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���! ��"$#&%��('*),+*�-%��/.10�),+ �24352�6�798;:=<$>@?BA$CEDGF4>H? IKJLCEDM3N3O3N3O3N3O3N3O3O313O3N3O3N3O3O3N3O3N3O313O3O3N3O3 2243BP Q�R4S@R48;TUA$FL?;VH?BF4AE>@D WHC$R9X;:ZY[313O3O3N3O3N3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3 P243 \]6�AE^Z>@FL? CE?GF_798;:=<L>H? AECEDEF9>@? I`J9CEDa3N3O3N3O3O313O3N3O3N3O3O3N3O3N3O313O3N3O3 b243 c d�e4XG:f? Y1F4AE:Z>@F9?Bg4hji4hfF4Y�3O3N3O313O3O3N3O3N3O3N3O3O3N3O313O3N3O3N3O3O3N3O3 k243Bbml�g$>@JLFnA$FL?GD o$W_C$Yn3O3N3O3N3O313O3O3N3O3N3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3p2jq243 r sUF_A$h@t_7L? CE?uF4AE:Z>@F9D v-Ww3N3O3O3N3O3N3O3N3O3O313O3N3O3N3O3O3N3O3N3O313O3N3O3p242243yx{z|:}h@>@F_8uv-W4? AEenXu~�JLF_hfF�3O3N3O313O3O3N3O3N3O3N3O3O3N3O313O3N3O3N3O3O3N3O3�2@b
�����-�� �� �,�a��"�� ��� ���U��� �K�PE352�z|:}h@>H?BJ9JL^=W_inFHW_e_7LR4XGi]3N3O313O3O3N3O3N3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3p2jkPE3BPm6|W_e479R4XGinX;:1FHW_e_8uv&8GFUX;hfCE? ou:fDBF�3N3O3N3O3O313O3N3O3N3O3N3O3O3N3O313O3N3�P_qPE3 \]��i�JLCHW_F4VH? AETUFHW_e_7LR4XGi�XG:1F_W_e_8uv&8;FnX;hfCE? o;:fDBF 3N3O3N3O3N3O3O3N3O313O3�P_\PE3 c ��F9>@F_8;C_W@h�C9�$CED i4XGi�X;:1�$>j~&hfFnXuhfCE? ou:fDBF�3O3N3O3O3N3O313O3N3O3N3O3O3N3O3�P_cPE3Bb{�,R4AL7L:fDBV@:f?B:fY��$:Z>H? C4ou^ZY�3O3O313O3N3O3N3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3O3�P9b
�m�H� ";� � � ���\u352�6|W_e479R4XGi�?BV@:}v�Vj~-WUX;:1�$>j~&hfF�?BV@:}~�V@i�3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3�PLx\u3BPml�g$>@JLF�?BV@:}~�V@CLR9Y!3O3O3N3O3N3O3N3O3N3O3O313O3N3O3N3O3O3N3O3N3O313O3O3N3O3�P_�
� �� �  ��0���¡u� ���c;352�¢£hjg$>@C$Y¤�$i_7$D AEC¥3N3O3N3O3O313O3N3O3N3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3O3¦\9kc;3BPmz|C�I`:}~�>@i4JLFUhfC$R

Minkowski
3O3N3O3O3N3O3N3O3N3O3O313O3N3O3N3O3O3N3O3�cLqc;3 \ ¢[oE~�>@CLY

Lst
3N3O3N3O3N3O3O313O3N3O3N3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3O3�c$P

§]¨ 0 �-� �©'  �� ��"G� � '����|�-%��/.10�ª&«M'  �� ��"G� �,¬ ���bE352�­®C$J9e9V@F�A$7Le4X;:Zv-W�3O3N3O3O3N3O3N3O3N3O3O313O3N3O3N3O3O3N3O3N3O313O3N3O3¦c4cbE3BP�¯ �&W_FUIK:}~�>@i9J9Fnt_�$F4>@°@i4Y¦3O3N3O3N3O3N3O3O313O3N3O3N3O3O3N3O3N3O313O3N3O3¦cLbbE3 \]­
class group

^Zou:f?;�L:Z�L:Z>@F9X;JL^=W_i�h@e4°@iu3�313O3O3N3O3N3O3N3O3O313O3N3O3N3�c9k
±]² ª&0�)&«³� �-�� �� �,�-« ��´ru352�6|W_e479R4XGin:=W_gLY1�$>j~&hfC$RUX;hfCE? ou:fD C$Rµ3O3O313O3N3O3N3O3O3N3O3N3O313O3O3N3O3¦c9�ru3BPm6|W_e479R4XGinX;:1:}�L:ZALh@e4XG:f? Y

Galois
3N3O3N3O313O3O3N3O3N3O3N3O3O3N3O313O3N3�bE2ru3 \]z|CwX;~�J9FnA$7Le4X;:Zv-W�hfC$R

Hilbert
3N3O3N3O3N3O3O313O3N3O3N3O3O3N3O3N3O313�b9P
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� �  � "`����¡ �('   «��³��0����  "G« ¬ § ±x$352��1:}v�>HDBFUhZv-Wn:}747L:f? �Lh@? A$~-W AEF4J9�$t_74v-Wm3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3�b4rx$3BP{��7979:f? �LhH? AE^ZY�AEF9J4�$t_7L:ZY��$eHWHv F_�$gn�L:}�$:Z>@F4XGJ9^}WHFUXu~�JLF_h�Fu3-3O3O3N3O313O3�b_�x$3 \]��C479R4~-WHR9J9FUVH?BF9Dy>j:fX;i4Y43 3O313O3O3N3O3N3O3N3O3O3N3O313O3N3O3O3N3O3N3O3N3�r;2x$3 c z|C��$>@g9<979i9J9F�hfC$RnV@?yF_AE>H? h�CLt�79C48;e4>H? I`J9C$R�X;h@? YN:}7979:f? �LhH? AE^ZY�AEF4J9�$t_79:fY r9\x$3Bbmz|e4°@inC$J9e9V@F4YN:}747L:f? �Lh@?BA$T9Y|AEF4J9�Lt479i9Y�3N3O3N3O3O3N3O313O3N3O3N3O3O3N3O3¦r9\x$3 r{¯ ��79:Z8;ouC$YNhji9Y1hje9°ji9Y¤C$JLe4V@F4Y�3O3N3O3N3O3O313O3N3O3N3O3O3N3O3N3O313O3N3O3�r_cx$3yx]¢[F_748GgL>H? I`J9C$Y¤hfC$R
Schoof

3 3N3O313O3O3N3O3N3O3N3O3O3N3O313O3N3O3O3N3O3�r9bx$3 k]­ IK:Zv�>@DyFnhfC$RU� ? 8GF4VH? AEC$t���C4747LF_�L79F4XK?BF4XGJ9C$t;3 3O3N3O3N3O3O3N3O313O3N3�rLxx$3 �]­®JL^=IKC$V@C$YNA$F4hfF4X;AE:ZR4T9Y�:}7979:f? �LhH? A$~-WNAEF9J4�$t_79v-W�3O3O3N3O3N3O313O3N3O3�x_P
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Q�:�F9R_h@T h@iHW :Z>j8;F4XKDBF �$>@C$Xu�$FHIKC$t9J9:�W_FUV�~�XGC$R4JL:�J$DBF�:��KF4>@JLC_8;T�hji9Y�F4748;:=<$>H? AET4Y�IK:
	v�>HDBF4Y�F4>H? IKJ9~-WUAEFL?Khji9YOF_AE>H? <LC$t4Y1I`:}v�>HDBF4Y AL7Le4XG:}v-WUX;v�J9e4hZv-W�Xuh@iHW�AE>jR4�9h�C_8;>@F��`DBF;3¯ �&W_F�F4�LC4hj:Z79:ZXGJ9F4h@? AEg�AE>jR4�9h�CLXGt4X;hji9J9F�:fD W_F9?EF9R_h@gU�LC$R�<LF4XKDBS@:}hfFL?$XuhfCn�$>@g4<L79i9J9FOh�CLRVH?BF_AE>H? hfC$t�7LC_8;F9>@D I`J9C$R X;:nJLDyFw�$:}�$:Z>@F4X;JL^=W_i CLJLe4V@F;3U�¤C_747L^ZY��L:}�$:Z>@F4XGJ9^}WH:fY�C$JLe4V@:ZY^ZouC$R_WOo;>ji9XG?BJLCL�LCE? i_IK:fDLXuh@iHWO<E? <97$? C_8;>@F��`DBF18G?BF�hji_W R_79CL�$CE?BT4XGiNhji9Y�JL:=IKg$V@C$ROhfC$R�VH?BF�	AE>H? h�CLtn7LC_8;F9>HD IKJLCLRnAEFL?`JLDBF F_�$gwhH? Y�
GA$F4hje�8;:=W4? AET��$F4>@F4V@C4o;T�
GF4�LC4hj:Z79:ZXGJ9F4h@? AEg4hj:Z>@:ZY:fD W_FL?$C$?$C$JLe4V@:ZY|hfv-WO>@i4h�~-W X;i9J9:�D v-W1�$C$R C$>HDBS@CHWHhfF9?9�$eHWHvMF_�$g �$:}�$:Z>@F4XGJ9^=W_FOX;~�J9F4hfFu3¢N? :�?BVH? AEC$D hji9YUA$>@R4�9hfC$F_WHe479R9X;i4Y�^ZouC$RHWwVj~�X;:�?�J$DBF X;:�?B>@e F4�Lg��_Xuh@>@F_h@i_8G? AE^ZY���CE?CL�LCEDB:fY�ou>@i4XK?BJLC9�$CE? CLt_WHhfF9?L8G?yF�h@iHW�F4�LCLAE>@R_�LhfC_8G>je��K? XGiOAE>jR4�LC$XGR4Xuh@i4JLe_hfv-WN�$C$R <$F4XKD 	S@CHWHhfFL?HXuhfCN�$>@g9<979i9J9F�h�CLR¤VH?BF_AE>H? hfC$t|79C48;F4>HD IKJLC$Ru3 �¤>jCLAE:f?BJL^=W_C$R|W_F�AEF4hfF4X;A$:fR4e4XGC$R4JL:F_�$C_h@:}7L:ZX;JLe_hH? AEF AE>jR4�9h�CLXGR4X;hjT9J9F4hfF <LF4XK? X;JL^=W_F�Xuh@iHW!JL^=IKC$V@C�hfC$R!VH?BF4A$>H? hfC$t 79C48;e�	>H? IKJLC$R�i�h@e4°@i�h@i4Y C$JLe4V@F4YNh@i4Y�:}747L:f? �Lh@? AET9Y�AEF4J9�$t_79i9Y¤IKF��$>@^}�L:�?GWHF ? AEFHW_CL�LCE?B:fDGJ$DBFX;:�?B>@e�F_�$gUX;RHW@I`T_AE:ZY_3��1FO�$>@^}�$:f?$79CE? �$gHW1W_F AEF_h�F4XuAE:ZR9e4XGCLR9J9:�:}7979:f?B�9hH? AE^ZY�AEF4J9�Lt479:ZYCE?;CL�$CEDB:ZY¤W_FU^fouC$RHW�:}AwhZv-W��$>@C_h@^Z>jv-W�8EWHv�Xuh@Tnh@e4°@iu3z|C��$>@g9<979i9J9F�hfC$RU�L>@C$X;VH? C$>H? XGJ9C$tUh@i4Y1hje9°@i4YNhZv-WnX;i4JL:fD v-WnJLDyF4YO:}7979:f? �LhH? AET4Y�AEF�	J9�Lt479i4Y1:fD W_FL?u^=W_FnV@t4XuAEC479CnAEF9?E<LFHI`tU�L>@g9<97Li4JLFu3���?BFnJLDyF�:f?yV@?BA$TUAEF_h@i_8GCL>HDBF�:}747L:f? �Lh@? 	A$~-W�AEF4J9�Lt474v-W�
$h@? Y¤79:}8GgLJL:=W_:ZY1:}747L:f? �Lh@?BA$^fY|AEF4J9�Lt479:ZY¤J9:1JL? 8;F9VH? AEg��$C_7979F4�97LF4XG?yF4X;JLghfC��$>@g9<979i9J9FUF4R4hjg�^fou:f?;79t4XGiu3��>@e48;J9F4h@?ji
j
	 FHW_F_7979CED v&h@i*J$DBF4Y&:Z7479:�? �9hH? AET4Y�AEF4J9�Lt479i9Y�JL:&JL? 8;F9VH? AEg��$C_747LF_�L79F9XG?BF�	X;JLg¤�LF9>je48;:f?�hfC¤79:}8GgLJL:=W_C�X;~�J9F�hfC$R

Hilbert
:=W_g$Y�J$? 8;F4VH? AEC$t�hj:}h@>@F_8uv-W4? AEC$t�X;~�J9F4hfC$YF4>H? I`J4~-WE3�6¤R_h@g1hfCNFHW_^}74�E? XuhfC�IK:}~�>@i9J9F¤J9F9Y�VHD W_:f?Hh@iHW|V@RHW_F_h@g_h@i_hfF|WHF�AEF_hfF9XuAE:Zt4F9X;C$R�	JL:¤h@iHW

j
	 F_W_F_747LCED v&hji�v�Y >HDBS@FnhfC$Rn�LC479R4v-WHt9J9C$R

Hilbert
AEF9?;W_F�V�~�XGC$R4JL:OX;RHW@I`T_AE:ZYXuh@iHW F9>@? I`J9i4h@?BA$TNhfv-W ?yVj:Zv�V�~-W :=W_g$Y�J$? 8;F4VH? AEC$tNh@:}hj>@F48uv-W4? AECLt�Xu~�JLF_hfC$Y�F9>@? I`J4~-W�
$~�	Xuh@:�hfC �LC479R4~-WHR9J9C

Hilbert
W_F ^fou:f? g479:ZY�hfC$R�hH? Y�>HDBS@:ZYnXG:�^=W_F �L:Z�L:Z>@F9X;JL^=W_C X;~�J9F

Fp
3 ��>@CLAE:f?BJL^=W_C$R�W_F³C$>HD XGC$R4JL:�AEF9?�W_F³ou>@i4XG?yJ9CL�$C$?yT4X;C$R9J9:�h�F �$F4>@F4�Le_W@v :Z>j8;F_7L:fDBF�
AEeHW_C$R4JL:�XuhfFO^Z°H?9�$>�~&h�FOAE:��Ge479FL?BF¤J$DBFO:f? XGF_8uv&8;TOXG:|J9:f>@?BA$eOX;hfCE? ou:fDBF1h@i4Y|F_798;:=<$>@?BA$T9YIK:Zv�>@DyF4YNF4>H? IKJ9~-WE3Q*hfCO�$>j~&hfCOAE:��Ke_7LF9? COVHD W_CLR9J9:*hfC$R4Y*<$F4XG?BA$C$t9Y,C$>H? XGJ9C$t9Y*�$C$R¤IKFNou>@i4XK?BJ9CL�$CE?BT4XGCLR�	JL:�
�gL�Lv�Y�:=W_gLYnF4A$^f>jFL? CLR F_798;:=<$>@?BA$C$t F4>H? IKJLC$t�
�:=W_g$YnXu~�JLF_hfC$Y�F9>@? I`J4~-W

K
A$FL? h�CLRV@F_A$h@t_7L? C$ROF_AE:Z>@FLD v-W1h�CLR

DK
3-���ED X;i4Y��L:f>@? 8;>@e��GC$R4JL:�hfCHW h@>@gL�LCU:Zt4>@:ZXGi4Y|h@i4Y�<Le9X;i4YF_AE:Z>@FL?Bg_h@i_hfF9Y�:=W_g$YNV@F_A$hjR47LD C$R�F4A$:f>jFLD v-WE3&z|^}79C$Y¤8GD W_:}hfFL?uAEF9?G?BVH?BF9D h@:Z>@i�F_W_F��KCL>@enXuh�Fh@:}hj>@F48uv-W4? AEe�JL? 8;F9VH? AEe�Xu~�JLF_hfF�
KV@i479F4V@T�XG: :}�$:}A$hje9X;:f? YNhfC$R

Q
h@i4Y�J9C$>��GT9Y

Q(
√
d)

gL�LC$R

d
^}WHF9Y*F9>�WHi4h@?BA$g$Y*F4>H? IKJLg$Y,:}7L:ZtHI`:Z>@CLY�hj:}h@>@F_8u~-WHv-WE3�¯ ��WHF9Y*V@F4ALh@t_7$? CLY,F_AE:Z>@F9D v-W:=W_g$YNXu~�JLF_hfC$YNF4>H? IKJ9~-W�
u:fD W_F9?

