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PerÐlhyh

H ergasÐa aut  perièqei thn ereunhtik  prosp�jeia sto plaÐsio twn

asumptwtik¸n sqèsewn twn akrib¸n meg�lwn apoklÐsewn gia ajroÐsma-

ta tuqaÐwn metablht¸n twn opoÐwn oi katanomèc an koun sthn eurÔterh

kl�sh twn katanom¸n me barièc ourèc.

Eidikìtera, wc pr¸to apotèlesma, brÐskoume to k�tw fr�gma thc a-

sumptwtik c sqèshc twn meg�lwn apoklÐsewn gia tuqaÐa ajroÐsmata mh

arnhtik¸n tuqaÐwn metablht¸n me katanomèc sthn kl�sh twn katanom¸n

me makrièc ourèc.

Sth sunèqeia, gia tic anex�rthtec kai isìnomec tuqaÐec metablhtèc, me-

let�me tic kentropoihmènec asumptwtikèc sqèseic twn meg�lwn apoklÐse-

wn gia mh tuqaÐa ajroÐsmata all� kai gia tuqaÐa ajroÐsmata sthn perioq 

twn katanom¸n me kuriarqhmènec ourèc.

Epiprosjètwc, gia tic anex�rthtec kai isìnomec tuqaÐec metablhtèc,

melet�me tic asumptwtikèc sqèseic twn meg�lwn apoklÐsewn gia tuqaÐa

ajroÐsmata sthn perioq  twn katanom¸n me upoekjetikèc ourèc.

Tèloc, gia tic anex�rthtec kai isìnomec tuqaÐec metablhtèc, melet�me

tic asumptwtikèc sqèseic twn meg�lwn apoklÐsewn gia tuqaÐa ajroÐsmata

se peperasmèno qrìno sth perioq  twn katanom¸n me upoekjetikèc ourèc.

Parapèra, ereunoÔme thn asumptwtik  sqèsh twn meg�lwn apoklÐse-

wn sthn perÐptwsh exarthmènwn prosjetèwn (asjen¸c arnhtik� exarth-

mènwn).

Sugkekrimèna, brÐskoume to k�tw fr�gma thc kentropoihmènhc asum-

ptwtik c sqèshc twn meg�lwn apoklÐsewn gia mh tuqaÐa ajroÐsmata all�

kai gia tuqaÐa ajroÐsmata mh arnhtik¸n tuqaÐwn metablht¸n pou èqoun

katanomèc me makrièc ourèc.

Epiprosjètwc, melet�me tic kentropoihmènec asumptwtikèc sqèseic

twn meg�lwn apoklÐsewn gia mh tuqaÐa ajroÐsmata all� kai gia tuqaÐ-

a ajroÐsmata sthn perioq  twn katanom¸n me kuriarqhmènec ourèc gia mh
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arnhtikèc tuqaÐec metablhtèc.

Tèloc, apodeiknÔoume thn asumptwtik  sqèsh twn meg�lwn apoklÐse-

wn gia mh tuqaÐa ajroÐsmata all� kai gia tuqaÐa ajroÐsmata sthn perioq 

thc tom c twn katanom¸n me makrièc ourèc kai twn katanom¸n me kuriar-

qhmènec ourèc gia mh arnhtikèc tuqaÐec metablhtèc.

Sto teleutaÐo mèroc thc ergasÐac, dÐnontai efarmogèc twn parap�nw a-

potelesm�twn se trÐa stoqastik� montèla. Sto ananewtikì, sto sÔnjeto

ananewtikì, kai sto montèlo twn arnhtik� susqetismènwn pragmatopoi-

 simwn zhmi¸n. Epiplèon, gia to sÔnjeto ananewtikì montèlo deÐqnoume

ìti ikanopoieÐ thn asumptwtik  sqèsh twn meg�lwn apoklÐsewn gia mh

arnhtikèc tuqaÐec metablhtèc me sunep¸c metaballìmenec ourèc.
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Abstract

This paper comprises an attempt of investigation in the frame of

asymptotic relations for sums of random variables whose distributions

belong in the wider class of heavy tail distributions.

More specifically, as a first result, we find the lower bound of asym-

ptotic relation of large deviations for random sums of non negative ran-

dom variables with long tail distributions.

Moreover, for the non negative, independent and identical distribu-

ted random variables, we study the centered asymptotic relation of large

deviations for non random sums as well as random sums in the frame of

dominately varying tail distributions.

Furthermore, for the non negative, independent and identical distri-

buted random variables we investigate the asymptotic relation of large

deviations for random sums in a frame of the subexponetial varying tail

distributions.

Finally, for the non negative, independent and identical distributed

random variables, we prove the asymptotic relation of large deviation

for random variables in finite time in the frame of the subexponetial

varying tail distributions.

Furthermore, we investigate the asymptotic relations of large de-

viations in the case of dependent random variables (extended negative

dependent).

Specifically, we find the lower bound of the asymptotic relation of

large deviations for non random sums as well as random sums of negative

random variables with long tail distributions.

Additionally, we study the asymptotic relation of large deviations

for non random sums as well as for random sums of dominately varying

tail distributions for non negative random variables.

Finally, we prove the asymptotic relation of large deviations for non
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random sums as well as for random sums in the frame of the intersection

of long tail and of dominately varying tail distributions for non negative

random variables.

In the last part of this work, we provide applications of the above

results in three stochastic models. In the renewal, the compound rene-

wal and the negatively associated claim occurrences. Furthermore, for

the compound renewal model, we show that it satisfies the asymptotic

relation of the large deviation for non negative random variables with

consistently varying tails.



Kef�laio 1

Eisagwg 

Epikairìthta tou jèmatoc.

Sth shmerin  epoq  oloèna kai pio suqn� emfanÐzontai gegonìta �a-

kraÐwn fainomènwn�. Dhlad  sp�nia gegonìta twn opoÐwn h emf�nish èqei

katastrofikèc sunèpeiec. Epomènwc up�rqei epitaktik  an�gkh thc prì-

bleyhc touc. Tètoia sp�nia gegonìta brÐskoume stic epist mec twn Qrh-

matooikonomik¸n kai Asfalistik¸n majhmatik¸n, sthn an�lush diktÔwn

upologist¸n all� kai stic epist mec thc Fusik c kai Perib�llontoc. Ei-

dikìtera, akraÐo par�deigma sth diaqeÐrish kindÔnou emfanÐsthke me thn

oikonomik  krÐsh tou 2008.

Skopìc thc ergasÐac.

Skopìc thc paroÔsac diatrib c eÐnai h sumbol  sthn an�ptuxh ma-

jhmatik¸n ergaleÐwn ta opoÐa mporoÔn na problèpoun ikanopoihtik� thn

emf�nish tètoiwn sp�niwn katast�sewn kai na bohj soun thn apotele-

smatik  antimet¸pish twn sunepei¸n touc.

Ereunhtik  prwtotupÐa.

H diatrib  perilamb�nei apotelèsmata ta opoÐa eÐnai prwtìtupa kai

dÐnoun lÔseic tìso se jewrhtik� ìso se praktik� probl mata ta opoÐ-

a den èqoun antimetwpisjeÐ mèqri s mera. H prwtotupÐa thc diatrib c

1
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sunÐstatai sthn parousÐash asumpwtik¸n sqèsewn twn meg�lwn apoklÐ-

sewn se eurÔterec kl�seic katanom¸n me barièc ourèc. Sugkekrimèna

apotelèsmata pou  tan gnwst� gia thn kl�sh twn katanom¸n me sunep¸c

metaballìmenec ourèc genikeÔthkan se kl�sh katanom¸n pou sumbolÐze-

tai me S∗ kai antiproswpeÔei mia shmantik  upokl�sh twn upoekjetik¸n

katanom¸n. (Blèpe Je¸rhma 3)

Parapèra sto jèma thc an�lushc montèlwn ex�rthshc genikeÔontai

gnwst� apotelèsmata thc kl�shc katanom¸n me sunep¸c metaballìmenec

ourèc se eurÔterh kl�sh katanom¸n pou katalamb�nei to koinì pedÐo twn

katanom¸n me makrièc ourèc kai twn katanom¸n me kuriarqhmèna metabal-

lìmenec ourèc pou sumbolÐzontai me D ∩ L. (Blèpe Je¸rhma 8)

Ereunhtik  mejodologÐa.

Ta basik� ereunhtik� antikeÐmena melèthc gia thn exagwg  twn apo-

telesm�twn eÐnai oi katanomèc me barièc ourèc kaj¸c kai oi asumptwti-

kèc sqèseic thc jewrÐac twn meg�lwn apoklÐsewn. Sundu�zoume ta pio

prìsfata apotelèsmata stic parap�nw perioqèc gia na par�goume nèa me-

jodologik� ergaleÐa prìbleyhc. Sugkekrimèna proteÐnetai efarmog  thc

anisìthtac Potter me th qr sh twn deikt¸n Matuszewska se sunduasmì

me thn h-mh euaisjhsÐa pou parousi�zoun oi katanomèc me makrièc ourèc.

(Blèpe Jewr mata 1, 3, 7 kai 8)

Jewrhtik  kai praktik  axÐa thc ergasÐac.

H jewrhtik  suneisfor� thc diatrib c perikleÐetai sthn paragwg  nè-

wn asumpwtik¸n sqèsewn twn meg�lwn apoklÐsewn se eurÔterec perioqèc

katanom¸n me barièc ourèc, pou perigr�foun me leptomèreia th dom  twn

upoekjetik¸n katanom¸n. H praktik  axÐa thc eÐnai h dunatìthta efar-

mog c twn apotelesm�twn se sugkekrimènec stoqastikèc diadikasÐec pou

sunant�me sthn Analogistik  kai Qrhmatooikonomik  praktik . Me b�sh

tic asumptwtikèc ekfr�seic pou pèrnoume mporoÔn na paraqjoÔn nèa a-

nalogistik� kai qrhmatooikonomik� sumbìlaia pou kalÔptoun peript¸seic

me upoekjetikèc katanomèc.
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AnakoÐnwsh twn apotelesm�twn.

Ta apotelèsmata thc diatrib c èqoun dhmosieuteÐ se treic ergasÐec:

1. D. Konstantinides and F. Loukissas

Precise large deviations for consistently varying-tailed distributions

in the compound renewal risk model.

Lithuanian Mathematical Journal 50 no.4, 391-400 (2010)

2. F. Loukissas

Precise large deviations for long varying-tailed distributions.

Journal of Theoretical Probability 25 no.4, 913-924 (2012)

3. D. Konstantinides and F. Loukissas

Precise large deviations for sums of negatively dependent random

variables with common long tailed distributions.

Communications in Statistics - Theory and Methods 40 no.4 19-20

(2011)

Epiplèon up�rqoun se �llec dÔo ergasÐec oi opoÐec brÐskontai sth diadi-

kasÐa thc krÐshc :

1. F. Loukissas

Precise large deviations for sums of dependent rv’s with common

distribution in intersection of dominatedly varying tailed with long

tailed distributions.

2. F. Loukissas

Precise large deviations for random sums of rv’s with subexponen-

tial tailed distributions.

Stic parap�nw dhmosieÔseic èqoun gÐnei anaforèc stic akìloujec ergasÐ-

ec:

1. Dawei Lu

Lower bound of large deviations for sums of long taildd claims in
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a multy risk model.

Statistics and Probability letters 82 1242-1250 (2012)

2. Y. Yang, R. Leipus, J. Siaulys

Precise large deviations for compound random sums in the pren-

sence of dependence stractures.

Computers and Mathematics with Applications 64 2074-2083 (2012)

3. W. He, D. Cheng, Y. Wang

Asymptotic lower bonds of precise large deviations with nonnega-

tive and dependent random variables.

Statistics and Probability letters 83 331-338 (2013)

Ta apotelèsmata èqoun anakoinwjeÐ sta semin�ria pou diorgan¸nei to

tm ma thc Statistik c Qrhmatooikonomik¸n kai Asfalistik¸n Majhma-

tik¸n tou PanepisthmÐou AigaÐou me tic akìloujec omilÐec.

1. 21 OktwmbrÐou 2009.

Oi meg�lec apoklÐseic sto sÔnjeto ananewtikì montèlo.

2. 7 MaÐou 2010.

Precise large deviations for long tailed distributions.

3. 2 MartÐou 2011.

Oi Meg�lec apoklÐseic stic katanomèc me barièc ourèc.

4. 9 NoembrÐou 2011

Efarmogèc twn meg�lwn apoklÐsewn se stoqastik� montèla asf�-

lishc.

Ta apotelèsmata èqoun anakoinwjeÐ sta parak�tw diejn  sunèdria kai

semin�ria.

1. 14th International Congress on Insurance Mathematics and Eco-

nomics, Toronto, Canada, 17.06.10- 19.06.10.
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2. 2nd International Conference on Modern Stochastics, Kyiv Natio-

nal University, Kyiv, Ukraine, 07.09.10.

3. Semirar of Department of Actuarial Mathematics and Statistics,

Heriot-Watt University, Edimburg, United Kindom 20.01.11.

Dom  thc ergasÐac.

H ergasÐa aut  perièqei pènte kef�laia pou parousi�zoun thn ereu-

nhtik  prosp�jeia sto plaÐsio twn asumptwtik¸n sqèsewn twn akrib¸n

meg�lwn apoklÐsewn gia ajroÐsmata tuqaÐwn metablht¸n twn opoÐwn oi

katanomèc an koun sthn eurÔterh kl�sh twn katanom¸n me barièc ourèc.

Sto deÔtero kef�laio parousi�zontai analutik� oi perioqèc thc je-

wrÐac twn katanom¸n me bareÐec ourèc kaj¸c kai h jewrÐa twn meg�lwn

apoklÐsewn.

Sto trÐto kef�laio parousi�zontai ta L mmata ta opoÐa eÐnai qr si-

ma gia tic apodeÐxeic twn apotelesm�twn kaj¸c kai ta apotelèsmata gia

anex�rthtec tuqaÐec metablhtèc.

Sto tètarto kef�laio dÐnetai mÐa analutik  perigraf  twn exarthmè-

nwn tuqaÐwn metablht¸n kaj¸c kai ta apotelèsmata twn asumptwtik¸n

sqèsewn twn meg�lwn apoklÐsewn gia ta ajroÐsmata twn parap�nw meta-

blht¸n.

Sto pèmpto kef�laio parousi�zontai oi efarmogèc twn parap�nw a-

potelesm�twn se stoqastikèc diadikasÐec oi opoÐec emfanÐzontai sthn e-

pist mh twn Analogistik¸n majhmatik¸n.

Sto tèloc paratÐjetai bibliografÐa me 73 anaforèc.

Sunoptik  parousÐash k�je kefalaÐou.

Sto deÔtero kef�laio, xekin�me apì ton asjen  nìmo twn meg�-

lwn arijm¸n, pern�me apì to kentrikì oriakì je¸rhma kai ft�noume mèsw

autoÔ sth jewrÐa twn meg�lwn apoklÐsewn. Sth sunèqeia, xeqwrÐzoume

thn asumptwtik  sumperifor� metaxÔ prosjetèwn me elafrièc ourèc kai

prosjetèwn me barièc ourèc. Tèloc, k�noume mÐa istorik  anadrom  thc
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antÐstoiqhc jewrÐac apì to 1930 mèqri s mera.

Sto trÐto kef�laio, wc pr¸to apotèlesma, brÐskoume to k�tw

fr�gma thc asumptwtik c sqèshc twn meg�lwn apoklÐsewn gia tuqaÐa

ajroÐsmata mh arnhtik¸n tuqaÐwn metablht¸n me katanomèc sthn kl�sh

twn katanom¸n me makrièc ourèc.

Sth sunèqeia, gia tic anex�rthtec kai isìnomec tuqaÐec metablhtèc, me-

let�me tic kentropoihmènec asumptwtikèc sqèseic twn meg�lwn apoklÐse-

wn gia mh tuqaÐa ajroÐsmata all� kai gia tuqaÐa ajroÐsmata sthn perioq 

twn katanom¸n me kuriarqhmènec ourèc.

Epiprosjètwc, gia tic anex�rthtec kai isìnomec tuqaÐec metablhtèc,

melet�me tic asumptwtikèc sqèseic twn meg�lwn apoklÐsewn gia tuqaÐa

ajroÐsmata sthn perioq  twn katanom¸n me upoekjetikèc ourèc.

Tèloc, gia tic anex�rthtec kai isìnomec tuqaÐec metablhtèc, melet�me

tic asumptwtikèc sqèseic twn meg�lwn apoklÐsewn gia tuqaÐa ajroÐsmata

se peperasmèno qrìno sth perioq  twn katanom¸n me upoekjetikèc ourèc.

Sto tètarto kef�laio, ereunoÔme thn asumptwtik  sqèsh twn

meg�lwn apoklÐsewn sthn perÐptwsh exarthmènwn prosjetèwn (asjen¸c

arnhtik� exarthmènwn).

Sugkekrimèna, brÐskoume to k�tw fr�gma thc kentropoihmènhc asum-

ptwtik c sqèshc twn meg�lwn apoklÐsewn gia mh tuqaÐa ajroÐsmata all�

kai gia tuqaÐa ajroÐsmata mh arnhtik¸n tuqaÐwn metablht¸n pou èqoun

katanomèc me makrièc ourèc.

Epiprosjètwc, melet�me tic kentropoihmènec asumptwtikèc sqèseic

twn meg�lwn apoklÐsewn gia mh tuqaÐa ajroÐsmata all� kai gia tuqaÐ-

a ajroÐsmata sthn perioq  twn katanom¸n me kuriarqhmènec ourèc gia mh

arnhtikèc tuqaÐec metablhtèc.

Tèloc, apodeiknÔoume thn asumptwtik  sqèsh twn meg�lwn apoklÐse-

wn gia mh tuqaÐa ajroÐsmata all� kai gia tuqaÐa ajroÐsmata sthn perioq 

thc tom c twn katanom¸n me makrièc ourèc kai twn katanom¸n me kuriar-

qhmènec ourèc gia mh arnhtikèc tuqaÐec metablhtèc.
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Sto pèmpto kef�laio, dÐnontai efarmogèc twn parap�nw apo-

telesm�twn se trÐa stoqastik� montèla. Sto ananewtikì, sto sÔnjeto

ananewtikì, kai sto montèlo twn arnhtik� susqetismènwn pragmatopoi-

 simwn zhmi¸n. Epiplèon, gia to sÔnjeto ananewtikì montèlo deÐqnoume

ìti ikanopoieÐ thn asumptwtik  sqèsh twn meg�lwn apoklÐsewn gia mh

arnhtikèc tuqaÐec metablhtèc me sunep¸c metaballìmenec ourèc.
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EuqaristÐec

Gia thn ekpìnhsh thc Didaktorik c diatrib c kai thn apìkthsh tou

DidaktorikoÔ dipl¸matoc ja  jela na euqarist sw jerm� touc akìlou-

jouc:

• Ton kÔrio Dhm trh KwnstantinÐdh, o opoÐoc wc epiblèpwn afièrwse

p�ra polÔ qrìno gia na me kajodhg sei ston kìsmo twn ennoi¸n thc

jewrÐac rÐskou ¸ste na epiteuqjeÐ o stìqoc mou.

• Ton kÔrio NÐko Karaq�lio, o opoÐoc me st rixe stajer� stic epilo-

gèc mou kai stic dÔskolec stigmèc thc poreÐac mou.

• Ta mèlh DEP tou tm matoc Statistik c kai Analogistik¸n - Qrh-

matooikonomik¸n Majhmatik¸n tou PanepisthmÐou AigaÐou gia thn

�yogh sunergasÐa pou eÐqa mazÐ touc kat� ta dÔo èth pou ergazì-

moun sto tm ma wc bohjhtikì didaktikì proswpikì.

• Th sÔntrofì mou GewrgÐa, h opoÐa me thn upomon  thc me bo jhse

na ft�sw sth dik  mou Ij�kh.



Kef�laio 2

Oi Meg�lec apoklÐseic se

katanomèc me barièc ourèc

2.1 Asumptwtikèc sqèseic se ajroÐsmata tu-

qaÐwn metablht¸n

Oi asumptwtikèc sqèseic ajroism�twn ja dojoÔn mèsw dÔo qarakthristi-

k¸n paradeigm�twn pou deÐqnoun th spoudaiìthta twn apotelesm�twn thc

perioq c aut c.

To pr¸to par�deigma eÐnai o asjen c nìmoc twn meg�lwn a-

rijm¸n. Gia thn perigraf  autoÔ qreiazìmaste mÐa akoloujÐa {Xn, n ≥
1} anex�rthtwn, isìnomwn, pragmatik¸n tuqaÐwn metablht¸n me koin  su-
n�rthsh katanom c F (x) = P (X ≤ x) kai sun�rthsh our�c F = 1− F .

Endiaferìmaste gia th sumperifor� twn ajroism�twn pou par�gontai

apì touc ìrouc thc akoloujÐac {Xn, n ≥ 1}. Autì mac odhgeÐ sth melèth
tou ajroÐsmatoc

Sn = X1 + ...+Xn

9
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kai parapèra thc deigmatik c mèshc tim c

Xn =
1

n
Sn.

Anafèroume parak�tw ton �asjen  nìmo twn meg�lwn arijm¸n� pou mac

lèei ìti:

E�n {Xn, n ≥ 1} eÐnai mÐa akoloujÐa anex�rthtwn isìnomwn pragma-

tik¸n tuqaÐwn metablht¸n me E(Xn) = µ. Tìte

Xn
P→ µ

kaj¸c n→∞.

