x. I'pdpovtas pe Derivp i =
{n : F — F| n va elvar éva deriation tov F/K}, opilovue pia mpéoeon kai
évay F—noddanAaoiaoud oe avtés, va éxel ws €éng

(m +n2)(2) 7= m(2) + n2(2), war (w-n(2)) = wu-n(z),

pe z,u € F' o ovvolo Derivp, i anoktd doun evés F—mpotinov, to oroio kar Ja
T0 KaloUue tpdrumo twv derivations. tov F/K.

[ty ouvéyeia Eyoupe 6T t0 Derivp i €yel, oav F-npdtuno, rank 1. Md-
Mota x¢e 1 € Derive g yedpeton oav n = n(z) - 0, Enlong woylel o Aeyduevog
OVOVOG TNG ahuoidoct

by = 0y(2)0a,
T Ty cuvéyeta opllovye Ta Slopopxd, yenotponoldvtag Tic derivations:
Opiopoc 1.1.28 (Awgopixd). Xto gdvodo
Z :={(u,z) € F x F| 7oz va elvar iaywpionio otoyeio },
yia kde (u, ), (v,y) € Z optlovue pa kAdon wodvvauiag ~ otov Z ws e€€ng
(u, ) ~ (v,y), av kar pévov av v = udy(x).

YuupBorilovue pe udr tny aexdra tov (u,x) oto Z/ ~, ka1 TNy KeAoUue, and €6¢)
ka1 oo €€ng, dagopikd Tov F/ K. Ilapatnpolie dtr dVo dagopikd elvar ioa av kai
Uovov av

udr = vdy < v = udy(x)

H aixdva wov otoyeiov (1, x), efvar n dz. XuvuPodilovtag tédog e dAa ta Siapopikd
v F/K e

Op :={udz| u € F, x € F va elvar éva diaywpliouo otoiyeio} := Z/ ~,

kar opilovtag mpdéeis ws €€ng: I'a dVo oroeia tov Qp, w1 = udr,ws = vdy,
otaleporololue a daywpioun petafAne) z € F ka1 ta ypdpovue oav

udx = (u-8,(x))dz, kaivdy = (v-§.(y))dz.
Tdpa ta npoclétovue e tov €€ng kavova

w1 +wy =udr +vdy = (u-0,(x) +v-0,(y))dz

Louyxplvete pe tov xovévo ahuciBac TV Blapopixdy OTKS ToV XOUUE GTO HUONS Hog amd
d

toug ArelpooTixoic Aoylopoig % = Z—Z 1o
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evd opilovpe kar tov F—moAdamdaoiaopd ws
ww = w - (udz) = (wu)dz,
yia 6Aa ta w € F, ka1 w = udxr € QF.

IMopathAenom 1.1.29. Eva dagopiko tng pHopens w = dx ovoudletar akpifés
(exact). Avtd arotedody évar K vrdywpo tov Qp ka1 pdAiota onuavtixd. Ye avtd
undevitetar o Cartier operator, urnopolue va oupuPovAevToUNE Kat TnY Tapdypago
1.3n". O avayvdotng Oa Pper nepioodtepes tAnpogopies ato [43, Iap., oeA. 311],
oto mapdptnua mwov éxel ypagtel and tov Tate. MnopoUue va opioouue emions kai
TnAiko SaQopikdy wy/wa, e w; € Qp,wa # 0, ws €&rig

w1 ‘
U= —, aV Kai Qovov av wi = Uuws
w2

Topa ag cuvodicovpe TG IBLOTNTESC TWV BLAPOPIXDY TNV TAEUXATL TEGTAON

[70, ITp6taon IV]:

IMpdrtaomn 1.1.30 (ISwdtntec Awgopixdv—Oplopdc (tohu)dogopidv). (1) Av
z € F dwywpiopo oroiyeio, téte dz # 0 ka1 kdfe w € Q ypdpetar oav
w = fdz, ya xdrnowo f € F. Apa o Qp elvar évag povodidotatog davu-
oUatIKoS xwpos vrép tov F, o omolog ovoudletar xwpos twy 1-61agopikdv.
Avtiotowa, najprovue ta Sagopikd w € Qp, éror dote w = f(dz)®™, ue
m > 1, va eivai évag povodidotatos Siavvonatikos xwpos vrép tov F' mou
ovoudletar xapog twy m—(moAv)diagopikcv.

(i) MropoUe va dolue o dt (avtiorowa to dt®™), oav e ovvdptnon

d(d®™) :F — Qp
t o dt (dt®™), av tot etvar Sraywpiouo ,
t — 0, dwpopetikd.

H naparndve aneixovion eivar pa derivation.

Puowd dnwe dhec ol derivations Vo mpémel va ixavornolel Tig WBLOTNTES TOU
oplopol 1.1.23 odhd xou tou test for seperatness, tne E&lowonc 1.6.

Tt v ouvéyeta ol xdie 1-Sapopixd (avtioToryo m—(mtohd)diapopxd) o-
olleton oav w = fdx, (avtlotoa f(dz)®™) vy xdmow f € F,dx # 0, uro-
poVUE e TpéTO QuotohoYd va oplooupe divisors diagopixdy (avtiotowyo (to-
) BLopopyv):

(W)r = (fdzx)r = (f)r + (de)F, [aviiotoya (f)r + ((dz)®™)F].

Opilouye enfone cav vp(w) := vp((w)r). Etol npoxintel ye guotohoyxd tpdmo,
évag oploudg avtiotolyog tou 1.1.8:

Optopde 1.1.31. Mia 9éon P € Pp, ovopdletar mélog (avtiotorya pila), av
vp(w) < 0 (avtiororya vp(w) > 0). Eriong to w ovoudletar avaAvtikd rj oAdpoppo
dapopikd (avtiotova (moAv)diagopikd) oto P, av vp(w) > 0 kar avadvtikd 1
oAdpopgo av elvar avadvtiké ya kdde P € Pp.
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Enione évac divisor K € Divp, ovoudleton xovovixde (canonical) av K =
(W)p, Yo xénowo w € Qp. Me to gpyaheian Tou €youpe avantiZel €W THPA
opiloupe 800 TOAD onuovTixole Yo euds K —dlavuopotixole yopovs. o to oopa
ouvopthoewyv F/K xo vy xdde divisor K € Divp, o npdroc eivon o:

(1.7) Op(A) ={w e Qr| vp(w) > vp(A), yiaxdde P € Pr}U{0}.

‘Evag ypriyopog tedmoc yio var anodel€oupe 4Tl 0 Topamdve YOeog anoTehel €voy
nenepaouévne Sidotaomng K-Blavuouatind yopeo elvar Yéow tou yohpeou twv adele,
A, 6une dev Yo pnodue oe hentouépeiec. Evad o ydpoc twv adele, to otouyeia
tou onolou elvan anewovicec a : Pp — F | ue P —— ap, étol dote ap € Op
yio OhaL extdg and menepaopéves to tAndog Yéoeig P, elvon aneipodidotatog K-
BLIVUOUATINOS YOPOC, ATODEVUETIL OTL 0 Ywpo¢ Tou divetan ano v E&lowon
(1.7) elvou 1obpoppog Ye évay undyweo-Tniixo twv adele, Tou eivan TenepooUévng
dudotaong. Mdhota 1 SldoTtaon auth pog elvor T600 GNUAVTIXY ToU Yalpel Uiag
Wabtepng ovopaotag, index of speciality tou divisor A, nou optleton ooy

(1.8) i(A) :=dim A —degA+g—1,

ue g va cLUPorilel To YEVOC TNC XOUTUANG UE OWUI CUVORTHCEWY TO F.

Suveyilouye ye évay undywpeo tou Qp(A), o onolog naller onuavtixd pbho oe
auTAY TNV epyacia. Eivar o xdpog tv 1-avaAutixdy 1 0AOUOpQY BLapopLXV
(avtioTotyo m—ovohuTtixdy 1 0AGRopewY (Tohu)dlawoptxdv?) %ot Tou armotehelto
and exelvo tor Slapopixd Tou Bev €youv TOAOUC:

Yuppoiopds 1.1.32. O xdpos twr m—avadvukdy (todv)diagopikdy oup-
BoAiletar

Qr(m) = {weQp|w ra elvat m—avadvtiké (Tolv)oapopixd}
= {we€Qp|vp(w) >0 ya kide P € Pr},

yia ke m > 1. O xdpos Qp(1) Oa cupPorilel tov xdpo twv I-avalvtikdy
Olapopikav.