Noetherian
F_AE^Z>@FL?BF �$:Z>H? C4ouT�
$:Z�LC$JL^=WHv�Y¤:fD WHFL?;V@R_WHF4hjTi!F_W_e_79R9X;i XG:��$>�~&h�F!Xuh�C$? ou:�DBF�
&oEv�>HD Ywg$J9v�Y�W_F!F4�LC4hj:Z79:fD����!6 3,Q�:�h@^}hfCE? CLR9Y�V@F�	A$hjR47LD C$R4Y�F4AE:Z>@F9D v-WOI`F��$>@C$Xu�$FHIKT9X;C$R4JL:�W_F��LF9>jF48;CHWHhfCL�$CE?BT4XGCLR9J9:�?yVj:Z~�Vji�
EAEeHW_CHWHhfF9You>@T4XGiUhji9Y�W_g$>@J9F9Y�hfC$R9Y_3&��:1ou>@T4X;i�h@i4Y¤IK:}v�>HDBF9Y�hfv-W��97L:}8;JLe_hZv-W��

lattice � 
EI`FUC$>HD 	
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X;C$R9J9:�hfCHW�ou~�>jC
Lst

AEFL?$IKFU�$e4>@C$R4JL:�^=W_F��LC479R_hH?BJLg_hfF4hfCU:Z>j8;F_7L:fD C 
LhfCnI`:}~�>@i4JLF�h�CLR
Minkowski


4h�C�CL�$C$D C IKF�JLF4Y�:Z°@F4X��KF_7$D X;:f?Lg_hH?LAEeHI`:�?BV@:}~�V@:ZY
a
�$C$ROFHW_T_AE:f?$X;hfCHW

DK:fD W_FL?G? X;C$V@tHW_F9J9C�JL:N^=W_F�?BV@:}~�V@:ZY1W_g$>jJLF4Y ≤ (2/π)t
√

∆

;gL�$CLR

∆
:fD W_F9?KinVH?BF_AE>HD W_C$R4X;Fh@i4Y�<Le4XGi4Y�F_AE:Z>@F9?Bg4hji4hfF4Y hfC$R

DK
3�6�R4hjg h�C F_�$C_h@^}79:ZXGJ9F�
 :fD W_F9?`�$C$R�I`F JLF4YUVj~�X;:f?h@iUV@R_WHF4hjg4hji4hfF�WHF�<$>jC$t9J9:¤hji_W�h@e4°@iUhji9Y

class group
hfC$R

DK
3Q*h@i�XGRHW_^Zou:f?yF�VHD W_C$R4JL:�hfC�IK:}~�>@i4JLFUFHW_e_7LR4X;i9Y_3-6|W�^fouC$R4JL:�J$DBFn:}�L^ZALh�F4X;i

Galois
K ⊂ L = K(α)


�AEF9?-�$e4>@C$R4JL:�^=W_F��$>j~&hfC³?BV@:}~�V@:ZY
p ∈ DK

AEFL?&FHW hfC�:}7Le4o;? Xuh�C�$C_79R4~-W_R4JLC hfC$R
α
F_W_F_79t9:}hfFL? �L79T4>jv�Y

modp

-^ZouC$R9J9:ng_hH?�hfC�?BV@:}~�V@:ZY

p
:fD W_FL?-F4VH?BF�	A$79e9V�v&h�C!Xuh�CHW

DL
AEFL?-J4�$C$>jC$t9J9:n:Zt4A$C479F W_F hfC 8;>@e � C$R4JL:�X;F_W 8G? WHg$JL:=W_C��L>j~&hZv-W?BV@:}v�Vj~-W�hfC$R

DL
3�­ JL^}8G? X;hji F4VH?BF_A$7Le4Vjv&hji AEFL?&FH<$:}7L?BF_W_T :Z�L^}A$hfF9X;i h�CLR

K

,C_WHC�	JLe4S@:}hfFL?�Xu~�JLFMA$79e9X;:}v-W�hfC$R

Hilbert
3 ��^ZX;v hfC$RMC$J9C$JLC$> �`? X;JLC$tMhfC$R

Artin

|I`FAEF_hfF��G^f>jC$R9J9:�W_F �;h@e4XGCLR9J9:nXG:U^}WHF!F_�$g hfF IK:fJ9:}7$? ~�V@i 8G?BF h@i V@CLR479:f?ye JLF4Y�F4�LC4hj: 	79e9X;JLF_hfF�
�g_hH?�i

class group H hfC$R
DK

:fD W_F9?�? X;g$J9C$>��Ki J9:Uh@iHW C$JLe4V@F
Galois

h@i4Y:}�$^}A$hfF4XGi4Y
L/K

3|���ED X;i9Y ^=W_F��$>�~&h�C ?yVj:Z~�Vj:fY hfC$R
K
I`F�VH?BF4X;�Le4hfF9?G�L79T9>�v�Y�XuhfC

L

FHW�A$FL?;JLgHW_C FHW�:fD WHFL?uAEt9>@? CK3Q*hfC�^=<$V@CLJLCnAE:��Ke_79FL? CUVHD W_C_W@h�F9?GJ9:Z>H? AEe�<LF9XG? AEe�X;hfCE? ou:fDBF�hji9Y�I`:}v�>HDBF4Y1hZv-WU:}747L:f? 	�Lh@? A$~-W�AEF4J9�Lt474v-W�
�AEFL?�C$>HDBS@CHWHhfFL?jC$?@:Z7479:�? �9hH? AE^ZY�AEF4J9�Lt479:ZY-JL:&JL? 8;F9V@?BA$g��LC4747LF_�L79F4XK?BF�	X;JLgK3�¢N? :}7979:f? �LhH? AE^ZYNAEF4J9�Lt479:ZY JL: J$? 8;F4VH? AEg �LC4747LF_�L79F4XK?BF4XGJ9gwF_�$C_h@:}79C$tHW�J$DBF��$C_7Lt?BVH?BFLD h@:Z>@i�A$7Le4X;i¤:}747L:f? �Lh@?BAL~-W|AEF4J9�$t_74v-W�i1CL�LCEDBF¤X;RHW_V@^Z:}h�F9?_JL:�h@iHW�F4AE>@? <LT�AEF4hfF4X;A$:fR�	T hfC$R X;~�J9F4hfC$YnAL7Le4XG:}v-W h�CLR

Hilbert
3 6 �KCLt!CL>HD X;C$R9J9:UhH? Yw:}747L:f? �Lh@? AE^ZY�AEF4J9�Lt479:ZYJL:�J$? 8GF4VH? AEg �LC47479F4�97LF4XK?BF4XGJ9g 
;V@:fD o$W_C$R4JL:O�Lv�Y�J9�LC$>@C$t4JL:NW_F�hH? Y�ou>@i9XG?BJLCL�LCE?BT9X;C$R4JL:8G?BFOWHFOR4�LC479C48GD X;C$R4JL:�h@iHW

j
	 F_WHF4747LC$DBv&hji1h@i4Y|:}7979:f? �LhH? AET4Y*A$F9J4�$t_7Li4Y��$CLR1I`^}79C$R9J9:*W_FAEF_hfF9XuAE:ZR9e4X;C$R9J9:H3-­£?BV@^ZFn:fD W_FL?uW_FUAEeHW_C$R4JL:¤F_W_F_8uv&8;T

modulo
^=W_FnA$F4hje479i479CUAEt4>H? C?BV@:}~�V@:ZY�:}WHg$Y�h@:}h@>@F_8uv-W4? AEC$t Xu~�JLF_hfC$Y�F9>H? IKJ9~-W X;hfC �LC479R_~-W_R9J9C h�CLR

Hilbert
3 ��?yFW_F�8GD W_:f?`F9R_h@g�I`F��$>j^Z�L:f?;W_F�R4�LC479C_8KD XGC$R4JL:�h@iHWnh@?BJLT�h@i4Y

j
	 FHW_F_7979CED v&h@i4Y�
Ehji_WnCL�$C$DyFh@iHWOIK:Zv�>jC$t9J9:�v�Y¤J$DBF

modular
X;RHW_e9>�h@i4XGi4Y�hji9Y

SL2(Z)
3�z|Cn�LC479R4~-WHR9J9C

HilbertAEF_hfF9XuAE:ZR9e4S@:}hfFL?�JL:�h@iHW�o;>jT9X;i¤hZv-W�h@:}h@>jF48uv-W4? A$~-W¤JLCL>��G~-W¤CE?4CL�$CEDB:ZY,:�? XGe_8;C_WHhfF9?@X;hfCg_8GVjC$C�AE:��Ke_7LF9? CK3
�1F1�L>@^}�$:f?4W_FNhfCHW4D X;C$R9J9:�
9g_hH?$iN�L>@C$X;^}8;8G? X;TOJLF4Y|:fD W_FL?4AEF_IKF4>@e¤IK:Zv�>ji4h@?BA$TNAEFL?9V@:=WJLF4Y1F_�$F4X;o;C_79C$t_W¤�$>jC9<L79T4JLF_h�FOR_79CL�$CE?BT4XGi4Y|gL�9v�Y¤hfC�JL^}8;:=I`C$Y�hZv-W�XGRHWHh@:}79:ZX;h�~-W h�CLR�$C_79R4v-W_t4JLCLR

Hilbert

 C$t_h@: iwJL:}8;e479iwF4AE>@D <L:f?BFnAu? W_i4hjT9Y�R_�$C$VH?BF4X;hfC_7LT4Y1�LC$R F_�$F9? hj:�D 	hfFL? 8G?yF hfCHW R_�$C_79C48G? X;JLg hji9Ynh@?BJLT4YUh@i4Y

modular
X;R_W_e4>jhji9X;i9Y

j
�Le_W@vµXuh�C��L79^}8;JLF�$CLR�C$>HDBS@:f?*C V@F_A$h@t_7L? C$Y�hfv-W�F_AE:Z>@FLD v-W F_798;:=<$>@?BAL~-W hfC$R J$? 8;F4VH? AEC$t!h@:}h@>@F_8uv-W4? AEC$tXu~�JLF_h�CLY43

�1FnTHI`:}79FU:ZVj~ 
uW_Fn:}A��G>@e9Xuv h@? YN:ZR9ouF4>H? XuhHDB:ZY1J9C$R�X;hfCHWnVje9XuAEF_7LC�J9C$R�6¤>@? X;hj:fDyVji
� CHWHhfC48;:}~�>j8;i 8G?yF hfCHW ou>@gHW_C hfC$R A$FL?�8G?BF hfC!AECLR9>@e_8G? C �$C$R J9C$R�^ZVjv�XG:nA$F4hje h@iHWVH?Be4>jAE:f?BF hji9Y�:}A$�$gHW_i4XGi4Y�h@i4Y��9h@R4oG?BF_AET4Y�J9C$R�:f>�8GF4XGDyF4Y_3����ED X;i4Y�IK^}79v³W_F�:ZR9ouF4>H? Xuh@T�	Xuv�hfFNR_�$g_7LCE? �LF¤J9^Z79i1hji9Y�:}�$? h@>@C9�$T4Y�
HhfC$R4Y*A`3���:ZhfF��GhjXGTNd¤34A$FL?_A`3-� �$:}79i48G?BeHW@W_i�6�38G?BF�hfCHW ou>@g_WHCn�$C$R VH?BeHI`:ZX;F_WE3-z|^Z79C$Y�:ZR9ouF4>H? XuhHDB:ZY�X;hfCHW�Q*v&h@T4>@i 8K?BF h@iHW V@i4J$? CLR9>j8GDBFhZv-W�XGoui4JLe_hZv-WOAEF9?��GR9XG? AEeO8G?yF hH? Y�~�>@:ZY��$C$R VH?BFH<$F4S@F4JL:�J9F9SHDEg_7LCHW F4R4hjg_WNh�CHWOAEF9?B>@g 
AEF9?GXuh@iHW��N? CHW_e_h@iU8G?BFUhji_W��$F4>@C4ouTUhfC$RUi_7L:}A$hj>@CHW4? AEC$t�hfC$R�R4�LC479C_8K? X;hjT;3

l¤D AEC$Y ��AE:Z>j�$? W_T9Y 
�Q�e4JLCLY�� CLt_W4? C$YP_q9q9bE3
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� e_hH? �$C$R IKF JLF4Y�F_�$F4XGouC_7LT4XG:f? X;:�JL:}8;e479C <$FHI`J9g�XG:�F4R4hjT_Wwhji_W :Z>j8;F9XGDBF�
�:fD WHFL?in�$F4>@F_8;C_WHhfCL�LCED i4XGi�:=W_g$YOF4>H? I`J9C$tu3*�*D W_F9?K:}�ED X;i9Y¤AEFL?;h�C��$CLR�I`^}79C$R4JL:¤W_FnhfCHWU�LF9>jF�	8;C_W@h�C9�$CE?BT4XGC$R4JL:H3 ��:=W4? AEe�V@C$R_79:ft4C$R4JL:¤XG:NAEF_h@e_747Li_7LCLR9Y¤R4�LC$V@F_A$h@t_7$? C$R9Y�hfC$R

C
3��1FV@C$t4JL:�hfFUV@t4Cn�E? CU<$F4XK? AEe�Xuh�C$? ou:�DBF h@i4Y1V@CLR479:f?ye4Y�JLF4Y�
$hfF�CL�$CEDBF�:�D W_F9?u^}WHFUF_798;:=<$>@?BA$gXu~�JLF F9>@? I`J4~-WOAEF9?LCUV@F_A$hjt47L? C$Y�hZv-WNF4748;:}<L>H? A$~-W1F4A$:f>jFLD v-W1F9R_hfC$t1hfC$ROXu~�JLF_h�CLY43,Q�:^=W_FHW hj^}h�C$? C_WwVjF4A$hjt47L? C IKF � e9°@CLR9J9:�8G?BF h@>jgL�$C W_F �$F4>@F48;CHWHhfCL�$C$?yT4X;C$R9J9:H3�snD W_C$R4JL:�$>�~&h�F�h�CHWUC$>H? X;JLg�:=W_g$YNF_748G:=<L>H? AEC$t�F9>@? I`J9C$t;3

¨ %-����0�ª&« ��¬ �87 9;:=<?>A@CB DE<?FGBIHKJL>M<ONPBRQS@TJL>
a
HU<*VKW=X YO<?BS<*VLD
W[Z?NPB\HUJL>�<S:]W=XI:O<?BS<^VLDEW_ZSNPB\HKJG>`La :=bc< ` J6Y=d Q e Y=d.d ` dGX d6fPgK@h<SXI:^W=B$J^Y^B$B\H?<S:id ` dGBjW=X$H a�` dGBkd ` dlV
monM:?mi@pd&@qWrNsg
Y=dGt?>fhm?:oY=WlVUWOfsYiuO>ivxw=fydLFLtS:O<i@P< e <�:�FGB nMz^d*mG@TW�Y=d^m?> ` <=N
<�:id=@h<UfsYiu{>T@ ` d|NhdLti@TWM:=<}m ` dGQ?uOfyd*mG@TWJ^Y^BydiByfxmS:oY*W~VUWOfsYiuO>MW*XI:O<?BUfPY=d

Z
v$��<�fhmi@
ZpdlVPXR�3d^mi@qWM< ` J$WOF^n�HU<SB ` u_NE<}@qW A

Y=d]f
tS:idlVhdY3b�:r<*VLD
W[Z?NPBIHSn�:8<ONPBRQS@Cn�:ov� ";�n% �-0�� ��¬ �0��d(fst�:id|VPd
A
Y3b�:(<^VLDEW_ZSNPB\HSnM:�<=NPBRQ�@pn�: e W*XI:O<?BTuL:O<.m ` JGf?bq@h<�Y=d^m

C
v��

` JLFGW*B z?gEv � WHv�>@DySjC$R9J9:ng_hH?-^=W_F4Y�F9>H? IKJLgLY a :fD W_F9?�F4748;:=<$>H? AEgLY�
�FHW AEF9?�JLgHW_C!F_WC!<LFHI`J9g$Ynh@i4Y�:Z�L^}A$hfF9X;i9Y
[Q(a) : Q]

:fD W_F9?��$:}�$:Z>@F4XGJ9^=W_C$Y_3 ¯ �,Xuhfv£g_hH?-^ZouC$R4JL:�V@t4CF_798;:=<$>@?BA$C$t9Y�F4>H? I`J9C$t4Y
a, b
3�z|g4hj:�IKFn^ZouC$R9J9:

[Q(a, b) : Q] = [Q(a, b) : Q(a)][Q(a) : Q].

6 �KC$t C
b
:fD W_F9?&F4748;:}<L>H? AEg$Yn�Le_W@v F_�$g!hfC

Q

-I`F!:fD W_FL?�F_798;:=<$>@?BA$g$YnAEF9?&�Le_W@v£F4�LghfC

Q(a)
3 ���$C$J9^=WHv�Y C

[Q(a, b) : Q(a)]
:fD WHFL?-�$:}�L:f>jF9X;JL^=W_C$Y_3³���ED X;i4Y�
��$>jC �KFHWH~�YC

[Q(a) : Q]
:fD W_F9?��L:Z�L:Z>@F9X;JL^=W_CLY�
 e4>@F hj:}7$? AEewC

[Q(a, b) : Q]
:�D W_F9?��L:}�$:Z>@F4XGJ9^}WHC$Y436�7979e�AEeHIK:

a+ b, a− b, ab, a|b, (b 6= 0)
FHW_T_AE:f?uXuhfC

Q(a, b)
3�sUi_7LF4V@TUg_79F�F4R4hje�IKFFHW_T4A$C$R_W�XuhfC

A
3

¨ %-����0�ª&« ��¬ ����<�HU<*VhdGti@qW�uG:=<�fynT@h<
K e fKnq@h<�<=NPBRQ�@pn�:;<S:�W=XI:=<SBxm ` JLf?bT@h<�Y=d^m CHU<SBhd�Zx<?Q�@qJL>;W ` u*HyYO<Ufs�y>}Y=d^m `oa :=b"< ` JrY=d Q

W=XI:=<SB ` W ` W[N
<?f
@TuL:idG>Gv
6�R4hjg�JLF4Y�7L^Z:f?-g_hH?�AEeHI`:�XuhfCE? ou:fD C�h�CLR

K
:fD W_F9?-F4748;:}<L>H? AEg 
�CL�$g_h@:UIKF�^Zo;CLR9J9:�g4h@?