'Opou me
P→ sumbolÐzoume th sÔgklish kat� pijanìthta.

Aut  eÐnai h pr¸th basik  asumptwtik  sqèsh ajroism�twn pou an�getai

sthn ergasÐa tou Bernoulli � The Art of Conjecturing � pou ekdìjhke to

1713.

MÐa �llh qr simh asumptwtik  sqèsh ajroÐsmatoc tuqaÐwn metablh-

t¸n eÐnai to �Kentrikì Oriakì Je¸rhma�.

H basik  idèa tou jewr matoc eÐnai h prosèggish thc katanom c tou ajroÐ-

smatoc twn tuqaÐwn metablht¸n apì thn kanonik  katanom . To je¸rhma

autì exhgeÐ thn epikr�thsh thc kanonik c katanom c se pollèc efarmogèc

kai mac lèei ìti:

E�n E(X2) <∞ tìte(
σn1/2

)−1
(Sn − nµ)→d Φ

kaj¸c n→∞.

Sthn parap�nw sqèsh me Φ sumbolÐzoume thn tupik  kanonik  katanom  me

mèsh tim  0 kai diakÔmansh 1. Me σ2 = V ar(X) kai me →d sumbolÐzoume

th sÔgklish kat� katanom .
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Perissìterec plhroforÐec gia to kentrikì oriakì je¸rhma up�rqoun sta

biblÐa twn W. Feller (1971) kai S. I. Resnick (1999).

Oi basikèc asumptwtikèc sqèseic thc ergasÐac eÐnai ta apotelèsmata

pou perikleÐontai sth jewrÐa twn �Meg�lwn ApoklÐsewn�.

Stic meg�lec apoklÐseic, gia katanomèc me barièc ourèc, h prosèggish

thc sun�rthshc thc our�c tou tuqaÐou prosjetèou gÐnetai apì th sun�r-

thsh thc our�c tou ajroÐsmatoc, kaj¸c h tim  thc tuqaÐac metablht 

aux�nei se sun�rthsh me thn aÔxhsh tou pl jouc twn tuqaÐwn metablh-

t¸n.

Sta apotelèsmata twn meg�lwn apoklÐsewn, gia katanomèc me barièc

ourèc, exet�zetai h sÔgklish thc our�c tou ajroÐsmatoc P (Sn > x) =

Fn(x). H asumptwtik  sumperifor� thc our�c tou ajroÐsmatoc gia n→
∞ gÐnetai omoiìmorfa kaj¸c to x an kei se di�sthma thc morf c (dn, ∞)

kai proseggÐzei thn our� tou prosjetèou.
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2.2 Katanomèc me barièc ourèc

O basikìc skopìc thc ergasÐac aut c eÐnai h melèth twn meg�lwn apoklÐ-

sewn se tuqaÐec metablhtèc katanom¸n me barièc ourèc. Oi katanomèc

me barièc ourèc èqoun basikì rìlo sthn an�lush poll¸n stoqastik¸n

susthm�twn. Gia par�deigma, eÐnai suqn� aparaÐthtec sta dÐktua epikoi-

nwni¸n, sth jewrÐa kindÔnou, sthn an�lush akraÐwn fainomènwn.

Orismìc 1.

MÐa katanom  F onom�zetai katanom  me bari� our� (F ∈ K) ìtan isqÔei∫
R
eλxdF (x) =∞, λ > 0,

dhlad  apeirÐzetai h ekjetik  rop  thc katanom c.

Ac doÔme merik� paradeÐgmata katanom¸n me barièc ourèc.

1. H Pareto katanom  sto R+.

Aut  h katanom  èqei sun�rthsh our�c

F (x) =

(
k

x+ k

)a
gia k, a > 0.

H Pareto katanom  èqei ìlec tic ropèc t�xhc γ < a peperasmènec

kai tic ropèc t�xhc γ ≥ a mh peperasmènec.

2. H Burr katanom  sto R+.

H katanom  aut  èqei sun�rthsh our�c

F (x) =

(
k

xr + k

)a
gia k, a, r > 0.

H Burr katanom  èqei ìlec tic ropèc t�xhc γ < ar peperasmènec

kai tic ropèc t�xhc γ ≥ ar mh peperasmènec.
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3. H Cauchy katanom  sto R.
Aut  h katanom  dÐnetai apì th sun�rthsh puknìthtac.

f(x) =
1

π ((x− α)2 + 1)

gia α ∈ R.
'Olec oi ropèc t�xhc γ < 1 eÐnai peperasmènec, en¸ h pr¸th den

up�rqei.

4. H lognormal katanom  sto R+.

Aut  h katanom  dÐnetai apì th sun�rthsh puknìthtac.

f(x) =
1√

2πσx
exp

(
−(log x− µ)2

2σ2

)
gia µ, σ > 0.

'Olec oi ropèc eÐnai peperasmènec.

5. H Weibull katanom  sto R+.

Aut  h katanom  dÐnetai apì th sun�rthsh our�c.

F (x) = e−(x/λ)
α

gia λ, α > 0.

'Olec oi ropèc eÐnai peperasmènec. Aut  h katanom  eÐnai me bari�

our� e�n α < 1.

O qwrismìc twn katanom¸n me barièc ourèc se kl�seic dieukolÔnei th

melèth touc. Gi' autì to diaqwrismì qreiazìmaste tic ènnoiec thc sunèli-

xhc, tou an¸terou orÐou kai tou kat¸terou orÐou .

1. H sunèlixh dÔo katanom¸n F kai H pou sumbolÐzetai me F ∗H
kai orÐzetai wc

(F ∗H)(x) =

x∫
−∞

H(x− y)dF (y).
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OmoÐwc, orÐzoume epagwgik�, th sunèlixh twn katanom¸n F1 , . . . , Fn

pou sumbolÐzetai me F1 ∗ . . . ∗ Fn.
H n−ost  sunèlixh thc katanom c F orÐzetai wc

F ∗n(x) = P (Sn ≤ x).

2. OrÐzoume to an¸tero ìrio miac sun�rthshc f(x) me pedÐo orismoÔ

to D kaj¸c x→ a kai sumbolÐzoume me lim supx→a f(x) to ex c:

lim sup
x→a

f(x) = lim
e→0

sup {f(x) : x ∈ D ∩B(a, e)− {a}} ,

ìpou B(a; e) h metrik  perioq  aktÐnac e gÔrw apì to a.

3. OmoÐwc, orÐzoume wc kat¸tero ìrio to ex c:

lim inf
x→a

f(x) = lim
e→0

inf {f(x) : x ∈ D ∩B(a, e)− {a}} .

2.2.1 Kl�seic katanom¸n me Barièc ourèc

Ja anafèroume tic akìloujec kl�seic gia tic katanomèc mh arnhtik¸n

tuqaÐwn metablht¸n.

• H kl�sh twn katanom¸n me omal� metaballìmenec ourèc pou

sumbolÐzoume me R−α.

R−α =

{
F : lim

x→∞

F (xy)

F (x)
= y−α, 0 ≤ α <∞ , ∀ y > 0

}
• H kl�sh twn katanom¸n me ektetamènec omal� metaballì-

menec ourèc pou sumbolÐzoume me ERV (−α,−β).

ERV (−α,−β) =

{
F : y−β ≤ lim inf

x→∞

F (xy)

F (x)
≤ lim sup

x→∞

F (xy)

F (x)
≤ y−α, 1 < α ≤ β <∞, ∀ y > 1

}
• H kl�sh twn katanom¸n me sunep¸c metaballìmenec ourèc

pou sumbolÐzoume me C .

C =

{
F : lim

y↘1
lim inf
x→∞

F (xy)

F (x)
= 1

}
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  isodÔnama

C =

{
F : lim

y↗1
lim sup
x→∞

F (xy)

F (x)
= 1

}
.

• H kl�sh twn katanom¸n me kuriarqhmèna metaballìmenec

ourèc pou sumbolÐzoume me D.

D =

{
F : lim sup

x→∞

F (xy)

F (x)
<∞,∀ 0 < y < 1

}
• H kl�sh twn upoekjetik¸n katanom¸n pou sumbolÐzoume me S.

S =

{
F : lim

x→∞

Fn∗(x)

F (x)
= n, ∀n ≥ 2

}
H kl�sh aut  melet jhke gia pr¸th for� apì ton V. P. Čistyakov

(1964) kai touc J. Chover, P. Ney kai S. Wainger (1973a). Perissì-

terec idiìthtec thc kl�shc aut c èqoun parousiasteÐ stic ergasÐec

twn P. Embrechts kai C. M. Goldie (1980) kai (1982).

MÐa upokl�sh twn upoekjetik¸n katanom¸n eÐnai h S∗ h opoÐa orÐ-

zetai gia tic katanomèc me peperasmènh mèsh tim  µ kai isqÔei

S∗ =

{
F : lim

x→∞

∫ x

0

F (x− y)

F (x)
F (y) = 2µ

}
.

H kl�sh aut  melet jhke gia pr¸th for� sthn ergasÐa thc C.

Klüppelberg (1988).

Tèloc, h kl�sh twn katanom¸n me makrièc ourèc pou sumbolÐ-

zoume me L.

L =

{
F : lim

x→∞

F (x− y)

F (x)
= 1,∀ y > 0

}
MÐa ekten c melèth thc kl�shc aut c eÐnai h ergasÐa twn S. Foss,

D. Korshunov kai S. Zachary (2009).
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Gia tic parap�nw kl�seic katanom¸n eÐnai gnwst  h parak�tw sqèsh:

R−γ ⊂ ERV (−α,−β) ⊂ C ⊂ D ∩ L ⊂ S ⊂ L ⊂ K.

gia k�je 1 < α ≤ γ ≤ β <∞.
Perissìterec plhroforÐec kai paradeÐgmata gia thn parap�nw sqèsh up�r-

qoun stic ergasÐec twn P. Embrechts kai E. Omey (1984), C. Klüppel-

berg (1989), P. R. Jelenkovic kai A. A. Lazar (1999), J. Cai kai Q. Tang

(2004).

To biblÐo twn N.H. Bingham, C.M. Goldie kai J.L. Teugels (1987)

eÐnai klasikì ergaleÐo sthn perioq  thc jewrÐac twn katanom¸n me barièc

ourèc. EpÐshc èna basikì biblÐo to opoÐo pragmateÔetai sthn perioq 

twn katanom¸n me barièc ourèc kai sth jewrÐa akraÐwn tim¸n eÐnai twn P.

Embrechts, C. Klüppelberg kai T. Mikosch (1997). MÐa prìsfath kai

arket� axiìlogh ergasÐa sthn Ðdia perioq  eÐnai twn S. Foss, D. Korshunov

kai S. Zachary (2009). Tèloc, sthn ellhnik  bibliografÐa, mÐa ergasÐa

sthn Ðdia perioq  eÐnai tou D. G. KwnstantinÐdh (2011).
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.

Sto parak�tw sq ma parousi�zetai h di�taxh twn parap�nw kl�sewn.
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2.3 Oi h-mh euaÐsjhtec katanomèc

Sto biblÐo twn S. Foss, D. Korshunov kai S. Zachary (2011) brÐskoume

thn ènnoia twn �h-mh euaÐsjhtwn� katanom¸n pou èqoun basikì rìlo se

aut  thn ergasÐa. Parak�tw dÐnoume ton orismì aut¸n twn katanom¸n.

Orismìc 2. E�n dojeÐ mÐa jetik  mh fjÐnousa sun�rthsh h(x), h ka-

tanom  F sto R kaleÐtai h-mh euaÐsjhth e�n isqÔei

F (x± h(x)) ∼ F (x), x→∞. (2.3.1)

Sthn Ðdia ergasÐa up�rqei to L mma 2.19 pou lèei to akìloujo:

Upojètoume ìti h katanom  F eÐnai me makri� our�. Tìte up�rqei mÐa

mh fjÐnousa sun�rthsh tètoia ¸ste h(x) → ∞ kaj¸c x → ∞ kai h F

eÐnai h-mh euaÐsjhth.

Parak�tw ja prospaj soume na prosdiorÐsoume thn mh arnhtik  su-

n�rthsh h(x) gia tic di�forec kl�seic twn katanom¸n me barièc ourèc.

• Gia thn kl�sh twn katanom¸n me �arg� metaballìmenec � ourèc

dhlad  gia tic katanomèc autèc pou isqÔei

lim
x→∞

F (yx)

F (x)
= 1, y > 0

mporoÔme na epilèxoume wc h(x) = εx gia k�poia ε > 0.

Pr�gmati

lim
x→∞

F (x± h(x))

F (x)
= lim

x→∞

F (x± εx)

F (x)
= 1.

• Gia thn kl�sh twn katanom¸n me �omal� metaballìmenec� ou-

rèc mporoÔme na epilèxoume wc h(x) = x
1

1+q gia opoiod pote q > 0.

Apì to Je¸rhma 2.47 thc ergasÐac twn S. Foss, D. Korshunov kai

S. Zachary (2009) h katanom  an kei sthn kl�sh twn katanom¸n me
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�sunep¸c metaballìmenec� ourèc e�n kai mìno e�n h katanom 

eÐnai o(x)-mh euaÐsjhth.

MÐa katanom  F onom�zetai o(x)-mh euaÐsjhth e�n gia k�je jetik 

sun�rthsh h tètoia ¸ste h(x) = o(x) na isqÔei

F (x± h(x)) = F (x)

• Parapèra, gia katanomèc me barièc ourèc oi opoÐec eÐnai pio elafrièc

apì tic parap�nw katanomèc èqoume thn akìloujh epilog .

– Gia tic lognormal katanomèc mporoÔme na p�roume wc h(x) =

o(x/ lnx).

– Gia tic Weibull katanomèc mporoÔme na p�roume wc h(x) =

o(x1−a).
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2.4 Oi akribeÐc meg�lec apoklÐseic se ka-

tanomèc me barièc ourèc.

Gia th melèth twn meg�lwn apoklÐsewn stic katanomèc me barièc ourèc

shmantikì rìlo diadramatÐzei h ènnoia thc omoiìmorfhc sÔgklishc thc

opoÐac dÐnoume ton orismì.

Orismìc 3.

'Estw {fn(x), n ≥ 1} mÐa akoloujÐa pragmatik¸n sunart sewn. Lème ìti

h akoloujÐa fn sugklÐnei omoiìmorfa, e�n kai mìno e�n

gia k�je ε > 0 up�rqei ènac akèraioc N tètoioc, ¸ste gia ìla ta x kai ìla

ta n > N na isqÔei

|fn(x)− f(x)| < ε.

EpÐshc, ja qreiastoÔme tic parak�tw ènnoiec kai sumbolismoÔc.

a(x)
<∼ b(x) ⇔ lim sup

x→∞

a(x)

b(x)
≤ 1

a(x)
>∼ b(x) ⇔ lim inf

x→∞

a(x)

b(x)
≥ 1.

a(x) ∼ b(x) ⇔ lim
x→∞

a(x)

b(x)
= 1.

a(x) = o (b(x)) ⇔ lim
x→∞

a(x)

b(x)
= 0.

a(x) = O (b(x)) ⇔ lim sup
x→∞

a(x)

b(x)
= c, c <∞.

'Opou a(·) kai b(·) eÐnai jetikèc sunart seic.
O �nw deÐkthc Matuszewska gia mÐa katanom  F sumbolÐzetai wc

γF kai orÐzetai wc ex c:

γ(y) := lim inf
x→∞

F (xy)

F (x)
, γF := inf

{
− log γ(y)

log y
: y > 1

}
.

O k�tw deÐkthc Matuszewska gia mÐa katanom  F sumbolÐzetai wc
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µF kai orÐzetai wc ex c:

µ(y) := lim sup
x→∞

F (xy)

F (x)
, µF := sup

{
− log γ(y)

log y
: y > 1

}
.

Perissìterec idiìthtec kai plhroforÐec p�nw stouc deÐktec Matuszewska

up�rqoun sthn ergasÐa twn D.B.H. Cline, G. Samorodnitsky (1994).

Sth sunèqeia, ja k�noume mÐa istorik  anaskìphsh twn apotelesm�-

twn twn meg�lwn apoklÐsewn.

Oi meg�lec apoklÐseic meletoÔn thn omoiìmorfh asumptwtik  sumperifor�

thc pijanìthtac

P (Sn > x) = Fn(x) (2.4.2)

se sugkekrimènec x-perioqèc thc morf c (cn, dn), (1, cn), (dn, ∞) gia ka-

t�llhlec jetikèc akoloujÐec cn, dn kaj¸c n→∞.

H tim  x sth sqèsh (2.4.2) eÐnai sun jwc uyhl  kai ètsi èqoume na mele-

t soume thn pijanìthta tètoiwn sp�niwn gegonìtwn, ìtan to Sn xepern�

to x. Genn�tai to er¸thma ti eÐdoc prosèggish èqoume gia thn pijanìthta

Fn(x).

MÐa prosèggish proteÐnei to Kentrikì Oriakì Je¸rhma me thn parak�tw

morf :

E�n σ2 = V ar(X) <∞ tìte

sup
cn≤x−nµ≤dn

∣∣∣∣∣∣ Fn(x)

Φ
(
x−nµ
σ
√
n

) − 1

∣∣∣∣∣∣ = o(1) (2.4.3)

gia cn = nµ+ c−
√
n kai dn = nµ+ c+

√
n kai k�je −∞ < c− < c+ <∞,

ìpou me Φ sumbolÐzoume thn tupik  kanonik  katanom .

E�n c−
√
n < Sn−nµ < c+

√
n, tìte brÐskoume mÐa asumptwtik  sqèsh

h opoÐa onom�zetai Je¸rhma kanonik c apìklishc tou Sn apì th

mèsh tim  tou nµ.
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E�n (x − nµ)/
√
n → ∞, tìte brÐskoume mÐa asumptwtik  sqèsh h

opoÐa onom�zetai Je¸rhma meg�lhc apìklishc.

'Etsi mporoÔme na epanajèsoume to er¸thma: Ti eÐdoc prosèggish thc

pijanìthtac Fn(x) anamènetai.

To 1938 o Cramèr, dojeÐshc thc Ôparxhc thc ekjetik c rop c se mia

perioq  tou pedÐou orismoÔ, èdeixe ìti h sqèsh (2.4.3) isqÔei gia cn = c
√
n

gia k�je c > 0 kai dn = o(n2/3). Perissìterec plhroforÐec up�rqoun sta

biblÐa tou H.Cramèr V ol.I, II (1994)

Ja anafèroume ta sumper�smata sthn perÐptwsh pou isqÔei h sunj kh

tou Cramèr.

Upojètoume ìti h ropogenn tria sun�rthsh

E exp{hx}, h > 0

up�rqei se k�poio di�sthma tou pedÐou orismoÔ.

Tìte isqÔei

1−Gn(x)

1− Φ(x)
= exp

[
x3√
n
λ
(x
n

)] [
1 +O

(
x+ 1√
n
φ(x)

)]

Gn(−x)

Φ(−x)
= exp

[
− x3√

n
λ

(
−x
n

)][
1 +O

(
x+ 1√
n
φ(x)

)]
omoiìmorfa gia jetikì arijmì x = o(

√
n). 'Opou

Gn(x) = P

(
Sn − nµ
σ
√
n
≤ x

)
, x ∈ R.

Ed¸ λ(z) eÐnai mÐa dunamoseir� pou sugklÐnei se èna di�sthma tou

pedÐou orismoÔ kai thc opoÐac oi suntelestèc exart¸ntai apì tic ropèc

thc tuqaÐac metablht c Q.
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O Petrov èdwse mÐa beltiwmènh morf  tou Jewr matoc qwrÐc na qrei�-

zetai na orÐsei touc suntelestèc thc λ(z) .

Upojètoume ìti oi sunj kec tou prohgoÔmenou jewr matoc ikano-

poioÔntai. Tìte

1−Gn(x) = (1− Φ(x))

[
1 +O

(
x3√
n

)]
gia jetikì x = o(n1/6).

Gia perissìterec leptomèreiec blèpe sthn ergasÐa tou V. V. Petrov

(1975).

Argìtera h èreuna epikentr¸jhke sth melèth thc asumptwtik c sum-

perifor�c thc posìthtac lnFn(x) k�tw apì th sunj kh Cramer. Sthn

perÐptwsh aut , paÐrnoume mÐa asumptwtik  sqèsh h opoÐa onom�zetai

Je¸rhma twn kat� prosèggish meg�lwn apoklÐsewn. Kla-

sikèc ergasÐec proc aut  thn kateÔjunsh eÐnai oi monografÐec twn J.

A. Bucklew (1991), A. Dembo kai O. Zeitouni (1993) kai R. S. Ellis

(1985). Wstìso ta Jewr mata twn kat� prosèggish meg�lwn apoklÐsewn

den eÐnai epark  se pollèc peript¸seic. 'Etsi, h melèth thc asumptwtik c

sumperifor� thc posìthtac Fn(x) eÐnai qr simh se poll� analogistik�

kai qrhmatooikonomik� stoqastik� montèla kai h asumptwtik  sqèsh pou

lamb�noume onom�zetaiJe¸rhma twn akrib¸n meg�lwn apoklÐ-

sewn .

AkribeÐc meg�lec apoklÐseic gia merik� ajroÐsmata ane-

x�rthtwn tuqaÐwn metablht¸n me katanomèc pou èqoun ba-

rièc ourèc.

Me an�logo trìpo mporoÔme na melet soume tic meg�lec apoklÐseic, ìtan

den isqÔei h sunj kh Cramer. H antimet¸pish prèpei na eÐnai teleÐwc
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diaforetik , kaj¸c h ropogenn tria sun�rthsh den up�rqei se opoiad -

pote perioq  tou pedÐou orismoÔ. Wstìso, ègine epèktash thc èreunac

kai se autèc tic katanomèc èqontac sumper�smata gia thn asumptwtik c

sumperifor� thc pijanìthtac Fn(x).