Prdoaye oT0

1.17° Oeswpenpa twv Riemann—Roch

Kdmotog ddoxahog teoteénel var uny UTOTIUAUE €va YeWenpo ToU Jog UETEAEL XATL.
Acmalouevol authy TNV drodn Tdcaue oe Evo amd T CNUAVTIXOTERO ATOTEAECUA-
o e AlyeBeurc lewpetplag, o Yedenuo mou yog uetpdel Ty didotacn evog
Riemann-Roch Siavuopatixod yweou, L(D), ye D va eivon évag divisor touv F
CUVIPTAGEL TOU YEVOUC TG XOPUTOANG UE OOUA CLVAPTHOEWY To F:

20 ouuBoloude eivon non-standart. YuvAdwe tov cupforilouv ue Q¢,(0), vt npoxidntel

and v Eglowon 1.7 nalpvovtag A € Div.g, pe K va elvon 1o oopa twv otadepdv. O divisors
awtol €xouy undevixée extiuhoels oe x&e Véon tou F. Topa nnyaivovtog Tlow cTtov oplopnd tomv
Riemann—-Roch yopwv, E&lcwon 1.5, napatnpolue 6t L(0) = K, xou €tol e€nyeiton o cuufoli-
oubde Ty My, Edd emhégape v e€agavicovpe to 0 Tou €xel vor XAVEL UE TNV AVOAUTIXOTNTO
oTovV cLUBOMOUS, YLoTl Ao OROVUACTE ATOXNEIGTIXG UE T—OVOAUTIXE DLoPOEIXE, XL TO OVTLXO-
TAGTHCOHE PE TNV LOVN TOPIUETEO TTOU UTOEEL Vo TEOXANECEL BlapopOTOLIOEL O ERdS, TOU Elvol
PUOLXS TO M.
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Oevpnpa 1.1.33 (Riemann—Roch). Eotw K évag canonical divisor tov F/ K,
tote ya kdUe divisor D tov F éxoupe

dimD =degD + 1 — g+ dim(K \ D).

To mopandve Sidonuo Osdpnua pog Topéyet eEapeTIXéC TANPOPOp(eS.
‘Evag tpénog anddelgng eivon vo 8eiel xavel 6Tt o

(1.9) Qp(D) ~ L(K \ D),

cav K-davuopatixol yoeot, [70, Oewenua 1.5.14]. Téte to Yedpnua éneton, yen-
owwonodvtog Ty Eficworn 1.8.
YUYAEVTPOVOUUE XATOLEG GUECES CLUVETELES TOU OEWENUATOC

o ['u D = 0, maipvoupe 6Tt xdile xavovixdg divisor K €yel didotaon g

e Ané v E&icwon 1.9, 1o mapandve petopedletal we n 61dotac tov ywpou
v 1-avadvtikdy dagpopikdy vrép tov K eivar gp. Do ta m—oavahutixd
(rohv)duapopnd, Prénoupe 6Tl N didoTaon Tou Xdpov Twy m—avaAvTikoy
dpopixdv vrép tov K elvar (2m — 1)(gr — 1). Autd yiveton napatnedvtog
6ty x&de D € Divp pe deg(D) < 0, éyoupe 6t £(D) = 0.

o [u D = K éyouvue 6T deg K = 2g — 2.

e AvdegD > 2gp — 1, t61€ ((D) = deg(A) + 1 — gr. Auth ebvou 1 mepi-
ntwon 6nou o index of speciality tou divisor D, E&icworn 1.8, eitvar undév.
Téte xaholpe non-special Tov D xou special oe omoladnnote dopopeTiny
neplnTwo.

Mdhioto prnopel var derytel ot xdde divisor D elvon xavovixdg av xon udvov av
deg D = 2g — 2 xou dim D = g [24, Hépiopa 2.2.10, oeh. 50].

Taopa oplloupe évay divisor mou mapéyel e€oupetiny TANEOQOpla Ylor TNy Ené-
XTOCT) TOV COUITWY cUVIRTHoEWY. Eldoue o enextdoeic owudteny cuVIPTAoEWY
F'/K wou F/K tov pblo mou moflel 1 vépua xou 1 co-vopua, mou amewxovilouy
divisors tou F’ oe divisors tou F' xou avtiotpdpwe. Tl yivetaw ye toug divisors
OLUPOPLIEYV;

Ytadepornowolye éva w € Qp. Iapadétovye to endpevo Yedpnua mov Yo
poc amavtioel oe authv v anopla, ([70, Oedenua II1.4.6.]), to onolo poc Aéet
6Tl x&de Sopopixd 6o I avopdmdveTal HOVOsHUavVTa GE €Val BLpopixd TV, TO
onolo xau Bagtiloupe Cotrp//p(w). H éxmhnin ebvow 611 autd WOLTOL Ye TNY
Congps /p(w)F ubvov oty Teplntwon mou dev €youpe Blaxhddnon. Av dev elpacte
og auThy TNV nepintwon téTe Yo npénel vo tpoc¥écouye Evav Wialtepo divisor otnv
Congpr/p(w)rF vl va mépoupe pe autdv Tov TeéT0 10 Téve dpopind. Autde o
divisor tou F’ éyel va x@ver pe tny dloxhddwon e eméxtaons xan ovopdleTo
Different:

BOeswenpa 1.1.34.
(COtI‘F//F(LU))F/ = CODF//F((LU)F) + DIH(F//F)

Emhéyovtac po dxhadiopévn déon P € Ppr xow P = P/ N F éyoupe exti-
povtag oto P étu

vpr (Cotrpryp((w)pr)) = e(P'|P) - vp(w) 4+ vpr (Diff (F'/F)),

Drdoaye €tol oTOV oxdrovdo oplopo
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Opgtopde 1.1.35. Ovopdlovue different exponent tov P’ vrép tou P va elvar
d(P/|P) = ’Up/(COtYF//F((LU)F/)) — 6(P1|P) . ’Up((x)).

Avtd, elvon avedptnto tou w, egaptdton and tic Yéoeic P/, P xou d(P'|P) =0
oyedov Yo dheg Tic Véoews. Optloupe

Diff(F'/F)= Y Y d(P'|P)- P’ € Divp.
PePr P'|P

IMofpvovtag degrees otoug divisors tou Oewphpatog 1.1.34 xoL YpNoWOTOVTAS
ToEdAANAL TIg BLOTNTES TN co—VopUag, and tny Ilpdtaon 1.1.21, gtdouye cTo0

Oevpnpa 1.1.36 (Riemann-Huwrwitz). Fotw F/K éva alyefpixé odua ov-
vaptioewy e yévos gr. ‘Eotw enions F'/F a diaywplonun enéktaon kar K’ va
efvar to odue twv otalepdy tov F' | kai to gpr va ouvuPoliler to yévos tov F'/E'.
Téte Ta dVo yévn ovoyetilortal péow tou

295 — 2= [F': F|(2gr — 2) + deg Diff(F' / F).

To nopoamdve Oedpnuo éyel avinuévn Bopdtnta xadoTL petpder To YEVN TOV
XxaUmUA®Y, cuvopThoet Tou Different.

Aovelopoaote (ev pépn) Tov Titho tne ENGUEVNS Topaypdpou and iol Epyaoia
twv Marcus du Sautoy xou Ivan Fasesko, [11]. O npdtoc ouyypagpéac efvon xou
oty EMAEBa oAl yvwoTog, extéc amd To mAoUCLo GUYYRUPXG TOU EpYO GOV

pordmuatinde, amd to duopgo PiBhio tou «H pouoixd twv tedtwv Aptdudvy 3.

1.1Z" Where the wild things are

Y%0mOC QUTAC TNS ToEOLYPAPoL, OTwe GAhwoTe yivetal gavepd xou and Tov Titho
g, elvol Vo 081 YHOEL TOV avary VG T G TNY €vvola TNg Ay ptag Sloxhddwong 1 omola
elva o Lot amd NG ONUAVTIXOTERES AUTIEC TOU TOL AMOTEAEGUATO TNV YUPUXTNPL-
oty 0 8ev umopoly va .oy oLV Yia TNY TERINTWOT TNE VETXNAS YoEaXTNELC TUXC.
ITpdxerton yior piot €vvola mou eugavileton povoy oTny JeTin| Yopox el Tixy, Ue
anotéhecpa VoL xdvel TNy Yewpla Slaxhddwone mdve omd odpota YeTixng Youpaxtn-
ptoTxrc mo mholota. Iepiypdpeton pe tny e€ric oA amhy| ppdon:

«HAVEL TNV EPPAVIoN TG 6Tay 0 Belxtng Sloxhddwone xdmolou onueiov Slanpeiton
and TNV YUEUXTNELOTIXNY,

oG ol emimhoxég mou mpoxahel Beloxovtoal otov avtinodo autrhg TN AmASTNTOC.
Ac¢ dobpe and xovtd:

Optopdc 1.1.37. Eotw F' /K jua akyeBpixrj enéktaon oopdtwy ovvaptioewy
F/K, ka1 éotw ya 9éon P € Pp.

e Ma §éon P’ € Py, évon ddote P'|P Aéyetar dn braxhadiletar jjepa 1 opald
(tamely) [avTioToya SiakAadileTar dypia (wildly)], av y1a tov SelkTn SrakAd-
dwong wxver e(P'|P) > 1 ka1 charK { e(P'|P) [avtiotowa av e(P'|P) > 1
ka1 charK|e(P'|P)]. Ioobbvaua 9a Aéue b pna 9éon P € Pp dakladiletar
dypa av vndpyer tovddyotor e Yéon P € Pp/, térowa dote P'|P mov
va duakAadiletar dypia. Av kdOe Oéon P’ € Pp/, ue P'|P dev evar dypa
dakhadiouérn, tote Aéue on n P € Pr SakAadiletar Nuepa.