K ⊆ C
3

2
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� ";�n% �-0�� ��¬ � � :

K
W=XI:O<?BquG:O<&fKnq@P<�<ONPBRQS@Cn�: e YiJ^Y=W K = Q(u)

DyBj<�H ao` diBkdG: u<*VLD
W[Z?NPB\HUJ8<ONPBRQS@TJov�
` JLFGW*B z?gEv �1F�R4�LC9IK^fX;C$R4JL:Ng_hH?`FHW K = K1(a, b)

h@g_h@:
K = K1(u)

3|¯ �,XuhZvag_hH?
p, q

:fD W_F9?uhfFU:}79e9o;? XuhfFO�$C_7LR_~-W_R4JLF hfv-W
a, b

F_W@hHD XuhfCE? ouFO�$eHWHv F_�$g�h�C
K1
3-¯ �*XuhZv g_hH?iU�LF9>@F_8;C_W@h�C9�$CED i4XGi�F4R4h�~-W�hZv-W��$C_7LR_v-W_t4J9v-W �Le_WHv F4�LgnhfC$R9Y1J$? 8;F4VH? AEC$t4Y1:fD W_FL?

p(t) = (t− a1)...(t− an)

q(t) = (t− b1)...(t − bm).���E? 79^Z8uv WHF�:fD W_F9?
a = a1, b = b1

3�� WHv�>HDBS@C$R4JL:&:}�ED XGi4Y&g4h@?@g479F�hfF
ai
:fD W_F9?jVH?BF��KC$>@:}h@?BA$eJL:}hfF4°@t�hfC$R9Y�
�g9�Lv�Y AEF9?*hfF

bj
3 ���$C$J9^=WHv�Y 8K?BF�AEeHIK:

i
A$FL?*A$e_IK:

k 6= 1
R4�Le9>jo;:f?hfC$R_7Le4o;? X;hfCHW�^}WHF XuhfCE? ou:fD C

x
Xuh�C

K1

Gh@^}hfCE? C ~�Xuh@:

ai + xbk = a1 + xb1
316��$gwh@iHWXuhH? 8;JLT!�$C$R R4�Le9>jo;CLR_W �L:}�$:Z>@F4XGJ9^}WH:fY�hfC³�L79T_IKC$Y�h@^}hfCE?B:fY :Z°H? Xu~�XG:f? Y�
,J9�$CL>@C$t4JL:�W_F:}�E? 79^f°jC$R9J9:�^=W_F

c ∈ K1
J9:
c 6= 0


$hfCnCL�LCED C W_FUJ9i_W :fD W_F9?uD XGCUJL:�AEF_WH^}WHF�F_�$gUF9R_h@eOhfF
x
AEF9?;hjg4hj:�IKF�^fouC$R4JL:

ai + cbk 6= a1 + cb1.
�1^}hfC$R9J9:

u = a + cb
3 �1F F_�$C$Vj:�DB°@CLR9J9:Ug_hH?

K1(u) = K1(a, b)
3 z|C!g4h@?

K1(u) ⊆
K1(a, b)

:fD W_FL? �$>jC �KFHW_^ZY�
�e4>@F J9^=W_:f? W_F Vj:�DB°@CLR9J9:�g_hH?
K1(u) ⊇ K1(a, b)

3�6�>jAE:fD W_FV@:fDB°@C$R4JL:|g_hH?
b ∈ Ku

F��GC$t
a = u− cb.

¯ �,ouC$R9J9:
p(u− cb) = p(a) = 0


$AEF9?$C$>HDBS@C$R4JL:hfC��$C_7LR_~-W_R4JLC
r(t) = p(u − ct) ∈ K1(u)[t]

3Mz|g4hj:whfC
b
:fD WHFL?�>HDBS@F�AEFL?&hfC$R

q(t)AEF9?GhfC$R
r(t)

3�6�R4hje�h�Fn�LC479R_~-W_R9J9F�IKFw^ZouC$RHW�J9g_W_C J$DBF�AECE? W_T�>HDBS@F�
G8G?BF_hHD`FHW�:fD ouF9J9:AEF9?&J$DBF�e4747Li�>HDBS@F
ξ

,JL:

q(ξ) = r(ξ) = 0
h@g_h@:�hfC

ξ
I`F!:fD W_FL?&^=W_F!:}A�hZv-W

bi
AEF9?:}�ED X;i4Y�hfC

u− cξ
I`FU:�D W_F9?u^}WHFU:}A�hZv-W

ai
3&�*D W_FL?E�L79^ZC_W �L>@C �GF_W_^ZY¤g4h@?u�L>@^}�$:f?EWHFU:fD W_FL?

ξ = b
3 ¯ �,X;hZv

h(t)
hfC!:}79e9o;? XuhfC �$C_79R4~-W_R4JLC h�CLR

b
�$eHWHv F_�$g hfC

K1(u)
3nz|g_h@:OIKF:fD W_FL?

h(t) | q(t), h(t) | r(t) 3 � FL?�:}�L:�?BV@T ^fouC$R4JL:Ug4h@?�hfF q(t) AEF9? r(t) ^fouC$RHW JLgHW_CJ$DBFwAECE? W_Tw>HDBS@F XuhfC
C

 �L>@^}�$:f?KW_F :fD W_F9?

degh(t) = 1

 ^}h@XG?

h(t) = t + l
8K?BF�AEe_�$CE? C

l ∈ K1(u)
3�z|^Z79C$Y�I`F�^ZouC$R4JL:

0 = h(b) = b+ l ⇔ b = −l ∈ K1(u)
36�YNV@C$t4JL:¤^}WHFU�$F4>@e4V@:f? 8;JLF�hji9Y1o;>ji9XG?BJLg_h@i_h�F4Y¤hfC$R��$F4>@F4�Le_W@v|3

� �-% �-� "K����0*� ��¬ ����<]FLW=Xkz*d^mi@qWM@qW W~V a�� BkfsY=dAHKJ ` d e J^Y^B Q(
√

2, 3
√

5) = Q(
√

2+ 3
√

5)
v9�XI:=<SB

a1 =
√

2, a2 = −
√

2

b1 =
3
√

5, b2 = ω
3
√

5, b3 = ω2 3
√

5@qW]Y=d
ω
:=<�W=XI:O<?BE@TXR<r@pB DE<?FGB\Hy� H
mOZ�B\Hy��N
XR� < YGgy>�@ dG: a F*<U> ω = 1/2(−1+ 3

√
−3)

v��qBR<YGgy:�Y^BR@���YOnhN
<�Y=d^m
c = 1 ` <ON
<oYigiNhdLt^@qW;J^Y*B

ai + cbj 6=
√

2 + c
3
√

5<��hdLt0Y=d.FGWOzoXA@qu~VhdG>1W*XI:O<?B ` N
<GDo@h<oY*B\HKJL> <ONPBRQS@TJL> e WL:^n Y=d <=NPBkfsY=W_N
J.W=XI:=<SB�@CB Dy<UFGBIHKJDEBR<6JlVUWO> Y*Bk> ` W[NhB ` Y=nMfyW=Bk> (k 6= 1)
v,9 ` d*@TuL:=bM> e J ` bM>(FLW=X zO<^@qW�fPYigE: < ` JLFLW=B z?g Y*d*m` NxdLgUDEdLti@qWG:id^m6QSWObhNs�y@P<oY=dL> HU<SB��PY a :idG:oY=<?>�fyW�<UmUYiJ ` d^m&�{g
Yi�yf?<^@qW Q(

√
2, 3
√

5) =
Q(

√
2 + 3

√
5)
v

����� �������� �� ),/�' ��'G/(),%(-"! +���# !%$
¯ �*XuhZv g_hH? ^ZouC$R9J9:�^=W_F X;~�J9F F4>H? I`J4~-W

K = Q(u)
3�z|C

K
J9�LC$>@:fD`W_F :ZJ �GR4hj:ZR4hj:�DXuh�C

C
J9: VH?BF��KC$>j:Zh@? AEC$t4Ywhj>@gL�$CLR9Y�
�JL^ZXuv hZv-W!JLCHW_C$J9C$>��K? XGJ4~-W

σ : K → C
3 ��?yF�$F4>@e4V@:f? 8;JLF�
EFHWU^ZouC$R4JL:

K = Q(i)
h@g_h@:¤IKFn^ZouC$R9J9:1V@t4C��$:Z>H? �Lh�~�XG:f? Y_3

σ(x + iy) = x+ iy



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � \

σ(x + iy) = x− iy, x, y ∈ Q.z|C�XGtHW_C_7LC�F9R_hj~-W*hZv-W�J9C_WHC$JLC$> �`? X;J9~-W�IKF|JLF4Y&F_�$F4XGouC_7LT4XG:f?f?BVH?BFLD hj:Z>@F�Xuh@i|X;R_W_^Zou:f?BF;3� ";�n% �-0�� ��¬ �07 9$fPY3b
K = Q(u)

fKnq@P<�<ONPBRQS@Cn�: e @qW�Zx<?QS@TJ�W ` u*HyYO<Ufsgy> n `La :=b< ` J1Y=d Q.
��JiY=W�m `La N � d^m?:�<?H*NPB ZsnM> n FGBR< �Pd|NsW^Y^BIHKdGX�@pdL:id=@pd|N �sBkf
@pdGX

σi : K → C
v9 ` X fPgy> e YO<(fsY=dGB � W=XR< σi(u) = ui e W=XI:O<?B�dGBCFGBR<��hd|N
WiY*B\HKu{>AN
XR�3WO>8fPY=d C e Y=d^m(W~V a�� B fPY=d^m` d|VEmob�:Lti@pd^m Y*d*m u `La :=b < ` J�Y=d Q

v�
` JLFGW*B z?gEv ¯ �,X;hZv u1, ...un

CE?KVH?BF��KC$>j:Zh@? AE^ZYO>HDBS@:ZY hfC$RU:Z79e4oG? X;hfC$RU�LC479R_v-W_t9J9C$R
phfC$R

u
3¤z|g4hj:NAEF9?Kh�C AEe_IK:

ui
IKF ^Zou:f?`:Z79e4oG? X;hfC��$C_7LR_~-W_R4JLC hfC

p

 :}�L:�?BV@TnhfC

p
:fD W_F9?FHW_e48uv&8;CK3®���$CLJL^=WHv�Y�R4�Le9>jo;:f?�J9C_WHF9VH? AEgLY ? XGC$J9C$>��K? XGJ9g$Y Xuv�JLe_hfv-W

σi : Q(u) →
Q(ui)


;8G?yFnhfCHWnC9�$CED C
σi(u) = ui

3�¢1R9XG?BF9XuhH? AEe�
uFHWU�Le9>@CLR9J9:1^=W_F
a ∈ Q(u)

h@g_h@:�I`F^ZouC$R9J9:
a = r(u)

8G?yF AEe4�LCE? C J9C_W_F4VH? AEg��$C_7LR_~-W_R4JLC
r(t) ∈ Q[t]


�JL:
deg r(t) < n

3¯ 6�>@F!hjg4hj:�IKF!^fouC$R4JL:
σi(a) = r(ui)

3�6�WHh@D Xuh@>@C �GF�
,FHW�C
σ : K → C

:�D W_F9?&^=W_F9YJLCHW_C$J9C$>��K? XGJ9g$Y�
;hjg4hj:1C
σ
:fD W_F9?GC�hfF9R_hfC4h@?BA$g$Y1XuhfC

Q
3-¯ 6¤>@F�I`Fn:fD W_F9?

σ(p(u)) = σ(0) = 0 = p(σ(u)).��>@e48;J9F�hfC³CL�$CED C³JLF4Y C$V@i_8;:fD,XuhfC X;R4J9�$^Z>@F4X;JLF�g_hH?�hfC
σ(u)

:fD WHFL?�J$DBF�:}AMhZv-W
ui>H?BSj~-W�
;e4>@FUAEF9?GC

σ
:fD W_F9?G^=W_F4YN:}A�hfv-W

σi
3

¨ %-����0�ª&« ��¬ � ��BR<�H a Q?W a ∈ K = Q(u)
dlN
XR�{d^mi@qWrf?<�: ` dlV
monM:?mi@pd�fKnq@h<LY*dG>�Y=d^m a`La :=b < ` J�Y=d K :=<�W=XI:O<?BhY*d

fa(t) =

n
∏

i=1

(t− σi(a)).

��:Oh@iw<LC$THI`:f?BF�hfC$R�C$>H? X;JLC$t�hfC$RwXGR4JLJ9:Zhj>H? AEC$t��$C_7LR_v-W_t4JLC$R�
uI`F VH?BF4hjR4�9~�XGC$R4JL:^=W_F �$g$>H? XGJ9F�oEv�>HD Y�h@iHW�F_�$g$V@:f?B°@TOhfC$R�
LhfCnCL�LCED C�IKF�J9F9Y �KFHW_:fDEou>@T9XG?BJLC�XuhfCn:}�$g$J9:}WHCIK:Z~�>ji9J9F;3
¨ %-����0�ª&« ��¬ � 7 9$fsY3b

R[t1, ..., tn]
F^<?HyY^t*VsBkdL> ` dlVEmob�:Lti@xb�:ov�7 9$fsY{b Sn g�fxmi@T@qW^Y_NhB �Hy�,d*@ a F*<.@qW^YO<?Q?uOfyW{bM:1Y3bM: n fsY=dGB � W=X b�:ov��qBR<6H a Q?W @qW^Y a QSWOfsg σ ∈ Sn

HU<SB�H a QSW` d|VEmon�:Smi@ d f ∈ R[t1, ..., tn] e d|N
XR�{d*mG@TW�Y=d ` d|VEmon�:Smi@ d
fσ(t1, ..., tn) = f(tσ(1), ..., tσ(n)).7 9;:=< ` d|VEmon�:Smi@ d]dL:id=@ a �3WiYO<SBEfxmi@T@TWiY_NPB\HKJ e <S:}HU<?By@TJL:id]<S: fσ = f

DEBR<�H a QSW σ ∈ Sn
v

� ª&%�� ��0*� ��¬ ��7 9$fsY3b"J^Y^BPu � d^mi@qW�@TXR<�W ` u*HyYO<Ufsg L WG:oJG>;fKnq@h<LY*dG>
K
vp9 ` Xkfsgy>;uOfsY3b` d|VEmon�:Smi@ d p ∈ K[t], deg p(t) = n

H?<?B dGB
N
XR�3WO> Y=d^m
p
W*XI:O<?BpdGB

u1, ..., un ∈ L
v � :

h(t1, ...tn) ∈ K[t1, ...tn]
W=XI:=<SBhfhmG@ @qW^Y~NPB\HKJ e Y^J^Y*W h(u1, ..., un) ∈ K

v�
` JLFGW*B z?gEv d�79^}�$:��$g$>@? XGJ9F 24352�q � 2�� 3� ";�n% �-0�� ��¬ ����B]fxmS:�Y=W~VUWOfPY^uO>&Y*d*m ` dlV
mobM:ot^@ d^m fKnq@P<oY=dL>6W=XI:=<SB NPgEY=dGX]<ONPBRQS@pdGX eFogGV?<UFo�

fa(t) ∈ Q[t]
v�

` JLFGW*B z?gEv ¯ ¢¤�Lv�Y�^fouC$R4JL:O�L:�? 
K^fouC$R4JL: a = r(u), r(t) ∈ Q[t]
AEF9?

deg r(t) < n
31z|C�$C_79R4~-W_R4JLC�Xu~�JLF_hfC$Y1�LFLDB>�W_:f?uh@iHWU:Z°@T4YNJ9C$>��KT��

fa(t) =
∏

i

(t− r(ui)).

¢N?LX;R_W@h@:}7L:ZXuh@^ZY�hfC$R
fa(t)

:�D W_F9?9hji9Y|J9C$>��KT4Y
h(u1, ..., un)


LgL�$C$R¤h�C
h(t1, ..., tn)

:fD WHFL?^=W_FUX;R4JLJL:}hj>H? AEgn�$C_7LR_~-W_R4JLCnXuhfC
Q[t1, ..., tn]

3�z|^Z79C$Y�AEFL?EJ9:1ou>@T4XGi�h�CLR��$CL>HD X;JLF_h�CLY24352�
uCE?GX;R_W@h@:}7L:ZXuh@^ZY1hfC$R��$C_7LR_v-W_t4JLC$R�X;~�J9F4hfC$Y
h(t1, ..., htn) ∈ Q

3
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¨ %-����0�ª&« ��¬ § �q< fsY=dGB � W=XR< σi(a) dG:id*@ a �3dG:�YO<SB K � fhmS�*moD
� Y=d^m a v� ";�n% �-0�� ��¬ §

� v���d ` d|VEmon�:Smi@ d8fKnq@h<LY=dL> fa W=XI:=<SBP@ Xj<�FLtS:=<^@�g Y=d^m�W~V a�� BkfsY=d^m ` dlV
mobM:ot^@ d^m pa v
� v��q<

K � fhmS�*moD
�,Y=d^m a W=XI:=<SB�dGBPN
XR�{WO>�Y=d^m pa fPY=d C e @qW�YigE: HU<?QSW*@CB a :=<&W ` < �:O<^V?<^@
Z a :^W^YO<?B n/m �hd|Nsu{> e J ` d^m m W=XI:=<SB drZx<?QS@TJL>�Y*d*m ` dlV
mobM:ot^@ d^m pa HU<SBFiBj<SB Nsu^YGgy>}Y=d^m
n
v

� v���d8fsY=dGB � W=Xkd a ∈ Q
<�:�HU<SBP@qJG:id�<S:�JlVU< Y*d*m�YO<

K � fhmS�*moDs� e W=XI:=<SBPX f?<Uv
� v8��<6u � d^mi@qW Q(a) = Q(u) e <�:&HU<SBA@qJG:id&<�:&J|V?<,YO< K � fxmS�=moDs� Y=d^m a W=XI:=<SBFiBj<��hdlNsW^Y^B\H a @qW^YO<�zSt�Y=d^m?>Gv�
` JLFGW*B z?gEv d�7L^}�L:�IK:}~�>@i9J9F�PE3Bb � 2 � 3
¨ %-����0�ª&« ��¬ ±

� :�u � d*mG@TW�VhdiB ` JG:�YigE: W ` u^HKY=<?fsg Y=d^m Q, K = Q(u)
Zx<?QS@pdLt

n eHU<SBh@TXR<;Z a fsg Y=d^m (a1, ..., an)
<S:�Y=d�FLdLt^@qW�f?<�FGBR<S:Sm?fE@h<oY*B\HKJ � nhNhd `La :=b"< ` J�Y=d Q ed|N
XR�3d^mi@qW}fS<�FGBR<UH*NEXI:id^m?f?<�Yigy> Z a fPgy>�<UmUYG�y>r:=<�W=XI:O<?B��

∆[a1, ..., an] = [det(σi(aj))]
2

¯ �,Xuhfv g4h@?G:}�E? 79^}8GCLR9J9:¤JLDyFUe4747LiO<Le9X;i
(b1, ..., bn)

3�z|g4hj:�IKF�:fD WHFL? �

bk =
n

∑

i=1

cikai

8G?BF
cik ∈ Q, k = 1, ..., n

AEF9?
det(cik) 6= 0.