To pr¸to apotèlesma dìjhke sthn kl�sh twn katanom¸n me omal�

metaballìmenec ourèc stic ergasÐec tou C.C. Heyde (1967a), (1967b)

kai (1968) gia to opoÐo qreiazìmaste tic ènnoiec twn eustaj¸n tuqaÐwn

metablht¸n kai thc perioq c èlxhc touc.

MÐa tuqaÐa metablht  X (  h katanom  thc) onom�zetai eustaj c e�n

gia tic anex�rthtec kai isìnomec tuqaÐec metablhtèc X1, X2, ..., Xn, X

isqÔei h sqèsh

c1X1 + c2X2 + ...+ cnXn =d bX + a

gia ìlouc touc mh arnhtikoÔc arijmoÔc c1, c2 ..., cn kai kat�llhlouc jeti-

koÔc arijmoÔc b, a. 'Opou me A =d B ennooÔme ìti oi tuqaÐec metablhtèc

A,B èqoun thn Ðdia katanom .

MÐa eustaj c katanom  èqei qarakthristik  sun�rthsh

φX(t) = E(exp{iXt}) = exp{iγt− c|t|α(1− iβsign(t)z(t, a)}

ìpou γ eÐnai mÐa pragmatik  stajer�, c > 0, α ∈ (0, 2], β ∈ [−1, 1] kai

z(t, α) = tan
(πα

2

)
, εαν, α 6= 1,

z(t, α) = − 2

π
ln|t|, εαν, α = 1.

H spoudaiìterh par�metroc sthn parap�nw sun�rthsh eÐnai h α, h opoÐa

prosdiorÐzei thc idiìthtec tic kl�shc twn eustaj¸n katanom¸n (ropèc,

ourèc, asumptwtik  sumperifor�).

H stajer� α onom�zetai � deÐkthc eust�jeiac � kai h katanom  onom�zetai

� α-eustaj c �. Perissìterec plhroforÐec gia tic eustajeÐc tuqaÐec me-

tablhtèc up�rqoun sto biblÐo twn P. Embrechts, C. Klüppelberg kai T.

Mikosch (1997) sel. 71 .
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Sth sunèqeia, dÐnoume thn ènnoia thc perioq c èlxhc mÐac eustajoÔc

katanom c.

Lème ìti h katanom  thc tuqaÐac metablht c Q an kei sthn perioq 

èlxhc thc α-eustajoÔc katanom cGα, e�n gia tic anex�rthtec kai isìnomec

tuqaÐec metablhtèc X1, X2, ..., Xn, X up�rqoun stajerèc an kai bn ¸ste

h katanom  tou ajroÐsmatoc{
1

bn
(Sn − an)n ≥ 1

}
na sugklÐnei kat� katanom  sthn Gα. Gr�foume tìte X ∈ DA(α).

T¸ra, eÐmaste se jèsh na anafèroume to apotèlesma tou C.C. Heyde

to opoÐo eÐnai to akìloujo:

'Estw h X ∈ DA(α) me α ∈ (0, 2). 'Estw {bn, n ≥ 1} mÐa akoloujÐa

pragmatik¸n arijm¸n ètsi ¸ste bn ↑ ∞ kai

P (X > bn) ∼ 1/n.

SumbolÐzoume me M1 = X1, Mn = max{X1, ...., Xn} to mègisto tou deÐg-

matoc, tìte

lim
n→∞

P (Sn > bnxn)

nP (X > bnxn)
= lim

n→∞

P (Sn > bnxn)

P (Mn > bnxn)
= 1

gia k�je akoloujÐa xn →∞.

'Ena �llo apotèlesma gia tic akribeÐc meg�lec apoklÐseic stic katano-

mèc me omal� metaballìmenec ourèc dìjhke sthn ergasÐa tou S.V. Nagaev

(1971) kai eÐnai to akìloujo:

Upojètoume ìti F ∈ R−α gia k�poio α > 2. E�n E|X|2+δ < ∞ gia

k�poio δ > 0 kai V ar(X) = 1, tìte isqÔei

P (Sn − nµ > x) = Φ

(
x√
n

)
(1 + o(1)) + nF (x)(1 + o(1))
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omoiìmorfa gia x ≥
√
n. Sugkekrimèna

P (Sn − nµ > x) = Φ

(
x√
n

)
(1 + o(1))

gia
√
n ≤ x ≤ δ(n lnn)1/2 kai δ <

√
α− 2 kai

P (Sn − nµ > x) = nF (x)(1 + o(1))

gia x > δ(n lnn)1/2 kai δ >
√
α− 2.

Argìtera melet jhkan oi akribeÐc meg�lec apoklÐseic stic ektetamènec

omal� metaballìmenec ourèc sthn ergasÐa twn D.B.H. Cline kai T. Hsing

(1991) kai to apotèlesma eÐnai to ex c:

E�n F ∈ ERV (−α,−β) me 1 < α ≤ β < ∞, tìte gia k�je stajerì

γ > 0 isqÔei

P (Sn > x) ∼ nF (x),

omoiìmorfa gia x ≥ γn kaj¸c n→∞.

Sthn Ðdia ergasÐa up�rqei to Je¸rhma 1.1 me to opoÐo oriojetoÔntai oi

asumptwtikèc sqèseic twn meg�lwn apoklÐsewn stic katanomèc me barièc

ourèc kai eÐnai to akìloujo:

H F ∈ S e�n kai mìno e�n isqÔei

lim
t→∞

F (t+ x)

F (t)
= 1, x ∈ R

kai up�rqei akoloujÐa tn tètoia ¸ste

lim sup
n→∞

sup
s≥tn

P (Sn > s)

nF (s)
≤ 1
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Epiplèon, ìtan F ∈ S up�rqei akoloujÐa tn tètoia ¸ste na isqÔei

lim sup
n→∞

sup
s≥tn

∣∣∣∣P (Sn > s)

nF (s)
− 1

∣∣∣∣ = 0.

To apotèlesma gia tic katanomèc me sunep¸c metaballìmenec ourèc

dìjhke sthn ergasÐa twn K. W. Ng, Q. Tang, J. Yan kai H. Yang (2004)

to opoÐo lèei ìti:

'Estw {Xk, k > 1} mÐa akoloujÐa anex�rthtwn mh arnhtik¸n, isìno-

mwn tuqaÐwn metablht¸n me koin  katanom  F ∈ C kai peperasmènh mèsh

tim  µ. Tìte gia k�je stajerì γ > 0 isqÔei

P (Sn − nµ > x) ∼ nF (x), (2.4.4)

omoiìmorfa gia x ≥ γn kaj¸c n→∞.

Parat rhsh 1.

'Ena er¸thma to opoÐo genn�tai eÐnai to akìloujo. MporoÔme na broÔme

mÐa katanom  me upoekjetik  sun�rthsh our�c gia thn opoÐa na isqÔei h

asumptwtik  sqèsh twn meg�lwn apoklÐsewn ìtan h omoiìmorfh sqèsh

metaxÔ x kai n eÐnai upergrammik  kai den isqÔei sth grammik  perÐptwsh.

'Ena tètoio par�deigma brÐskoume sthn ergasÐa tou A. V. Nagaev (1969).

Gia tic Weibull katanomèc me sun�rthsh puknìthtac pijanìthtac

p(x) =
2

3
√
π
e−|x|

2/3

kai sun�rthsh katanom c our�c

F (x) ∼ x1/3√
π
e−x

2/3
, x→∞

e�n orÐsoume

Sn(x) = P (Sn > x)
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apì thn parap�nw ergasÐa paÐrnoume tic akìloujec peript¸seic:

1.
√
n < x <

(
2(23)3/4 − δ

)
(n − 1)

3
4 ìpou δ eÐnai arket� mikrìc, sta-

jerìc jetikìc arijmìc. Tìte

Sn(x) =

[
1− Φ

(
x√
n

)]
exp

{
x3

n2
λ[2](x/n)

}
(1 + o(1)).

2.
(
2(23)3/4 − δ

)
(n− 1)

3
4 < x < (2(23)3/4 + δ)(n− 1)

3
4 tìte

Sn(x) =

[
1− Φ

(
x√
n

)]
exp

{
x3

n2
λ[2](x/n)

}
(1 + o(1))

+ n

[
1− Φ

(
αx√
n− 1

)]
exp

{
α3x3

(n− 1)2
λ[2]

(
αx

n− 1

)}√
2πn

×
(

1− (2/9)(n− 1)

x4/3(1− α)4/3

)−1/2
e−(1−α)

2/3x2/3(1 + o(1)).

3.
(
2(23)3/4 + δ

)
(n − 1)

3
4 ≤ x ≤ 1

ρn
3/2 ìpou ρ eÐnai mÐa posìthta h

opoÐa phgaÐnei arg� sto �peiro kaj¸c to n aux�nei.

Sn(x) =
n(2/3)

√
2πn

(1− α)1/3x1/3

(
1− (2/9)(n− 1)

x4/3(1− α)4/3

)−1/2
Sn−1(αx)S1 ((1− α)x) (1 + o(1)).

4. 1
ρn

3/2 < x < ρn3/2

Sn(x) =
nx1/3

2/3
exp

{
−x2/3 +

σ2(2/3)2(n− 1)

x(2/3)

}
(1 + o(1))

5. x ≥ ρn3/2

Sn(x) = nF (x)(1 + o(1)).

Sthn deÔterh kai trÐth perÐptwsh to α < 3/4 eÐnai h mikrìterh jetik 

rÐza thc exÐswshc

n− 1

x4/3
=

3α(1− α)1/3

2

(
1− 3λ0

(
αx

n− 1

)
− 4λ1

(
αx

n− 1

)2

− 5λ2

(
αx

n− 1

)3
)
.

(2.4.5)
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kai λ[2](z) eÐnai oi dÔo pr¸toi ìroi thc seir�c Cramer, λi eÐnai oi sunte-

lestèc thc seir�c oi opoÐoi exart¸ntai apì tic ropèc γi thc katanom c.

MporoÔme na doÔme apì thn pèmpth perÐptwsh ìti h asumptwtik  sqè-

sh twn meg�lwn apoklÐsewn isqÔei omoiìmorfa ìtan x ≥ ρn3/2 h opoÐa

eÐnai mh grammik .

Ja deÐxoume ìti h asumptwtik  sqèsh twn meg�lwn apoklÐsewn den

isqÔei sthn perÐptwsh thc grammik c sqèshc metaxÔ x kai n. Upojètoume

ìti x = kn , gia k�je stajerì k, tìte apì thn exÐswsh (2.4.5) lamb�noume

n− 1

(kn)4/3
=

3α(1− α)1/3

2

(
1− 3λ0

(
αkn

n− 1

)
− 4λ1

(
αkn

n− 1

)2

− 5λ2

(
αkn

n− 1

)3
)
.

E�n jèsoume ω = ω(n) = n
n−1 tìte èqoume ω(n) = 1+o(1) kaj¸c n→∞

kai h exÐswsh gÐnetai

1 =
k4/33α(1− α)1/3n1/3ω

2

(
1− 3λ0 (αkω)− 4λ1 (αkω)2 − 5λ2 (αkω)3

)
.

H mikrìterh jetik  rÐza thc parap�nw exÐswshc gia arket� meg�la n eÐnai

h α = Mn−1/3 ìpou M = 2
3k
−4/3(1− o(1)) kaj¸c n→∞.

Apì thn trÐth perÐptwsh èqoume

Sn(kn) =
2n
√

2πn

3(1−Mn−1/3)1/3(kn)1/3

(
1− 2(n− 1)

9(kn)4/3(1−Mn−1/3)4/3

)−1/2
× Sn−1(Mkn2/3)S1

(
(1−Mn−1/3)kn

)
(1 + o(1)).

To Sn−1(Mkn2/3) upologÐzetai apì thn pr¸th perÐptwsh

Sn−1(Mkn2/3) = [1− Φ(Mkn1/6ω1/2)] exp
{

(Mk)3ω2λ[2]
(
Mkn−1/3ω

)}
(1 + o(1)).
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Parapèra

Sn(kn)

nF (kn)
=

2
√

2π

3k1/3
n1/6

(
1− 2(n− 1)

9(kn)4/3(1−Mn−1/3)4/3

)−1/2
×

× [1− Φ(Mkn1/6ω1/2)] exp
{

(Mk)3ω2λ[2]
(
Mkn−1/3ω

)}
×

× e(kn)
(2/3)[1−(1−Mn−1/3)(2/3)](1 + o(1)).

EÐnai gnwstì ìti gia thn kanonik  katanom  isqÔei

1− Φ(x) ∼ 1

x
e−

x2

2 ,

kaj¸c x→∞ �ra èqoume

Sn(kn)

nF (kn)
=

2
√

2π

3k1/3
n1/6

(
1− 2(n− 1)

9(kn)4/3(1−Mn−1/3)4/3

)−1/2
×

× exp
{

(Mk)3ω2λ[2]
(
Mkn−1/3ω

)}
×

× 1

Mkn1/6ω1/2
e−

(Mk)2n1/3ω
2 e(kn)

(2/3)[1−(1−Mn−1/3)(2/3)](1 + o(1))

=
2
√

2π

3Mk4/3

(
1− 2(n− 1)

9(kn)4/3(1−Mn−1/3)4/3

)−1/2
×

× exp

{
(Mk)3ω2λ[2]

(
Mkn−1/3ω

)
− (Mk)2n1/3ω

2
+ (kn)(2/3)[1− (1−Mn−1/3)(2/3)]

}
(1 + o(1))

=
2
√

2π

3Mk4/3

(
1− 2(n− 1)

9(kn)4/3(1−Mn−1/3)4/3

)−1/2
×

× exp

{
(Mk)3ω2

(
λ0 + λ1Mkn−1/3ω + λ2

(
Mkn−1/3ω

)2)}
×

× exp

{
−(Mk)2n1/3ω

2
+ (kn)(2/3)[1− (1−Mn−1/3)(2/3)]

}
(1 + o(1))

Efarmìzontac to kanìna deL′Hospital paÐrnoume ìti

n(2/3)

(
−(Mk)2n−1/3ω

2
+ k(2/3)

[
1− (1−Mn−1/3)(2/3)

])
→ −∞
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kai epomènwc

Sn(kn)

nF (kn)
→ 0

kaj¸c n→∞ .

'Ara up�rqoun katanomèc me upoekjetik  sun�rthsh our�c pou den

an koun sthn kl�sh C gia tic opoÐec den isqÔei h asumptwtik  sqèsh

twn meg�lwn apoklÐsewn ìtan h omoiìmorfh sqèsh metaxÔ x kai n eÐnai

grammik .

MÐa axiìlogh ergasÐa h opoÐa diapragmateÔetai tic asumptwtikèc sqè-

seic twn meg�lwn apoklÐsewn eÐnai twn D. Denisov, A.B. Dieker kai V.

Shneer (2008). Gia ta apotelèsmata thc ergasÐac aut c qreiazìmaste tic

parak�tw ènnoiec:

1. Fusik c klÐmakac akoloujÐa {bn} (Natural scale ).

H akoloujÐa {bn} eÐnai fusik c klÐmakac e�n gia k�je ε > 0 up�r-

qoun K > 0 tètoia ¸ste

P

(∣∣∣∣Snbn
∣∣∣∣ < K

)
> 1− ε .

'Ena par�deigma tètoiac akoloujÐac brÐskoume ston asjen  nìmo

twn meg�lwn arijm¸n twn Marcinkewicz- Zygmund.

E�n EX = 0 kai EXr <∞ gia k�poio r ∈ (1, 2) tìte h akoloujÐa

bn = n1/r eÐnai fusik c klÐmakac.

2. Mh euaÐsjhth akoloujÐa In (Insensitivity).

DojeÐshc mÐac akoloujÐac {bn} lème ìti h akoloujÐa In eÐnai mÐa

b-mh euaÐsjhth e�n In > bn kai isqÔei

sup
x>In

sup
0<t<bn

∣∣∣∣F (x− t)
F (x)

− 1

∣∣∣∣→ 0.
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3. Apokop c akoloujÐa {hn} (Truncation).

H akoloujÐa {hn} eÐnai apokop c e�n isqÔei

lim
K→∞

lim
n→∞

nP (S2 > x, X1, X2 ∈ (−∞, −Kbn) ∪ (hn, ∞) > hn)

F (x)
= 0

4. Mikr¸n alm�twn akoloujÐa {Jn} (Small steps).

Dojèntoc mÐac akoloujÐac {hn} lème ìti h akoloujÐa Jn eÐnai mÐa

h- mikr¸n alm�twn e�n isqÔei

lim
n→∞

sup
x>Jn

P (Sn > x, X1 ≤ hn, ..., Xn ≤ hn)

nF (x)
= 0

T¸ra eÐmaste se jèsh na d¸soume to basikì apotèlesma thc ergasÐac

( Je¸rhma 2.1).

'Estw {bn} eÐnai fusik c klÐmakac akoloujÐa, h In eÐnai mÐa b-mh euaÐ-

sjhth akoloujÐa, h {hn} eÐnai apokop c akoloujÐa kai h Jn eÐnai mÐa h-

mikr¸n alm�twn akoloujÐa.

E�n hn = O(bn) kai hn ≤ Jn tìte isqÔei

lim
n→∞

sup
x>Jn+In

∣∣∣∣P (Sn > x)

nF (x)
− 1

∣∣∣∣ = 0

Sthn Prìtash 8.1, thc ergasÐac aut c, efarmìzetai to parap�nw Je-

¸rhma gia tuqaÐec metablhtèc me katanomèc F ∈ D, E(Xi) = 0 kai me

E(X2
i ) = 1. E�n γF < −2 kai t > −µF − 2 tìte isqÔei

P (Sn > x) ∼ nF (x) (2.4.6)

omoiìmorfa gia x ≥
√
tn log n+ In ìpou In eÐnai kat�llhlh akoloujÐa.

E�n F ∈ C tìte isqÔei h (2.4.6) omoiìmorfa gia x ≥
√
tn log n.

Sto Je¸rhma 9.1 apodeÐqnetai, k�tw apì kat�llhlec proôpojèseic, h

sqèsh (2.4.6) isqÔei ìtan F ∈ C, E(Xi) = 0 kai mh peperasmènh diakÔ-

mansh, omoiìmorfa gia x > xn ìpou nF (xn) = o(1).
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Tèloc sto Pìrisma 2.1 thc ergasÐac aut c gia katanomèc ¸ste

xkF ∈ D, E(Xi) = 0, E|Xi|k <∞ gia k�poia 1 < k ≤ 2 kai

lim
x→∞

sup
0≤t≤x1/k

∣∣∣∣F (x− t)
F (x)

− 1

∣∣∣∣ = 0, (2.4.7)

isqÔei gia k�je α > 0

lim
n→∞

sup
x>α

∣∣∣∣P (Sn > nx)

nF (nx)
− 1

∣∣∣∣ = 0.

Parat rhsh 2.

Oi katanomèc pou ikanopoioÔn thn sqèsh (2.4.7) an koun se mÐa kl�sh ka-

tanom¸n h opoÐa eÐnai eurÔterh apì thn kl�sh twn katanom¸n me sunep¸c

metaballìmenec ourèc.

Qarakthristikì par�deigma eÐnai h katanom  me sun�rthsh katanom c

our�c F (x) = exp{− log2(x)}. H katanom  aut  ikanopoieÐ th sqèsh

(2.4.7) all� den an kei sth kl�sh twn katanom¸n me sunep¸c metaballì-

menec ourèc.

Tèloc, gia tic katanomèc pou an koun thn kl�sh S∗ isqÔei to akìlou-

jo apotèlesma to opoÐo brÐskoume sthn ergasÐa twn D. Denisov, S. Foss

kai S. Zachary (2010) to opoÐo lèei to akìloujo:

'Estw {Xk, k > 1} mÐa akoloujÐa anex�rthtwn isìnomwn tuqaÐwn me-

tablht¸n me koin  katanom  F ∈ S∗ kai peperasmènh mèsh tim . 'E-

stw mÐa aÔxousa sun�rthsh h(x) > 0 h poÐa eÐnai tètoia ¸ste na isqÔei

F (x± h(x)) ∼ F (x) kaj¸c x→∞.

Tìte isqÔei

P (Sn > x) ∼ nF (x), (2.4.8)

kaj¸c x→∞ omoiìmorfa gia n ≤ h(x) .

Parat rhsh 3. To parap�nw Je¸rhma se sÔgkrish me to apotèlesma

thc ergasÐac twn D. Denisov, A.B. Dieker kai V. Shneer en¸ dÐnei to Ðdio
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apotèlesma ìpwc ja doÔme me to par�deigma thcWeibull eÐnai aploÔstero

kai genikìtero afoÔ qrhsimopoieÐ mìno thn Ôparxh thc mèshc tim c. 'Etsi

gia thn Weibull me

F (x) ∼ x1/3√
π
e−x

2/3
, x→∞

sÔmfwna me to apotèlesma twn D. Denisov, A.B. Dieker kai V. Shneer

èqoume :

bn = n1/2 afoÔ EX <∞.

In = n(3/2)+ε, ε > 0 afoÔ gia t = n1/2 kai x = n(3/2)+ε isqÔei

lim
n→∞

F (x− t)
F (x)

= lim
n→∞

(n(3/2)+ε − n1/2)1/3

(n(3/2)+ε)1/3
exp {(n(3/2)+ε)2/3 − (n(3/2)+ε − n1/2)2/3}

= lim
n→∞

(
1− n−(1+ε)

)1/3
exp { n1/2

n((3/2)+ε)(1/3)
} = 1.