3yurhogopet and Tic exdboeic Teadhoc. TTapddhnha npoteivouye wa enioxedn otov dUopQo
Suadixtuoxd téTo ToL cuyypeapéa http://people.maths.ox.ac.uk/dusautoy.
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e Mia Oéon P Aéue du dakladiletar (avtioroiya én dev haxdadiletar) otny
enéktaon F'/F av vrdpyer tovddyworor wa 9éon P’ € Py, téroie dote
e(P'|P) > 1 (avtiororya av e(P'|P) = 1, yia kd9e P’ € P/, e P'|P).

e H Oéon P buxAadiletar mAnipws (totally) otny F/F' av vrdpyer pdvov jia
0éon P’ € Py, térowa dote P'|P, ue deiktn dakdddwong e(P'|P) = [F' :

e H enéxtaon F'/F Aéyetar én dakhadiletar (avtioroiya bt elvar adakAddr-
otn), av vrdpxel tovkdyiotov e Yéon P € Pr nov va dakAadiletar (avti-
otoya av e o1 Oéoeas P € Py elvar abaxAddioteg).

o H enéxtaon F'/F ovoudletar fuepn (avtiotoa dypa) av kapia 9%éon P €
Pr dev elvar dypia dakdadiopévn (avtiotorya av vrdpyer tovddyiotor pia
dypia drakradiouévn 9éon).

Ac Solpe mwe oyetiletar 1 &yt SloxAddwor ue tov extétn tou different

Oevpnpa 1.1.38 (Dedekind). I'ia tny enéktaon F'/F éxovue én ya kdde
P € Pr ka1 yia kdOe Oéon P’ € F' urép avtiis du

(i) H P duxAadiletar av ka1 uévov av P’ € Supp.Diff (F'/F),
(ii) Av n P daxAadiletar, téte éxer Vo emroyés:

(a’) d(P'|P) = e(P'|P) — 1 ka1 avtd ouuPaiver av kar uévov av n P &a-
KkAadiletar uepa. Xvykekpiuéva otny undéy xapakTnpioTiky €Youpe
ndvta Nuepn dakAddwon.

(B") d(P’'|P) > e(P'|P) kat avtd ouvuPaiver av ka1 pudvov av n P dakAadi-
Letar dypaa.

EpgaviCetow howndv évag extdétne tou different mou dev unopolye vo extiur-
COUPE axoua ol oy YVwel{oude Toug delxteg SLoAEBmaNg, Xal TO GHUAVTIXOTERO
eugpavileton mavtol, delte yia nopddetypo To Riemman—Roch xou tnv Riemann—
Hurwitz e&iowon. H yvdon tou xpifer dAnv v nAnpogopio tne Slaxhddwone.
1o devtepo Kegdhowo Yo dodue tov tOno mou €dwoe o Hilbert yio autév tov
exV€Tn 0 0molog GUWE EUTAEXEL TIC OUAOES BLUXAADWONE X0 CUVETKS TAL TNOHUATOL
tne ramification filtration. Avetuyde xou Tor TdoTa aUTd Elvon Gy VKT Yo
OYEDOV ONEC TIC TEQLMTWOELS.

Aovievovrtog e Galois xahbyporto uropolye vor SoOUE UE opXeTY| SlodyeLa TNy
OLVETELX TNE Syplag BLoxhEdwone otar OMGUop@o. (ToAV)dlapoptxd:

Ac vnodécoupe 6Tl 1 yopaxtnelo Ty Tov K undév:

e éva wdhoppa m: X — X/G, xdde avahutuxd G-oavahhointo méve Sopopt-
%6 TEOBIAETOL UECL VOPUOC XATW OE €VaL OVOAUTIXG DLpOpLnd. SUYXEXPWEVA,
xdde G-avoholwto 1-avahutind Swapopxd etvor to pullback 7* xdmoou avohu-
o0 daopixol xdtw [13, oeh. 272, épopa, EE. (2.2.3)]. Ta m—ovahutxd
Olapopind Téve Tou elval avaAlolwTa, etval Tar M—ovothUTIXS SLopoELXd XATw GUV
n4moLa uepbpoppa Tou «eLoudeteptvoviany pe tov divisor Tou Diff (F/F®), o1
b1} oLV xdmoLaL BLoPoELd %Atk UE TOAOUS axel3ng ot VETEC ToL avAxouUY GTO
Supp.Diff (F/F) xa ot téhot e€oudetepivovtar, 6tay avopdwdoly uéow tne co—
vopuagc, [13, oeh. 272, Ilépopa, EE. (2.2.4))].

Ac e thHpo oty nepintwon 6mou 1 yopoxtnelo ux tou K elvon p xau pl||Gl:
[Madpvoupe vl topddetypa v nepintwon 6mov gx /g = 0. TNy yopaxtnelo Tt
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undév dev Vo unhpye xavéva avahutixd 1-dlapopind. Iupatnpeeiote 6T xdTL TéTol0
dev unopel va cupPel edw, 6nwe Brémouye yio Topddetypa oty epyooio [62, oel
155, EZlowon 14]. Tdpo v v Tepintwon twy m-ohOUop@emy TOAUSLUPOEIXY
BAémoupe, T Yot gx /¢ = 0 and Tov uTohoyious Tou Yo xdvouue otny Ediowon
1.61, 6 dimg Q% (m) = To(m) — 2m + 1. H nepintoon Tne yopoxtnelo tixic
undév, enandedeton povov dtav Io(m) = mdeg Diff (F'/F'), npdypo dtono and
ToV 0plopd TN avairoiwtng tou Boseck.

1.1m" Galois eneXTACELS CWUATWY CUVARTHOEWY

‘Onwe dhhwote xou Yo neppévope o enéxtaon F'/K tou F/K eivon Galois av
F =F'¢ G :=Gal(F'/F). Av ctadeponotficoupe wa 9éon P € F, tH1e 1 eixdva
e dpdone evoc otoeiou o € G, e opddac oto P’ € Pps, anotehel pa Yo
o(P") ={o(z)| © € P'} € Pp/. MdhioTo pmopolpe vo ToVUE TEPLGGOTEPXL:

(i) vopry (@) = vpr (0~ (2)), s @ € F
(ii) o(P)|P,
(iii) e(o(P)|P) = e(P'|P).

Emniéov 1 8pdon tne G oto {P’ € Pp/| P'|P} eivon petofatins;. Anhodf, yio
xdde dVo otoyelo auTol TOu cuvélou, Pi, Ps, urndpyel éva ctoyelo o € G
1010 Hote 0(Pr) = Py, O avayvhotng pe yvooels ohyeBpwfic totoloyiog, do
TaEATNENOEL 6TL UE aUTHY ToV TedTo dpouv ot deck transformations otor UM eVOC
Galois # xavovixo0 Tonohoy ol xohoppotoc (G—xahuppdtwy). O Adyoc tou autd
oupfaivel elvon caprg xodwg ot Galois ENEXTACES CWHUATWY GUVIETACEWY UTOPOUY
var Yewpnlolv ooy QUOLOAOYIXES YEVIXEVOELS (ETULTEEMOVTAS TNV BLaXAEBmoT) TeV
Galois tonohoywdv xohuupdtov ([32, Kepdhowo 1]).

Yuvoudlovtag ta Tapandve €youpe to e€Ag B0 Yl TNy BlaxAddwon Galois
EMEXTACEWY TOU ATAOTIOOVY G TNV TEdEn (xou oTic Tpdlelc) To Tpdypata: Ag ouy-
Bohlooupe e Py, ..., P tic ¥éoeic tov F’ unep tng P, t61¢

(1) Ou Bdeixtec droxhddwong elvon (oo e(P|P) = e(P;|P) = e yw éha o
1<i4,5<r,

(i) Ou exdétec tou different eivan icoi: d(P;|P) = d(P;|P) = d yw éha To
1<4,5<r.