6��$gOh@iHWNXuhH? 8GJ9T1�$CLR¤AEeHI`:*JLCHW_C$J9C$>��`? XGJ9g
σi

;F_W�hfCHWU�L:f>@? C$>HD Xuv X;hfC

Q
:fD W_F9?GC�hfF9R_hfC4h@?BA$g$Y�
4I`Fn�Le9>jC$R9J9: �

∆[b1, ..., bn] = [det(cik)]
2∆[a1, ..., an].� ";�n% �-0�� ��¬ ±�� FiBj<?H*N
XI:id*m?f?<rH a Q?WpZ a fsgy>}DyBj<�Y=d K = Q(u)

W=XI:=<SBiNPgEYiJG>]<ONhBRQ�@qJL>HU<SBx@�g1@�gyFLWG:LBIHKJL>iv�9 ` XkfPgy>8<S: J|V?<(Y=< K � fhmS�*moDs� Y=d^m u W=XI:=<SB ` N
<GD�@P<oY^BIHKdGX�<ONhBRQ�@pdGX eYiJ^Y=W�g�FGBR<UH*NEXI:id^m?f?< H a QSWTZ a fPgy>}W=XI:=<SBhH?<?BPQ?W^Y^BIHKJL>;<ONPBRQS@TJL>Gv�
` JLFGW*B z?gEv ���$?B79^}8;C$R9J9:�h@i <$e4XGi�h@iHW!CL�LCEDBF!J9F9Y�<$C_79:ft4:f? 
 (1, u, ..., un−1)

3M6�WhfF X;R9SjR48;T hfC$R
u
:fD W_FL? CE?

u1, ..., un
IKF ^ZouC$R4JL:

∆[1, u, ..., un−1] = (detuji )
2 3U� DBFC$>HDBS@CLR9X;F1F4R4hjT9Y�h@i4Y�J9C$>��GT9Y�CHW_C$J9e9Sj:ZhfF9?

Vandermonde
C$>HDBS@CLR9X;F¤AEF9?_F4�LC$V@:f? ALW_t4:ZhfF9?g_hH?Ginh@?BJLTUhji9YNV@D WH:ZhfF9?GF_�$g

D =
∑

1≤i<j≤n
(ti − tj).

���$C$J9^=WHv�Y1I`FU^fouC$R4JL:

∆ = ∆[1, u, ..., un−1] = [
∏

(ui − uj)]
2.

��F9>@F_h@i4>@C$t4JL:�g_hH?�hfC
D
X;FHW �LC479R_~-W_R9J9C hfC$R

ti

�:fD W_F9?�FHWHhH? XGR4JLJ9:Zhj>H? AEg 
 e4>@F hfC

D2IKF!:fD W_F9?�X;R9J9JL:}h@>H? AEgG3 ���$C$J9^}W@v�Y�
&X;t4J �Gv-WHF!J9:nhfC!�Lg$>H? X;JLF�24352�
�hfC
∆
:fD WHFL?�>ji4hjg$YF4>H? I`J9g$Y_3����ED X;i9YwF��KC$t�hfF

ui
:fD WHFL?&VH?BF��KC$>@:}h@?BA$e J9:ZhfF4°@t hfC$R9Y�
&hfC

∆
I`F :fD WHFL?-AEF9?



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � b
VH?Be��KC$>@C�hfC$R|JLi4V@^=WE3 ¯ �,X;hZv :}�$D XGi4Y-JLDyF|C9�$CE?BF4V@T4�LC4hj: <Le4XGi

(b1, ..., bn)
3�z|g4hj:-XGt4J �;v-W_FJL:¤h�CHW�h@t_�$C��$CLRUV@:fDB°@F4JL:¤�L>H? W�IKF�:fD W_FL?

∆[b1, ..., bn] = (detcik)
2∆

JL:
cik
>@i_hfC$t4YwF4>H? IKJLC$t4Y�AEF9?

detcik 6= 0

�^}h@XG?-i

∆[b1, ..., bn]
:fD WHFL?->@i_h@gLY F4>H? IKJLg$YAEF9?EVH?Be��GC$>@C$Y�hfC$R�J9i9Vj^}W$3�z|^Z79C$Y�:fD W_FL?E�$>jC �KFHW_^ZY¤g_hH?uFHW g479F h�F
ui
:fD WHFL?$�$>jF48;JLF_hH? AEC$DF4>H? I`J9CED 
EhfC

∆
I`F�:fD W_F9?;IK:Zh@? AEg$YNF4>H? IKJLg$YNAEF9?;hfC DBVH? C�AEF9?Gi�VH?BF_AE>HD W_C$R4XGF�AEe_IK:1e_747Li4Y<Le9X;i9Y_3

����� ��)��;%�/�'O+.' /(�� "!$#&%('*),+.-0/1%('3254.+6-
� :}Au? W_e4JL:�h@iHWU�LF9>je48;>@F��KC�J9:1hfC_W�C$>H? XGJ9g :=W_g$Y1F4AE^Z>@F9? C$R�F_798;:=<$>@?BA$C$t�F4>H? IKJLC$tu3

¨ %-����0�ª&« ��¬ ��7 9;:=<?>�@pB DE<?FGB\HKJG>}<=NPBRQ�@qJL>
u
QS<�dL:id=@ a �3WiYO<SBP<?HKu[N
<SBkdL>;<*VLD
W[Z?NPBIHKJL>}<S:m `La N � W=BSuL:O<}@pdL:GB\HUJ ` dlV
monM:?mi@pd p(t) @qW�<?HKu[N
<?B d^m?>MfhmS:�Y=W~VKW{fPY^uO> e Y^u^Y*diBkdMnMfPY=W p(u) =

0
v���gGVU<?Fo��Q�<�Bkf � t?W=B un + an−1u

n−1 + ...+ a0 = 0
@qW}YO<

ai ∈ Z
v

� �-% �-� "K����0*� ��¬ ���]t^@ �Eb�:=< VhdiB ` JG:M@qW�Y=dG: ` <ON
< `La :=b&dlNhB f
@qJ e dA<=NPBRQ�@qJL> u =
√
−2W=XI:=<SBo<UHUu_NE<?BkdG>�<*VLD
W[ZSNhBIHKJL>�< �PdLt

u2+2 = 0
v �,<ONPBRQS@TJL>

t = 1/2(1+
√

5)
W=XI:O<?B�W ` XkfPgy><?HKu[N
<?B dL>�<*VLD
W[Z?NPB\HUJL> < �PdLt

t2 − t − 1 = 0
v(9;:^n <S:oY^XRQSWiYO< e d�<=NPBRQ�@qJL> m = 23/2@ ` d|N
W*XS:=<�B\HU<�:id ` diB W=X�YigE:AWOzoXkf?bMfPg 2m−23 = 0 e g8d ` dGXR<$FLWG:AW=XI:=<SBL@ dG:GB\HKJ ` dlVEmon�:SmG@pdovw=HU<�:id ` diB W=X�W ` XkfPgy>rYGgy: m − 23/2 = 0 e <*V?V a <UmUYG� FGWL:�u � W=BC<?HKu[N
<SBkd^m?>�fhm?:oY=W~VKWOfsYiu{>DEBR<(:O<�HU<UQ?BkfPY=dLt�:rY=d

m
<?HKu[N
<SBkd}<*VLD
W[Z?NPB\HUJ8<ONPBRQS@TJov

6��$gU:ZVj~�AEFL?L�L^Z>@F1I`F X;R9J_<$C_7LDySjC$R9J9:�J9:
B
h�C�XGtHW_C_7LC hZv-WOF_AE^Z>@F9?Bv-WNF4748;:=<$>H? A$~-WF4>H? I`J4~-WE3*¢ �$>j~&hfC$Y¤X;hjg9ouC$Y�I`FU:�D W_F9?$W_FUV@:fDB°@C$R4JL:�g_hH?;hfC

B
:fD WHFL?uR4�LC$V@F_A$h@t_7L? C$Y�hZv-WF_798;:=<$>@?BAL~-W�F9>H? IKJ9~-W

A
3 ��?yF�W_FU8GD W_:f?KF9R_h@gn�L>j~&hfFnV@:fD o$W_C$R4JL:�hfCwF_AEg_7LCLR_IKCU79T9J9JLFu3

	 �&0*0�� ��¬ � 7 9;:O<U>$@pB DE<?FGB\HUJL>�<=NPBRQ�@qJL>
u
W=XI:O<?By<?HKu[N
<SBkdL>A<*VLD
W[Z?NPB\HUJL> e <S:}HU<SBK@qJG:id;<S:g ` NhdLf
Q?W^Y*B\Hy� d=@ a F*< ` d^m D
WG:o: a YO<SBp< ` J�JlVUWO>�Y*Bk>�FLmS: a @qW=Bk> 1, u, u2, ...

W*XI:O<?B ` W ` W[N
< �fE@quG:=< ` <=N
<GDEJ*@TWL:ogEv�
` JLFGW*B z?gEv ¯ �,X;hZv �L>j~&hfF³g4h@?�C F4>H? IKJLg$Y u :fD W_FL?*F4AE^Z>@F9? C$Y F4748;:=<$>H? AEgLY43�z|g_h@:X;t9J��Gv-W_F�J9:1hfC_W�C$>H? XGJ9g��LC$RnVj~�X;F4JL:¤IKFn:fD W_FL?

un + an−1u
n−1 + ...+ a0 = 0, ai ∈ Z.

� 293 2 �
� X;o;R4>H?BS@g$J9F9Xuh@:�g4h@?9AEeHI`:*V@t_WHF9J9iNh�CLR

u
<$>HD X;AE:}hfF9?4J9^fX;FOXuh@iHW1�L>@C$XEI`:}hH? AETOCLJLe4V@F1�$CLR�$F4>@e_8;:ZhfF9? F4�Lg h�F

1, u, u2, ..., un−1 3 �1F X;R9J_<$C_7$DBS@CLR9J9:�F4R_h@THW�h@iHW CLJLe4V@F�
 ��3 6��$gh@iHWUXGou^ZXGi 24352�
$<97L^}�$CLR9J9:¤g_hH?
un ∈ Γ

3����$F_8;v&8G? AEe�
;F_WU^Zo;CLR9J9:
m ≥ n

AEFL?
um ∈ Γ


IKFn:fD WHFL?
um+1 = um+1−nun = um+1−n(−an−1u

n−1 − ...− a0) ∈ Γ.

sUi_7LF4V@T�AEeHIK:&V@t_WHF9J9i�hfC$R
u
<$>HD X;AE:}hfF9?�JL^ZX;F¤Xuh@iHW ��3@z�~�>@F|8G?BF�hfC¤F_WHh@D Xuh@>@C �GCK3�
¤�$C�	IK^ZhfC$R4JL:�g4h@?9AEeHI`:�Vjt_W_F4JLiNhfC$R
u
S@:f?$J9^fX;FOX;:|J$DBFN�$:}�$:Z>@F4X;JL^=W_F1�LF9>@F_8;g$JL:=W_i¤�$>@C$XEIK:
	hH? AET�C$JLe4V@F

G
3�­µR_�$C$C$J9e9VjF

Γ ≤ G
�$C$R �$F4>@e_8;:ZhfF9?EF4�LgUhH? Y¤V@RHW_e9J9:f? Y

1, u, u2, ..., un�$>j^Z�L:f? A$FL? F4R4hjT�W_Fw:fD W_FL? �$:}�L:f>jF9X;JL^=W_F��$F4>@F_8;g$JL:=W_iu3�¢¤�$g_h@:NIKFwIK:}v�>@T9X;C$R4JL: g_hH? iC$J9e9V@F ��^Zou:f?u8;:=W@W_T_hfC$>@:ZY
v1, v2, ..., vn
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�h@g_h@:�i
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√
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√
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a ∈ K e YiJ^Y=W]DEBR<8H ao` dGB d c 6= 0, c ∈
Z
Q�< u � d^mi@qW ca ∈ D

v�
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I`F�:fD W_F9?
K = Q(b)

3�6��$g hfC�79T4JLJLF!293 P�IKF�? X;o;t4:f?�g_hH?
u = cb, c ∈ Z, c 6= 0

3U���LC$JL^=WHv�Y�
:fD W_FL?u�L79^ZC_W��$>jC �KFHW_^ZYNg_hH?
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HU<SB uOfsY3b J^Y*B
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F_7979eUV@:=W�X;i9J9FLD W_:f?GF_�$F4>@F9D h@i_hfF�g_hH?;F9R_h@T�:fD WHFL?uAEFL?;i�<Le9X;inF_AE:Z>@FL?Bg_h@i_hfF9Y|hfC$R
K
3�6�W�$e4>@C$R4JL:|X;FHWO�$F4>@e4V@:f? 8;JLFNhfC

K = Q(
√

5)
AEF9?Lh�CUX;hfCE? ou:fD C�F9R_hfC$t 1

2 + 1
2

√
5
hfCnCL�LCED C? AEFHW_CL�$C$?y:fD@h@iHW¤:Z°HD Xuv�XGi

t2−t+1 = 0

H<L79^}�$C$R4JL:&g_hH?4:=WH~�:fD W_F9?4e_798;:=<L>H? AEg$Y,F4AE^Z>@F9? C$Y�
V@:=WUF_W_T_AE:f?uX;hfC

Z[
√

5]
3���>@C4oEv�>@C$t4JL:¤h�~�>@F�XG? 8;enXK? 8Ge�W_FnhfFnF4�LC$V@:fDB°@C$R4JL:�g_7LFnF4R_h@eAEF9?uW_F�h�FUV@C$t4JL:1Xuh@iHW��$>@e4°@iu3

	 �&0*0�� ��¬ ±579�fsY3b
K
fynT@h<(<ONPBRQS@Cn�:�HU<SB {a1, ...an}

@TXR<;Z a fsg1Y*d*m ` d*m�< ` diY=W~VUW*X �YO<?Bq< ` J�<UHUu_NE<?Bkd*m?>�<*VLD
W[ZSNhBIHKdLtS>Gv ��J^Y=W�g�FGBR<UH*NEXI:id^m?f?< ∆[a1, ..., an]
W=XI:=<SBq<?HKu[N
<?B dL><ONhBRQ�@qJL> e FGB a �hd|NhdL>8Y=d^m�@�gyFLWG:oJL>iv�

` JLFGW*B z?gEv Q�t9J��Gv-W_F³J9: hfC�I`:}~�>@i4JLF 293 r�°@^Z>@C$R4JL: g4h@?*i ∆
:fD W_F9?,>@i_h@gLY F9>@? I`J9g$Y43�*D W_FL?uAEF9?uF_AE^Z>@F9? C$Y�F_798;:=<$>@?BA$g$Y¤F��KCLt�:fD W_F9?

a ∈ B
3&���LC$JL^=WHv�Y�
uF4�LgnhfCn7LT4JLJ9Fw243BbNI`F�$e4>@C$R4JL:�g4h@?$:�D W_F9?$F_AE^Z>@FL? C$Y43�z|^}7LCLY�
4hfCUg_hH?EV@:=W :fD W_FL?9JLi4V@^=W JLF4Y|h�C�:Z°@F9X��KF_7LDySj:�?4�$e_7$?hfCnI`:}~�>@i4JLF 243 ru3� ";�n% �-0�� ��¬ ´
� a QSW�F^<?HyY^t*VsBkdL> D e WL:LJL>AfKnq@P<oY=dL>�<ONPBRQS@pnM: K e u � W=B=Z a fPg�<?HKW[N
<?BjJ �YGgEYO<?>]HU<SB
g ` NhdLf
Q?W^Y*B\Hy� d=@ a F^<�Y=d^m D

W=XI:=<SBEWlVUW*t?QSW[NPg�<OZpW~VPBR<S:o� e Y a z?gy> n e Xkfsg�@qW�Y*dZh<UQ�@qJ8Y=d^m
K
v�

` JLFGW*B z?gEv ¯ �,X;hZv u
F4AE^Z>@F9? C$Y�F_798;:=<$>@?BA$g$Y�A$FL?