Jn = n(3/4)(1+ε), ε > 0.

'Ara isqÔei to Je¸rhma twn D. Denisov, A.B. Dieker kai V. Shneer

gia x > n3/2+ε to opoÐo k�tw fr�gma eÐnai Ðso   megalÔtero apì to ρn3/2,

( ìpou ρ eÐnai mÐa posìthta h opoÐa phgaÐnei arg� sto �peiro kaj¸c to

n aux�nei) to opoÐo eÐnai to k�tw fr�gma pou paÐrnoume apì to Je¸rhma

twn D. Denisov, S. Foss kai S. Zachary.

MÐa endiafèrousa ergasÐa stic meg�lec apoklÐseic eÐnai twn I. Armen-

dariz kai M. Loulakis (2011) ìpou melet�tai h asumptwtik  sumperifor�

thc desmeumènhc pijanìthtac

P ((X1, X2, ..., Xn) ∈ A|Sn > x)

kaj¸c n → ∞ kai x ≥ dn. To basikì sumpèrasma eÐnai ìti h dèsmeu-

sh ephre�zei asumptwtik� mìno thn sumperifor� thc tuqaÐac metablht c

Mn = max1≤i≤nXi en¸ oi upìloipec (n − 1) tuqaÐec metablhtèc sumpe-

rifèrontai asumptwtik� wc anex�rthtec.
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Basikèc ergasÐec, stic opoÐec mporoÔme na antl soume perissìtera

stoiqeÐa, gia tic akribeÐc meg�lec apoklÐseic se mh tuqaÐa ajroÐsmata

eÐnai twn S.V. Nagaev (1979), I.F. Pinelis (1985), T. Mikosch kai A.V.

Nagaev (1998), T. Mikosch kai A.V. Nagaev (2001), L. V. Rozovski

(1993), V. Paulauskas kai A. Skučaitė (2004), A. Baltrunas, R. Leipus

kai J. Siaulys (2008) kai oi monografèc twn V. Vinogradov (1994) kai

N. Gantert (1996).

AkribeÐc meg�lec apoklÐseic gia tuqaÐa ajroÐsmata ane-

x�rthtwn tuqaÐwn metablht¸n me katanomèc pou èqoun ba-

rièc ourèc.

'Estw {N(t), t > 0} mÐa mh arnhtik  akèraia diadikasÐa katamètrhshc

h opoÐa eÐnai anex�rthth apì thn akoloujÐa twn tuqaÐwn metablht¸n

{Xk, k ≥ 1}. SumbolÐzoume me λ(t) = EN(t) < ∞ gia 0 ≤ t <∞ kai

λ(t)→∞ kaj¸c t→∞. Gia to tuqaÐo �jroisma thc morf c

SN(t) =

N(t)∑
k=1

Xk, t > 0

oi akribeÐc meg�lec apoklÐseic paÐrnoun thn asumptwtik  sqèsh

P (SN(t) > x) ∼ λ(t)F (x),

kaj¸c t→∞ omoiìmorfa gia x ≥ d{λ(t)}.

IsodÔnama

lim sup
t→∞

sup
x≥d{λ(t)}

∣∣∣∣∣P
(
SN(t) > x

)
λ(t)F (x)

− 1

∣∣∣∣∣ = 0.
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To pr¸to apotèlesma stic akribeÐc meg�lec apoklÐseic gia tuqaÐa a-

jroÐsmata dìjhke apì touc C. Klüppelberg kai T. Mikosch (1997) kai

eÐnai to akìloujo:

'Estw F ∈ ERV (−α, −β) gia k�poia 1 < α ≤ β < ∞. Epiplèon,

upojètoume ìti {N(t), t ≥ 0} eÐnai mÐa akèraia diadikasÐa katamètrhshc

pou ikanopoieÐ tic parak�tw upojèseic

N1 :
N(t)

λ(t)

P→ 1,

kaj¸c t→∞, kai

N2 :
∑

k>(1+δ)λ(t)

(1 + ε)kP (N(t) = k) = o(1)

kaj¸c t → ∞, gia k�je δ > 0 kai k�poia arket� mikr� ε > 0. Tìte h

sqèsh

P (SN(t) − µλ(t) > x) ∼ λ(t)F (x),

isqÔei omoiìmorfa gia x ≥ γλ(t) gia k�je stajerì γ > 0.

To epìmeno apotèlesma eÐnai gia tic katanomèc me sunep¸c metabal-

lìmenec ourèc kai dìjhke sthn ergasÐa twn K. W. Ng, Q. Tang, J. Yan

kai H. Yang (2004) to opoÐo lèei ìti:

'Estw {Xk, k ≥ 1} mÐa akoloujÐa anex�rthtwn mh arnhtik¸n, isìno-

mwn tuqaÐwn metablht¸n me peperasmènh mèsh tim  µ kai koin  katanom 

F ∈ C anex�rthth apì mÐia mh arnhtik  akèraia diadikasÐa {N(t), t ≥ 0}.
Upojètoume ìti h diadikasÐa N(t) ikanopoieÐ thn upìjesh

A : EN(t)I(Np(t)>(1+δ)λ(t)) = O(λ(t)) (2.4.9)

gia k�poia p > γF kai k�je δ > 0. Tìte isqÔei

P
(
SN(t) − µλ(t)

)
∼ λ(t)F (x)
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omoiìmorfa gia x ≥ γλ(t).



38 KEF�ALAIO 2. MEG�ALES APOKL�ISEIS ME BARI�ES OUR�ES



Kef�laio 3

Oi akribeÐc meg�lec

apoklÐseic gia

anex�rthtec tuqaÐec

metablhtèc.

3.1 Mh tuqaÐa ajroÐsmata Sn

3.1.1 Prokatarktik�

To parak�tw L mma eÐnai basikì gia ta epiqeir mata thc ergasÐac kai

up�rqei h apìdeix  tou sthn ergasÐa twn K. W. Ng, Q. Tang, J. Yan kai

H. Yang (2004) (L mma 2.2).

L mma 1.

Gia mÐa katanom  F ∈ D kai gia k�je ρ > γF up�rqoun jetik� x0 kai B

tètoia ¸ste gia ìla ta θ ∈ (0, 1] kai gia ìla ta x ≥ θ−1x0
isqÔei h sqèsh

F (θx)

F (x)
≤ Bθ−ρ

39
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H parap�nw sqèsh kai ìtan θ = θ(x)→ 0, x→∞.

Ja qreiastoÔme epÐshc kai to akìloujo L mma ìpou h apìdeix  tou

up�rqei sthn ergasÐa twn K. W. Ng, Q. Tang, J. Yan kai H. Yang (2003)

(L mma 3.1)

L mma 2.

'Estw mÐa stoqastik  diadikasÐa N(t) me mèsh tim  λ(t)gia thn opoÐa

isqÔei

N1 :
N(t)

λ(t)

P→ 1

tìte èqoume

E

(
N(t)

λ(t)
I{N(t)

λ(t)
>1+θ}

)
= o(1)

gia k�je θ > 0,

ìpou me I sumbolÐzoume th deÐktria sun�rthsh.

To epìmeno L mma eÐnai mÐa �llh morf  thc anisìthtac Fuk kaiNagaev

kai brÐsketai sthn ergasÐa twn K. W. Ng, Q. Tang, J. Yan, H. Yang

(2004) (L mma 2.2).

L mma 3.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa anex�rthtwn isìnomwn mh arnh-

tik¸n tuqaÐwn metablht¸n me koin  katanom  F kai peperasmènh mèsh

tim  µ. Tìte gia ìla ta u > 0, x > 0 kai n ≥ 1 èqoume.

P (Sn > x) ≤ nF
(x
u

)
+
(eµn
x

)u
Sthn Ðdia ergasÐa brÐskoume kai to epìmeno (L mma 2.1).

L mma 4.

Gia mÐa katanom  F ∈ D me peperasmènh mèsh tim , 1 ≤ γF < ∞ kai

kaj¸c x→∞, h sqèsh

x−γ = o(F (x))

IsqÔei gia k�je γ > γF .
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Me b�sh ton orismì twn mh-euaÐsjhtwn katanom¸n kai to L mma 2.19

twn S. Foss, D. Korshunov kai S. Zachary (2011) èqoume to akìloujo:

L mma 5.

Upojètoume ìti F ∈ L, tìte up�rqei mÐa mh arnhtik  gnhsÐwc aÔxousa

sun�rthsh h(x) tètoia ¸ste h(x)→∞ kaj¸c x→∞ kai na isqÔei

F (x± h(x)) ∼ F (x) (3.1.1)

kaj¸c x→∞.

Apìdeixh.

Apì to L mma 2.19 afoÔ F ∈ L paÐrnoume ìti up�rqei mÐa aÔxousa

akoloujÐa xn h opoÐa teÐnei sto �peiro tètoia ¸ste na isqÔei gia thn

α(x) = n me x ∈ [xn, xn+1) h sqèsh F (x± α(x)) ∼ F (x)

Epilègoume wc

h(x) = (n− 1) +
1

xn+1 − xn
(x− xn), x ∈ [xn, xn+1)

tìte h h(x) eÐnai aÔxousa kai isqÔei h(x) < α(x) �ra isqÔei

F (x± h(x)) ∼ F (x)

Parat rhsh 4.

Se ìlec tic parak�tw prot�seic thc ergasÐac h aÔxousa sun�rthsh h(x)

eÐnai tètoia ¸ste na ikanopoieÐ thn sqèsh (3.1.1) tou L mmatoc 5

Ja apodeÐxoume thn parak�tw asumptwtik  sqèsh pou epÐshc eÐnai

basik  stic apodeÐxeic mac.

Prìtash 1.

'Estw Q mÐa tuqaÐa metablht  me peperasmènh mèsh tim  µ kai sun�r-

thsh katanom c F . Tìte gia k�je γ > 0 isqÔei

nF (x)→ 0

omoiìmorfa gia x ≥ γn.
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Apìdeixh.

Kaj¸c x ≥ γn gia k�je γ > 0 mporoÔme na jewr soume ìti x ≥ 0.

EpÐshc gnwrÐzoume ìti isqÔei

µ+ =

∫ ∞
0

F (x)dx.

Sunep¸c mporoÔme na gr�youme ta akìlouja

µ+ = −
∫ ∞
0

x(F (x))′dx = − lim
x→∞

(xF (x)) +

∫ ∞
0

F (x)dx

= − lim
x→∞

(xF (x)) + µ

apì ta opoÐa sun�goume th sqèsh

lim
x→∞

(xF (x)) = 0

kai kaj¸c x ≥ γn gia k�je γ > 0 sumperaÐnoume ìti

lim
n→∞

(nF (x)) ≤ lim
x→∞

(xF (x)) = 0.

MÐa asumptwtik  sqèsh h opoÐa isqÔei gia jetikèc tuqaÐec metablhtèc

eÐnai to akìloujo L mma.

L mma 6.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa apì anex�rthtec kai isìnomec

mh arnhtikèc tuqaÐec metablhtèc me koin  katanom  F kai peperasmènh

mèsh tim  µ. Tìte gia k�je γ > 0 isqÔei

P (Sn − nµ > x)
>∼ nF (x+ nµ), (3.1.2)

omoiìmorfa gia x ≥ γn kaj¸c n→∞,

kai e�n F ∈ L tìte isqÔei

P (Sn − nµ > x)
>∼ nF (x), (3.1.3)

kaj¸c n→∞, omoiìmorfa gia x ≥ h−1(nµ).
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Apìdeixh.

P (Sn − nµ > x) ≥ P
(
Sn − nµ > x, max

1≤i≤n
Xi > x+ nµ

)

≥
n∑
i=1

P (Sn − nµ > x, Xi > x+ nµ)

−
∑

1≤k<l≤n
P (Sn − nµ > x, Xk > x+ nµ, Xl > x+ nµ)

≥ nP (Sn−1 − nµ > −nµ, Xn > x+ nµ)−
(
nF (x+ nµ)

)2
= nP (Sn−1 − nµ > −nµ)F (x+ nµ)−

(
nF (x+ nµ)

)2
≥ nF (x+ nµ)

(
P (Sn−1 − nµ > −nµ)− nF (x)

)
. (3.1.4)

'Etsi, èqoume

P (Sn − nµ > x)

nF (x+ nµ)
≥

(
P (Sn−1 − nµ > −nµ)− nF (x)

)
.

(3.1.5)

Apì ton asjen  nìmo twn meg�lwn arijm¸n èqoume

lim
n→∞

P (Sn−1 − nµ > −nµ) = 1.

kaj¸c n→∞ ,

kai �ra paÐrnoume

lim inf
n→∞

sup
x≥γn

P (Sn − nµ > x)

nF (x+ nµ)
≥

lim inf
n→∞

sup
x≥γn

(
P (Sn−1 − nµ > −nµ)− nF (x)

)
 

P (Sn − nµ > x)
>∼ nF (x+ nµ) ,
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omoiìmorfa gia x ≥ γn kaj¸c n→∞.

AfoÔ F ∈ L tìte apì to L mma 5 paÐrnoume ìti up�rqei mÐa sun�rthsh

0 < h(x) < x gnhsÐwc aÔxousa tètoia ¸ste h(x)→∞ kaj¸c x→∞ kai

na isqÔei

F (x+ h(x)) ∼ F (x)

kaj¸c x→∞.

Apì thn x ≥ h−1(nµ) paÐrnoume h(x) ≥ nµ kai �ra isqÔei

F (x+ nµ) ≥ F (x+ h(x)) ∼ F (x)

kaj¸c n→∞, omoiìmorfa gia x ≥ h−1(nµ).

Epomènwc isqÔei h sqèsh (3.1.3).

Parat rhsh 5.

Sto parap�nw apotèlesma mporoÔme na belti¸soume shmantik� to ka-

t¸fli thc omoiìmorfhc sqèshc e�n jewr soume mÐa akoloujÐa fusik c

klÐmakac bn = n1/r gia k�poia r ∈ [1, 2). Tìte isqÔei h asumptwtik 

anisìthta (3.1.3) omoiìmorfa gia x ≥ h−1(bn). H Ôparxh thc akoloujÐac

bn proôpojètei ìti EXr <∞ gia k�poio r ∈ (1, 2)

'Ena basikì ergaleÐo gia tic apodeÐxeic twn Jewrhm�twn eÐnai h ani-

sìthta Bonferroni pou lèei ìti, e�n

Sk =
∑

P (Ai1 ∩ ... ∩Xik)

ìpou i1 < i2 < ... < ik kai 2 < k ≤ n,
tìte, gia k perittì isqÔei

P
(
∪ki=1Xi

)
≤

k∑
j=1

(−1)j−1Sj

kai gia k �rtio isqÔei

P
(
∪ki=1Xi

)
≥

k∑
j=1

(−1)j−1Sj .
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3.1.2 Ta Apotelèsmata

Pr¸ta, melet�me thn asumptwtik  sqèsh twn kentropoihmènwn meg�lwn

apoklÐsewn sthn perioq  twn katanom¸n me kuriarqhmènec ourèc gia mh

arnhtikèc, anex�rthtec kai isìnomec tuqaÐec metablhtèc.

Je¸rhma 1.

'Estw {Xk, k ≥ 1} mÐa akoloujÐa apì mh arnhtikèc, anex�rthtec kai

isìnomec tuqaÐec metablhtèc me koin  katanom  F ∈ D kai peperasmènh

mèsh tim  µ. Tìte gia k�je q > 0 kai gia k�je γ > 0 isqÔei

nF (x+ (1 + q)nµ)
<∼ P (Sn − n(1 + q)µ > x)

<∼ nF (x) (3.1.6)

omoiìmorfa gia x ≥ γn kaj¸c n→∞.

Parat rhsh 6.

H stajer� q eÐnai polÔ qr simh sta analogistik� montèla kai onom�zetai

� Suntelest c epib�runshc asfaleÐac � .

Parat rhsh 7.

H apìdeixh tou �nw fr�gmatoc tou parap�nw Jewr matoc basÐzetai sthn

teqnik  thc apìdeixhc tou Jewr matoc 3.1 thc ergasÐac twn K. W. Ng,

Q. Tang, J. Yan kai H. Yang (2004) qrhsimopoi¸ntac mÐa diaforetik 

akoloujÐa tuqaÐwn metablht¸n sthn diadikasÐa apokop c.

Apìdeixh.

Pr¸ta ja apodeÐxoume to k�tw fr�gma thc asumptwtik c sqèshc.
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P (Sn − n(1 + q)µ > x) ≥ P

(
Sn − n(1 + q)µ > x,

n⋃
i=1

Xi > x+ (1 + q)nµ

)

≥
n∑
i=1

P (Sn − n(1 + q)µ > x, Xi > x+ (1 + q)nµ)

−
∑

1≤k<l≤n
P (Sn − n(1 + q)µ > x, Xk > x+ (1 + q)nµ, Xl > x+ (1 + q)nµ)

≥
n∑
i=1

P (Xi > x+ (1 + q)nµ)−
(
nF (x+ (1 + q)nµ)

)2
≥ nF (x+ (1 + q)nµ) (1− nF (x)).

'Etsi mporoÔme na sumper�noume ìti isqÔei h anisìthta

P (Sn − nµ > x)

nF (x+ (1 + q)nµ)
≥ 1− nF (x).

GnwrÐzoume ìti isqÔei

nF (x)→ 0

omoiìmorfa gia x ≥ γn kaj¸c n→∞.

Se sunduasmì me to parap�nw èqoume

P (Sn − (1 + q)nµ > x)
>∼ nF (x+ (1 + q)nµ)

kaj¸c n→∞.

Ja apodeÐxoume to �nw fr�gma thc asumptwtik c sqèshc (3.1.6)

OrÐzoume wc α = max {− log (nF (x), 1}. Tìte a → ∞ omoiìmorfa gia

x ≥ γn kaj¸c n→∞.

SuneqÐzontac, orÐzoume thn akoloujÐa twn tuqaÐwn metablht¸n kai tou
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antÐstoiqou ajroÐsmatoc:

X̃k := XkI{Xk≤ x
α2
} + xI{Xk> x

α2
}

S̃n :=

n∑
i=1

X̃k.

x̃ := x+ n(1 + q)µ

Gia k�poio h > 0, pou ja oristeÐ parak�tw, kai qrhsimopoi¸ntac thn

anisìthta ln (x+ 1) ≤ x sun�goume ta akìlouja

P (S̃n > x̃)

nF (x)
≤ e−hx̃E(ehS̃n)

nF (x)

≤ e−hx̃+α
(∫ +∞

0

(
eht − 1

)
dF̃ (t) + 1

)n
≤ e−hx̃+α

(
exp

{
ln

{∫ +∞

0

(
eht − 1

)
dF̃ (t) + 1

}})n
≤ exp

{
n

∫ +∞

0

(
eht − 1

)
dF̃ (t)− hx̃+ a

}
.

Sth sunèqeia, qwrÐzoume to olokl rwma wc ex c∫ +∞

0

(
eht − 1

)
dF̃ (t) ≤

∫ x
α2

0

(
eht − 1

)
dF (t) + ehxF (

x

α2
).

Apì thn anisìthta eu − 1 ≤ ueu sun�goume ta parak�tw∫ +∞

0

(
eht − 1

)
dF̃ (t) ≤

∫ x
a2

0
htehtdF (t) + ehxF (

x

a2
) ≤

he
h
(
x
α2

) ∫ x
α2

0
tdF (t) + ehxF (

x

α2
) ≤ hµeh

(
x
α2

)
+ ehxF (

x

α2
).

Qrhsimopoi¸ntac to L mma 1 kai 4 gia ρ ≥ γF lamb�noume ìti F ( x
α2 ) ≤

α2ρF (x) kai isqÔei∫ +∞

0

(
eht − 1

)
dF̃ (t) ≤ hµe

h
(
x
α2

)
+Behxα2ρF (x)

≤ hµe
h
(
x
α2

)
+Behxe2ρ logα

e−α

n
.
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'Ara sumperaÐnoume thn anisìthta

P (S̃n > x̃)

nF (x)
≤

exp

{
nhµe

h
(
x
α2

)
+Behx−α+2ρ logα − hx̃+ α

}
.

Jètontac sthn parap�nw sqèsh

h =
α− 2ρ logα

x

Kaj¸c to x ≥ nµ tìte lamb�noume ta parak�tw

P (S̃n > x̃)

nF (x)
≤

≤ C exp
{
nhµeα

−1 − hx− hn(1 + q)µ+ α
}

≤ C exp
{nµα

x
(eα

−1 − (1 + q))− α+ 2ρ logα+ α
}

≤ C exp

{
µα

γ
(eα

−1 − (1 + q)) + 2ρ logα

}

≤ C exp

{
µα

γ

((
eα
−1 − (1 + q)

)
+

2ρ logα

α

)}
→ 0 (3.1.7)

kaj¸c n→∞ omoiìmorfa gia x ≥ γn kai C eÐnai mia jetik  stajer�.