Xernowomnowlye eniong Ti¢ TANeogoplec Tou aWopoly TV BlaXAdBwoY Yo TEElC
ONUAVTIXES TEPITTAOCELS TTOU TG OVOXOAOUME cLY VA, and Tic npotdoelg 1I1.7.3, I-
1.7.10 »ou II1.7.8 tou [70]. Ot dV0 npdtee, apopoly XUXAIXES ETEXTUOELS CWUATMV
ouvopthoewy F'/F:

Kummer H té&n e enéxtoone [F' : F] 1= n, elvon tpddTn w¢ Tpog TNV Yopoxtneto T
Tou F xan 10 F mepiéyel dheg tic n plleg tng Lovadag, TeplypdpovTol aTny
Eicwon (1.31).

Artin—Schreier H td&n e enéxtaone [F' : F] := p, p n yopoxmeiotuxh tou F. Mdhoto
xade x| enéxtaon TENG p° TEoXVNTEL GOV Evog Yovadixds THEYOS Gw-
HATOVY S Budtwy, pe xdde Briyo va etvon wa Artin-Schreier, nepiypdpeton
otic EZlowoeic (1.14, 1.15).
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Yrouyeddne ofehavéc H té&n e enéxtaone [FY : F| :=p", n > 2, p 1 yopoxtnplouxy tou F, ye
Galois opddo ototyewdn afehiovi), TApwe dioaxhadilloyeves. Ileprypdpovton
oty E&icwon (1.32).

1.19° Xzouyeia Yewplog avanopac TACEDY

Ano v Yewplo avamopoao Toewy TETEPACUEVLY OUSBWY YENOWOTOLOVUE TNV TU-
x| Véaon v avanapactdoewy e G utép Tou K cav K[Gl-rpdtuna. Anhadn
v 1-1 xou enl avtiotoryio ot xatnyoples PeTall TV LGOBHVAUULY XAICEWY ava-
napactdoeny e K—dhyePpac K[G] pe ta wobuoppa (apiotepd) K[G|-npdtuna,
w¢ tpdTuna tapactdoewy (delte ta Oswphuata 3.25, 3.26, 3.31, xou 3.36 yio TV
opoNf avamapdotact), 1ou Avtewddn [2]). Edd aoyohoduacte pe ofehavéc G
ondte whdye yio bimodule, xadde 1o K[G] elvon avtipetadetindc daxtvitoc. Ac
Yuundodue 6t andluta aydywee (completely reducible) efvan excivec ou avomo-
PO TACELS YLOL TS OTOIEC OL ABLIOTIOG TEC CUVIC TWOES EVOL XOUL OVAY WYES.

‘Onwe tovicaye, viodetolue Ty npocéyyion twv K[G]-npotinwy tautiloviac
adidomactec (avtioToyo avdywyYes, AmOAUTY AYOYLES) OVUTOPUC TUOELS UE odLd-
onaota (aviotowya anhd, nuanid) K[Gl-rnpdtuna. Ac dolpe npdta évay oplopd

Optopde 1.1.39. (i) To M efvar éva andd iy avdywyo K|G|-npétuno av dev
éxel yvnola Kai pun TETPIUUEYa UTO—TpoTuna.

(ii) To M etvar abidonaoto av M = My @& My éxer oav ovvéneia My = {0} ka1
My = M 1j To avtiotpogo.

7

(ili) To M eivar muandd 1y arélvta aydypo av efvar to evd ddpoioua arddv
K[G]-rmpotinwy.

(iv) O daxtihios K [G] elvar nuuanAdég av efvar muarid ws aprotepd K [G]-rpdrumno.

H npocoyy| tou avaryvao T Teénel €8¢ VoL EGTIAOTEL GTO OTL EVE GTNY Yoo
xtnptouxhy 0 ¥ étav p { |G| oL évvolee avdywyo xo addonacto K[G]-npbdtuto
(f 1odlvapa avanapactdoec e G ot évay K Stavuouatid yhpo mopdotaong)
Tautilovra, €8¢ dev oupPaivel autd. o cuyxexpyéva, av to K[G] elvor nuiamhodg
daxtOAog, tote xde K [G]—mpdTuno mou eivar avdymyo efver xou abléonacto xou
avtotpogee (85, Hdpiopa 2.13], dunc 1o K[G] elvor nuiamhé av xou pévov av 1
yopoxtneto i Tou K elte elvon undév eite dev donpel v tédn tne ouddog [10,
oeh. 60 Ocwenua 16.1], % [85, oek. 51 Oedpnuo 1.14].

Ac dolpe éva amhd mopddelypa. Onwe yvopilouye, wa avarapdotaon tne G
unép tou K elvon €vag ououop@logos ouddmy

p: G — GL(V),

pue V' oévag K-Blavuouatixds Yweog, ToU TOV AEUE YWEO AVATUEACTUCNSC Xl
dimg V = degp. To mopdderypa Yo éndel and toug mivaxeg. 1o ocuyxexpéva,
BMénovtog tov V, o ot epdic Yo elvar 0 xhpog twv avoluTixdy (ToA ) SLapoptndy,
oav éva n didototo K-dtavuopatind yoeo, otadeponowdvrac o Béon (U)x =V
%ol TalpVOVTOC TOV LOOUORPPLOUO

G —"= GL(V) =—— GL(K")
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ENAYETAL Uit PO TOOT Yok Tvaxwy M = Py o p, an’émou xar Yo avTARcoLUE
ta (av)rapadelypota. Ac Yupndolue dtL évag (xotd pmhox) mivaxac tne pop-
e p(x) = [Agx) B?w)} , Yoo Oha ta & € G dweondral, xadog YpdgeTal ooy
eudl ddpotopa Twv avaropactdoewy p(z) = o(x) & 7(x), pe p(z) = A(x) xou
T(x) = B(x) vy xdde x € G vo eivan o (adidonaotec) cunothoes e p. Ernlong
OlaoTOVTAL Xa OAoL oL Tivaxeg Tou efvar LoOBUVOUOL YE QUTOV XaL OTIOLOL THIVAXES
Oev Blamdvton xeholvton adidonactor.

Ac Yuundolyue enlong, v acdevéotepn évvola g aywyiusTnTag Oniady twv

(xatd pmhox) mvdxwv tne popphc p(x) = [A(x) 0 OTWC XL OAWY TV
I(x) B(x)]’

Tvéxwy ou giva Lloodlvopol pe autdy, pe p(z) = A(z) xa 7(x) = B(x) yio xdide

x € G va elvou avorapactdoeic tne Gyl 6ha ta x € G. Télog 6molog mivoxog

dev ebvan aywywog, ovopdleton avdywyos.

Eivou npogavée 61, du droondran ebvon orydywo (nadpvoupe I(z) = 0), # woo-
dUvapa Ta avdywya eival adidonaota. Enlong otny yopaxtnelotiny) undév €youue
xoL 0 avdmodo, dnhadr 6L ebvon aydyo duondtat. A eoTidooupe Myo TV
Teocoy 1) Wog o€ auTAY TNV Teheutala SHAwon:

ITopdderypo 1.1.40. Ag ndpovue tny oudda mvdkwy

10 -1 1 0 —1
R e A )
EXéyxouvue éut vndpyer avtiotpénuog nivaxag T pe pryadikols ovvtedeotés, té-
T010§ DOTE

_ a 0
TBT 1:{0 ﬂ},

ue o, € C. Ilpdyparn tapatnpolue ot

w 1] [-1 1] [w 117" _Jw 0
w2 1| |-1 0] |w? 1| |0 w?|’
émov w = exp(354).

Ag ndpouvue tapa tny opdoda

R}

e Ta otoiyeia Twy mvdkwy va avijkovy twpa oo Fa. A¢ vnodéoouue eniong éu
vrdpyer avniotpéPpios T téroog wote

T.B ﬂ.w:[g ;].

‘Exouvpe, majpvovtas iyvn ka1 ots 6Uo mAeupés, on 0 = a + B, evd majprovtag
opilovoeg, dti - B = 1. AnAadrj o = B = 1 mov efvar dromo. Na Aoindv éva eVkolo
napdderypa mov delyver 6Tt kdt aydypo dev daondral.