K = Q(u)
3 
¤�$e4>@ou:f?�JLDyF�<$e4X;i hfC$R

K

`^ZX;hZv©i {

1, u, ..., un−1
} 
Ki CL�LCEDBF�F4�LC4hj:}7L:fD hfF9?;F_�$g F4AE^Z>@F9? C$R4YNF_798;:=<L>H? AEC$t4Y�
;F_7�	79ewoEv�>HD Y W_Fw:fD W_FL?`F_�$F4>@F9D h@i_hfF�<Le9X;i�F4A$:f>jFL?Bg_h@i_h�F4Y_3|6��Lg hfC 79T9J9JLF 243Bb�
`^ZouC$R9J9:Og4h@?

∆[1, ..., un−1] ∈ Z∗ 3 ���LC$JL^=WHv�Y�
-:}�E? 79^}8GCLR9J9:UJ$DBF <Le9X;i �$CLR F4�LC4hj:Z79:fD hfFL? F_�$g!F4AE^ 	>@F9? C$R4YNF_798;:=<$>@?BA$C$t9Y {ω1, ..., ωn}
AEF9?;8G?BFnh@iHWnCL�LCEDBF�W_Fw? X;out9:f?Gg_hH?Gi |∆[ω1, ..., ωn]|


W_F�:�D W_F9?EiU:}79e9o;? Xuh@i�V@RHW_F4hjT;3 � XGouR4>H?BS@g$J9F9Xuh@:�g4h@?;F4R_h@T :fD WHFL?uJ$DBFO<$e4XGi�F_AE:Z>@FL?Bg_h@i_hfF9Y_3¯ �,Xuhfv�g_hH? V@:=W�:fD W_F9?�3�z|g_h@:NIKF R_�$e4>@ou:f?KAEe4�LCE? C$YOF_748G:=<L>H? AEg$YOF_AE^Z>@F9? C$Y
ω ∈ Q(u)


`CCL�LCED C$Y�8G>je��G:ZhfF9?
ω = a1ω1 + ...+ anωn

JL:1hfF
ai ∈ Q

AEF9?;AEe_�$C$?yF�F4�Lg�F9R_h@e�h�F
xi

g4oG?;F4�LF9>jFLD hji4hfF g_7LF�
$W_Fn:fD W_F9?GF_AE^Z>@FL? CE?/3�¯ �,Xuhfv g4h@?

a1 /∈ Z
3�z|g4hj:¤IKFn:fD WHFL?

a1 = a+ r, a ∈ Z, 0 < r < 1.

�1^}hfC$R9J9:
y1 = ω − aω1, yi = ωi, i = 2, ..., n.

� F9?fhj~�>jF�i {y1, ..., yn} 
j:fD WHFL?jJLDBF�<$e4XGi*�$C$R|F_�$C_h@:}79:�D h�F9?}F4�Lg¤F_AE^Z>@F9? C$R4Y�F_798;:=<L>H? AEC$t4Y43­®C$>HDBS@CLR9X;FU�$CLRU:fD W_FL?;XGou:}hH? AETUJL:1hji_W�F_7979F48;TO<$e4X;i9YNF_�$gnhfF
ω
X;hfF

y

u:fD WHFL?;i

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1 − a a2 a3 ... an
0 1 0 ... 0
0 0 1 ... 0
.. .. .. .. ..
0 0 0 ... 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

= r.



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � �
���$C$J9^=WHv�Y1I`FU^fouC$R4JL:

∆[y1, ..., yn] = r2∆[ω1, ..., ωn].

6��$g¤hji_W|X;h@? 8;JLT|�$C$R�^ZouC$R4JL:&R_�$C9IK^ZXG:f?jg_hH?j8G?BF�hfC
r
? X;o;t4:f?

0 < r < 1

 �Ghje_W_CLR9J9:&XG:�F�	WHh@D I`:ZX;i¤X;:�g4h@?4F��KC$>je�hji_W�:}�$?B79C_8GT|J9F9Y�8G?BF�hji {ω1, ..., ωn}


_g4h@?Hi |∆[ω1, ..., ωn]|
:fD W_F9?:}7Le4o;? Xuh@iu3*���$CLJL^=WHv�Y C ? XGouR4>H? X;JLg$YOJ9F9YOT_hfF_WUX;v�Xuh@gLY�
KV@i479F4V@TniU<Le9X;i {ω1, ..., ωn}:fD W_FL?`<Le9X;i�F4AE:Z>@F9?Bg4hji4hfF4Y43O¢¤�$g_h@: i

(D,+)
:fD W_F9?�:}79:Zt_IK:Z>@i�F_<L:}7$?BFHW_T�C$JLe4V@F�
`h@e4°@i4Y

n
3 ��:}h@e¤hji_W¤F_�$g$Vj:�?B°@i�F4R4hfC$t�hfC$R�IK:}v�>@T9J9F4hfC$Y �Ghje_W_CLR9J9:*XuhfC�:Z>j~&hji9J9F¤hji9Y�:Zt4>@:ZXGi4Y<Le9X;i9Y¤F4A$:f>jFL?Bg_h@i_h�F4Y�
98G?BF��L:f>@?B�9hj~�X;:f? Y1gL�9v�YNF4R4hjT�hfC$R

Q(
√

5)

ugL�$CLR�<Le9X;iUF_AE:Z>@F9?yg�	h@i_hfF9YUV@:=W :fD W_FL?�i

Q
	 <Le9X;i {

1,
√

5
} 3 ¯ �,XuhZv®^=W_F X;hfCE? o;:fD C hfC!CL�$CED C WHF!FHW_T_AE:f?�XuhfC

Q(
√

5)
3�6�R4hjg�IKFn^Zou:f?KJLC$> �KT

p+ q
√

5, p, q ∈ Q
3�6�R_h@g�h�C�XuhfCE? ou:fD C�^Zo;:f?K:}79e9o;? XuhfC�$C_79R4~-W_R4JLC

t = p+ q2 ⇔ t2 − 2pt+ p2 = 5q2 ⇔ t2 − 2pt+ (p2 − 5q2).

¢µF9>@? I`J9g$Y
p+ q

√
5
I`Fn:fD W_F9?uF4AE^Z>@F9? C$Y�F_798;:=<$>@?BA$g$Y�
LF_W�AEF9?uJLgHW_C�F_W�CE?;XGRHWHhj:Z79:ZX;hj^ZYF4R4hfC$t�h�CLRN�$C_7LR_v-W_t4JLC$R�:fD WHFL?LF_AE^Z>@F9? CE?_F9>@? I`J9CED/3-sUi_79F9V@T

p, p2−5q2 ∈ Z
3��,�LC$JL^=WHv�Y

p = 1/2P, P ∈ Z
3 ��?BF

P
e4>jhH? C 
;^fouC$R4JL:¤g4h@?`C

p2 :fD W_F9?KF4A$^f>jFL? CLY�
E�LC$R�XGi4JLF9D W_:f?Kg_hH?AEF9?�C
5q2

:fD W_F9?�F_AE^Z>@F9? C$Y�
`�$CLRwAEeHW_:f? h�CHW
q
W_F :fD W_F9?�F_AE^Z>@F9? C :}�ED XGi4Y43 6|W C

P
:�D W_F9?�$:Z>H? hjh@gLY*F4>H? IKJLg$Y�
H<$>HD X;AECLR9J9:,g_hH?

q = 1/2Q

HgL�LC$R

Q
:fD W_FL?H:}�ED XGi4Y*�L:f>@? hjhjg$Y*F_AE^Z>@F9? C$Y_3���$C$J9^=WHv�Y�<L79^}�$C$R4JL:*g4h@?$C�V@F_A$hjt47L? C$Y�F_AE:Z>@F9D v-WN:fD W_F9?LC

D = Z[ 12 + 1
2

√
5]
A$FL?LiN<Le9X;i

F_AE:Z>@FL?Bg_h@i_hfF9Y�:fD WHFL?;i {

1, 1
2 + 1

2

√
5
} 3

	 �&0*0�� ��¬ � 7 9$fPY3b
G
W~VKW*tSQ?W[NPg1<OZpW~VPBR<S:o�&d=@ a F*<1Y a z?gy> n e @qWAZ a fPg {a1, ..., an}

v7 9$fsY{b"J^Y^Bxu � d^mi@qW8Y=dL: ` XI:O<UHU< (bij)
@TW

bij ∈ Z
v}��J^Y*W;YO< fPY=dGB � W*XR<

yi =
∑

i

bijaj< ` d^Y=WlVPdLtS:}@TXR<�Z a fsg1DEBR<�YigE: G e <S:�HU<SBP@TJL:id�<�:�d (bij)
W=XI:=<SB

unimodular
v�

` JLFGW*B z?gEv z|F yi F_�$C_h@:}7LCLt_W!<$e4X;iM8G?BF³h@iHW G 3£¯ 6¤>@F³AEF9?�hfF ai 8;>@e��KCHWHhfFL?�X;FHW8;>@F4JLJ$? AEC$DGX;R_W_VjR9F4XGJ9CED;hZv-W
yi
3&�*D W_F9?

ai =
∑

j

cijyj .

6|W
(cij)

C��ED W_F_AEF4Y�hfv-W!XuhfCE? ou:fD v-W
cij

&�$F4>@F_h@i4>@C$t4JL:ng_hH?

(bij)(cij) = Id

�^}hjXK?&CE?�ED W_F_AE:ZY�F9R_hfCEDfIKF¤:fD W_F9?@F_W@hH? Xuh@>@^ � ?yJ9CE?jAEF9?�I`F��$>j^Z�L:f?fW_F�^fouC$RHW|FHWHh@? X;hj>@^ � ?BJLi�C$>@DySjC$R9X;FXuh�C

Z

GV@i_7LF4V@T

det (bij) = ±1
3� ";�n% �-0�� ��¬ ���(7 9$fPY3b J^Y*B {a1, ..., an}

W*XI:O<?BP@TXR<
Q � Z a fsg1DyBj<�uG:=<�fKnq@P<�<ONPBRQS@Cn�:

K
v � : g6FGBR<UH*NEXI:id^m?f?<

∆[a1, ..., an]
W=XI:=<SB <ONhBRQ�@qJL> W~VUW*t?QSW[NxdG> Y=WiY_N
<GDKnM:=b�: e YiJ^Y=W�g

{a1, ..., an}
Q�< W=XI:=<SBoZ a fPg�<UHKW[N
<SBjJ^YGgEYO<U>iv�

` JLFGW*B z?gEv ¯ �,XuhZv J$DBF�<Le4XGinF_AE:Z>@F9?Bg4hji4hfF4Y {b1, ..., bn} 3�z|g_h@:�I`F�? XGout4:�?
∆[a1, ..., an] = (detcij)

2∆[b1..., bn].

6 �KC$t i
∆[a1, ..., an]

:fD WHFL? F9>@? I`J9g$YU:}79:ftHIK:f>jC$Y�hj:Zhj>@F_8;~-W@v-W F_�$g hji_WwR_�$g4I`:ZX;i�
`IKF�$>j^Z�L:f?Ki�C$>HDBS@C$R4XGF
detcij = ±1


KVji479F9VjT�C �ED W_F_AEF4Y
bij
W_F�:fD W_FL?

unimodular
3|���$C�	JL^=WHv�YOF_�$g�hfC�7LT4JLJ9F 243yx�i�<$e4XGi {a1, ..., an}

IKF�:�D W_F9?u<Le4XGi�F4AE:Z>@F9?Bg4hji4hfF4Y43



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � 2jq
� �-% �-� "K����0*� ��¬ �87 9$fPY3b J^Y^BTu � d^mi@qW�Y=d ` Nhdog?D
dLt^@qWG:id ` <=N a FLW=B D�@h< e FLgLV?<?Fo� K =
Q(

√
5)
v$7 9�fsY3b,W ` X fPgy>$g Q � Z a fPg�Y=d^m {

1, 1
2 + 1

2

√
5
} v���<?X Nx:id^mi@qW$Y=d^m?>$FLtSd]@pdG:id=@ d|N ��PB f
@pdLtS>

σi : Q(
√

5) → C, i = 1, 2
vp9$XI:O<?B��

σ1(p+ q
√

5) = p+ q
√

5

σ2(p+ q
√

5) = p− q
√

5,DEBR<
p, q ∈ Q

vT9 ` d=@quG:=bM>�g�FGBR<?H*N
XI:id^m?fS<�<UmUYG�y>;YGgy> Z a fsgE>;QS< W=XI:O<?B
∆[1,

1

2
+

1

2

√
5] =

∣

∣

∣

∣

1 1
2 + 1

2

√
5

1 1
2 − 1

2

√
5

∣

∣

∣

∣

2

= 5.7 � ` d^m]Y=d���W=XI:O<?BL<ONPBRQS@TJL>qW~VKW*tSQ?W[NhdL>�Y=W^Y~N
<GDKnM:=b�: e W ` d=@quG:=bM>qf
ti@ �
bM:=<�@qW�Y=d�QSWOnhNsgy@P<
� v ��� g�Z a fsg {

1, 1
2 + 1

2

√
5
} e W*XI:O<?BoZ a fsg�<?HKW[N
<?BjJ^YGgEYO<?>Gv

� �-%���¡;�-%`�&�,��� d�7L^}�LC$R9J9:1g_hH?`hfC FHWHhHD X;hj>@C �KC h�CLR�IK:}v�>@T4JLF_h�CLY�24352�q�V@:=Ww? X;out9:f?`X;:F4R4hjT_W hji_W��$:Z>HD �LhZv�X;i;3

���	� 
 ��%�46/ ),/�'"-�� ! + $
Q�:OF4R_h@TUhji_WU�$F4>@e48;>@F��KC�IKF�F9X;ouC479i_IKC$t4JL:¤JL:Nh@iUWHg$>@JLF�AEF9?GhfC D oEWHC$YO:=W_g$Y X;hfCE? 	ou:fD C$R

a ∈ K
3 � :}Au? W_e4JL:¤VHD W_C_W@h�F4YNhfC$R4Y1C$>H? XGJ9C$t9Y_3

¨ %-����0�ª&« ��¬ ´ �qBj<�H a QSW a ∈ K
d|N
XR�3d^mi@qW�:LJ|N
@h<�:O<�W*XI:O<?BPg
N(a) =

n
∏

i=1

σi(a)HU<SBPX � :idL>
T (a) =

n
∑

i=1

σi(a).

� ^Z>@C$R4JL:�g4h@?�hfC!�LC479R4~-WHR9J9C X;~�J9F4hfC$Y�:fD W_F9?�J$DBF V@tHW_F4JLi hfC$R :}79e9o;? XuhfC$R �LC479R_v�	W_t4JLC$R h�CLR
a
3©���$C$J9^=WHv�Y�
*AEF9?*X;t9J��Gv-W_F³J9: F9R_h@e �$C$R ^fouC$R4JL:w�$:f?,v�Y h�~�>@F�
�C

aIKF :fD WHFL?�F4AE^Z>@F9? C$Y�F4748;:=<$>H? AEgLY�
 FHW AEFL? JLgHW_C!F_WwhfC �$C_7LR_~-W_R4JLC Xu~�JLF_h@g$Y�h�CLR�
�^Zou:�?X;R_WHhj:}7L:ZXuh@^ZYNF_AE^Z>@FL? C$R9Y�F4>H? I`J9C$t4Y43�6 �GC$tnhfC��LC479R_~-W_R9J9C�X;~�J9F4hfC$Y1:�D W_F9?
fa(t) =

n
∏

i=1

(t− σi(a)),

IKF ^Zo;CLR9J9:�g_hH? F_W C
a
:fD WHFL? F_AE^Z>@FL? C$Y�F_748G:=<L>H? AEg$Y�
`h@g_h@:�iwW_gL>@JLF hfC$RwAEF9? hfC�D o$W_C$YhfC$RnI`Fw:fD W_FL?`F_AE^Z>@F9? CE?KF4>H? IKJLCED/3��*D W_FL? :}�ED X;i4YN�$>@C �GF_WH^fY�
`g_hH? F��KC$twCE?

σi
:fD W_F9? J9C_WHC�	JLCL>��`? X;JLC$DK^Zo;CLR9J9:�


N(ab) = N(a)N(b), a, b ∈ K
AEFL?;g4h@?GFHW

a 6= 0
h@g_h@:

N(a) 6= 0
3

� %�ª�¡u�-�,� ��¬ � 7 9$fPY3b
K = Q(u)

uG:O< fKnq@P<,<ONPBRQS@Cn�:&HU<SB$Y=d
u
:=<,u � W=B$WlV a�� B �fsY*d ` d|VEmon�:Smi@ d p, deg p = n

v6��J^Y*W�g
Q � Z a fPg {

1, u, ..., un−1
} u � W=B FGBR<UH*NEXI:id^m?f?<

∆[1, u, ..., un−1] = (−1)n(n−1)/2N(Dp(u)) e J ` d^m Dp W=XI:=<SBhg ` <ON a DKb�D
dL>�Y=d^m p v



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � 292�
` JLFGW*B z?gEv ¯ ¢¤�9v�YN^ZouC$R9J9:1V@:f?;X;hji_WUF4�Lg$V@:f?B°@i�hfC$R�I`:}v�>@T4JLF_hfC$Y�243 r�
u:fD WHFL?

∆ = ∆[1, u, ..., un−1] =
∏

1≤i<j≤n
(ui − uj)

2,

gL�LC$R
u1, ..., un−1

:fD W_F9?;hfFUX;R4S@R48;TUhfC$R
u
3�¯ �,ouC$R4JL:

p(t) =

n
∏

i=1

(t− ui),

Dp(t) =

n
∑

j=1

n
∏

i=1,i6=j
(t− ui)

:}�$C$J9^=WHv�Y
Dp(uj) =

n
∏

i,j=1,i6=j
(ui − uj).