Epiplèon, parathroÔme ìti mporoÔme na gr�youme thn parak�tw sqèsh

P (Sn − n(1 + q)µ > x) = P

(
Sn − n(1 + q)µ > x, max

1≤i≤n
Xi > x

)

+ P

(
Sn − n(1 + q)µ > x, max

1≤i≤n
Xi ≤ x

)
≤ nF (x) + P (S̃n > x̃) (3.1.8)
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'Etsi antikajist¸ntac thn (3.1.7) sthn (3.1.8) sun�goume ìti

lim sup
n→∞

sup
x≥γn

P (Sn − n(1 + q)µ > x)

nF (x)
≤

1 + lim sup
n→∞

sup
x≥γn

P
(
S̃n − (1 + q)nµ > x

)
nF (x)

= 1

kaj¸c n→∞.
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3.2 TuqaÐa ajroÐsmata SN(t)

Sthn enìthta aut , ja apodeÐxoume tic asumptwtikèc sqèseic twn meg�-

lwn apoklÐsewn ìtan h diadikasÐa katamètrhshc twn sumb�ntwn eÐnai mÐa

stoqastik  diadikasÐa.

Xekin¸ntac, ja broÔme to k�tw fr�gma thc our�c tou tuqaÐou ajroÐ-

smatoc FN(t) gia mh arnhtikèc, isìnomec tuqaÐec metablhtèc me katanomèc

pou èqoun makrièc ourèc qrhsimopoi¸ntac wc sunj kh to na ikanopoieÐ h

diadikasÐa katamètrhshc ton asjen  nìmo twn meg�lwn arijm¸n.

Je¸rhma 2.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa apì anex�rthtec kai isìnomec mh

arnhtikèc tuqaÐec metablhtèc me koin  katanom  F kai peperasmènh mèsh

tim  µ, anex�rthth apì mÐa mh arnhtik  akèraia diadikasÐa N(t), t ≥ 0}.
Upojètoume ìti h h N(t) ikanopoieÐ thn upìjesh

N1 :
N(t)

λ(t)

P→ 1,

kaj¸c t→∞. Tìte gia k�je γ > 0

P (SN(t) − µλ(t) > x)
>∼ λ(t)F (x+ µλ(t)), (3.2.9)

isqÔei omoiìmorfa gia x ≥ γλ(t) kaj¸c t→∞,

kai e�n F ∈ L tìte isqÔei

P
(
SN(t) − µλ(t) > x

) >∼ λ(t)F (x) (3.2.10)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).

Apìdeixh.

ParathroÔme ìti gia 0 < δ < 1
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P (SN(t) − µλ(t) > x) =

∞∑
k=1

P (Sk − µλ(t) > x)P (N(t) = k)

≥
∑

(1−δ)λ(t)≤k≤(1+δ)λ(t)

P (Sk − µλ(t) > x)P (N(t) = k)

≥ P (S((1−δ)λ(t)) − µλ(t) > x)P

(
1− δ ≤ N(t)

λ(t)
≤ 1 + δ

)
,

H upìjesh N1 dÐnei

P (SN(t) − µλ(t) > x)
>∼

P
(
S(1−δ)λ(t) − (1− δ)λ(t)µ > x+ µλ(t)− (1− δ)λ(t)µ

)
,

kai apì L mma 6 èqoume

P (SN(t) − µλ(t) > x)
>∼ ((1− δ)λ(t))F (x+ δµλ(t)) . (3.2.11)

ìmwc 0 < δ < 1 tìte apì thn sqèsh (3.2.11) èqoume

lim
δ→0

lim inf
t→∞

sup
x≥γλ(t)

P (SN(t) − µλ(t) > x)

λ(t)F (x+ µλ(t))
≥ 1 .

AfoÔ F ∈ L tìte apì to L mma 5 paÐrnoume ìti up�rqei mÐa sun�rthsh

0 < h(x) < x gnhsÐwc aÔxousa tètoia ¸ste h(x)→∞ kaj¸c x→∞ kai

na isqÔei

F (x+ h(x)) ∼ F (x)

kaj¸c x→∞.

Apì thn x ≥ h−1(µλ(t)) paÐrnoume

h(x) ≥ h(h−1(µλ(t))) = µλ(t)

kai �ra isqÔei

F (x+ µλ(t)) ≥ F (x+ h(x)) ∼ F (x)
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kaj¸c t → ∞, omoiìmorfa gia x ≥ h−1(γλ(t)) kai �ra isqÔei h sqèsh

(3.2.10).

Parat rhsh 8.

Sto parap�nw apotèlesma mporoÔme na belti¸soume shmantik� to ka-

t¸fli thc omoiìmorfhc sqèshc e�n jewr soume mÐa akoloujÐa fusik c

klÐmakac bn = n1/r gia k�poia r ∈ [1, 2). Tìte isqÔei h asumptwtik  ani-

sìthta (3.2.10) omoiìmorfa gia x ≥ h−1(bλ(t)). H Ôparxh thc akoloujÐac

bn proôpojètei ìti EXr <∞ gia k�poio r ∈ (1, 2)

Sthn sunèqeia, apodeiknÔoume thn asumptwtik  sqèsh twn akrib¸n

meg�lwn apoklÐsewn gia tuqaÐa ajroÐsmata twn opoÐwn oi katanomèc pro-

sjetèwn an koun stic katanomèc thc kl�shc S∗ mh arnhtik¸n, isìnomwn

kai anex�rthtwn tuqaÐwn metablht¸n.

Je¸rhma 3.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa mh arnhtik¸n anex�rthtwn isì-

nomwn tuqaÐwn metablht¸n me koin  katanom  F ∈ S∗ anex�rthth apì

mÐa mh arnhtik  akèraia diadikasÐa katamètrhshc {N(t), t ≥ 0}. Upojè-
toume ìti h N(t) ikanopoieÐ thn upìjesh

N1 :
N(t)

λ(t)

P→ 1,

kaj¸c t→∞ kai

N2 :
∑

k>(1+δ)λ(t)

(1 + ε)kP (N(t) = k) = o(1)

kaj¸c t→∞, gia k�je δ > 0 kai k�poia arket� mikr� ε > 0.

Tìte isqÔei

P (SN(t) > x) ∼ λ(t)F (x), (3.2.12)

omoiìmorfa gia x ≥ h−1(λ(t)) kaj¸c t→∞.



3.2. TUQA�IA AJRO�ISMATA 53

Apìdeixh.

'Eqoume ìti

P (SN(t) > x) =

∞∑
k=1

P (Sk > x)P (N(t) = k)

ìpou paÐrnoume

=
∑

k<(1−δ)λ(t)

+
∑

(1−δ)λ(t)≤k≤(1+δ)λ(t)

+
∑

k>(1+δ)λ(t)

:= I1 + I2 + I3 (3.2.13)

I1 =
∑

k<(1−δ)λ(t)

P (Sk > x)P (N(t) = k)

≤
∑

k<(1−δ)λ(t)

P (S(1−δ)λ(t) > x)P (N(t) = k).

Qrhsimopoi¸ntac thn sqèsh (2.4.8) paÐrnoume to akìloujo

I1
<∼

∑
k<(1−δ)λ(t)

((1− δ)λ(t))F (x)P (N(t) = k)

≤ ((1− δ)λ(t))F (x)
∑

k<(1−δ)λ(t)

P (N(t) = k)

≤ (1− δ)λ(t)F (x)P (N(t) < (1− δ)λ(t))

= (1− δ)λ(t)F (x)P (N(t)− λ(t) < −δλ(t)) .

Apì thn upìjesh N1 brÐskoume

I1 = o(λ(t)F (x)) (3.2.14)

kaj¸c t→∞.

T¸ra ja asqolhjoÔme me ton ìro I2.

I2 =
∑

(1−δ)λ(t)≤k≤(1+δ)λ(t)

P (Sk > x)P (Nt = k)

≥ P (S((1−δ)λ(t)) > x)P

(
1− δ ≤ N(t)

λ(t)
≤ 1 + δ

)
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H upìjesh N1 dÐnei

I2
>∼ P

(
S(1−δ)λ(t) > x

)
,

apì thn sqèsh (2.4.8) èqoume

I2
>∼ ((1− δ)λ(t))F (x) .

'Omoia

I2 =
∑

(1+δ)λ(t)≤k≤(1+δ)λ(t)

P (Sk > x)P (Nt = k)

≤ P (S((1+δ)λ(t)) > x)P

(
1− δ ≤ N(t)

λ(t)
≤ 1 + δ

)
,

H upìjesh N1 dÐnei

I2
<∼ P

(
S(1+δ)λ(t) > x

)
,

apì thn sqèsh (2.4.8) èqoume

I2
<∼ ((1 + δ)λ(t))F (x) .

'Ara, e�n δ → 0 paÐrnoume

I2 ∼ λ(t)F (x) (3.2.15)

kaj¸c t→∞.

Tèloc

I3 =
∑

k>(1+δ)λ(t)

P (Sk > x)P (N(t) = k)

E�n qrhsimopoi soume thn Kesten anisìthta (dec Chistyakov (1964) )

kaj¸c F ∈ S pou lèei to akìloujo:

Gia k�je ε > 0 up�rqei mÐa stajer� K = K(ε) tètoia ¸ste

P (Sn > x) ≤ K(1 + ε)nF (x)
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paÐrnoume to akìloujo

I3 ≤
∑

k>(1+δ)λ(t)

K(1 + ε)nF (x)P (N(t) = k).

kai apì thn upìjesh N2 èqoume

I3 ∼ o
(
λ(t)F (x)

)
. (3.2.16)

kaj¸c t→∞.

Antikajist¸ntac tic sqèseic (3.2.14), (3.2.15), (3.2.16) sthn (3.2.13)

paÐrnoume to zhtoÔmeno.

Tèloc, apodeiknÔoume thn asumptwtik  sqèsh twn akrib¸n meg�lwn

apoklÐsewn gia tuqaÐa ajroÐsmata twn opoÐwn oi katanomèc prosjetèwn

an koun stic katanomèc me kuriarqhmènec ourèc mh arnhtik¸n, isìnomwn

kai anex�rthtwn tuqaÐwn metablht¸n.

Je¸rhma 4.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa anex�rthtwn kai isìnomwn mh

arnhtik¸n tuqaÐwn metablht¸n me koin  katanom  F ∈ D peperasmè-

nh mèsh tim  µ, anex�rthth apì mÐa mh arnhtik  akèraia diadikasÐa

{N(t), t ≥ 0}. Upojètoume ìti h N(t) ikanopoieÐ thn upìjesh

A : EN(t)I(Np(t)>(1+ε(t))λ(t)) = O(λ(t))

kaj¸c t→∞. Tìte gia k�je q > 0 kai gia k�je γ > 0 isqÔei

λ(t)F (x+ (1 + q)λ(t)µ)
<∼ P (SN(t) − (1 + q)µλ(t) > x)

<∼ λ(t)F (x)

(3.2.17)

omoiìmorfa gia x ≥ γλ(t) kaj¸c t→∞.
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Parat rhsh 9.

Sthn ergasÐa twn Q. Tang, C. Su, T. Jiang kai J. Zhang (2001) apì to

Je¸rhma 2.1 sun�goume ìti h isqÔc thc upìjeshc A sunep�getai thn isqÔ

thc upìjeshc N1.

Apìdeixh.

ParathroÔme ìti mporoÔme na gr�youme thn akìloujh an�lush gia

thn pijanìthta

P (SN(t) − (1 + q)µλ(t) > x) =

∞∑
k=1

P (Sk − (1 + q)µλ(t) > x)P (N(t) = k)

=
∑

k<(1−ε(t))λ(t)

+
∑

(1−ε(t))λ(t)≤k≤(1+ε(t))λ(t)

+
∑

k>(1+ε(t))λ(t)

:= I1 + I2 + I3 (3.2.18)

ìpou ε(t)→ 0 kaj¸c t→∞.

Gia ton pr¸to ìro tou ajroÐsmatoc isqÔei h anisìthta

I1 ≤
∑

k<(1−ε(t))λ(t)

P (S(1−ε(t))λ(t) − (1 + q)µλ(t) > x)P (N(t) = k).

Qrhsimopoi¸ntac to Je¸rhma 1 paÐrnoume ta ex c

I1
<∼

∑
k<(1−ε(t))λ(t)

((1− ε(t))λ(t))F (x)P (N(t) = k)

≤ ((1− ε(t))λ(t))F (x)
∑

k<(1−ε(t))λ(t)

P (N(t) = k)

≤ (1− ε(t))λ(t)F (x)P (N(t) < (1− ε(t))λ(t))

= (1− ε(t))λ(t)F (x)P (N(t)− λ(t) < −ε(t)λ(t)) .

Se sunduasmì me upìjesh N1 brÐskoume telik� ìti isqÔei

I1 = o(λ(t)F (x)) (3.2.19)
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kaj¸c t→∞.

SuneqÐzontac ston deÔtero ìro tou ajroÐsmatoc lamb�noume th sqèsh

I2 =
∑

(1−ε(t))λ(t)≤k≤(1+ε(t))λ(t)

P (Sk − (1 + q)µλ(t) > x)P (N(t) = k)

=
∑

(1−ε(t))λ(t)≤k≤(1+ε(t))λ(t)

P (Sk − (1 + q)µλ(t) > x)P

(
1− ε(t) ≤ N(t)

λ(t)
≤ 1 + ε(t)

)
.

Kaj¸c ε(t) → 0 sun�goume ìti k → λ(t). Se sunduasmì me to Je¸rhma

1 kai thn upìjesh N1 lamb�noume ìti

λ(t)F (x+ (1 + q)µλ(t)) ≤ lim sup
t→∞

sup
x≥γλ(t)

I2 ≤ λ(t)F (x). (3.2.20)

Tèloc, gia to teleutaÐo ìro tou ajroÐsmatoc me th qr sh tou L mma-

toc 3 gia u > γF ≥ 1 paÐrnoume ìti

I3 =
∑

k>(1+ε(t))λ(t)

P (Sk − (1 + q)µλ(t) > x)P (N(t) = k)

≤
∑

k>(1+ε(t))λ(t)

P (Sk > x)P (N(t) = k)

≤
∑

k>(1+ε(t))λ(t)

(
kF
(x
u

)
+

(
eµk

x

)u)
P (N(t) = k)

≤
∑

k>(1+ε(t))λ(t)

kF
(x
u

)
P (N(t) = k) +

∑
k>(1+ε(t))λ(t)

(
eµk

x

)u
P (N(t) = k)

≤
∑

k>(1+ε(t))λ(t)

kF
(x
u

)
P (N(t) = k) +

∑
k>(1+ε(t))λ(t)

(
eµk

x

)u
P (N(t) = k).

Sunep¸c èqoume to akìloujo

I3

λ(t)F (x)
≤

F
(
x
u

)
F (x)

E

(
N(t)

λ(t)
I(N(t)

λ(t)
−1≥ε(t)

))

+
(eµ)u

xuλ(t)F (x)
E

(
(N(t))uλ(t)I(N(t)

λ(t)
−1≥ε(t)

))
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Kaj¸c F ∈ D, apì ta L mmata 2, 4 kai thn upìjesh A sumperaÐnoume ìti

I3 = o(λ(t)F (x)) (3.2.21)

kaj¸c t→∞.

Antikajist¸ntac tic (3.2.19), (3.2.20), (3.2.21) sth (3.2.18) paÐrnoume thn

sqèsh (3.2.17).
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3.3 Asumptwtik  sqèsh gia tuqaÐa ajroÐ-

smata se peperasmèno qrìno.

Oi asumptwtikèc sqèseic thc pijanìthtac thc our�c tou tuqaÐou ajroÐ-

smatoc èqoun melethjeÐ kai sthn perÐptwsh tou peperasmènou qrìnou.

ErgasÐec, gia peperasmèno qrìno, eÐnai twn P. Embrechts, C.M. Goldie

kai N.Veraverbeke (1979) kai P. Embrechts kai C.M. Goldie (1982) P.

Embrechts, N.Veraverbeke (1982) kai prìsfata gia th kl�sh S∗ twn D.

Denisov, S. Foss kai S. Zachary (2010).

'Ena apotèlesma asumptwtik c sqèshc se peperasmèno qrìno eÐnai to

akìloujo.

Je¸rhma 5.

'Estw {Xk, k ≥ 1} mÐa akoloujÐa tuqaÐwn metablht¸n me koin  katanom 
F ∈ L anex�rthth apì mÐa mh arnhtik  akèraia diadikasÐa katamètrhshc

{N(t), t ≥ 0}. Tìte gia k�je T <∞

P (SN(T ) > x)
>∼ λ(T )F (x)

kaj¸c x→∞.

EpÐshc e�n F ∈ S kai isqÔei h upìjesh

B : E(1 + ε)N(T ) <∞

gia k�poia ε > 0 tìte

P (SN(T ) > x) ∼ λ(T )F (x)

kaj¸c x→∞.

Apìdeixh.
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Gia k�je stajerì m > 0 lamb�noume ìti

P (SN(T ) > x) ≥ P (SN(T ) > x, N(T ) ≤ m)

=
m∑
n=1

P (Sn > x)P (N(T ) = n)

=

m∑
n=1

F
∗n

(x)P (N(T ) = n) .

'Etsi sumperaÐnoume thn akìloujh anisìthta

P (SN(T ) > x)

λ(T )F (x)
≥
∑m

n=1 F
∗n

(x)P (N(T ) = n)

λ(T )F (x)
.

GnwrÐzoume apì thn ergasÐa twn S.Foss, D Korshunov kai S.Zachary

(2009) (Pìrisma 10), ìti gia thn kl�sh L isqÔei

lim inf
x→∞

F
∗n

(x)

F (x)
≥ n ,

kai �ra sun�goume ìti isqÔei

lim inf
x→∞

P (SN(T ) > x)

λ(T )F (x)
≥ lim inf

x→∞

∑m
n=1 F

∗n
(x)P (N(T ) = n)

λ(T )F (x)

≥
∑m

n=1 nP (N(T ) = n)

λ(T )
→ 1 (3.3.22)

kaj¸c m→∞.

T¸ra, melet�me thn asumptwtik  sqèsh ìtan F ∈ S. Apì thn Kesten
anisìthta thn Upìjesh B kai to Je¸rhma thc kuriarqhmènhc sÔgklishc

lamb�noume to akìloujo

P (SN(T ) > x) =

∞∑
n=1

P (Sn > x)P (N(T ) = n)

lim sup
x→∞

P (SN(T ) > x) =

∞∑
n=1

lim sup
x→∞

P (Sn > x)P (N(T ) = n).
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Kaj¸c F ∈ S, tìte mporoÔme na isquristoÔme ìti isqÔei

lim sup
x→∞

P (SN(T ) > x) ∼
∞∑
n=1

nF (x)P (N(T ) = n)

lim sup
x→∞

P (SN(T ) > x) ∼ F (x)
∞∑
n=1

nP (N(T ) = n)

lim sup
x→∞

P (SN(T ) > x) ∼ F (x)λ(T ) ,

ètsi sumperaÐnoume ìti

lim sup
x→∞

P (SN(T ) > x)

λ(T )F (x)
= 1 . (3.3.23)

Parat rhsh 10.

Sthn ergasÐa twn K. W. Ng, Q. Tang, J. Yan kai H. Yang (2003) sto

Je¸rhma 2.5 anafèretai ìti h upìjesh B ikanopoieÐtai apì thn mh arnhtik 

akèraia stoqastik  diadikasÐa katamètrhshc homogeneous Poisson.
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Tèloc, dÐnoume sunoptikoÔc pÐnakec me ta apotelèsmata gia tic ane-

x�rthtec tuqaÐec metablhtèc

Asumptwtikèc sqèseic gia mh tuqaÐa ajroÐsmata

KLASH MH TUQAIO AJROISMA

KLASH D nF (x+ (1 + q)nµ)
<∼ P (Sn − n(1 + q)µ > x)

<∼ nF (x),

Asumptwtikèc sqèseic gia tuqaÐa ajroÐsmata

KLASH TUQAIO AJROISMA

KLASH L P (SN(t) − µλ(t) > x)
>∼ λ(t)F (x),

KLASH S P (SN(T ) > x) ∼ λ(T )F (x)

KLASH S∗ P (SN(t) > x) ∼ λ(t)F (x)

KLASH D λ(t)F (x+ (1 + q)µ)
<∼ P (SN(t) − (1 + q)µλ(t) > x)

<∼ λ(t)F (x),



Kef�laio 4

Oi akribeÐc meg�lec

apoklÐseic se exarthmènec

tuqaÐec metablhtèc

Sto kef�laio autì xekin¸ntac, k�noume mÐa istorik  anadrom  twn asum-

ptwtik¸n sqèsewn twn meg�lwn apoklÐsewn gia exarthmènouc prosjetè-

ouc.

Sth sunèqeia, parousi�zoume ta apotelèsmata gia tic asumptwtikèc

sqèseic twn meg�lwn apoklÐsewn se èna sugkekrimèno eÐdoc ex�rthshc

pou onom�zetai � Asjen¸c arnhtik� exarthmènec � tuqaÐec metablhtèc.

4.1 Eisagwg 

Ta teleutaÐa qrìnia h èreuna p�nw stic akribeÐc meg�lec apoklÐseic èqei

epektajeÐ sth melèth di�forwn morf¸n ex�rthshc metaxÔ twn tuqaÐwn

metablht¸n.

To pr¸to eÐdoc ex�rthshc metaxÔ twn tuqaÐwn metablht¸n sto opoÐo

melet jhkan oi asumptwtikèc sqèseic twn meg�lwn apoklÐsewn eÐnai to

63
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eÐdoc pou perigr�fetai apì tic �Arnhtik� susqetismènec tuqaÐec metablh-

tèc �. Perissìterec plhroforÐec gia tic arnhtik� susqetismènec tuqaÐec

metablhtèc mporoÔme na broÔme stic ergasÐec twn K. Joag-Dev kai F.

Proshan (1983), P. Matula (1992), kai Q.M. Shao (2000). Parak�tw

dÐnoume ton orismì.