41 Shhwon auty elvor Addoc yio odpata Tou dev elvon ahyeBeixd xhelotd. Moot yio VoL To
damiothooupe apxel va doxtudooupe To axdhoudo mapdderypa Thve atd to Q.
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Yy epyaoio pog (extéc and v mopdypapo 1.387), 1 yopoxtnelo Ty dlot-
pel évto Ty t8EN e G. Evd ) avanapdotaon tne G otov Qp(m) dev elvon
%ot vy xn omOALTOL oy YL, Ebvon Spwe to evdl ddpotoua abdonactwy K[G]-
npotinwy. Ilpgénel va el xataotel coapéc oe autd 1o onueio dtL 1 Véoomn Twy ava-
TopAoTAGEWY €0 elvon 0 TpdTOC Tapayoviotomone tou K [Gl-tpotinou Qp(m)
ouvopthoel addonactwy K[G]-npotinwy. T tnv modular xuxhix neplntwon
elvar YEVIXS YVOOTH 1) Lop@| TV adldoTaoTwY cUNGTHoKOY [85, oeh.156], evid
yior Ty o totyelndn afehavi detyvouue bt tor K[G]-npdtuna ou pog evilopépouy
elvon adidomoaoto e évo entyelpnua mou cuvoliletar 6To OTL 1) TETEWHEVN avaa-
pdotaon (xdtt mou oylel Yevnd Yo p—ouddec) elvon 1 uévo avdywyn xou xdde
aBldoTao T CUVIE TGO o TEENEL VoL TEPLEYEL Yot amd €val avTlypapo auTtic, delte
v Hapatrenon 1.3.26.

1.2 3uvoyétion pe tny undpyovoa BiBAoypapia

Evbuwpepdpacte yia évar ooyo F, mou elvon éva ahyefoind odua GUVAIPTACE®Y
pe oouo otadepwy 1o K, 6mouv K éva ahyefeind xheiotod owpa Yetuxhc yopd-
xinplotc p. Iaipvoupe F/E vo eivon o enéxtaon Galois, pe afiehov o-
wéda Galois G tdéng p". TupPoriloupe pe Qp(m) Tov YEo TV ONGUOPPHY
m-(nohv)dapopxdv tou F.  Tvwpelloupe 61t 0 yopoc Qp = Qp(l) anote-
hel évav gp-didotato K-Sloavuopatind xohpo, eve o yweoc Qp(m), elvon évac
(2m—1)(gr —1)-BidoTartoc K-davuopatixde yodeoc, otny neplntwon nov gp > 2.
Avtd tpoxdntouy eqopudlovtac Ty E&loworn twv Riemann-Roch, 1.1.33. H Ga-
lois module structure tou y®pou TwV avahUTXOY 1-Blapopixy €yel ueketniel
%o uohoyto el Yo apxetée tepintoetc. Autéd poall e pio epyooia tou Kovtoye-
GEYN, amoTéAETE xal TO Evauoua Yo v pedetricouye tnyv Galois module structure
TOU YMPOU TV avahuTiXdY m—(molu)dagopxdv yio m > 1. Ilio cuyxexpuuéva
YVELLOUPE Tol TOEOXATe:

H nepintwon e undév yopaxtneiotixfc (evvoolue étav char. K = 0), pe-
hethdnxe and tov Hurwitz oty epyasia tou [28]. Enedn oyeddv ndvta, oo
yvopllouye, o anotehéopota NS Yapaxtneto txhs undév eupavilovtor avtolotla
oty nepintwon e Yetinhc yopaxtnplotinic, 6nou 1 enéxtaor F/E eivan Auepa
Ol OBLOPEYY), aXEBME TOTE %ol OE EYAS, XATE TNV OLIEXELN TNS UEAETNG TWV o-
vohholwtwv tou Boseck oe authv v neplntwon, avadelydnxe éva Oedenud tou,
o ouyxexpuéva 1) [28, oel. 439, formula 2].

Yuveyllovtoc Ty avadpouy| pag, o TNy Tepintwon TN VETIXAC YUpaXTNELO TIXAC
p, xou 6ty 10 F/E elvan adloxhddioto xan 1 G éyel mpdtn o 1pog p tédn, o
Tamagawa [73], onédeile otL T0 1—avahutixd Slapopixd daomdvton cay o evdi
ddpolopa pLog TauToTIXNAG avamapdo taong povadiatou Baduod xou g — 1 to TAdog
ooV avanapactdoewy. O Valentini [77], yevixevoe 1o anotéheopo autd yio
oBLAUASBDIO TEC EMEXTACELS COUATWY CUVIRTHOEWY ToU €youv oudda Galois g p—
oudda, eve ol Salvador, Bautista [49], xatdgepay vo unoloyicouy To nuamAd® A
semisimple xopudtl 1wy 1-avahuTtixdy dlagopixy 6tav 1 G elvon yio p-oudda. Av
n G ebvan xuxdix ou Valentini, Madan [82], unohéyioav ohdxhnen v Soun tou
Qp ouvapthoet adtdonactwv K [Gl-tpotdnwy o To (Blo €ywve and toug Calderdn,
Salvador, Madan otnyv epyooio toug [62], av 1 G eivar ototyetddne afiehiovy.

Ernionc o N. Borne [6], avéntuie pio Yewpla ypnotponowdviac S0oxoles te-
yvixéc and v modular Yewpla avoamapactdoswy 6mne xan TNy K—dewpla, mou

58eite oty E&iowon 1.62 €8 xau [43, Tlap., oeh. 311].
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Tou enétpede vo unoloyloer v K[G]-module structure twv olépoppwy m—
(o) duapopnddy Qp(m), dtav 1 G eivar xuxhief T4ENS ™. 3 YEVIXES YPUUUES 1)
doph tou Qp cav K[G]-npdtuno pac elvon dyvenotn oty VeTixh yopaxtnelo T,

H npocéyyion pog axoroudel and xovtd tig 16€eg twv Valentini- Madan, Cal-
derén, Villa-Salvador énee o touv Madden [50]. O teleutaioc yenotponoinoe v
(B avdhuom xou xataoxebaoe o K—Bdorn tou Qp(1), yio vo uTopécel var UTOAO-
yioel to rank tou Hasse-Witt nivoxa (evvoolue v p—rank). To xatdgepe nep-
VOVTOC ATd TOV YOPO TWV AvahLTIXGOVY 1-0Adpoppey Slagopixdv (1) otov yoeo
v Adeles, @7F péow Tou WOROEPLOHOD GTNY XATNYOoRld TwY K —BlayuouaTIXGY
YOEWV:

Qp(1) = (o /(7 (0) + F),

onov Zp(0) := {a € | vp(a) > 0, yia x&de P € Pp}, [70, nopdypapoc 1.5].
Ipénel €86 va yivel cagég 6Tl GhoL ToPATaVL CLYYREAYELS €YOLUY YENOOTOINTEL
Tic avahholwtee tou Boseck otic gpyaoiec Touc [82], [62],[50].

Ta 2-ohépoppo mohudLaopeind €youy yenowonoiniel and tov Kovtoyedeyn,
[37], o omoloc mopathipnoe 6Tl 0 e@anTOPEVOC YWPoc Tou xoohxol deforma-
tion functor H'(G, Ix), unopel va umohoyiotel e Bdorn Ta covariants twv 2-
OVOAUTIXDY (TTONL)BLOPOPLUY.

Yy yoapoxtnelotixy 0, éyouv yeoaptel mdpa tohhd. I mopddelypa otoug
Farkas—Kra, [13, oe). 87, Hpbtoor)], SwfBdlovue méde pnopolpe vo unohoyicou-
e oe wo Riemann emgdveir X, onuelo Tou Weierstrass®. Ilio ouyxexpyéva
éva. m—Weierstrass onuelo elvon exelvo yia To onolo umdpyel éva Mm—oAoUORPO
(rohu)Brapopixd, to omolo va undevileton oe auTéd Ye TEEN peyohltepn (on Tou
(9x —1)(2m —1). Avotuyde otnv Vet yopaxtneto T to npdyuoata etvon du-
oxolétepa. TTop’dha autd oL BAoelc Twy OAOUop®wY m (TOAL)BLapopIXGY UTopolv
Vo 001 yioouvy 6tov unoloylold m—Weierstrass onueiwy, IopatAenon 1.3.21.