��C4747LF_�L79F4XK?Be4S@C$R4JL:�h�~�>@F�g479:ZYNF4R4hj^fY�hH? Y1:f°@? X;~�X;:f? Y18G?BF
j = 1, ..., n

AEF9?u�LFLDB>�W_CLR9J9:
n

∏

j=1

Dp(uj) =
n

∏

i,j=1,i6=j
(uj − ui).

z|C F9>@? X;hj:Z>@gOJL^}79C$Y*hji9Y�:Z°HD X;v�X;i9Y�:�D W_F9?_i
N(Dp(uj))

3���?BF¤hfC V@:Z°HD9J9^Z79C$Y*^fouC$R4JL:�hfC_W�$F4>@e_8;C_WHhfF
ui−uj

W_F�:fJ��KFHW4DBS@:}hfFL?LVjt9C �KC$>@^ZY�
EJ$DBF X;F_W
ui−uj

AEF9?$J$DBF XGFHW
uj −ui

3z|C�8K? W_gLJL:=W_C!V@t9C hj^ZhfCE? v-W �$F4>@F_8GgHWHhZv-W :fD WHFL? −(ui − uj)
2 3�¯ ¢¤�Lv�Y�:fD �$F4JL: �E? C��L>H? WXuh@iHW F4�Lg$V@:f?B°@i�
LF4R4hjgU:fD W_F9?ui VH?BF_AE>HD W_C$R4X;F �LC47479F4�97LF4XK?BF4XGJ9^=W_i1J9:

(−1)s
gL�LC$R

s
:fD W_FL?hfC �L79T_IKC$Y hZv-W Sj:fR_8u~-W

(i, j)
h�C C9�$CED C :�D W_F9?

s = 1
2n(n − 1)

3 � F4hfF_7LT4°@F4JL:179CE? �$gHWXuh�C�S@i_hfC$t4JL:=W_C
∆[1, u, ..., un−1] = (−1)n(n−1)/2N(Dp(u)).

����� ��/() �����&'O+6',/(),!�%�/�-�� !
Q�:�F4R4hjT_W�hji_Ww�LF9>@e_8;>@F��KC IKF V@CLt9J9:�hfCHW�h@>@gL�LC JL: hfC_W CL�LCED C IKFw<L>HD XuAEC$R4JL: V@F�	A$hjt47L? C$R4Y�F4AE:Z>@F9D v-W�
&8G?BF ^=W_F X;~�J9F�F4>H? I`J4~-WE3M6�R4hjg³F4�LFL? hj:fD�F9>�AE:}h@^ZYw�L>@e4°@:f? Y�
�F_7�	79e J9:wV@?ye��KCL>@:ZYwhj:fo$W4? AE^ZY�I`F!hH? YwJL:f? ~�X;C$R9J9:�g$XGC�J9�$CL>@C$t4JL:��$:Z>H? X;X;g4hj:f>jCK3����ED XGi4YIKF V@C$t4JL:�g_hH? V@:=W ^ZouC$RHWwg479F�h�FwXu~�JLF_h�F F9>@? I`J4~-Ww<Le4XGiwF4A$:f>jFL?Bg_h@i_h�F4YNh@i4YUJ9C$>��GT9Y

{

1, u, ..., un−1
} 3� ";�n% �-0�� ��¬ ��� � a QSWMm ` dLd=@ a F*< H @CBj<?>�W~VKW*tSQ?W[NPgy>q<=ZCWlVsBR<S:o�y>Md=@ a F^<?> G Y a z?gy> n eW=XI:=<SByHU<SBK<UmUYG��WlVUW*t?QSW[NPg�H?<?Byu � W=BEY a z?g s ≤ n

vp9 ` B ` VPu*dG:�m `oa N � W*B?@TXR<MZ a fsg b1, ..., bnYGgy>
G
HU<SByQ?W^Y*B\HKdGXy<?HKu[N
<SBkdGBK<ONPBRQS@pdGX

a1, ..., an e Yiu^Y=dGBkdiBUnMfPY=W$g a1b1, ..., anbn
:O<�W=XI:O<?B@TXR<�Z a fsg1DyBj< YGgE: H v�

` JLFGW*B z?gEv d�79^}�$:|I`:}~�>@i4JLF 293 2@P � 2 � 3� ";�n% �-0�� ��¬ � �.79�fsY3b
G
@ Xj< ` NxdGfsQSW^Y^B\HK� m ` dLd=@ a F^<&Y=d^m D e Y a z?gy>(JLfyd1drZx<?Q �@qJL>�Y=d^m

K e @qW$Z a fsg&<?HKW[N
<?BjJ^YGgEYO<?> {a1, ..., an}
v���J^Y=W�g�Y a z?g |D/G| FGBR<SB N
W*XqYGgE:

∆[a1, ..., an]
v



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � 2@P�
` JLFGW*B z?gEv Q�t4J �;v-W_F JL:!h�C IK:Z~�>ji9J9F 293 292!I`F R_�$e4>@ou:f?�JLDBF <$e4X;i F_AE:Z>@FL?Bg_h@i_hfF9Y

{b1, ..., bn}
8G?yF�hfC

D

�h@^}hfCE?BF�~�X;hj: i R4�LC$C$JLe4V@F h@i4Y

G
W_F ^Zo;:f?�<Le9X;i F_AE:Z>@F9?Bg4hji�	hfF9Y {m1b1, ...,mnbn}


&8G?BF�AEF4hje47479i479F
mi ∈ Z

3�6 �GC$t!A$e_IK:�F4747LF_8;T <$e4X;i9Y�^Zou:�?
unimodular

�$D WHF4AEF�
$IKF�? X;o;t4:f?Gg_hH?
∆[a1, ..., an] = ∆[m1b1, ...,mnbn]

3&�*D W_F9?
∆[m1b1, ...,mnbn] = (m1...mn)2∆[b1, ..., bn] = (m1...mn)2∆,

gL�LC$R
∆
:fD W_F9? i VH?BF4A$>HD W_C$R4XGFwh�CLR

K
V@i479F4V@T F_AE^Z>@F9? C$Y F4>H? I`J9g$Y_3N¯ �,o;CLR9J9:�g$J4v�YUAEF9?g_hH? |m1...mn| = |D/G| 3&���$CLJL^=WHv�YNi |D/G| VH?BFL?B>@:fD;hji_W ∆[a1, ..., an]

3��>@C9oEv�>@CLt9J9:�JL:�JLDBF1�$>@g_hfF9X;iNiOCL�LCEDBFNC$R4XK?BF4X;h@? AEe1:fD W_F9?LJ$DBF18;:=W4D AE:ZR9X;i1hfC$R1�L>@C$i�	8;C$t4JL:=W_C$R I`:}v�>@T4JLF_hfC$Y43
� %�ª�¡u�-�,� ��¬ ��7 9$fsY3b,J^Y^B

D 6= G
v]��J^Y*W�m `oa N � W=B?<?HKu[N
<SBkdL>�<^VLD
W[ZSNPB\HKJL>M<=NPBRQ�@qJL>�YigE>@pd|N �x�y>

1

p
(l1a1 + ...+ lnan)J ` d^m 0 ≤ li ≤ p − 1, li ∈ Z

HU<?B
p
W=XI:=<SB ` Nyn�Y=dL>�<ONPBRQS@qJG> e Yiu^Y=dGBkdG>rnMfPY=W Y=d p2 :O<FGBR<SB N
W*X

∆G
v�

` JLFGW*B z?gEv 6 �KCLt G 6= D
h@g_h@: |D/G| > 1

3�z|g4hj:|F4�Lg�hjiOIK:}v�>HDBFOhfv-WN�$:}�$:Z>@F4XGJ9^=WHv-WFH<$:}7L?yFHWH~-W�CLJLe4Vjv-W�
`IKF R_�$e4>@ou:�? ^=W_F4Y
p
�$>j~&hfC$Y�C!C9�$CED CLY IKF VH?BF9?B>@:fD hfC |D/G| AEF9?^=W_FwX;hfCE? ou:fD C

u ∈ D/G
hj^}h�C$? C ~�Xuh@:

g = pu ∈ G
3 6��$g hfC IK:}~�>@i9J9F!24352jP�
 ^Zo;CLR9J9:g_hH?

p2 VH?BF9?y>j:�Duh@iHW ∆G
3&�,�$? �L79^fCHW�


u =
1

p
g =

1

p
(l1a1 + ...+ lnan),

F��KC$tUhfF {ai} F_�$C_h@:}7LCLt_WO<Le9X;iUF_AE:Z>@F9?Bg4hji4hfF4Y�8G?BFUh@iHW G 3��:*hji_W¤ou>@T4XGi¤F9R_h@T4Y*hji9Y��L>@g_h�F4X;i9Y�
_:fDyJ9F9Xuh@:��L79^ZC_W¤^}hfCE?BJLCE?jW_F¤�$:Z>H? 8;>@e � C$R4JL:,J$DBFVH?BF4VH? AEF9XGDBF�J9:¤hji_W�CL�LCEDBF�IKF�<$>@D X;A$C$R9J9:�F4AE^Z>@F9? C$R4Y�F4748;:=<$>H? AECLt9Y_3-6�>@o;? AEe��L>@C �KFHWH~�YF��KC$t R_�$C_7LC_8GD XGCLR9J9:,hji_W
∆G

AEFL?4h@iHWN<$>jC$t9J9:*W_F :fD W_FL?$:}79:Zt_IK:Z>@iNh@:}h@>jF48u~-WHv-W Vj:}W1I`FR_�$e4>@ou:�?Eh@^}hfCE? CLY1F4>H? I`J9g$Y
p
CL�Lg4hj:

G = D
3�6�747$? ~�Y1A$e_W_CLR9J9:¤hfFU:Z°@T4Y¤<LT9J9F4hfFu3

293|��F9Dy>fW_C$R4JL:�h@iHWU�L>@C �KFHW_Tn:}�$?B79C_8GT 8G?BFUh@iHW
G
3

Pu3 
¤�LC479C_8KDBS@CLR9J9:�h@iHW
∆G
3

\;3 ��?BF AEeHIK:��L>j~&hfC!F4>H? IKJLg hfC$R CL�$CED C$RwhfC h@:}hj>@e48uv-W_C�VH?BF9?B>@:fD hji_W
∆G


�V@CLAu?BJ9e�	SjC$R9J9: g479C$R4Y�hfC$R4Y�F4>H? IKJLC$t4Y h@i4YUJLCL>��KT4Y 1
p (l1a1 + ... + lnan)


 8K?BF�W_F V@CLt9J9:�LCE? CE?u:fD W_FL?;F4A$^f>jFL? C$?uF_748G:=<L>H? AECED/3
cG3|6|W �L>@CLAEt � :f?�AEe_�$C$? C$Y�F_AE^Z>@FL? C$YnF_798;:=<$>@?BA$g$Y�
�JL:}8;F474~-W_C$R4JL:�h@iHW

G
Xuh@iHW

G′ 
�L>@C$XEI`^}hfCHWHhfF9Y¤JL^ZXGF�h@i4YNh�CHW W_^ZC F4>H? IKJLgK3
bu3����LF_W_F_79F9J_<$eHW_C$R4JL:OF4R4hjT_Wwhji_W VH?BF4VH? AEF9XGDBF�
 J9^Zo;>@?�W_F J9i_W J9�LC$>@C$t4JL:��L79^fCHW�W_F<L>@C$t4JL:|W_^ZC$R4YNF_AE^Z>@FL? C$R9Y�F_798;:=<$>@?BA$C$t9Y�F4>H? I`J9C$t4Y43
6�YUV@C$t4JL:Oh�~�>@F VH?B:Z°@C$V@?BA$ew^=W_Fw�$F4>@e4V@:f? 8;JLF�
GhfC CL�LCED CwIKF :fD W_F9? F9>jA$:Zhje�VH?BF��;v&hH? 	XuhH? AEg�AEF9?uIKF�F_W_F4V@:fDB°@:f?;g_79FUg$X;Fn^ZouC$R9J9:¤�L:�?;JL^Zou>H?;h�~�>@Fu3

� �-% �-� "K����0*� ��¬ � � FLd*m*VKW=B a @h<?>}Q�<�W=XI:=<SBh:=<�ZSNhdLti@TW;JlVhd^m?>;Y=d^m?>;<?HKu[N
<?B d^m?>�<*VLD
W �ZSNhBIHKdLtS>;Y=d^m
Q( 3

√
5)
v�7 9�fsY3b

u ∈ R, u3 = 5
v � ` Nyn�Yig�H?<?B ` d|VPt$VPdLDEB\Hy� W ` B VPdoDs��@h<?>DEBR<�YGgy:�Z a fsg(<?HKW[N
<SB J^Yig
YO<?>�Y=d^m�F*<UHKYom*VsXkd^m�<UHKW[N
<SX b�: e W*XI:O<?Bxg {

1, u, u2
} v87 9$fPY3b

G



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � 2j\
g&d=@ a F*< ` d^m ` <ON a D
W^YO<SBx< ` J�<UmUYi�E: YGg�Z a fPg HU<SB ω = e2πi/3 e @TXR<�H
mOZCB\HK��N
XR� <1YigE>@pdL: a F^<?>Gv ��BP@pdL:id=@pd|N �sBkf
@pdGX σi : Q( 3

√
5) → C, i = 1, ..3

W=XI:=<SBPdiB �
σ1(u) = u, σ2(u) = ωu, σ3(u) = ω2u.9 ` d=@quG:=bM>}@qW�f
HKd ` J�:=<�f � gK@h<oY*Xkfyd^mi@qW�HU<SBC:O< m ` dlVhdLDEXkfyd*mG@TW;YigE:�d|N
XR�{d*m?f?< ∆G e Q�<u � d*mG@TW
σ1(1) = 1, σ1(u) = u, σ1(u

2) = u2

σ2(1) = 1, σ2(u) = ωu, σ2(u
2) = ω2u2

σ3(1) = 1, σ3(u) = ω2u, σ3(u
2) = ωu2,<��hdLtrz�u_Nhd^mi@qW�H?<?BsJ^Y^B

ω3 = 1
v�� ` dlVhdLDEXR�3d^mi@qW}YOnhN
<�YGgy:�d|N
XR�{d*m?f?<Uv

∆G =

∣

∣

∣

∣

∣

∣

1 u u2

1 ωu ω2u2

1 ω2u ωu2

∣

∣

∣

∣

∣

∣

2

=

= u6

∣

∣

∣

∣

∣

∣

1 1 1
1 ω ω2

1 ω2 ω

∣

∣

∣

∣

∣

∣

2

=

= u6(ω2 − ω − ω + ω2 + ω2 − ω)2 = u6(3ω2 − 3ω)2

= u632(ω2 − ω)2 = 5332(−3) = −3352.
�]ti@ �
bM:=< VPdGB ` JG: @TW1YGgE: ` NsJ^YO<Ufsg � v � e <�:�m `oa N � W*BMH ao` dGB dL>�<?HKu[N
<?B dL>�<*VLD
W[Z?NPB\HUJL><ONhBRQ�@qJL>;QS< ` Nsu ` W=B�:O<�u � W=Bs@TXR<�< ` JrY^Bk>�FLtSd�@ dlN �huO> �

� v
a = 1

3 (l1 + l2u+ l3u
2), 0 ≤ li ≤ 2

� v
a = 1

5 (l1 + l2u+ l3u
2), 0 ≤ li ≤ 4��<&FLdLti@TW�@qJG:id YigE: ` W[N
X ` Y3bMfsg,J ` d^m p = 5 e J ` d*m.@TW�Yig�ZpdL�EQSW=BR<.Y=d^m&X � :id^m?> Q�<HU<LY=<��hu[Nhd^mi@qW�:O<8@qW=BknMfyd*mG@TWA<?Bkf
Q?g
Y a Y^B > ` N a z^W=Bk> e Y*Bk>�d ` dGXjWO>AFLW�Q�<�< ` d �PtoD
d*mG@TW�fPYigE:` W_NEX ` Y3bMfPg0Y=d^m p = 3

v � N � BIH a <UmUY^J ` d*m&QS<&H a :id*mG@TW e W=XI:O<?BA:=<0m ` dlVPdoDEXR�3d^mi@qW�Y=dX � :idL>�Y*d*m m ` d��h� �PBkd*m�<UHUu_NE<?Bkd*m <*VLD
W[Z?NPB\HUdLt HU<SB :=<�Bkf � mONPBkfsY=dLti@qW�J^Y*BC<�:��yHKW=B�fsY=d Z
v

� W*HUBI: a @qW�Y*dG: m ` d|VPdoDyBkf
@TJ�<UmUY^JL:�@TW�YGg6fsgy@P<S:oY^B\HK� e DyBj<&Yig.@qW=XkbMfsg�Y3b�: ` N a z*WObM:` <=N
<LYG�^NPgyfsg
ω3 = 1 ⇔ ω3 − 1 = 0 ⇔ (ω − 1)(ω2 + ω + 1) = 0 ⇔ ω2 + ω + 1 = 0.9�XI:=<SB��

T (a) = T (
1

5
(l1 + l2u+ l3u

2)) =
1

5
(l1 + l2u+ l3u

2) +
1

5
(l1 + ωl2u+ ω2l3u

2)

+
1

5
(l1 + ω2l2u+ ωl3u

2) =
3l1
5

+
1

5
l2u(1 + ω + ω2) +

1

5
l3u

2(1 + ω + ω2) =
3l1
5
.