Orismìc 4.

MÐa akoloujÐa t.m. {Xk, k ≥ 1} lègetai arnhtik� susqetismènh (AS)

e�n, gia opoiad pote mh ken� xèna uposÔnola A kai B twn {1, 2, ...,m},
m ≥ 2 kai k�je zeÔgoc mh fjÐnouswn sunart sewn f kai g, isqÔei h

anisìthta

Cov (f(Xi : i ∈ A), g(Xj : j ∈ B)) ≤ 0

efìson up�rqoun oi dÔo pr¸tec ropèc twn f(Xi) kai g(Xj).

Sthn ergasÐa twn K. Joag-Dev kai F. Proshan (1983) mporoÔme na

broÔme ìti isqÔoun oi parak�tw idiìthtec:

1. 'Estw A1, ..., Ak eÐnai xèna uposÔnola twn {1, 2...,m} kai f1, ..., fk
eÐnai aÔxousec jetikèc sunart seic, tìte isqÔei

E
n∏
i=1

(fi(xj , j ∈ Aj)) ≤
n∏
i=1

Efi (xj , j ∈ A)

2. 'Ena uposÔnolo dÔo   perissìterwn AS tuqaÐwn metablht¸n eÐnai

epÐshc AS.

3. 'Ena sÔnolo anex�rthtwn tuqaÐwn metablht¸n eÐnai AS.

4. AÔxousec sunart seic orismènec se xèna uposÔnola apì èna sÔnolo

AS tuqaÐwn metablht¸n eÐnai AS.

Sthn ergasÐa tou Yan Liu (2007) èqoun dhmosieuteÐ ta Jewr mata gia

tic akribeÐc meg�lec apoklÐseic twn AS tuqaÐwn metablht¸n me katanomèc
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pou èqoun sunep¸c metaballìmenec ourèc twn opoÐwn oi apodeÐxeic basÐ-

zontai stic parap�nw idiìthtec. Ta apotelèsmata aut� eÐnai ta akìlouja:

'Estw {Xk, k ≥ 1} mÐa akoloujÐa apì mh arnhtikèc tuqaÐec metablhtèc
AS me koin  katanom  F ∈ C kai peperasmènh mèsh tim  µ. Tìte, gia k�je
stajerì γ > 0 isqÔei

P (Sn > x) ∼ nF (x),

omoiìmorfa, gia x ≥ γn.

AntÐstoiqa, gia tuqaÐa ajroÐsmata èqoume to parak�tw apotèlesma:

'Estw {Xk, k ≥ 1} mÐa akoloujÐa apì mh arnhtikèc tuqaÐec metablhtèc
AS me koin  katanom  F ∈ C kai peperasmènh mèsh tim  µ. Upojètoume

ìti h {Xk, k ≥ 1} eÐnai anex�rthth apì mÐa mh arnhtik  akèraia diadikasÐa

{N(t), t ≥ 0}.
Tìte, k�tw apì thn upìjesh

A : EN(t)I(N(t)>(1+δ)λ(t)) = O(λ(t))

kai gia k�je stajerì γ > 0, isqÔei

P
(
SN(t) > x

)
∼ λ(t)F (x),

omoiìmorfa gia x ≥ γλ(t).

Argìtera melet jhke èna �llo eÐdoc ex�rthshc, pou perièqei to eÐ-

doc AS tuqaÐwn metablht¸n, to opoÐo onom�zetai �Arnhtik� exarthmènec

tuqaÐec metablhtèc �. Perissìterec plhroforÐec gia autì to eÐdoc ex�rth-

shc brÐskoume stic ergasÐec twn N. Ebrahimi, M. Ghosh (1981) kai H.W.

Block, T.H. Savits, M. Shaked (1982). Parak�tw dÐnoume ton orismì.
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Orismìc 5.

KaloÔme mÐa akoloujÐa tuqaÐwn metablht¸n {Xk, k ≥ 1} Arnhtik� E-

xarthmènec (AE) e�n sugqrìnwc isqÔoun gia k�je n = 1, 2, ... kai ìla ta

x1, x2, ..., xn.

P (X1 ≤ x1, ..., Xn ≤ xn) ≤
n∏
k=1

P (Xk ≤ xk) (4.1.1)

kai

P (X1 > x1, ..., Xn > xn) ≤
n∏
k=1

P (Xk > xk) (4.1.2)

ParadeÐgmata AE tuqaÐwn metablht¸n.

Sthn ergasÐa twn H.W. Block, T.H. Savits, M. Shaked (1982) brÐskoume

ta parak�tw paradeÐgmata AE tuqaÐwn metablht¸n.

1. Poluwnumik  katanom : 'Estw ìti to tuqaÐo di�nusma (X1, X2, ..., Xn)

to opoÐo èqei koin  sun�rthsh katanom c thn me paramètrouc (N, p1, p2 ..., pn).

P (X1 = x1, X2 = x2, ... Xn = xn) =

N !

x1!...xn!(N −
∑n

i=1 xi)
(

n∏
i=1

pxii )(1−
n∑
i=1

pi)
N−

∑n
i=1xi

ìpou xi > 0,
∑n

i−1 xi ≤ N , pi ≥ 0 kai 0 <
∑n

i=1 pi < 1.

Tìte h akoloujÐa tuqaÐwn metablht¸n {Xk, k ≥ 1} eÐnai AE.

2. Dirichlet katanom : 'Estw ìti to tuqaÐo di�nusma (X1, X2, ..., Xn)

to opoÐo èqei sun�rthsh puknìthtac thn

f(x1, ..., xn) =
Γ(
∑n

j=0 pj)∏n
j=0 Γ(pj)

(1−
n∑
j=1

xi)
p0−1

n∏
j=1

x
pj−1

j

ìpou xi ≥ 0,
∑n

j=1 xi ≥ 1 kai to di�nusma paramètrwn (p1, p2, ..., pn)

ikanopoieÐ thn pj ≥ 1, j = 1, 2, ...n.

Tìte h akoloujÐa tuqaÐwn metablht¸n {Xk, k ≥ 1} eÐnai AE.
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Sth sunèqeia, anafèroume ta apotelèsmata pou èqoun dhmosieujeÐ gia

tic akribeÐc meg�lec apoklÐseic stic arnhtik� exarthmènec tuqaÐec meta-

blhtèc. To pr¸to apotèlesma brÐsketai sthn ergasÐa tou Q. Tang (2006)

kai eÐnai to akìloujo:

'Estw {Xk, k ≥ 1} mÐa akoloujÐa AE tuqaÐwn metablht¸n me koin 

sun�rthsh katanom c F ∈ C kai mèsh tim  0 pou ikanopoieÐ thn upìjesh

xF (−x) = o
(
F (x)

)
kaj¸c x→∞.

Tìte gia k�je γ > 0, isqÔei

P (Sn > x) ∼ nF (x),

omoiìmorfa gia x ≥ γn.

AntÐstoiqa, gia tic meg�lec apoklÐseic se tuqaÐa ajroÐsmata up�rqei

antÐstoiqo apotèlesma sthn ergasÐa twn Y. Chen kai W. Zhang (2007)

pou eÐnai to epìmeno:

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa AE tuqaÐwn metablht¸n me

koin  sun�rthsh katanom c F ∈ C kai mèsh tim  µ < 0 pou ikanopoieÐ

thn upìjesh xF (−x) = o(F (x)) pou eÐnai anex�rthth apì th mh arnhtik 

akèraia diadikasÐa katamètrhshc {N(λ), t ≥ 0}. Upojètoume ìti h N(t)

ikanopoieÐ thn upìjesh

N1 :
N(t)

λ(t)

P→ 1,

kaj¸c t→∞, kai E|X1|r <∞ gia k�poia r > 1. Tìte gia k�je γ > |µ|,
isqÔei

P
(
SN(t) − µλ(t) > x

)
∼ λ(t)F (x),
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omoiìmorfa gia x ≥ γλ(t).

TeleutaÐa, èqoume mÐa epèktash tou eÐdouc AE tuqaÐwn metablht¸n

sthn ergasÐa thc Li Liu (2009), ìpou eis�getai to eÐdoc twn � Asjen¸c

arnhtik� exarthmènwn � tuqaÐwn metablht¸n.

Orismìc 6.

KaloÔme mÐa akoloujÐa tuqaÐwn metablht¸n {Xk, k ≥ 1} AsjeneÐc Ar-

nhtik� Exarthmènec (AAE) ìtan sugqrìnwc isqÔoun gia k�je n = 1, 2, ...

kai ìla ta x1, x2, ..., xn.

P (X1 ≤ x1, ..., Xn ≤ xn) ≤M
n∏
k=1

P (Xk ≤ xk)

kai

P (X1 > x1, ..., Xn > xn) ≤M
n∏
k=1

P (Xk > xk)

gia k�poia M > 0.

E�n JèsoumeM = 1 ston parap�nw orismì parathroÔme ìti paÐrnoume

tic AE tuqaÐec metablhtèc.

Par�deigma AAE tuqaÐwn metablht¸n.

'Estw {Xi, i = 1, 2} kai {Xi, i ≥ 3}eÐnai dÔo akoloujÐec tuqaÐwn

metablht¸n anex�rthtec metaxÔ touc. H tuqaÐa metablht  X1 paÐrnei

dunatèc timèc tètoiec ¸ste x11 ≤ x12 ≤ ... ≤ x1N . H akoloujÐa {Xi, i ≥
3} apoteleÐtai apì anex�rthtec metaxÔ touc tuqaÐec metablhtèc. Tìte, oi

tuqaÐec metablhtèc {Xi, i ≥ 1} eÐnai AAE.
Pr�gmati, e�n gia k�je x1 kai x2 isqÔei

P (X1 ≤ x1)P (X2 ≤ x2) = 0   P (X1 > x1)P (X2 > x2) = 0

tìte oi {Xi, i ≥ 1} eÐnai AAE.
E�n gia k�je x1 kai x2 isqÔei

P (X1 ≤ x1)P (X2 ≤ x2) 6= 0 kai P (X1 > x1)P (X2 > x2) 6= 0
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paÐrnontac M = 1/min{P (X1 = x11), ... , P (X1 = x1N )}
tìte oi {Xi, i ≥ 1} eÐnai AAE.

Gia tic AAE tuqaÐec metablhtèc isqÔoun oi parak�tw idiìthtec:

1. E�n {Xk, k ≥ 1} eÐnai mh arnhtikèc EAE tìte gia k�je n ≥ 1

E

(
n∏
i=1

Xk

)
≤M

n∏
i=1

E (Xk) .

2. 'Estw {Xk, k ≥ 1} eÐnai EAE kai {fk, k ≥ 1} eÐnai aÔxousec  

fjÐnousec sunart seic tìte, {f(Xk), k ≥ 1} eÐnai epÐshc EAE.

Sthn Ðdia ergasÐa up�rqei to parak�tw apotèlesma gia tic akribeÐc

meg�lec apoklÐseic twn AAE tuqaÐwn metablht¸n:

'Estw {Xk, k ≥ 1} eÐnai AAE me koin  katanom  F ∈ C kai mèsh tim 

0 pou ikanopoieÐ th

xF (−x) = o
(
F (x)

)
kaj¸c x→∞.

Tìte, gia k�je stajerì γ > 0, isqÔei

P (Sn > x) ∼ nF (x),

omoiìmorfa gia x ≥ γn.

'Allec ergasÐec stic akribeÐc meg�lec apoklÐseic me efarmogèc se sto-

qastik� montèla exarthmènwn tuqaÐwn metablht¸n eÐnai twn Y. B. Wang,

K. Y. Wang kai D. Y. Cheng (2006), S. Wang kai W. Wang (2008),

kai X. Shen kai Z. Lin (2008).
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4.2 Ta apotelèsmata

4.2.1 Prokatarktik�

To epìmeno L mma eÐnai qr simo gia thn apìdeixh twn apotelesm�twn kai

to brÐskoume sthn ergasÐa twn Y. Chen, K. C. Yuen kai K. W. Ng (2010)

(L mma 2.3)

L mma 7.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa EAE isìnomwn tuqaÐwn metablh-

t¸n me koin  katanom  F kai peperasmènh mèsh tim  µ. Tìte gia ìla ta

u > 0 kai gia k�poia C = C(u) > 0 isqÔei.

P (Sn > x) ≤ nF (xu) + C
(n
x

)1/u
,

gia ìla ta n = 1, 2, ... kai x > 0.

4.2.2 Mh tuqaÐa ajroÐsmata Sn

Pr¸ta brÐskoume to k�tw fr�gma thc asumptwtik c sqèshc twn akrib¸n

meg�lwn apoklÐsewn gia katanomèc me makrièc ourèc mh arnhtik¸n AAE

tuqaÐwn metablht¸n. H apìdeixh diafèrei apì thn perÐptwsh twn anex�r-

thtwn tuqaÐwn metablht¸n sta akìlouja shmeÐa:

a)Den qrhsimopoioÔme ton asjen  nìmo twn meg�lwn arijm¸n.

b)Den qrhsimopoioÔme tic idiìthtec thc anexarthsÐac twn tuqaÐwn meta-

blht¸n.

Je¸rhma 6.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa mh arnhtik¸n AAE tuqaÐwn

metablht¸n me koin  katanom  F kai peperasmènh mèsh tim  µ > 0.

Tìte gia k�je γ > 0

P (Sn − nµ > x)
>∼ nF (x+ nµ), (4.2.3)
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isqÔei omoiìmorfa gia x ≥ γn,
kai e�n F ∈ L tìte isqÔei

P (Sn − nµ > x)
>∼ nF (x), (4.2.4)

kaj¸c n→∞, omoiìmorfa gia x ≥ h−1(nµ).

Apìdeixh.

P (Sn − nµ > x) ≥ P
(
Sn − nµ > x, max

1≤i≤n
Xi > x+ nµ

)

≥
n∑
i=1

P (Sn > x+ nµ, Xi > x+ nµ)

−
∑

1≤k<l≤n
P (Sn − nµ > x, Xk > x+ nµ, Xl > x+ nµ)

≥
n∑
i=1

P (Xi > x+ nµ)−
(
nMF (x+ nµ)

)2
≥ nF (x+ nµ) (1− nM2F (x)).

'Opou paÐrnoume

P (Sn − nµ > x)

nF (x+ nµ)
≥ (1−M2nF (x))

GnwrÐzoume ìti gia mÐa akoloujÐa {Xk, k ≥ 1} mh arnhtik¸n tuqaÐwn

metablht¸n me katanom  F kai peperasmènh mèsh tim  isqÔei

nF (x)→ 0

omoiìmorfa gia x ≥ γn kaj¸c n→∞. ètsi paÐrnoume

P (Sn − nµ > x)
>∼ nF (x+ nµ) (4.2.5)

kaj¸c n→∞.

AfoÔ F ∈ L tìte apì to L mma 5 paÐrnoume ìti up�rqei mÐa sun�rthsh
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0 < h(x) < x gnhsÐwc aÔxousa tètoia ¸ste h(x)→∞ kaj¸c x→∞ kai

na isqÔei

F (x+ h(x)) ∼ F (x)

kaj¸c x→∞.

Apì thn x ≥ h−1(nµ) paÐrnoume

h(x) ≥ h(h−1(nµ)) = nµ

kai �ra isqÔei

F (x+ nµ) ≥ F (x+ h(x)) ∼ F (x)

kaj¸c n→∞, omoiìmorfa gia x ≥ h−1(nµ).

Epomènwc isqÔei h sqèsh (4.2.4).

Sth sunèqeia, melet�me thn asumptwtik  sqèsh twn kentropoihmènwn

akrib¸n meg�lwn apoklÐsewn sthn perioq  twn katanom¸n me kuriarqh-

mènec ourèc gia mh arnhtikèc AAE tuqaÐec metablhtèc.

Je¸rhma 7.

'Estw {Xk, k ≥ 1} mÐa akoloujÐa AAE kai isìnomwn mh arnhtik¸n

tuqaÐwn metablht¸n me koin  katanom  F ∈ D kai peperasmènh mèsh

tim  µ. Tìte gia k�je q > 0 kai gia k�je γ > 0 isqÔei

nF (x+ (1 + q)nµ)
<∼ P (Sn − n(1 + q)µ > x)

<∼ nF (x), (4.2.6)

omoiìmorfa gia x ≥ γn.

Apìdeixh.

Pr¸ta ja apodeÐxoume to k�tw fr�gma thc asumptwtik c sqèshc.
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Apì thn anisìthta Bonferroni sun�goume ta akìlouja

P (Sn − n(1 + q)µ > x) ≥ P

(
Sn − n(1 + q)µ > x,

n⋃
i=1

Xi > x+ (1 + q)nµ

)

≥
n∑
i=1

P (Sn − n(1 + q)µ > x, Xi > x+ (1 + q)nµ)

−
∑

1≤k<l≤n
P (Sn − n(1 + q)µ > x, Xk > x+ (1 + q)nµ, Xl > x+ (1 + q)nµ)

≥
n∑
i=1

P (Xi > x+ (1 + q)nµ)−
(
MnF (x+ (1 + q)nµ)

)2
≥ nF (x+ (1 + q)nµ) (1−M2nF (x)).

'Etsi mporoÔme na sumper�noume ìti isqÔei h anisìthta

P (Sn − nµ > x)

nF (x+ (1 + q)nµ)
≥ 1−M2nF (x).

GnwrÐzoume ìti isqÔei

nF (x)→ 0

omoiìmorfa gia x ≥ γn kaj¸c n→∞.

Se sunduasmì me to parap�nw èqoume

P (Sn − (1 + q)nµ > x)
>∼ nF (x+ (1 + q)nµ) (4.2.7)

kaj¸c n→∞.

Ja apodeÐxoume to �nw fr�gma thc asumptwtik c sqèshc.

OrÐzoume wc α = max {− log (nF (x), 1}. Tìte a → ∞ omoiìmorfa

gia x ≥ γn kaj¸c n→∞.

SuneqÐzontac, orÐzoume thn akoloujÐa twn tuqaÐwn metablht¸n kai tou
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antÐstoiqou ajroÐsmatoc:

X̃k := XkI{Xk≤ x
α2
} + xI{Xk> x

α2
}

S̃n :=
n∑
i=1

X̃k.

x̃ := x+ n(1 + q)µ

Kaj¸c a2 > 1, tìte h X̃k eÐnai mÐa aÔxousa sun�rthsh twn Xk. Epiplèon,

apì thn idiìthta 2 twn AAE oi t.m. X̃k eÐnai AAE .

Qrhsimopoi¸ntac thn idiìthta 1 twn AAE gia k�poio h > 0, pou ja oristeÐ

parak�tw, kai qrhsimopoi¸ntac thn anisìthta ln (x+ 1) ≤ x sun�goume

ta akìlouja

P (S̃n > x̃)

nF (x)
≤ M

e−hx̃E(ehS̃n)

nF (x)

≤ Me−hx̃+α
(∫ +∞

0

(
eht − 1

)
dF̃ (t) + 1

)n
≤ Me−hx̃+α

(
exp

{
ln

{∫ +∞

0

(
eht − 1

)
dF̃ (t) + 1

}})n
≤ M exp

{
n

∫ +∞

0

(
eht − 1

)
dF̃ (t)− hx̃+ a

}
.

Sth sunèqeia, qwrÐzoume to olokl rwma wc ex c

∫ +∞

0

(
eht − 1

)
dF̃ (t) ≤

∫ x
α2

0

(
eht − 1

)
dF (t) + ehxF (

x

α2
).

Apì thn anisìthta eu − 1 ≤ ueu sun�goume ta parak�tw

∫ +∞

0

(
eht − 1

)
dF̃ (t) ≤

∫ x
a2

0
htehtdF (t) + ehxF (

x

a2
) ≤

he
h
(
x
α2

) ∫ x
α2

0
tdF (t) + ehxF (

x

α2
) ≤ hµeh

(
x
α2

)
+ ehxF (

x

α2
).
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Qrhsimopoi¸ntac ta L mmata 1 kai 4 gia ρ ≥ γF lamb�noume ìti∫ +∞

0

(
eht − 1

)
dF̃ (t) ≤ hµe

h
(
x
α2

)
+Behxα2ρF (x)

≤ hµe
h
(
x
α2

)
+Behxe2ρ logα

e−α

n
.

'Ara sumperaÐnoume thn anisìthta

P (S̃n > x̃)

nF (x)
≤

M exp

{
nhµe

h
(
x
α2

)
+Behx−α+2ρ logα − hx̃+ α

}
.

Jètontac sthn parap�nw sqèsh

h =
α− 2ρ logα

x

Kaj¸c to x ≥ nµ tìte lamb�noume ta parak�tw

P (S̃n > x̃)

nF (x)
≤

≤ C exp
{
nhµeα

−1 − hx− hn(1 + q)µ+ α
}

≤ C exp
{nµα

x
(eα

−1 − (1 + q))− α+ 2ρ logα+ α
}

≤ C exp
{
α(eα

−1 − (1 + q)) + 2ρ logα
}

≤ C exp

{
a

((
eα
−1 − (1 + q)

)
+

2ρ logα

α

)}
→ 0 (4.2.8)

kaj¸c n→∞ omoiìmorfa gia x ≥ γn kai C eÐnai mia jetik  stajer�.