Ot Bdoeic Twv BLopopdy, GUVETKE ot oL avalroiwtee Tou Boseck yenoiuo-
nojdnxav and toug Garcia, xou tov (8o Tov Boseck yia tnv ebpeon onueiwy tou
Weierstrass. O Boseck, [7], do0hede yio Kummer ol xou yioo Artin—Shereier e-
TEXTAGELS TOU pNTO0 CWUATOS GLVETHCEWY delyvovtoc pe Ty Bordeia twv Pdoewy
Tou, 6Tl Ta onpeio SloaxAddwoNg yia TNV p-enéxtact eivan onuela tou Weierstrass
extog and wa nepintwon 6mou dchadilovton 2 axplBde Véoeic pe téhoug TdEnge (-
one pe v yovdda. O Garcia oo [15], cuunhipwoe xa Sibpdwoe tov Boseck, evi
oto [16], dovhede pe mAfpwe Siaxhadllopevee oToyELddNS aBehlovéC ETEXTUOELS
6N p" ooV UTEC TOL UOC ATUoYOAODY otV Topdyeapo 1.3€", yenotuomody-
tac Tic avadholwteg yia vor 0etet 6t pror Oéom mou Sonchadiletan elvar onuelo tou
Weierstrass extoc plog elalpeong, authc mou avapépaue mopomdve. Ev tdyn, ou
avadholwtee yenotwomoinxay yio vo Beet dhec tic (| K|, P)-orders ota dtoxha-
dilbpeva onueio P, énou |K| to canonical linear series, Bploxovtog 6t to p — 1
dev frav (| K|, P)—order. Aciyvovtoc éneita 6t 10 p — 1 avixel oty generic
order axohovdia ypnotponowdvioc Hasse mopaydyoug (autéd onpaivet 6t to p — 1
elvon order yu drepec Véoewc), nétuye to Cn‘co()psvo7. Eniong oto dpldpo twv
Caldéron-Ramirez, [51], ot Bdoeic ypnowponoodvton, 6nwe xar otov Maden, yua
NV eVPECT XUUAXDY P—ETEXTACEWY TOU ENTOU GOUITOC CUVIPTACEWY G TNV VeTl-
2 yopoxtnelo txy, oL ontolec éyouv undevixy| Hasse—Witt aneixévion, (evvomdvtag

60 avayvihotne Yo Beel Tohhéc TAnpogopiec yio to onueio tou Weierstrass, 4mome xon yiol Tie

évvolec v (|K|, P)-orders xou twv linear series mou axohoudolv cto dedtepo xe@dhono. Xe
autd o onuelo ag xpathAceL uévov TNV €€ 0Voa LBLUTEPOTNTA VTGV TWV ONUEIWY TG XAUTUANG.
"raponéunovye otov Goldschmidt [24] xon v mopdypapo pe Tic npoBohxée xaurniec.
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oTL éyouv undevixé Cartier operator). Anédeilav 6t v enextdoeic p™, n > 2 xau
YLOL YOEaXTNEWO T p > 2 auth 1) Tepintwon dev epgavileton toté, [51, Oedpnua
4.9]. Mo dAAn (xon avéruotn and TRy oxomd poc) yeron toue, tou oyetiletol
pe tic Weierstrass nuiopddec, diveton otov Oliveira [56], 6mwe xaw oto [57] e tnv
napandve cuoyétion va divetoaw oto Afupa 2.1.5, oto enduevo Kegpdhowo.

AN wa yerion twv avorhoiwtwy tou Boseck ftay oty gpyacio twv Maddan
ot Valentini [79, oeh. 169-170]. Tic ypnotgonolody yio vo xatohAZouY 6To GTL Lot
Artin—Shereier Badyol p enéxtaon ahyefpixdy cwudtwy cuvaptioewy F/K(x)
ue gr > 1, xan K odyefpud ¥Aelotd oWUA YopoxTNRlo TS P, OeV B€yeTon GAAT
VoVt xou et urtoeméxtaot p Baduol népay tou K (x). Anhadn édeilav 6Tt to
K (z) etvon 10 povadixd pntd undonya tou F népa tpuidv eonpéoewmy xot édwoay
enlong xaw v Soun tne opddac autopopionny touv F/K (). EdO npénet va nodue
OTL éva opouoto anotéhecpo Exel ddaoel o Kovtoyedpyne otny epyaocia tou [38,
Tpbtaon 4.1] yior g¢—xuxhixéc enexTAOELC UE ¢ 7 P Vo Efval %ATOLOC TRHTOC.

1.3 Aroteléopata

1.3 H xuxAix? nepintwon

Koaddde 1 yopoxtneiotinnd p dangel Ty 18&n tng ouddac G, 1 avorapdotaon tne G
ooV XOpo Qp(m) Sev ebvan xort ovdyxn andhuta oy YT, anotelel 6uwe to eudl
&dpotopa addonactwy K[G]-tpotinwyv. Ac cupfolicovue pe o évay yevvitopa
e G. To povadixd addonacto K|[G]-npdtuno Baduol k elvor 1obpoppo pe to
K[G]/ {(o = 1)*), cbugova pe tov [85, oeh.156, Tlupdderypa 1.1]. Twa kb = 1
TalpVOUUE TNV TAUTOTIXTY AVATUPAo TAOT), EVE Yot kK = p™ TNV OpohY.

Ac ndpoupe v

(1.10) Qp(m) == P Wa,
A=1

va efvon o ddomaon ot evdd dlpolopa addonactwy K [G]-tpotinmy xot og cuy-
Boiloovpe ye dj tov apduéd twv W mou ebvan .odpopga pe 10 K[G]/ ((0 — 1)F).
IMewtopyixdée oxonde pog elvon 0 uTohoylouds avT®Y TV di. Apyxd, opilouye:

Qb(m) ={w e Qp(m): (6 —1)'w=0}, yawi=0,1,...p"

Avtol o1 K—umdywpor gridyvouv pio adZouco oxohouda pye Q%(m) = 0 xou
O (m) = Qp(m), evé

(1.11) dimg Qp(m) = dimg (W N Q5 (m)).
A=1

Adppa 1.3.1. Ioyva éu dimg K[G]/{(c — 1)F) = k.

Arédaén. Tobpvoupe v anewdvion (o — 1)* © K[G] — K[G]. Topatnpolpe
thpa 6t dimg ker(o — 1)¥ = k xau ouvende dimg im(o — 1)F = p™ — k, ue
0 tiixo dimg K[G]/{(c — 1)*) = dimg K[G]/(im(c — 1)¥) va éyel Sidoaon
P — (" — k) = k.

O
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AAppo 1.3.2.

av i <k,

avi 2 k.

i,

k

3

dimg{a € K[G]/{(c —1)*) : (6 —1)'a =0} = {

Anddeiln. Mog evilopépel 0 UTONOYIOUOC TOU TUPHVO TOU HOPQPLOKOY TOU TOMAA-
mhaotaopol e (o — 1)%,

(o0 — 1)i : K[G]/ <(o — 1)k> — K[G]/ <(o — 1)k>.
Heywetloupe tic axdrovides dUo meptnTOoeLs:

(i) Av i <k, wote ker(oc — 1)" = (¢ — 1)*'K[G]/ ((c — 1)) xou dimg (o —
DFR[G) (0 = 1)F) =p" = (k= i) = (p" = k) = .

(i) Avi >k, toteker(o—1)" = K[G]/ ((0 — 1)*) xon dimg K[G]/ {(o — 1)*) =
k, obupova pye to Afuuo 1.3.1.

O

Xenotponodvtag v didonaon tou Qp(m) mou 369nxe oty Edlowon (1.11),
xodde xon to Aupa 1.3.2 modpvouye ot dimg Qi (m) = S kdy, + S0_ idy.
‘Etol

(1.12) dimg (U (m)/Qp(m)) = > dy.
k=i+1

Yuvenog, yw k =1,...,p" — 1 éyouvye bt

(113) dpn = dim (2 (m)/25 " (m) .
dr, = dimg (Q’%(m)/ﬂﬁfl(m)) — dimg (Q];Jrl(m)/Q%(m)) .

Axohovddvrac toue [82], maipvouue wa Polxy| oe eudc E—Bdon vy to F xou
Beloxovtog tnv dpdon tne G ota ototyelor e BAong, SLUTUTVOULE TO TEWTO YOG
Ocwpnua.

Koddye n enéxtaon F/E eivon xuxhixn Baduol p™, undpyet o oxdroudog mhpyog
EVOLAUETHY COUATLYV:

(1.14) EFE=FEyCE,CEyC---CE,=F,

omou xde pla omd g enextdoec Ej/E;_1, elvou o Artin-Schreier, mou diveton
and Tic axdAovdec eElooElC

(115) Ej = Ej—l(yj); yf — Y = bj, bj S Ej—l; 1 S] <n.