�MNsu ` W=BUVPdGB ` JG:�Y=d8X � :idG>8<UmUY=dLt�Y*d*m�<=NPBRQ�@ dGt e <�:�W=XI:O<?Bh<?HKu[N
<SBkdL>�<^VLD
W[ZSNPB\HKJL> e :=<�W=XI:=<SB<?HKu[N
<?B dL>1<=NPBRQ�@qJL>iv 9 ` d=@quG:=bM>&QS< ` N
u ` W=B;:=< u � d^mi@qW l1 ∈ 5Z
v���J^Y=W&d6<ONPBRQS@TJL>

a′ = 1
5 (l2u + l3u

2) e ` Nsu ` W=B :O<�W*XI:O<?BTW ` Xkfsgy>�<UHUu_NE<?BkdG>�<^VLDEW_ZSNPB\HKJG>Gv�9 ` J=@qWG:id}Z��K@h<W=XI:=<SBC:O<(m ` dlVPdoDEX fyd^mi@qW;YigE: :LJ|N
@h<�Y=d^m a′ vT9�XI:=<SB��
N(l2u+ l3u

2) = (l2u+ l3u
2)(ωl2u+ ω2l3u

2)(ω2l2u+ ωl3u
2)



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � 2�c

= ω3(l2u+ l3u
2)(l2u+ ωl3u

2)(l2u+ ω2l3u
2)

= (l2u)
3 +(l3u

2)3 + l3l
2
2u

4(ω2 +ω+1)+ (l2l
2
3)u

5(ω2 +ω+1) = (l2u)
3 +(l3u

2)3.7 9�YifEB e u � d^mi@qW;JiY*BCDEBR<�:=< W=XI:=<SB
d a′ <UHUu_NE<?BkdG>�<*VLD
W[Z?NPBIHKJL> e QS< ` N
u ` W=Bsg1:LJ|N
@h<�Y=d^m�:=<W=XI:=<SBP<?HKu[N
<SBkdL>ivp9 ` d=@quG:=bM>}Q�< ` Nsu ` W=B
(l2u)

3 + (l3u
2)3 = (5l32 + 25l33)/125 = (l32 + 5l33)/25.7 9;:=<?>(Y~NsJ ` dL> :=<�FLdLt^@qW <S:(<UmUYiJ�Bkf � tSW=B e W=XI:=<SB g � NP�yfsg,Yigy> bT@��y>;ZhXR<U>iv���<.Y^fyW �H a Nhd^mi@qW FogGVU<?Fo�,DEBR<&YO< l2, l3, 0 ≤ l2, l3 ≤ 4 e ` diBj< ` <ON a fsYO<Ufsg.Q�< FGBR<?B NsW=X�Y=d � �?v9�XI:=<SB

l2 l3 l32 + 5l33
FGBR<?B NsW=X YO<?B
< ` J � �

0 1 5
J � B

0 2 40
J � B

0 3 135
J � B

0 4 320
J � B

1 0 1
J � B

1 1 6
J � B

1 2 41
J � B

1 3 136
J � B

1 4 321
J � B

2 0 8
J � B

2 1 13
J � B

2 2 48
J � B

2 3 143
J � B

2 4 328
J � B

3 0 27
J � B

3 1 32
J � B

3 2 67
J � B

3 3 162
J � B

3 4 347
J � B

4 0 64
J � B

4 1 69
J � B

4 2 104
J � B

4 3 199
J � B

4 4 384
J � B

� W � NP�yfsg YGgy>�bT@��y>�ZhXj<?> e FGW*X z{<i@TW(J^Y^B�FLWG:6m `La N � d^m?: a V?VPdGB�<UHUu_NE<?BkdiB <*VLD
W[ZSNhBIHKdGX<ONhBRQ�@pdGX vr�qBk> ` N a z^W=Bk> ` d^m H a :O<i@TW e fyW�H a�` dGBjWO> ` W[NPB ` Y=nMfyW=Bk>}@ ` d|NhdLti@qW�:O<(Y^Bk>}< ` d �Pt �D
d^mi@qW�@qW(Y=W � :GB\HKuO>�J ` bM> g ` <=N
<?H a Y{b�v 7 9$fPY3b l32 + 5l33 ≡ 0 mod 25
v � :1W=X � <i@TW

l2 ≡ 0 mod 5
Y^J^Y*W]QS<�W*X � <i@qW]HU<SB l3 ≡ 0 mod 5

v � VSVPB nM>}W=XI:O<?B
5 ≡ (− l2

l3
)3 mod 25

v9 ` d=@quG:=bM>]Y=d �8W*XI:O<?BEHEmOZCB\HKJ�m ` JlVPdGB ` d mod25
vC9Az�<?B Y^XR<?>�Y*d*m ` <ON a D
dG:oY=< � e Q�< ` N
u �` W*B :=<�W=XI:=<SB 5 ≡ (5k)3 mod 25

v���d�d ` dGXkd�J=@�bM>�fsgy@P<?XI:^W=BqJ^Y*B 5 ≡ 0 mod 25 e ` d^m�
m?fEB\H a W*XI:O<?B a Y=d ` dov
� �-% �-� "K����0*� ��¬ § �]W]<UmUY^J�Y=d ` <ON a FLW=B Do@h<�Q�< ` NhdLf ` <?QU�yfyd^mi@qW�:=<]ZSNxdGti@qW;Y*dG:�F*< �HyY^t*VsBkdM<?HKW[N
<SX b�: e D e Y=d^m K = Q( 3

√
175)

v�7 9$fsY{b
t = 3

√
175 = 3

√
25 · 7 =

3
√

52 · 7 HU<SB
u =

3
√

5 · 72 = 3
√

245
v � ` dlVhdLDEXR�3d^mi@qW8H a�` dGBjWO> ` dGfsJ^YGgEY=WO>�dGBTd ` dGXjWO>rQS<�@h<?> �s<S:idLtS:

� NP�yf
BR@qWO>�fsYGg(fxmS:ou � W=BR<Kvp9$XI:O<?B
ut =

3
√

52 · 7 3
√

5 · 72 =
3
√

53 · 73 = 35



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � 2@b

u2 =
3
√

52 · 74 = 7t

t2 =
3
√

54 · 72 = 5u.7 9 � d^mi@qW u = 35/t
FLgLV?<?Fo�

u ∈ Q( 3
√

175)
v69 ` Xkfsgy> u3 − 245 = 0 e FogGVU<?Fo�,Y=d uB\H?<S:id ` dGBjW=X ` dlV
monM:?mi@pd�@qWr<?HKu[N
<SBkd^m?>rfxmS:oY*W~VUWOfsYiuO> e ` d^m fPgK@h<SXI:^W=BCJiY*BTW=XI:=<SB�<UHUu_NE<?BkdG><*VLD
W[Z?NPB\HUJL>�<=NPBRQ�@qJL>iv ��gGV?<UFo�

u ∈ B ∩K = D
v �

u
VhdiB ` JG:�<S:o�EHUW*BhfPY=dG: F*<?HyYit=VPB d<?HKW[N
<?X bM: H?<?B u^YifEB QS< `oa Nhd^mi@qW�f?<�:1<ON � B\HK�0@h<?> m ` JLQSWOfsg,DEBR<6YigE: d=@ a F*< G e YigE:<OZpW~VPBR<S:o��d=@ a F^< ` d^m ` <=N a D
W^Y=<SBP< ` J {1, t, u} v�7 � ` bM>rH a :=<^@qW8HU<SB�fPY=d ` Nhdog?D
dLt^@qWG:id` <=N a FLW=B D�@h< e QS<&m ` dlVhdLDEXkfyd^mi@qWrYigE: ∆G

v � a @qW$VhdiB ` JG: :=<8Z?NhdLt^@qW�Y=d^m?>�@pdG:id*@pd|N �sB �fE@ dLtS>
σi : K → C, i = 1, ...3

v�@qW
σ1(t) = t, σ2(t) = ωt, σ3(t) = ω2t

@qW
ω3 = 1

v� >�FLdLti@TW}Y^BhH a :id^mS:8<UmUY=dGXPdGBP@pdG:id*@pd|N �sBkfE@ dGXhY=d�fsY=dGB � W=Xkd u v 9�XI:O<?B��
σ1(u) = σ1(35/t) = 35σ1(1/t) = 35/t = u

σ2(u) = σ2(35/t) = 35σ2(1/t) = 35/ωt =
35ω−1

t
=

35ω2

t
= ω2u

σ3(u) = σ3(35/t) =
35

ω2t
=

u

ω2
= ωu.9�XR@h<UfsY=W ` Vhu*dG:8fyW}QSuOfsg1:O< FogK@pB d^mONyDs�yfyd^mi@qW8YigE:

∆[1, t, u] =

∣

∣

∣

∣

∣

∣

1 t u
1 ωt ω2u
1 ω2t ωu

∣

∣

∣

∣

∣

∣

= 32t2u2(ω2 − ω)2HU<SBP@qW;YGgE:AZCdo�yQ?W=BR< Y3b�:�f � uOfyW{b�: ` d^m�< ` dGFLW=Xkz{<^@qW ` Nhdog?D
d^mi@quG:=bM>
∆[1, t, u] = 325272(−3) = −335272.

� ` JiY=W}f
ti@ �
bM:=< @qW8YigE: ` NsJ^Y=<?fsg � v � e dGB ` BRQS<�:idGXP<?HKu[N
<SBkdGB
<^VLD
W[ZSNPB\HKdGXhQS<�u � d^m?:�@TXR<< ` JrY^Bk>;WOzS�E>}@pd|N �PuO>
a =

1

3
(l1 + l2t+ l3u), 0 ≤ li ≤ 2,

a =
1

5
(l1 + l2t+ l3u), 0 ≤ li,≤ 4,

a =
1

7
(l1 + l2t+ l3u), 0 ≤ li ≤ 6.

����� � ! ��%�/( � ! '*) � #�� 46/ ��/
¨ %-����0�ª&« ��¬ ��� �TN
XR�{d*mG@TW;Y=W^Y~N
<GDUb�:GB\HKJ�fKnq@h<�<=NPBRQ�@pn�: e uG:=<�fynT@h<�<ONPBRQS@pnM: K e @qWZh<UQ�@qJ � `La :=b&< ` J�Y=d Q

v � mUYi�y>�YGgy>�@pd|N �h�E>�fKnq@P<oYO<}<ONhBRQ�@pnM:$W=XI:=<SB ` d^m}QS<]< ` <Uf � d �Vh�Efyd*m?: ` Bkd ` d|VPtUv�7 9]Y^f
B ` Bkd�H a Y3b Q�<(FLW=Xkz*d^mi@qW ` bM>�Q�<�ZSN
Xkf
HKd^mi@qW�Y=d^m?>�F*<UHKYit=VPBkd*m?><?HKW[N
<?X bM:�Yiu^Y=dGB b�:rf?bT@ a Y3bM:�v
�1F1^ZouC$R4JL:�7LC$?B�Lg_W 


K = Q(u)

4JL:

u
^=W_F_W¤F_AE^Z>@F9? CNF_798;:=<$>@?BA$gNF9>@? I`J9gNAEFL?��KR4XK? AEeC

u
I`Fn:fD W_F9?G>HDBS@F�h�CLRU�$C_7LR_v-W_t4JLC$R

t2 + at+ b, a, b ∈ Z
3�z|g4hj:

u =
−a±

√
a2 − 4b

2
.



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � 2jr
6��$g¤hji_W|F_W_e_79R9X;i|XG:-�L>j~&hfC$R4Y,F4>H? IKJLC$t4Y�X;hfC

Z
I`F�^Zo;CLR9J9:&g4h@?

a2−4b = r2d, r, d ∈ ZAEF9?GC
d
:fD WHFL?;F9>H? IKJLgLYN:}7L:ZtHI`:Z>@C$Y�h@:}h@>jF48u~-WHv-WE3����$CLJL^=WHv�Y

u =
−1 ± r

√
d

2

AEF9?;<97L^}�$CLR9J9:¤g_hH?
Q(u) = Q(

√
d)

GgL�$C$R

d
:fD W_FL?G^}WHF9YOF_AE^Z>@F9? C$YNF4>H? IKJLg$Y�
;:Z79:Zt_IK:Z>@C$Yh@:}hj>@F48u~-WHv-W$3*6�R_h@Tn:fD W_F9?GC$R4XK?BF4X;h@? AEe�A$FL?;inF4�Lg$V@:f?B°@i�hji9Y¤�$F4>@F4A$e4hZvM�$>@g_hfF9X;i4Y43

� %�ª�¡u�-�,� ��¬ ���q<�Y=WiY_N
<GDKbM:LBIH a fynT@h<oYO<�W=XI:=<SB�YGgy>T@pd|N �h�E> Q(
√
d) e J ` d^m d <?HKu[N
<?B dL>W~VKW*tSQ?W[NhdL>;Y*W^Y_N
<GDKn�:=bM:�v

z�~�>@FOI`F�V@C$t4JL:|F4R_h@g��LC$R�R4�LC$XGou:=IKT4AEF4JL:*�$>H? W�
EVji479F9VjT1W_F <L>@C$t4JL:�hfCHW V@F_A$h@t_7L? CF_AE:Z>@FLD v-W�:=W_g$Y1hj:}h@>@F_8uv-W4? AEC$tnXu~�JLF_hfC$YNF4>H? I`J4~-WE3� ";�n% �-0�� ��¬ �`��7 9$fsY3b
d ∈ Z

<UHKu[N
<SBkdL>]W~VKW*tSQ?W[NhdL>}Y=W^Y~NE<GDKn�:=bM:�v;��J^Y=W;dGBs<^VLDEW_ZSNPB �HKdGXs<UHUu_NE<?BkdiBhY=d^m
Q(

√
d)
W=XI:=<SBxYigE>]@ d|N �x�y>

� v
Z[
√
d],

<S:
d 6≡ 1 mod 4

� v
Z[ 12 + 1

2

√
d]
<S:
d ≡ 1 mod 4

�
` JLFGW*B z?gEv ¯ �*ouC$R4JL:�hfC�hj:Zhj>@F_8;v-W_?BA$g�X;~�J9F�F4>H? IKJ9~-W Q(

√
d)
3�z|F!Xuh�C$? ou:�DBF�F4R4hfC$thfC$R Xu~�JLF_hfC$Yn:fD W_FL? h@i4Y�JLC$> �KT4Y

x = r + s
√
d, r, s ∈ Q

3����LC$JL^=WHv�Y�J4�$C$>@CLt9J9:�W_F
8;>@e � C$R4JL:

x = a+b
√
d

c , a, b, c ∈ Z
AEFL?`W_F J9i_W R_�$e4>@ou:f? �L>j~&hfC$YnF4>H? IKJLg$Y�
 C CL�$C$D C$YW_F�VH?BF9?B>@:fDGAEF9?;hfC$R4YNh@>@:f? YNF4R_h�CLt9YNF4>H? IKJLC$t4Y_3�¢

x
I`F�:fD W_F9?KF4A$^f>jFL? CLYNF4748;:=<$>H? AEgLY�
EFHWAEF9?GJ9g_W_C�FHWnC$?GX;R_WHhj:}7L:ZXuh@^ZY1hfC$RU:}79e9o;? XuhfC$R��LC479R_v-W_t9J9C$R

(t− (
a+ b

√
d

c
))(t− (

a− b
√
d

c
)) = t2 − 2a

c
t+

a2 − b2d

c2
,

:fD W_FL?;F4A$^f>jFL? C$?�3-sUi_7LF4V@T
a2 − b2d

c2
∈ Z

A$FL? 2a

c
∈ Z.

6|W�CE?
c, a

^Zo;CLR_W ^}WHF_W AECE? W_g �L>j~&hfC��$F4>@e_8;C_WHhfF
p

-AEF9?-F��GC$t C

d
:fD WHFL?-:}79:ftHIK:f>jC$Yh@:}hj>@F48u~-WHv-W 
�I`F³^ZouC$R4JL: g4h@?�C

p
�$>@^}�$:f?&W_F�VH?BF9?y>j:�D�AEF9?,hfC_W

b
3©6�R4hjg g$J4v�Y :fD WHFL?e_h�C9�$C�F4�Lg�hji_WNF9>@o;? AETOJ9F9Y�R_�$g9IK:ZXGiu3����$CLJL^=WHv�Y 2a

c ∈ Z
AEFL?9CE?

a, c
V@:=WO^ZouC$RHWNAECE? W_g�$F4>@e_8;C_WHhfFu3�6|W_F_8;A$F9XuhH? AEe 


c = 1,
T
c = 2

3³6|W
c = 1

h@g_h@:��KFHW_:Z>@e C
x
:fD WHFL?F_AE^Z>@FL? C$YUF_798;:=<L>H? AEg$YUX;:UAEeHIK:U�$:Z>HD �LhZv�X;i;3���e4JL:�79CE? �$gHWw8G?yF hji_W �$:Z>HD �9hfv�X;i gL�LC$R

c = 2
3��*g48uv©h@i4Yn:}�E? 79C48;T4Y �LC$R ^ZouC$R4JL: AEeHW_:f? 
`IKF �L>@^}�$:f? CE?

a, b
W_F :fD W_F9?��L:f>@? hjhfCED

F4>H? I`J9CEDKAEF9? a2−b2d
4 ∈ Z

31¯ 6�>@F
a2 − b2d ≡ 0 mod 4.