Epiplèon, parathroÔme ìti mporoÔme na gr�youme thn parak�tw sqèsh

P (Sn − n(1 + q)µ > x) = P

(
Sn − n(1 + q)µ > x, max

1≤i≤n
Xi > x

)

+ P

(
Sn − n(1 + q)µ > x, max

1≤i≤n
Xi ≤ x

)
≤ nF (x) + P (S̃n > x̃) (4.2.9)
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'Etsi antikajist¸ntac thn (4.2.8) sthn (4.2.9) sun�goume ìti

lim sup
n→∞

sup
x≥γn

P (Sn − n(1 + q)µ > x)

nF (x)
≤

1 + lim sup
n→∞

sup
x≥γn

P
(
S̃n − (1 + q)nµ > x

)
nF (x)

= 1

kaj¸c n→∞.

Tèloc, melet�me thn asumptwtik  sqèsh twn kentropoihmènwn akri-

b¸n meg�lwn apoklÐsewn sthn perioq  thc tom c twn katanom¸n me ku-

riarqhmènec ourèc me katanomèc me makrièc ourèc gia mh arnhtikèc AAE

tuqaÐec metablhtèc.

Je¸rhma 8.

'Estw {Xk, k ≥ 1} mÐa akoloujÐa AAE kai isìnomwn mh arnhtik¸n

tuqaÐwn metablht¸n me koin  katanom  F ∈ D ∩ L kai peperasmènh

mèsh tim  µ. Tìte isqÔei

P (Sn − nµ > x) ∼ nF (x) (4.2.10)

kaj¸c n→∞, omoiìmorfa gia x ≥ h−1(nµ).

Apìdeixh.

AfoÔ F ∈ D ∩ L tìte apì to L mma 5 paÐrnoume ìti up�rqei mÐa

sun�rthsh 0 < h(x) gnhsÐwc aÔxousa tètoia ¸ste h(x) → ∞ kaj¸c

x→∞ kai na isqÔei

F (x± h(x)) ∼ F (x)

kaj¸c x→∞.
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Apì thn sqèsh (4.2.6) èqoume ta akìlouja

nF (x+ (1 + q)nµ)
<∼ P (Sn − n(1 + q)µ > x)

<∼ nF (x)

nF (x+ (1 + q)nµ)
<∼ P (Sn − nµ > x+ qnµ)

<∼ nF (x)

nF (x+ nµ)
<∼ P (Sn − nµ > x)

<∼ nF (x− qnµ)

Apì thn x ≥ h−1(nµ) paÐrnoume

F (x) ∼ F (x+ h(x)) ≤ F (x+ nµ)

kai

F (x− qnµ) ≤ F (x− h(x)) ∼ F (x)

kaj¸c n→∞, omoiìmorfa gia x ≥ h−1(nµ).

4.2.3 TuqaÐa ajroÐsmata SN(t)

Sthn par�grafo aut  ja apodeÐxoume thn asumptwtik  sqèsh twn meg�-

lwn apoklÐsewn, ìtan h diadikasÐa katamètrhshc twn sumb�ntwn eÐnai mÐa

stoqastik  diadikasÐa.

Xekin¸ntac, ja broÔme to k�tw fr�gma thc our�c tou tuqaÐou ajroÐ-

smatoc gia mh arnhtikèc kai isìnomec AAE tuqaÐec me katanomèc pou èqoun

makrièc ourèc qrhsimopoi¸ntac wc sunj kh to na ikanopoieÐ h diadikasÐa

katamètrhshc ton asjen  nìmo twn meg�lwn arijm¸n

Je¸rhma 9.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa mh arnhtik¸n AAE tuqaÐwn

metablht¸n me koin  katanom  F kai peperasmènh mèsh tim  µ > 0

anex�rthth apì mÐa mh arnhtik  kai akèraia diadikasÐa {N(t), t ≥ 0}.
Upojètoume ìti h N(t) ikanopoieÐ thn upìjesh

N1 :
N(t)

λ(t)

P→ 1,
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kaj¸c t→∞. Tìte gia k�je γ > 0

P (SN(t) − µλ(t) > x)
>∼ λ(t)F (x+ µλ(t)) (4.2.11)

isqÔei omoiìmorfa gia x ≥ γλ(t) kaj¸c t→∞,

kai e�n F ∈ L tìte isqÔei

P
(
SN(t) − µλ(t) > x

) >∼ λ(t)F (x) (4.2.12)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).

Apìdeixh.

P (SN(t) − µλ(t) > x) =
∞∑
k=1

P (Sk − µλ(t) > x)P (N(t) = k)

>
∑

(1−δ)λ(t)≤k≤(1+δ)λ(t)

ìpou 0 < δ < 1 eÐnai tuqaÐo.∑
((1−δ)λ(t))≤k≤(1+δ)λ(t)

P (Sk − µλ(t) > x)P (N(t) = k)

≥ P (S((1−δ)λ(t)) − µλ(t) > x)P

(
1− δ ≤ N(t)

λ(t)
≤ 1 + δ

)
,

H upìjesh N1 kai apì Je¸rhma 6 èqoume

P (S(1−δ)λ(t) − (1− δ)λ(t)µ > x+ µλ(t)− (1− δ)λ(t)µ)

>∼ (1− δ)λ(t)F (x+ µλ(t)) .

'Ara

lim
δ→0

lim inf
t→∞

sup
x≥γλ(t)

P (SN(t) − µλ(t) > x)

λ(t)F (x+ µλ(t))
≥ 1 . (4.2.13)

Apì thn x ≥ h−1(µλ(t)) paÐrnoume

h(x) ≥ h(h−1(µλ(t))) ≥ µλ(t)
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kai �ra isqÔei

F (x+ µλ(t)) ≥ F (x+ h(x)) ∼ F (x)

kaj¸c t → ∞, omoiìmorfa gia x ≥ f(µλ(t)) kai �ra isqÔei h sqèsh

(4.2.12).

Parapèra, melet�me thn asumptwtik  sqèsh twn kentropohmènwn me-

g�lwn apoklÐsewn twn tuqaÐwn ajroism�twn me katanomèc prosjetèwn

pou an koun stic katanomèc me kuriarqhmènec ourèc gia mh arnhtikèc A-

AE tuqaÐec metablhtèc.

Je¸rhma 10.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa AAE kai isìnomwn mh arnhtik¸n

tuqaÐwn metablht¸n me koin  katanom  F ∈ D peperasmènh mèsh tim 

µ, anex�rthth apì mÐa mh arnhtik  akèraia diadikasÐa {N(t), t ≥ 0}.
Upojètoume ìti h N(t) ikanopoieÐ thn upìjesh

A : EN(t)I(Np(t)>(1+ε(t))λ(t)) = O(λ(t))

kaj¸c t→∞. Tìte gia k�je q > 0 kai γ > 0 isqÔei

λ(t)F (x+ (1 + q)µλ(t))
<∼ P (SN(t) − (1 + q)µλ(t) > x)

<∼ λ(t)F (x)

(4.2.14)

omoiìmorfa gia x ≥ γλ(t) kaj¸c t→∞.

Apìdeixh.

ParathroÔme ìti mporoÔme na k�noume thn parak�tw an�lush

P (SN(t) − (1 + q)µλ(t) > x) =
∞∑
k=1

P (Sk − (1 + q)µλ(t) > x)P (N(t) = k)

=
∑

k<(1−ε(t))λ(t)

+
∑

(1−ε(t))λ(t)≤k≤(1+ε(t))λ(t)

+
∑

k>(1+ε(t))λ(t)

:= I1 + I2 + I3 (4.2.15)
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ìpou ε(t)→ 0 kaj¸c t→∞.

Gia ton pr¸to ìro tou ajroÐsmatoc isqÔei h anisìthta

I1 ≤
∑

k<(1−ε(t))λ(t)

P (S(1−ε(t))λ(t) − (1 + q)µλ(t) > x)P (N(t) = k).

Qrhsimopoi¸ntac to Je¸rhma 7 paÐrnoume ta ex c

I1
<∼

∑
k<(1−ε(t))λ(t)

((1− ε(t))λ(t))F (x)P (N(t) = k)

≤ ((1− ε(t))λ(t))F (x)
∑

k<(1−ε(t))λ(t)

P (N(t) = k)

≤ (1− ε(t))λ(t)F (x)P (N(t) < (1− ε(t))λ(t))

= (1− ε(t))λ(t)F (x)P (N(t)− λ(t) < −ε(t)λ(t)) .

Se sunduasmì me upìjesh N1 brÐskoume telik� ìti isqÔei

I1 = o(λ(t)F (x)) (4.2.16)

kaj¸c t→∞.

Gia ton deÔtero ìro tou ajroÐsmatoc parathroÔme ìti isqÔei to para-

k�tw

I2 =
∑

(1−ε(t))λ(t)≤k≤(1+ε(t))λ(t)

P (Sk − (1 + q)µλ(t) > x)P (N(t) = k)

=
∑

(1−ε(t))λ(t)≤k≤(1+ε(t))λ(t)

P (Sk − (1 + q)µλ(t) > x)P

(
1− ε(t) ≤ N(t)

λ(t)
≤ 1 + ε(t)

)
.

Kaj¸c ε(t) → 0 sun�goume ìti k → λ(t). Se sunduasmì me to Je¸rhma

7 kai thn upìjesh N1 lamb�noume ìti

λ(t)F (x+ (1 + q)µλ(t)) ≤ lim sup
t→∞

sup
x≥γλ(t)

I2 ≤ λ(t)F (x). (4.2.17)

Tèloc, gia to teleutaÐo ìro tou ajroÐsmatoc me th qr sh tou L mmatoc

7 gia u > γF ≥ 1 paÐrnoume ìti
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I3 =
∑

k>(1+ε(t))λ(t)

P (Sk − (1 + q)µλ(t) > x)P (N(t) = k)

≤
∑

k>(1+ε(t))λ(t)

P (Sk > x)P (N(t) = k)

≤
∑

k>(1+ε(t))λ(t)

(
kF
(x
u

)
+ C

(
k

x

)u)
P (N(t) = k)

≤
∑

k>(1+ε(t))λ(t)

kF
(x
u

)
P (N(t) = k) + C

∑
k>(1+δ)λ(t)

(
k

x

)u
P (N(t) = k)

Sunep¸c èqoume to akìloujo

I3

λ(t)F (x)
≤
F
(
u−1x

)
F (x)

E

(
N(t)

λ(t)
I(N(t)

λ(t)
−1≥ε(t)

))+
C

xuF (x)
E

(
Nu(t)

λ(t)
I(N(t)

λ(t)
−1≥ε(t)

)) .
Kaj¸c F ∈ D, apì ta L mmata 2, 4 kai thn upìjesh A sumperaÐnoume ìti

I3 = o(λ(t)F (x)) (4.2.18)

kaj¸c t→∞.

Antikajist¸ntac tic (4.2.16), (4.2.17), (4.2.18) sth (4.2.15) paÐrnoume thn

sqèsh (4.2.14).

Tèloc, melet�me thn asumptwtik  sqèsh twn kentropohmènwn meg�-

lwn apoklÐsewn twn tuqaÐwn ajroism�twn me katanomèc prosjetèwn pou

an koun sth tom  twn katanom¸n me kuriarqhmènec ourèc me tic katanomèc

me makrièc ourèc gia mh arnhtikèc AAE tuqaÐec metablhtèc.

Je¸rhma 11.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa AAE kai isìnomwn mh arnhtik¸n

tuqaÐwn metablht¸n me koin  katanom  F ∈ D ∩ L peperasmènh mèsh
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tim  µ, anex�rthth apì mÐa mh arnhtik  akèraia diadikasÐa {N(t), t ≥ 0}.
Upojètoume ìti h N(t) ikanopoieÐ thn upìjesh

A : EN(t)I(Np(t)>(1+ε(t))λ(t)) = O(λ(t))

kaj¸c t→∞. Tìte isqÔei

P
(
SN(t) − µλ(t) > x

)
∼ λ(t)F (x) (4.2.19)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).

Apìdeixh.

AfoÔ F ∈ D ∩ L tìte apì to L mma 5 paÐrnoume ìti up�rqei mÐa

sun�rthsh 0 < h(x) aÔxousa tètoia ¸ste h(x) → ∞ kaj¸c x → ∞ kai

na isqÔei

F (x± h(x)) ∼ F (x)

kaj¸c x→∞.

Apì thn sqèsh (4.2.14) èqoume ta akìlouja

λ(t)F (x+ (1 + q)µλ(t))
<∼ P (SN(t) − (1 + q)µλ(t) > x)

<∼ λ(t)F (x)

λ(t)F (x+ (1 + q)µλ(t))
<∼ P (SN(t) − µλ(t) > x+ qµλ(t))

<∼ λ(t)F (x)

λ(t)F (x+ µλ(t))
<∼ P (SN(t) − µλ(t) > x)

<∼ λ(t)F (x− qµλ(t))

Apì thn x ≥ h−1(µλ(t)) paÐrnoume

F (x) ∼ F (x+ h(x)) ≤ F (x+ µλ(t))

kai

F (x− qµλ(t)) ≤ F (x− h(x)) ∼ F (x)

kaj¸c n→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).
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Parat rhsh 11.

Me parìmoia apìdeixh mporoÔme na deÐxoume ìti h sqèsh (4.2.19) isqÔei gia

anex�rthtec kai isìnomec tuqaÐec metablhtèc me koin  katanom  F ∈ D∩L
ìtan h akèraia diadikasÐa katamètrhshc N(t) ikanopoieÐ thn upìjesh A.
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DÐnoume èna sunoptikì pÐnaka me ta apotelèsmata gia tic asjen¸c ar-

nhtik� exarthmènec tuqaÐec metablhtèc

Asumptwtikèc sqèseic gia mh tuqaÐa ajroÐsmata

KLASH MH TUQAIO AJROISMA

KLASH L P (Sn − nµ > x)
>∼ nF (x)

KLASH D nF (x+ (1 + q)nµ)
<∼ P (Sn − n(1 + q)µ > x)

<∼ nF (x),

KLASH D ∩ L P (Sn − nµ > x) ∼ nF (x)

Asumptwtikèc sqèseic gia tuqaÐa ajroÐsmata

KLASH TUQAIO AJROISMA

KLASH L P (SN(t) − µλ(t) > x)
>∼ λ(t)F (x)

KLASH D λ(t)F (x+ (1 + q)µ)
<∼ P (SN(t) − (1 + q)µλ(t) > x)

<∼ λ(t)F (x),

KLASH D ∩ L P (SN(t) − µλ(t) > x) ∼ λ(t)F (x)



Kef�laio 5

Efarmogèc twn akrib¸n

meg�lwn apoklÐsewn se

montèla stoqastik¸n

diadikasi¸n

Ta parap�nw apotelèsmata twn akrib¸n meg�lwn apoklÐsewn gia tuqaÐa

ajroÐsmata èqoun efarmogèc se stoqastikèc diadikasÐec. Parak�tw, ja

d¸soume thn efarmog  twn apotelesm�twn se trÐa sugkekrimèna stoqa-

stik� montèla. Aut� eÐnai:

a) To ananewtikì montèlo.

b) To sÔnjeto ananewtikì montèlo.

g) To montèlo gia arnhtik� susqetismènec pragmatopoi simec zhmièc.

5.1 To ananewtikì montèlo.

To montèlo autì èqei thn parak�tw dom .

1. Oi zhmièc {Xn, n ≥ 1} eÐnai isìnomec tuqaÐec metablhtèc me koin 

85
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katanom  F kai peperasmènh mèsh tim  µ = EX1.

2. Ta mesodiast mata afÐxewn sta atuq mata {Yn, n ≥ 1} eÐnai mh

arnhtikèc isìnomec anex�rthtec tuqaÐec metablhtèc me koin  mèsh

tim  EY1 = 1/λ kai V ar(Y1) = σ2Y < ∞ anex�rthth apì thn

{Xn, n ≥ 1}.

3. O arijmìc twn zhmi¸n sto di�sthma [0, t] sumbolÐzetai me

N(t) = sup {n ≥ 1 : Tn ≤ t}, t ≥ 0

ìpou Tn =
∑n

i=1 Yi.

E�n efarmìsoume ta Jewr mata 4 kai 10 sthn ananewtik  diadikasÐa,

èqoume to parak�tw apotèlesma. Gia thn apìdeixh tou qreiazìmaste to

parak�tw L mma pou brÐsketai sthn ergasÐa twn Q. Tang, C. Su, T. Jiang

kai J. Zhang (2001) (L mma 2.4).

L mma 8. .

Upojètoume {N(t), t ≥ 0} eÐnai mÐa akèraia diadikasÐa katamètrhshc.

Tìte, gia k�je jetikì δ kai m isqÔei∑
k>(1+δ)λ(t)

kmP (N(t) ≥ k) = o(1), t→∞.

Je¸rhma 12.

'Estw {Xn, n ≥ 1} anex�rthtec   AAE, isìnomec mh arnhtikèc tuqaÐec

metablhtèc me koin  katanom  F ∈ D. 'Estw {N(t), t > 0} eÐnai mÐa
ananewtik  diadikasÐa. Upojètoume ìti h akoloujÐa {Xn, n ≥ 1} kai

{N(t), t > 0} eÐnai anex�rthtec. Tìte gia k�je q > 0 kai gia k�je γ > 0

isqÔei

λ(t)F (x+ (1 + q)µ)
<∼ P (SN(t) − (1 + q)µλ(t) > x)

<∼ λ(t)F (x),

omoiìmorfa gia x ≥ γλ(t) kaj¸c t→∞.
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Tèloc, e�n F ∈ D ∩ L tìte isqÔei

P
(
SN(t) − µλ(t) > x

)
∼ λ(t)F (x) (5.1.1)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).

Apìdeixh.

Apì to L mma 8 paÐrnoume ìti h ananewtik  stoqastik  diadikasÐa

ikanopoieÐ thn upìjesh A kai sunep¸c sun�goume to apotèlesma.

Sto parak�tw sq ma parousi�zetai to ananewtikì montèlo.
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5.2 SÔnjeth ananewtik  diadikasÐa

Sthn ergasÐa twn Q. Tang, C. Su, T. Jiang, J. Zhang (2001) ègine eisa-

gwg  enìc pio realistikoÔ montèlou, pou onom�zetai sÔnjeto ananewtikì

montèlo. Sto montèlo autì èqoume perissìterec apì mÐa zhmÐec se k�je

atÔqhma.

To montèlo autì èqei thn parak�tw dom .

1. Oi zhmièc {Xn, n ≥ 1} eÐnai isìnomec tuqaÐec metablhtèc me koin 

katanom  F kai peperasmènh mèsh tim  µ = EX1.

2. Ta mesodiast mata emfanÐsewn atuqhm�twn {Yn, n ≥ 1} eÐnai mh
arnhtikèc isìnomec anex�rthtec tuqaÐec metablhtèc me koin  mèsh

tim  EY1 = 1/λ anex�rthth apì thn {Xn, n ≥ 1}.
H akoloujÐa {Yn, n ≥ 1} onom�zetai odhgìc thc akoloujÐac kata-
mètrhshc.

3. O arijmìc twn atuqhm�twn sto di�sthma [0, t] sumbolÐzetai apì thn

τ(t) = sup {n ≥ 1 : Tn ≤ t}

gia k�je t ≥ 0 me E(τ(t)) = ν(t).

O arijmìc twn zhmi¸n sto n-sto atÔqhma apoteleÐ ton n-sto ìro

miac mh arnhtik c akoloujÐac akèraiwn tuqaÐwn metablht¸n {Zn, n ≥
1} pou eÐnai mÐa akoloujÐa apì isìnomec anex�rthtec tuqaÐec meta-

blhtèc me koin  katanom  G kai peperasmènh mèsh θ, anex�rthth

apì tic akoloujÐec {Xn, n ≥ 1} kai {Yn, n ≥ 1}. To sÔnolo twn

zhmi¸n sto qronikì di�sthma t dÐnetai apì

N(t) =

τ(t)∑
i=1

Zi, t ≥ 0

me

λ(t) = E(N(t)) = E

τ(t)∑
i=1

Zi

 = θν(t) .
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Sto parak�tw sq ma parousi�zetai to sÔnjeto ananewtikì montèlo.
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Parat rhsh 12.

Sthn ergasÐa twn Q. Tang, C. Su, T. Jiang kai J. Zhang (2001) apì to

Je¸rhma 2.3 sun�goume ìti h sÔnjeth ananewtik  diadikasÐa ikanopoieÐ

thn upìjesh A (2.4.9) kai apì to Je¸rhma 2.1 sthn Ðdia ergasÐa sun�-

goume ìti h upìjesh A sunep�getai thn isqÔ thc upìjeshc N1. 'Etsi, h

sÔnjeth ananewtik  diadikasÐa ikanopoieÐ thn upìjesh N1.

Me b�sh ta parap�nw, apodeiknÔoume to parak�tw je¸rhma gia to

sÔnjeto ananewtikì montèlo.

Je¸rhma 13.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa mh arnhtik¸n, anex�rthtwn kai

isìnomwn tuqaÐwn metablht¸n me koin  katanom  F ∈ C kai peperasmènh
mèsh tim  µ.

'Estw {Zi, i ≥ 1} eÐnai mÐa akoloujÐa anex�rthtwn isìnomwn akèraiwn

tuqaÐwn metablht¸n me Z1 ≥ 1 , EZp1 < ∞ gia k�poia p > γF + 2, me

koin  katanom  G me peperasmènh mèsh tim  θ.

'Estw epÐshc {N (t) , t ≥ 0} mÐa sÔnjeth ananewtik  diadikasÐa me odhgì

mÐa akoloujÐa anex�rthtwn isìnomwn mh arnhtik¸n tuqaÐwn metablht¸n

{Yk, k ≥ 1} oi opoÐec èqoun koin  peperasmènh mèsh tim .