Opiowoc 1.3.3. Ta mapandvew ovoryeia by, Aéyetar 6t Bpioiovtal o€ pa Tumkn
popen (in standard form), ya pua 9éon P tov Ej_1, av n ektipunon tov diwvisor tov
bj oty P elvar apynuiki), undevikr) 1j oxetikd TPHTN WS TPOS THY XAPAKTIPIOTIKT)
D.
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To mpdhto pépoc tou axdrovdou Oewperpatog ogelleton otov Madden xou pog
ETUTEETEL TPOLYE To bj, Yia Tig Bidpopes Tuée Tou j oe Tumxt| popyn [50, Bedpnua
2, oeh. 308], eved o deltepo pépoc ogeiletan otouc R. Valentini, M. Madan [82,
Afppo 1, oeh. 109] xon pog diver tnv E— Béon yio 1o F.

Oevpnpa 1.3.4. Mnopolue va emAébovue ta y; kai b;, évor dote:

i) Ia kdOe Oéo Tov E;j_1 mov daipettar and daxAadiopuévn Héon tov ,

i) I'a kdOec Béon P E; dwaipets 5 draxkAadiopévn Oéon F/E
n extiunon oto P tov divisor tov b; elvai eite undév 1 apvntiki 1 mpiTn
WS TPOS TNV XAPAKTNPIOTIKY P.

.. i1
(i) o (y;) = y; + 1.

Ia 0 < k < p" — 1 najprovue to p—adiké avdntvyua k := agk) + aék)p + -4
(k) (k) (k)
ka1 Oévovpe e wy =yt yy> -y . Tére o F etvar évag E Savv-

opatikés xopos pe Bion {wy : 0 < k < p™ —1}. H G-8pdon ota oroiyela wy,
Otvetar and

a%k)pn—l

(0 — D)Fwy, = H a®)1
e=1

Avuth n Bdon, éxer v e€hc WBLoTHTA

Adppo 1.3.5. SuvpuPoilovue e P, a 9éon tou E kar pe Py, Py, ..., P tg
Oéoag tov F, vrép g P. Xuufodilovie emions je v; Ty kavovikomomnuévn
(normalized) extiunon tov F, ws tpog tis Yéoeig Py, it = 1, ..., r. Té\og majprovue
T b; va elvar o€ Tumkn popen) Y kdbe Oéon tov Ej_q mou daipeitar ané kdnowa

aré vg P;. Av z = Ziigl CLWE, TOTE min,; v;(2) = min, , v; (cpwy).

Anddaén. [82, Afppoa 2, oer.109] 4 [50, Afuua 3, oek.310] . O

1.3B° H avanopdotacn touv yweouv Qp(m) cav K[G]-regdTuno

YupPBoiiCoupe ye Pi,i =1,...,s va elvon ot ¥éoeic tou £ nou diochadilovtal 610
F. Stadepomototpe wa ¥éon Pr tou F unép e P xou oupBorilovye pe p& =
e(PF/pi), 1 =1,...,5 toug avtioTolyoug deixteg SloaxAddwong. Oo cuyPoiicovye
WE ¥; TNV xavovxorolnuévn extipnon touv E, wc mpoc v Véon P Oétoupe
r =mn —max;{e;}. Hopatnpodue 6t 1 enéxtaon E,./E eivar adloxhddiotn: Av
oYL, TOTE OO TNV UETOPRATIXOTNTA TWV DEUTWY Sloxhddwong Yo €youue 6T
e(Pr/Pi) = e(Pp/Pg,) - e(Pp, /) = p* = [F: B -p" = p= =p" " -p",
6mov h € N. 'Etote; =n—r+h T:n_g(i{ei} e; = max;{e;} + h, xdt nou
€pyetan oe avtideon ye TNy emAOYY TOU €;, ooV UEYIGTO el BloaxAddwaong.
Ytadepomnololye éva i. Oétouue ye 1; = n — ;. Ac ouyforicoupe eniong
we P(i, j, ) vo ebvon oL Véoeic tou Ej mou dupolv v P xon pe v(i, j, 1, 2), Vo
elva 1 xavovixomonuévn extipnon tou Ej we npog v P(i, j, ) Véom, btov tnv
egopubdoovpe ot éva otoyelo z € E;. Koadewd and ¢ enextdoec E;/Ej_1 eivon
xovovix] (normal) xau droywplown, étor xadeutd and tic Véoewe P(i, 4, p) Yo xer
Tov (Bio exdétr different, d(P(i,n, u)/P;) := 6; oo different trc enéxtaonc F/E,
Diff(F//E). Mnopolue va Bpovue to different uéow twv Diff(E;/E;_1), v 6ha
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o j=1,...,n, yenowonowviac v petofotixd Wiétnta tou different (nopo-
Téumouye Yo topddelypo otov Stichtenoth, [70, oeh.88, Mépiopa 111.4.11.(a)])

DIH(EJ/E) = ConEj/Ej,l(Diﬁ.(Ej—l/E)) + DIH(EJ/E]_l)

Enione, xdde autopoppiopde tou F dpa petaPotind oe xde Véon unép tne P (o1
auTtopoppLopol dTee eidope avaxatetouy Tic Véoewc P;/ P, dnhadh, yio xdde Pi, P/
urép e P éyoupe 6t oN(P;) = P!), pe ouvéreia To obvoro Diff(E;/E;_1) va
otadeponoteiton and vy o, xou o exdétne tne P(i,j, 1) oto DIff(E;/E;_1) vo
elvon aveZdptntog and 1o p. To axdhovdo Aduua pog divel v cucyétion uetald
TV 0; xau by.

Afppo 1.3.6. Oérovue ®(i,5) = —v(i,j — 1, u,b;). To different, Diff (F/E)

ofveTal and

Diff(F/E) = Z 8> P(i,n, ),

omov

T0 omolo Kai woltal 1€

§i=(p—1)Y_ ®@H)p" 7 + (@ —1).
j=1
Or extipunioes twv otoyeiwy s fdong wy, divortar and

" (i, j)p" .
1

U(ia T, [, wk) - -

n
j=

Anédeaén. poxdnter and v pdtaon 2 tou Madden [50], agpol npmta Yécouue
UE J, TO V+n—e; xou mapatnedvtog 6Tl 0 exdétne tou different Sev e€aptdton and
10 av 10 Xdtw oy E elvar pntd f 6yt Evtoltolg, uropolpe va to anodeilouye
Gueoa. Ltadepomololyue Eva i xol eQuprolouye TNV HETOBAUTIXT LOLOTNTA TOU eEXVETY
tou different d(P(i,n, 1)/ P;), o onolog xou 1Go0ToL Ye:

e(P(ianvﬂ)/P(Z‘ani17#))d(P(ivn*17M)/pi) +d(P(’L',TL,,LL)/P(’L',TL71,,LL))7

n—r; = e; PopES yioL VoL Tdpoupe 10 §;. Hopatnpolue téhog, étL v(i,j—1, 1, b;) =
0, vy 6ha o 1 < j < n —e;. H tehevtaio todtnto éneton and 1o Osdpnua yio
v E-Bdomn, 1.3.4 xou o yeyovég e —8(4,5) = v(i, j — 1, u, bj) = v(1, 7, 1, Y5 ).
XeNOWOTOLOVTOC THOEX THY UETUBoTIXOTNTO TOV EXTYWACEWY, TalpVOUUE EUXOAO OTL
U(ianauayj) = _(I)(i’j)pn_j- g

Elpaote €towol va oploouye Ti¢ TocdTnTeC —XAEWOLd Yot To Oedenua pag. o
k=0,1,...,p" — 1, oplloupe

m5z — 7,1_1 a(k)@ i, Npn—J
(1.16) Vi (m) = { 219y 200 7)p J

pe
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Li(m) = Z Vi (m).

Yy unonapdypago 1.3y epunvedoupe autd o I'y(m) we tic averolwtee Tou
Boseck.

Oevpnpa 1.3.7. FEotw G pa kukhikrj opdda avtopopproudy tov F, ue |G| =
p". Oérovue pe E = FC ka1 ovpPodilovue pe gg to yévos tov E. Eotw m
évag guokds apruds pe m > 1. H oualn) avanapdotaon g G eugpavidetar
dpn =Tpn_1(m) + (9 — 1)(2m — 1) gopés otny avanapdotaon tns G otov xdpo
Qp(m). Nak =1,...,p" — 1, n abidoractn avarapdotaon faduol k eppaviletar
dr, = Ti_1(m) — Tr(m) popés.

Andoeiln. Apxel vo unoloyioouye Tic dlaoTdoels
dimK(Q]Frl(m)/Q%(m)), viok=1,...,p" — 1.

Enéyoupe éva x € E, tétowo dote dr # 0. Kdde avahutind (nohv)diapopind w
tou F, umopel vor YpopTel, Ue povooriuavto Tpono, ug w = Zzzgl cyw, (do)®m,
c, € E.

Ioyveldpaote o1,
ko _ _ _
av (0 —1)w=0=cpr=cpr1="--=cpn_1 =0.

Ardédeaén tov 1oy ypiopot. ‘Eyovye 6t (0—1)Fw = (o—1)F (Zﬁigl cywy (dz)®™).
‘Opoc 1 (0 —1)* dpa pévov 610 w,,, aphvovtac avolholwto 1o xopudtt ¢, (dr)®™.
H G-3pdon divetor and (o0 — 1)kw, = 0, yie éha 1o k > v. Hpdypatt (o —
Dl = (0 — 1) (o — Drwg = (0 — 1) [, a1y o1 € K, yio 6hat T
e=1,...,n, UE CLVETELD TO YWWOUEVO VO GTadepoTolelTal amd TOV YEVVATORO O.
Ané autd npoxdnTEL 6TL

p"—1
(c—DFw = (o—1)F Z cyw, (dz)®™
v=0
p"—1
— Z ey(o— 1)kwu(dac)®m
v>k

p"—1

= a(d)®" [[ P+ > el = 1) w, (dr)®™.
e=1 v>k+1

Av 7 tehevtola lodtnTo elvan undév, Prénovye 6Tt

n p—1
(0= D0 = (00— Deg(dn)® [[aP1+ D enlo = 1), (da)®™
e=1 v>k+1
pt—1
= Z e (o — 1), (dz)®™ = 0.
v>k+1

Enravahapfdvovtag to napandve envyelpnua tolpvouye ev téhel ot

Cpn—1 = 0.
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Iedipovroc

p"—2

w= Z cv(o = 1)*w, (dz)®™,

v=0
xou emavorouBdvovtog AN TNV Topamdve dadixacio TUlEVOUPE OTL ¢ = Crt1 =
o= cpn_g = 0, xdTL TOU AMOBEXVIEL TOV LOYUPLOUO LS.

Topo €youvpe otor yéplor Lo Wlal EVOAAOXTIXY Exppaoy yiot Tot Tniixa Tou

Anhadr
dim e (1 (m) /2% (m)) =

k
(1.17)  dimg {ck € E :undpyet évaw € Qp(m), ye w = chwy(dz)®m} .
v=0
Avw = F_ e, (dr)®™, wote (0 — 1)Fw = [T, alle(dz)®™ € Qp(m),
%o amd autéd BAETouUE OTL

0<w <i, n, [t H agk)!ck(dx)@") = (i, n, p, cx(dz)®™),

e=1

1oL 10 ¢k (dx)®™ elvor G—avodholwto m-avahutind dagopixd tou F. Autd on-
pobvel 6Tl o

divy (cx(dz)®™) = Conp/p (dive(ck(dz)®™)) + mDiff(F/E)

elvan €vag YeTinde divisor. Kadog to apiotepd yehog tng napamdve 1odTnToc dev
€yeL Tohoug, To (Blo o cupPaiver xan yio to Be&l uélog, Ue cuvénela oL uévol ToroL
Tou va emitpénovial Yo To ¢ (dr)®™, va elvar auTol Tou «oXOTMOVOVTULY U TOV
nopdyovio mDIff(F/E). Yuverdc o ok (dz)®™ unopel va éyel méhoug ubvo oTic
drohadilopevee Véoeic Tou E. Kadde o div(w) eivon évag Yetixde divisor, and to
Afupa 1.3.5 éyovpe 6L v(i, n, w, e (dz)®™wy) > 0, yio Ohat Tt 4, f1. LUVETEC

(118) o5, 08) + 0, 1, 4 (d2)P™) 2 0.

Erioneg éyouue

v(i,n, p, cp(dz)®™) = w(i,n, p, Conppdivg(ck(dz)®™)) + v(i, n, p, mDIff(F/E))
(1.19) = p°v;(ck(dz)®™) + md;.

Yuvdudlovrag tic ECiodoeic (1.18) xon (1.19), nadpvoupe 6t p&iv;(cx (dz)®™) +
md; + v(i,n, u, wx) > 0, 1 1oddvopa

U; (Ck (d.%‘)@m) > —Vik (m)

O divisor tov F

(1.20) D = vir(m)Pi + dive(cx) + divg ((dz)®™) >0,
i=1
etvon Yetnde, x&mt mou wwoduvopet pe ¢ € L (35 viu(m)P; + divg ((dz)®™)).

Hapotneolue 6t ow divisors D xon > i, vig(m) P +dive((dz)®™) etvon yooupuxd
1ood0vooL. Xuvenng €youv Toug (Bloug Bodtuole xa dpa

D) =1¢ (i vir(m)P; + divg ((dz)®m)> .
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‘Exovtoc autéd unoduy, do yenowonolioouue to Oetpnuo twv Riemann-Roch yo
TO WU CLYUPTACEWY I, €T0L (G TE Vo UTOAOYICOUUE TO

{(D) :=dimg L (Z Vie(m)P; + divg ((d:c)®m)> :

i=1

‘Eyouye 6t £(mW) = deg(mW) + 1 — gg + £(W \ mW), énou o W elvon évac
xavowixdg divisor tou F. M anhy epappoyr tou Yewpruatoc Riemann-Roch
detyver 6L deg W = 295 — 2, (W) = gg xou 611 av deg(A) < 0, t61e £(A) =0,
yio xdde tétolov divisor A tou E.
Heywpelloupe Tic axdAoLVES TEPLTTWOELS AVANOYA HE TO YEVOSC TOU oOUaToC Lt
Ilepintwon 1: g > 2.
‘Etou

dim Qg(m) =mW)=m2gr —2)+1—9gr +0

xow (mW) = (2m — 1)(gr — 1). Téloc

14 (Z vie(m)P; + divg ((dx)®m)> = deg (Z vir(m)P; + dive ((dw)®m)> +1-ge+0,
1) LoodUvoa
(D) =T(m) + (95 — 1)(2m —1).

ITepintwon 2: gp = 1.
Oa éyoupe otL deg(W) =0 xou £(mW) = 1, e cuvénela

U(D) =Txk(m),
EMELON
D) =Tr(m)+m2gr —2)+1—gg + LW —mW —T'y(m)),
HE TOV TEAELTALO GPO Vo LooUTOL PE PNOEY xS
deg(W —mW —Tx(m)) = (1 —m)(2gr —2) — Tx(m) = —Tx(m) < 0.
Ilepintwon 3: gg =0.
e autiv v nepintwon deg(W) = —2 < 0 xou oo £(mW) = 0, yio xdde m > 1.
Téloc
(1.21) 0 < ¢(D) =Tx(m) — 2m+1,

enELdN
deg(D) =T'x(m) — 2m > 0, anéd v EZiowon (1.20).

A v &n, xadoe e € L (37 vi(m) Py + divg ((dz)®™)), madpvouye omd
v EZlowon (1.17), 6T ya kalepud and tig napandve nepintwoeg,

(1L.22)dim s (25 (m)/Q(m)) < €(D) = Ti(m) + (g5 — 1)(2m — 1).

Oéhovpe vo delgoupe bt N Aviodtnta (1.22) elvon oty nporypatxdTnTe LodTNTOL
Xenowonowhvrac téte v EZlowon (1.13), Ya unohoyicoupe ta di.
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Aoyapidlouye:
p"—1
2m—1)(gr —1) = dimg Qp(m Z dim g QkJrl( )/Q%(m))
k=0

IA
M
.-
+
HM;
<
)
=
~
3
=

(1.23) = Z Tr(m) +p™(2m — 1) (g — 1).

Aelyvovtag tog 1 dimg Qp(m) wobta pe v E&lowon (1.23), nalpvovue v
emduuntn woétnta. Autéd yivetan yéow e ToutotnTag Twv Riemann-Hurwitz:

F:E|
29 — 2 = 2 deg Diff(F/E
or—2= 1 K]<gE 2) + deg Diff(F/ ),
onov Diff(F/E) = ZZ 1 2Pl B 00 - Plims p). Kadoe o oopa K etvo

ahyeBpwd xhewotd, Eyouue

deg P(i,n, 1) = f (P(iyn, 1)/ B;) = [Op(ingw/Plin.p) : Op, ) P] =1,

yioe 6hat ot 4. Enlong, xadde 1 enéxtaon F/E elvow Galois, o apidude twv 9écewmv
tou F' umép xdie P; woolTon Ye fi, 6ToU

[F: E] :e(P(ianvu)/pi) f(P(l’nvﬂ)/pl) H

xon dpat = p" %, XpnoWomouwVTAS To TUEATAVE Ol UTOAOYLOUOL UaC amhou-

otebovTol

n 1 ~ e,
(1.24)  2m—1)(gr —1)=p"(gp — 1)2m — 1) + 5 (2m — 1) > pes
Ané v E&lowon (1.2