Upojètoume ìti oi akoloujÐec {Xk, k ≥ 1},{Zi, i ≥ 1} kai {Yk, k ≥ 1}
eÐnai anex�rthtec metaxÔ touc . Tìte gia k�je stajerì γ > 0 isqÔei

P (SN(t) − µθν(t) > x) ∼ θν(t)F (x),

omoiìmorfa gia x ≥ γλ(t) kaj¸c t→∞.

Apìdeixh.
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ParathroÔme ìti mporoÔme na gr�youme th sqèsh

P (SN(t) − µλ(t) > x) =

∞∑
k=1

P (Sk − µλ(t) > x)P (N(t) = k)

=
∑

k<(1−δ)λ(t)

+
∑

(1−δ)λ(t)≤k≤(1+δ)λ(t)

+
∑

k>(1+δ)λ(t)

:= I1 + I2 + I3 (5.2.2)

ìpou to δ eÐnai aujaÐreto apì to di�sthma (0, γ/µ).

Gia ton pr¸to ìro tou ajroÐsmatoc isqÔoun ta ex c

I1 =
∑

k<(1−δ)λ(t)

P (Sk − µλ(t) > x)P (N(t) = k)

≤
∑

k<(1−δ)λ(t)

P (S(1−δ)λ(t) > x+ µλ(t))P (N(t) = k)

=
∑

k<(1−δ)λ(t)

P (S(1−δ)λ(t) − (1− δ)λ(t)µ > x+ µλ(t)− (1− δ)λ(t)µ)P (N(t) = k).

Se sunduasmì me th sqèsh (2.4.4) sun�goume ìti

I1 ∼
∑

k<(1−δ)λ(t)

(1− δ)λ(t)F (x+ µλ(t)− (1− δ)λ(t)µ)P (N(t) = k)

=
∑

k<(1−δ)λ(t)

(1− δ)λ(t)F (x+ δµλ(t))P (N(t) = k)

≤ (1− δ)λ(t)F (x)
∑

k<(1−δ)λ(t)

P (N(t) = k)

= (1− δ)λ(t)F (x)P (N(t) < (1− δ)λ(t))

= (1− δ)λ(t)F (x)P (N(t)− λ(t) < −δλ(t)).

Telik�, se sunduasmì me thn upìjesh N1 sumperaÐnoume ìti

I1 = o(λ(t)F (x)) (5.2.3)
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gia k�je stajerì 0 < δ < γ/µ.

Gia ton deÔtero ìro tou ajroÐsmatoc I2 isqÔei h sqèsh

I2 =
∑

(1−δ)λ(t)≤k≤(1+δ)λ(t)

P (Sk − µλ(t) > x)P (N(t) = k)

≤ P (S(1+δ)λ(t) − µλ(t) > x)P

[
(1− δ) ≤ N(t)

λ(t)
≤ (1 + δ)

]
kai se sunduasmì me thn upìjesh N1 lamb�noume

I2
<∼ P (S(1+δ)λ(t) − (1 + δ)λ(t)µ > x+ µλ(t)− (1 + δ)λ(t)µ).

kaj¸c t→∞.

Me b�sh th sqèsh (2.4.4) sun�getai ìti

I2
<∼ (1 + δ)λ(t)F [x+ µλ(t)− (1 + δ)λ(t)µ] .

EpÐshc, kaj¸c 0 < δ < γ/µ kai x ≥ γλ(t) isqÔei

x+ µλ(t)− (1 + δ)λ(t)µ ≥
(

1− δµ

γ

)
x

kai �ra brÐskoume

I2
<∼ (1 + δ)λ(t)F

[(
1− δµ

γ

)
x

]
.

ìtan t→∞.

'Omoia me thn parap�nw diadikasÐa mporoÔme na gr�youme ta akìlouja

I2 =
∑

(1−δ)λ(t)≤k≤(1+δ)λ(t)

P (Sk − µλ(t) > x)P (N(t) = k)

≥ P (S(1−δ)λ(t) − µλ(t) > x)P

(
(1− δ) ≤ N(t)

λ(t)
≤ (1 + δ)

)
kai me b�sh thn upìjesh N1 sun�goume

I2
>∼ P (S(1−δ)λ(t) − (1− δ)λ(t)µ > x+ µλ(t)− (1− δ)λ(t)µ).
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kaj¸c t→∞.

Epiplèon apì th sqèsh (2.4.4), lamb�noume

I2
>∼ (1− δ)λ(t)F (x+ µλ(t)− (1− δ)λ(t))µ)

kai kaj¸c isqÔei h anisìthta x ≥ γλ(t) tìte

x+ µλ(t)− (1− δ)λ(t)µ ≤
(

1 +
δµ

γ

)
x

kai �ra lamb�noume thn asumptwtik  anisìthta

I2
>∼ (1− δ)λ(t)F

[(
1 +

δµ

γ

)
x

]
kaj¸c t→∞.

Apì thn upìjesh ìti F ∈ C lamb�noume ìti

lim
δ↘0

lim sup
x→∞

1

F (x)
F

[(
1 +

δµ

γ

)
x

]
= lim

δ↘0
lim sup
x→∞

1

F (x)
F

[(
1− δµ

γ

)
x

]
= 1

kai telik� gia ton deÔtero ìro tou ajroÐsmatoc isqÔei h sqèsh

lim
δ↘0

lim sup
t→∞

sup
x≥γλ(t)

∣∣∣∣ I2

λ(t)F (x)
− 1

∣∣∣∣ = 0 (5.2.4)

Tèloc, gia ton trÐto ìro tou ajroÐsmatoc I3 mporoÔme na gr�youme

ta ex c

I3 =
∑

k>(1+δ)λ(t)

P (Sk − µλ(t) > x)P (N(t) = k)

≤
∑

k>(1+δ)λ(t)

P (Sk > x)P (N(t) = k)

apì th qr sh tou L mmatoc 3, e�n epilèxoume γF < u < p− 1, paÐrnoume
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tic parak�tw sqèseic

I3 ≤
∑

k>(1+δ)λ(t)

[
kF
(x
u

)
+

(
eµk

x

)u]
P (N(t) = k)

≤
∑

k>(1+δ)λ(t)

kF
(x
u

)
P (N(t) = k)

+
(eµ
x

)u ∑
k>(1+δ)λ(t)

kpP (N(t) = k)

:= K1 +K2

Gia ton ìro K1 gr�foume thn parak�tw an�lush

K1 �
∑

k>(1+δ)λ(t)

kF (x)P (N(t) = k)

≤ F (x)
∑

k>(1+δ)λ(t)

k
∑

n≥ k
τ+θ

P

(
n∑
i=1

Zi = k

)
P (τ(t) = n)

+ F (x)
∑

k>(1+δ)λ(t)

k
∑

1≤n< k
τ+θ

P

(
n∑
i=1

Zi = k

)
P (τ(t) = n)

= J1 + J2

ìpou θ = EZ1 ≥ 1 kai τ > 0 eÐnai tètoia ¸ste

1 + δ

τ + θ
> 1.

Ja asqolhjoÔme me ton ìro J1

J1 = F (x)
∑

k>(1+δ)λ(t)

k
∑

n≥ k
τ+θ

P

(
n∑
i=1

Zi = k

)
P (τ(t) = n)

≤ F (x)
∑

k>(1+δ)λ(t)

k
∑

n≥ k
τ+θ

P (τ(t) = n)

= F (x)
∑

k>(1+δ)λ(t)

kP

(
τ(t) ≥ k

τ + θ

)
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qrhsimopoi¸ntac to L mma 8 brÐskoume thn asumptwtik  sqèsh

J1 = o(1)F (x) = o(F (x)).

Gia ton ìro J2 gr�foume

J2 = F (x)
∑

k>(1+δ)λ(t)

k
∑

1≤n< k
τ+θ

P

(
n∑
i=1

Zi = k

)
P (τ(t) = n)

≤ F (x)
∑

k>(1+δ)λ(t)

k
∑

1≤n< k
τ+θ

P

(
n∑
i=1

Zi = k

)

≤ F (x)
∑

k>(1+δ)λ(t)

k P

 ∑
1≤i< k

τ+θ

Zi ≥ k



≤ F (x)
∑

k>(1+δ)λ(t)

k P

 ∑
1≤i< k

τ+θ

(Zi − θ) ≥
τk

τ + θ

 .

Apì to Pìrisma 3 thc ergasÐac twn D. H. Fuk, S. V. Nagaev (1971) to

opoÐo lèei ta ex c:

Gia anex�rthtec isìnomec tuqaÐec metablhtèc {Un, n ≥ 1} isqÔei h akì-

loujh anisìthta gia p > 0

P

(
n∑
k=1

Uk ≥ x

)
≤

(
1 +

2

p

)p
nE |U1|p x−p

+ exp
{
−2(p+ 2)−2e−px2

(
nEU2

1

)−1}
.
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E�n jèsoume EU1 = 0 kai E |U1|p <∞ gia k�poia p ≥ 3, tìte lamb�noume

P

 ∑
1≤i≤ k

τ+θ

(Zi − θ) ≥
τk

τ + θ


≤

(
1 +

2

p

)p k

τ + θ
E |Zi − θ|p

(
τk

τ + θ

)−p

+ exp

{
−2(−p+ 2)−2e−p

((
k

τ + θ

)
E(Zi − θ)2

)−1( τk

τ + θ

)2
}

≤ Cpk
−p+1 + exp{−Dpk}

ìpou Cp, Dp eÐnai jetikèc stajerèc.

Telik�, sun�goume ìti

J2 = F (x)o(1) = o(F (x))

kai sunep¸c mporoÔme na sumper�noume

K1 = J1 + J2 = o(F (x)).

Sth sunèqeia, exet�zoume ton ìro K2

K2 =
(eµ
x

)u ∑
k>(1+δ)λ(t)

kpP (N(t) = k)

= (eµu)x−u
∑

k>(1+δ)λ(t)

kpP (N(t) = k)

kai se sunduasmì me to L mma 4 sun�goume ìti

K2 = (eµ)uo(F (x))
∑

k>(1+δ)λ(t)

kpP (N(t) = k).

me parìmoia b mata tou ìrou K1 mporoÔme na sumper�noume th sqèsh∑
k>(1+δ)λ(t)

kpP (N(t) = k) = o(1)
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ètsi lamb�noume thn akìloujh sqèsh

K2 = (eµ)uo(F (x))o(1) = o(F (x)).

Sunep¸c

I3 = K1 +K2 = o(F (x)). (5.2.5)

Telik�, antikajist¸ntac tic (5.2.3),(5.2.4) kai (5.2.5) sth (5.2.2) paÐrnou-

me to apotèlesma.

Sthn sunèqeia, ja apodeÐxoume ìti isqÔei h sqèsh gia tic katanomèc

pou an koun sthn eurÔterh kl�sh D qrhsimopoi¸ntac diaforetik  teqnik 

sthn apìdeixh.

Je¸rhma 14.

'Estw {Xk, k ≥ 1} eÐnai mÐa akoloujÐa anex�rthtwn   AAE isìnomwn

tuqaÐwn metablht¸n me koin  katanom  F ∈ D kai peperasmènh mèsh

tim  µ.

'Estw {Zi, i ≥ 1} eÐnai mÐa akoloujÐa anex�rthtwn isìnomwn me akèraiec

timèc tuqaÐwn metablht¸n me EZ1 = θ , V ar(Z1) = σ2Z <∞ .

'Estw epÐshc {N (t) , t ≥ 0} mÐa sÔnjeth ananewtik  diadikasÐa me odhgì

mÐa akoloujÐa anex�rthtwn isìnomwn mh arnhtik¸n tuqaÐwn metablht¸n

{Yk, k ≥ 1} oi opoÐec èqoun koin  peperasmènh mèsh tim .

Upojètoume ìti oi akoloujÐec {Xk, k ≥ 1},{Zi, i ≥ 1} kai {Yk, k ≥ 1}
eÐnai metaxÔ touc anex�rthtec. Tìte gia k�je stajerì q > 0 kai gia k�je

γ > 0 isqÔei

θν(t)F (x+ (1 + q)µ)
<∼ P (SN(t) − (1 + q)µθν(t) > x)

<∼ θν(t)F (x)

omoiìmorfa gia x ≥ γλ(t).

E�n F ∈ D ∩ L tìte isqÔei

P
(
SN(t) − µλ(t) > x

)
∼ λ(t)F (x) (5.2.6)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).
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Apìdeixh.

Apì thn parat rhsh 12 sun�goume ìti h sÔnjeth ananewtik  diadika-

sÐa ikanopoieÐ thn upìjesh A pou èqei wc sunèpeia thn isqÔ tou parap�nw

apotelèsmatoc.
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5.3 To stoqastikì montèlo twn arnhtik� su-

sqetismènwn pragmatopoi simwn zhmi¸n.

Sthn ergasÐa twn M. Denuit, C. Lefevre kai S. Utev (2002) brÐskoume

èna �llo stoqastikì montèlo, to montèlo twn arnhtik� susqetismènwn

pragmatopoi simwn zhmi¸n, sto opoÐo to k sumbìlaio (k ≥ 1) eÐnai su-

sqetismèno me mÐa Bernoulli tuqaÐa metablht  {Jk, k ≥ 1}. H tuqaÐa

metablht  Jk me koin  mèsh tim  ρ, ìpou 0 < ρ ≤ 1 sumbolÐzei thn pija-

nìthta pragmatopoÐhshc zhmi�c sto k sumbìlaio.

Oi sunolikèc zhmièc

SN(t) =

N(t)∑
k=1

XkJk

eÐnai tuqaÐo �jroisma ektìc an h par�metroc ρ eÐnai Ðsh me 1.

Upojètoume ìti

1. H akèraia diadikasÐa N(t) eÐnai h sun jhc ananewtik  diadikasÐa

katamètrhshc sumbolaÐwn orismènh sthn akoloujÐa anex�rthtwn kai

isìnomwn tuqaÐwn metablht¸n {Yn, n ≥ 1}

2. Oi akoloujÐec {Xn, n ≥ 1}, {Yn, n ≥ 1}, {Jk, k ≥ 1} eÐnai

anex�rthtec.

3. H akoloujÐa {Jk, k ≥ 1} apoteleÐtai apì arnhtik� susqetismènec

metablhtèc.
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Sto parak�tw sq ma parousi�zetai to arnhtik� susqetismènec prag-

matopoi simec zhmièc montèlo.
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Efarmìzontac ta apotelèsmata twn Jewrhm�twn 4 kai 10 lamb�noume

to parak�tw apotèlesma.

Je¸rhma 15.

'Estw {Xn, n ≥ 1} eÐnai mÐa akoloujÐa apì anex�rthtec   AAE isìnomec

mh arnhtikèc tuqaÐec metablhtèc me koin  mèsh tim  µ kai koin  katanom 

F ∈ D. 'Estw {Jk, k ≥ 1} eÐnai mÐa AS akoloujÐa apì Bernoulli tuqaÐec

metablhtèc me koin  mèsh tim  ρ ∈ (0, 1] kai èstw {N(t), t > 0} eÐnai mÐa
ananewtik  diadikasÐa sqhmatizìmenh apì mÐa akoloujÐa anex�rthtwn kai

isìnomwn mh arnhtik¸n tuqaÐwn metablht¸n {Yn, n ≥ 1} oi opoÐec èqoun
koin  peperasmènh mèsh tim  kai peperasmènh diakÔmansh. Upojètoume

ìti oi akoloujÐec {Xn, n ≥ 1},{Jk, k ≥ 1} kai h diadikasÐa {N(t), t > 0}
eÐnai anex�rthtec. Tìte gia k�je q > 0 kai gia k�je γ > 0 isqÔei

ρλ(t)F (x+ (1 + q)µ)
<∼ P (

N(t)∑
k=1

XkJk − (1 + q)µρλ(t) > x)
<∼ ρλ(t)F (x),

omoiìmorfa gia x ≥ γλ(t) kaj¸c t→∞.

E�n F ∈ D ∩ L tìte isqÔei

P
(
SN(t) − µλ(t) > x

)
∼ λ(t)F (x) (5.3.7)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).

Apìdeixh.

JewroÔme th stoqastik  diadikasÐa katamètrhshc

N ′(t) = sup{n : Tn ≤ t and Jn = 1}, t > 0

pou parist� ton arijmì twn pragmatopoi simwn zhmi¸n sto di�sthma [0, t].

Tìte isqÔei h sqèsh

N ′(t) =

N(t)∑
k=1

Jk.

Sthn Prìtash 5.1 thc ergasÐac twn K. W. Ng, Q. Tang, J. Yan, and H.

Yang (2004) brÐskoume ìti h stoqastik  diadikasÐa N ′(t) ikanopoieÐ thn

sunj kh A kai autì èqei wc sunèpeia na isqÔei to Je¸rhma.
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5.3.1 ParadeÐgmata apì thn Antasf�lish

Wc antasf�lish ennooÔme th metafor� mèrouc   tou sunìlou thc asf�-

lishc apì èna asfalist  se �llon. O kÔrioc lìgoc pou gÐnetai h anta-

sf�lish eÐnai na apofÔgei mÐa asfalistik  etaireÐa katastrofikèc zhmièc.

Ja efarmìsoume ta apotelèsmata twn akrib¸n meg�lwn apoklÐsewn sta

parak�tw trÐa eÐdh antasf�lishc:

• Sthn analogik  sÔmbash

• Sth sÔmbash uperb�llontoc

• Sthn atomik  sÔmbash uperb�llontoc

Analogik  sÔmbash

Se autì to eÐdoc, h antasfalistik  etaireÐa plhr¸nei to ξ% thc sunolik c

zhmi�c mÐac asfalistik c etairÐac SN(t) gia k�poia ξ ∈ (0, 1). Oi sunolikèc

zhmÐec pou plhr¸nei h antasfalistik  etaireÐa sthn analogik  sÔmbash

orÐzontai wc

R1(t) = ξSN(t)

kai me thn efarmog  twn apotelesm�twn èqoume gia thn pijanìthta qre-

okopÐac thc antasfalistik c etairÐac èqoume ìti isqÔei

P (R1(t)− µλ(t) > x)

= P (ξSN(t) − µλ(t) > x) ∼ λ(t)F (
x

ξ
)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).

SÔmbash uperb�llontoc

Sto epìmeno eÐdoc, h antasfalistik  etaireÐa plhr¸nei tic zhmièc enìc qar-

tofulakÐou mÐac asfalistik c etairÐac ìtan autèc uperboÔn èna ìrio K.



5.3. AS PRAGMATOPOI�HSIMES ZHMI�ES 103

Oi sunolikèc zhmÐec pou plhr¸nei h antasfalistik  etaireÐa sth sÔmbash

uperb�llontoc orÐzontai wc

R2(t) = (SN(t) −K)+

kai me thn efarmog  twn apotelesm�twn èqoume gia thn pijanìthta qre-

okopÐac thc antasfalistik c etairÐac èqoume ìti isqÔei

P (R2(t)− µλ(t) > x)

= P ((SN(t) −K)+ − µλ(t) > x) ∼ λ(t)F (x+K)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).

Atomik  sÔmbash uperb�llontoc

Sto teleutaÐo eÐdoc antasf�lishc, h antasfalistik  etaireÐa plhr¸nei tic

atomikèc zhmièc thc asfalistik c etairÐac pou uperbaÐnoun èna ìrio D.

Oi sunolikèc zhmÐec pou plhr¸nei h antasfalistik  etaireÐa sthn atomik 

sÔmbash uperb�llontoc orÐzontai wc

R3(t) =

N(t)∑
i=1

(Xi −D)+

kai me thn efarmog  twn apotelesm�twn èqoume gia thn pijanìthta qre-

okopÐac thc antasfalistik c etairÐac èqoume ìti isqÔei

P (R3(t)− µλ(t) > x)

= P

N(t)∑
i=1

(Xi −D)+ − µλ(t) > x

 ∼ λ(t)F (x)

kaj¸c t→∞, omoiìmorfa gia x ≥ h−1(µλ(t)).
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[26] P. Embrechts, C. Klüppelberg and T. Mikosch Modelling

extremal events. Springer, Berlin, (1997).

[27] P. Embrechts, and E. Omey A property of longtailed distribu-

tions . J. Appl. probab. 21, 80-87 (1984).



108 BIBLIOGRAF�IA

[28] W. Feller An itroduction to probability theory and its applica-

tions. J. Wiley, N. York, ( 1971).

[29] S.Foss, D Korshunov and S.Zachary Convolutions of long-

tailed and subexponential distributions. J.Appl.Probab. 46, 756-767

(2009).

[30] S.Foss, D Korshunov and S.Zachary An Introduction to

heavy-tailed and subexponential distributions. Springer New York

(2011).

[31] D. H. Fuk and S. V. Nagaev Probabilistic inequalities for sums

of independent random variables. Teor. Verojatnost. i Primenen. 16

(1971),

[32] J.Geluk and K.W.Ng Tail behavior of negatively associated

heavy-tailed sums . J.Appl.Prob. 43, 587-593 (2006).

[33] N. Gantert Large deviations for a heavy tailed mixing sequence

Preprint, Technische Universitat (1996).

[34] A. Gut Stopped random walk. Limit theorem and cationsappli.

Springer, New York, Berlin ( 1998).

[35] C. C. Heyde A contribution to the theory of large deviations for

sums of independent random variables. Z. Wahrsch. Verw. Gebiete

7, 303-308 (1967).

[36] C. C. Heyde On large deviation problems for sums of random

variables which are not attracted to the normal law. Ann. Math.

Statist. 38, 1575-1578 (1967).

[37] C. C. Heyde On large deviation probabilities in the case of at-

traction to a non-normal stable law Sankhyā Ser. A 30, 253–258
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