¯ �*XuhZv ^=W_F4YO�$:Z>H? h�h@g$Y�F4>H? I`J9g$Y
2k + 1

3nz|C hj:Zhj>@e_8;v-WHg�hfC$R :�D W_F9?
4k2 + 4k + 1 ≡ 1 mod 4

3�¯ 6¤>@F�
 I`F ^fouC$R4JL:�g_hH?F��KC$t
a, b

�L:f>@? hjhfCED
a2 ≡ b2 ≡ 1 mod 4 → d ≡ 1 mod 4

3 �,�LC$JL^=WHv�Y�AEF4hfF_7LT_8;C$R4JL:Xuh�C�g_hH?KFHW
d 6≡ 1 mod 4

i�<$e4XGiUF4AE:Z>@F9?Bg4hji4hfF4Y¤:fD W_F9?
Z[
√
d],:=WH~ FHW

d ≡ 1 mod 4
i�<Le9X;inF_AE:Z>@FL?Bg_h@i_hfF9Y�:fD W_FL?

Z[
1

2
+

1

2

√
d].

¢N?GJ9C_WHC$JLC$> �`? X;JLCEDuhj~�>@F�F_�$g�hfC
K
Xuh�C

C
:�D W_F9?GC$?

σ1(r + s
√
d) = r + s

√
d



� ��� ����� � 	���� �	��
 ��� ���
� 	 � ��������� 	 � 2Hx

σ2(r + s
√
d) = r − s

√
d���$C$J9^=WHv�Y�I`F J9�LC$>@C$t4JL:,�L79^ZC_W¤�$C_7Lt1:ft_AEC_7LF�W_FOR4�LC479C_8KDBS@CLR9J9:,h@? Y|VH?BF4A$>HD W_C$R4XG:ZY�hZv-Wh@:}hj>@F48uv-W4? A$~-WUXuv�JLe_hfv-W 
GJ9:1h@iUF4�Lg$V@:f?B°@i�hfC$Rn:}�Lg$JL:=W_C$R I`:}v�>@T4JLF_hfC$Y_3� ";�n% �-0�� ��¬ �K�

� v � :
d 6≡ 1 mod 4

YiJ^Y=W�Y=d
Q(

√
d)
u � W=BEZ a fsg1<UHKW[N
<SBjJ^YGgEYO<U>�YGgE: {

1,
√
d
} HU<?BFiBj<?H*N
XI:id*m?f?<

4d
v

� v � :
d ≡ 1 mod 4

Y^JiY=W]Y=d
Q(

√
d)
u � W*BGZ a fsg <UHKW[N
<SBjJ^YGgEYO<U>�YGgy: {

1, 1
2 + 1

2

√
d
}H?<?BsFGBR<UH=N
XI:id^m?f?<

d
v�

` JLFGW*B z?gEv ­©F_�$g$Vj:�?B°@iO:fD W_F9?Lh@:}h@>@?yJ9JL^=W_i�
LF_747LeOF4Y�h@iHW Vj~�X;C$R4JL:|X;F_WNR4�L:}WjI`t4J$? X;iN8G?BFhfC_WUR_�$C_7LC_8G? XGJ9gnVH?BF_AE>H? W_C$R4X;~-W$3��1Fn^ZouC$R9J9:¤79CE? �$gHW 8G?yF�h@iHWU�L>j~&h@iU�L:Z>HD �LhZv�XGi
∣

∣

∣

∣

1
√
d

1 −
√
d

∣

∣

∣

∣

= (−2
√
d)2 = 4d,

:=WH~ 8G?BFUhji_W�V@:Zt_h@:Z>@ingL�LC$RUiU<Le4XGi�JLF4YN:fD WHFL? {
1, 1

2 + 1
2

√
d
}

∣

∣

∣

∣

1 1
2 + 1

2

√
d

1 1
2 − 1

2

√
d

∣

∣

∣

∣

= (−
√
d)2 = d.

� �-% �-� "K����0*� ��¬ ±
� >rFLdLti@TW�YOnhN
<(uL:O< ` <ON a FLW=B D�@P<�Y=d�d ` diXkd�<S:O<UFGW*BIH
:Lt?W=B�YigE: fsg �@h<?f
XR<8Y=d^m ` <ON
< `oa :=b�QSW{bhNP�K@h<oY=dL>iv �qBR<}BkfsY*dlNhBIHKdLtS>pVPJoD
d*m?>]:=<8fsgy@TW*B nMfyd^mi@qW�JiY*ByW=XI:=<SBY=d ` NKn�Y*d�fynT@h<;<ONPBRQS@pnM: ` d^m�@qW~VUW^YG�yQUgyHKW ` d^Yiu^v�7 9 � d^mi@qWxVhdiB ` JG:$Y=dAfKnq@P<�Y=d^m Gauss e

Q(
√
−1)

v�9�XI:=<SB
d 6≡ 1 mod 4 a N
<(HU<SBpf
ti@ �
bM:=< @TW�Y=d ` <=NE< `La :=b QSWOnhNsgy@P< e g�Z a �fsg,<?HKW[N
<?BjJ^YGgEYO<?>�W=XI:O<?B�g

Z[
√
−1]

HU<SB�g,FGBR<UH=N
XI:id^m?f?<�BkfydLt?YO<?B�@qW
∆ = 4d = −4

v
��<.fsgK@qW=BknMfyd*mG@TW�J^Y*BMfyW�<UmUY^J Y=d ` <=N a FLW=B D�@h<�ZUVhu ` d^mi@qW J^Y^B FLWG: FLd^m*VUW^tSW=B `oa :�YO<�g<S:oY^X fPY_Nxd �Pg �hdlN a Y=d^m Q?W{bhNP�K@h<LY*dG> � v ��� e < �PdLt&Y*d � � FLWG: W*XI:O<?Bq<ONPBRQS@TJL>�WlVUW*t?QSW[NhdL>Y=W^Y~N
<GDKnM:=b�: e <^VSV a u � d*mG@TW ` W[N
X ` Y{bMfsg]Z a fPgy>;<?HKW[N
<SBjJiYigEY=<?>iv��?yFUJL:}7979CHWHhH? AET�o;>jT9X;iUW_FnVj~�X;C$R4JL:1A$FL?uh@iHW�W_gL>@JLFnAEF9?;hfC D o$W_C$YN:=W_gLYOX;hfCE? ou:fD C$R�$CLRnF_WHT4AE:f?uXG:�h@:}h@>jF48uv-W4? AEgwX;~�J9F�


N(r + s
√
d) = r2 − ds2

T (r + s
√
d) = 2r.

�1F�A$79:�D XGC$R4JL:¤h@iHW��$F4>@e_8G>jF��GC F4R4hjT�hfCHW�C$>H? XGJ9g hfC$R�J$? 8;F4VH? AEC$t�h@:}hj>@F48uv-W4? AECLtwXu~�	JLF_hfC$Y�
ugL�$C$R�AEF9?GJL:�h@^}hfCE?BF�IKFnF9X;ouC479iHI`C$t4JL:H3
¨ %-����0�ª&« ��¬ ������<.HU<*VhdLt^@qW(@CB DE<UFiB\HKJ�Y=W^Y~N
<GDKbM:LBIHKJ fynT@h<�<ONhBRQ�@pnM: e uL:O<0Y=W^Y~N
< �DKbM:LBIHKJ6fKnq@h<,<=NPBRQ�@pn�:&@qW

d
<=Nh:�gEY^BIHKJ.<ONPBRQS@qJLv59}:^n <S:

d
QSW^Y^BIHKJL> e ` N
<GDo@h<oY*B\HKJY=W^Y~N
<GDKbM:LBIHKJrfynT@h<�<ONhBRQ�@pnM:�v
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�&��� � ! ��%('G464 � !�	 / ! �(� ��# 	
Q�:1F9R_h@g�hfCwA$: �Ge479F9? CUI`Fn8;:=W4? AE:Zt4XGC$R4JL:�h@iHWnFHW_e_7LR4X;iUX;:N�$>j~&hfF�Xuh�C$? ou:�DBF�X;hfC

Z

X;:�FHW_e_7LR4X;iOJL^ZXGF�X;:�F_AE^Z>@F9?B:fY��L:Z>H? C4o;^ZY�AEF9?L�E? CUX;R48uAE:}AE>H?BJ9^}WHF�
LJL^ZXGF X;:�V@F4ALh@R_7$D CLR9YF_AE:Z>@FLD v-W

D
hj:}h@>@F_8uv-W4? A$~-WOXuv�JLe_hZv-WOF4>H? I`J4~-WE3,Q�:�F4R_h@^ZY�hH? Y��$:Z>H? �Lh�~�XG:f? Y�
4F_WHh@D I`:}hfFF_�$g�hfC

Z

GV@:=Wn^ZouC$R4JL:��$eHWHhfFnJLCHW_F4VH? AETnFHW_e479R4XGiUhZv-WUX;hfCE? o;:fD v-W�AEFL?;F9R_h@g�:fD W_F9?G�$C$R�$>jCLAEF_7L:fD$AEe_�$CE?BF�XGt_8;o;R4X;i�
uF_7979e AEFL?u:=W_VH?BF��K^Z>@CHWE3 � :}Au? W_e9J9:¤J9:1JLDyFUR4�L:}WjI`t4J$? X;i h@i4Y^=W@W_CE?BF4Y1h@i4YNJ9C_W_e4V@F4Y43

¨ %-����0�ª&« ��¬ � ��<*VPdLti@qW]@ dG: a FLW{> u e fyW8uL:O<S: F^<?HyYit=VsBkd R e YO<�fsY=dGB � W=XR<�W^HUW*XI:O< ` d^mu � d*m?: ` dlVSVU< ` V?<UfEBR<UfsY^BIHKJ}<S:oY^X fPY_Nxd �hd e FLgLV?<?Fo��<S: u @ dG: a F*<�QS<�m `La N � W=B u−1 Y^u^Y*diBkdnMfsY*W
uu−1 = 1

v
¨ %-����0�ª&« ��¬ ��7 9;:O<1fPY=dGB � W*X d y QS<(dG:id*@ a �3W^Y=<SBCfxmS:^W^YO<?B NPB\HUJ�@qW�uG:O< fsY*diB � W=Xkd x e <�:
x = uy

@qW
u
@pdG: a F^<Uv

���ED X;i4Y�
HW_FNR_�$:=W@IKR4J$D X;C$R4JL:,g4h@?LJ$DBF1�LF9>@F_8;C_W@h�C9�$CED i4XGi
x = yz

AEF_7L:fD hfF9?@AEF_WHC_W4? AET�
FHWUAEFHW_^=W_F�:}Awhfv-W
y, z

V@:=W�:fD W_FL?GJLCHW_e9Vj:fY_3��&WH~ JLi�AEFHW_C_W_?BA$T�
uT�h@:}hj>H?BJLJL^=W_i�
;g4hfFHWnC^=W_F4Y1�$F4>@e_8GCHWHhfF4Y1:fD W_FL?;JLCHW_e4V@FUAEF9?GC�e_7979C$Y1:fD W_F9?GX;R_WH:ZhfF9?B>H? AEg�X;hfCE? o;:fD C�J9:1hfC
x
3

� %�ª�¡u�-�,� �-¬ � ��Bh@pdL: a FLWO> U(R) e WG:oJL>8F*<UHKYom*VsXkd^m�� e f � gK@h<oY*XR�{d^mS:�d*@ a F*< @qW8Y=dG:` d|VSVU< ` V?<?f
BR<?f
@qJLv
6�YNV@C$t4JL:¤JL:Z>H? AEeU�LF9>@F4V@:fD 8;JLF_hfF;3

� �-% �-� "K����0*� ��¬ �
� v
R = Q

v ��Bp@pdG: a FLWO>�W*XI:O<?BCJlVhdiBTdGBKNPgEY=dGX e W*HyY^JL>�< ` J�Y=d � v ��gGV?<UFo�&Y=d U(Q)W=XI:O<?B a�` W=B Nsg(d=@ a F^<Uv
� v
R = Z

v ��Bx@pdG: a FLWO>8WOF^n W*XI:O<?BCYO< ±1
v
	 Y^B a�� :id^m?:�@TXR<�H
m?HiVsB\Hy�(d*@ a F*<�Y a z?gy>

� v
� v
R = Z[i]

v ��gGV?<UFo� YO<�fPY=dGB � W*XR<(YGgy>�@pd|N �x�y> a + bi, a, b ∈ Z e dGB�<UHKu[N
<SBkdGBxY*d*m
Gauss

v 7 9}:O<1fsY*diB � W=Xkd a + bi
W=XI:=<SBp@pdG: a F^<�<S:�HU<?BC@qJG:id <S: m `La N � W=BCfsY*diB � W=Xkd

c+ di, c, d ∈ Z e Y^uiY=dGB d}nMfsY=W
(a+ bi)(c+ di) = 1.

2jk



� ��� ����� � 	�� � � � �	����������� � � �	
	� 
�� 2j�� mUYiJ�@h<?>�dLFog?D
W=XxfsY=d�J^Y*B
ac− bd = 1, ad+ bc = 0

HU<SBhQ�<�W=XI:O<?B
c =

a2 + b2

a
, d = − b

a2 + b2
.9$F^n0QS<�u � d^mi@qWA<?HKu[N
<?BjWO>CVhtSfyW=Bk>M@qJG:id�<S: a2 +b2 = 1
vp9 ` d=@quG:=bM> a = ±1, b =

0
�
a = 0, b = ±1

v ��gGV?<UFo�6diBT@ dG: a FGWO> QS< W*XI:O<?B {1,−1, i,−i} v,��d U(R)VPdGB ` JL:�W=XI:=<SBhH
m?HiVsB\HK��d=@ a F^< Y a z?gy> � v
�1F!o;>ji9XG?BJLCL�LCE?BT9X;C$R4JL:Uh�~�>@F�h@iHW�^=W@W_C$?yF�h@i4YwWHg$>@JLF4Y�
,8G?BF W_F�:}�$:}A$hj:fD WHC$R9J9:nhfFF_�$C_h@:}7L^ZX;JLF_hfF�hfC$RU�LF9>jF4�Le_WHvM�LF9>@F4V@:fD 8;JLF_hfC$Y_3

� %�ª�¡u�-�,� �-¬ � � d=@ a F*<�Y{bM:�@pdG: a F^b�:�Y3b�:�F^<?HyYom*VsX b�:;<UHUW_NE<?X b�: e fyW$uG:=<�@pB DE<?FGB\HUJY=W^Y~N
<GDKbM:LBIHKJrfynT@h<�<ONhBRQ�@pnM: e W=XI:=<SB
� v �qBR<

d = −1, U = {±1,±i} v
� v �qBR<

d = −3, U =
{

±1,±ω,±ω2
}

, ω = e2πi/3
v

� v �qBR<�JlVKW{>�Y^Bk> a VSVKW{>}Y^BR@qu{>�Y=d^m d e W*XI:O<?B U = {±1} v�
` JLFGW*B z?gEv ¯ �,XuhZv a

JL?yF J9C_WHe9V@F�XuhfC_W V@F4ALh@t_7$? C!F_AE:Z>@FLD v-W
Q(

√
d)

&JL:�FHWHhHD X;hj>@C �KChfC

b
3wz|g_h@:�:�D W_F9?

a−1 = b ⇔ ab = 1 ⇔ N(a)N(b) = 1 ⇔ N(a) = ±1

�F��GC$t iW_g$>jJLF�:=W_g$YOXuhfCE? ou:fD C$Rn:fD W_F9? �KR4XG?BA$g$YOF9>@? I`J9g$Y43*6|W�^ZouC$R9J9:

a = x + y
√
d, x, y ∈ Q


h@g_h@:
N(a) = N(x + y

√
d) = x2 − dy2 = 1

3 6|W
x, y ∈ Z


-AEF9?
d = −1

^fouC$R4JL:
x2 + y2 = 1


KgL�$CLR�CE?K7Lt4X;:�? YO:�D W_F9?
x = ±1, y = 0

T
x = 0, y = ±1

3�¯ ��h@XG? Vj:�DB°@F4JL:hfC�293 ��?yF
d < −3

R_�$C4o;>j:Zv&h@? AEe�IKF �L>@^}�$:f?
b = 0

3 ¯ 6�>@F CE? JLgHW_:ZYnF_AE^Z>@F9?y:ZY 7Lt4X;:�? Y:fD W_FL?
a = ±1, b = 0

3-6|W �$e4>@C$R4JL:
d ≡ 1 mod 4


Lhjg4hj:|IKF�^fouC$R4JL:|AEF9?Lh@iHWO�L:f>@DB�9hZv�XGigL�LC$R
a = A/2, b = B/2


�JL:
A,B

�$:Z>H? h�h�C$D�F4A$^f>jFL? C$?�3�¯ ��hjXK?
A2 − dB2 = 4

3 ��?BF
d < −3

�LFLDB>�WHC$R9J9:
B = 0


;e9>jFnV@:=WUIKF�^Zo;CLR9J9:¤�$F4>@F_�$eHWHv 7Lt4XG:f? Y_3-¯ ��h@XG?`V@:fDB°@F4JL:¤hfC\u3���?yF
d = −3

<$>HD X;AECLR9J9:�hH? Y�:}�E? �97L^ZCHW¤79t4XG:f? Y
A = ±1, B = ±1

3���?yF
A = 1, B = 1:fD W_FL?

a = 1
2 (−1 +

√
−3) = e2πi/3


 79t4XGi�h@iHW�CL�LCEDBF X;i9J9:f?B~�X;F4JL: XGFHW
ω
3�¢N? e47479:fY�$:Z>H? �9hj~�X;:�? Y*:fD W_F9?4�$>jC �KFHWH~�Y*hfF −ω, ω2,−ω2 3��!F4SHD_JL:�hH? Y*7Lt4XG:f? Y��$CLR�<L>@T_AEF9J9:,�L>H? W�
C_7LCLAL7Li4>j~-W_C$R4JL:|AEF9?;hji_W�F_�$g$Vj:�?B°@i�hfC$R�PE3��e9J9: W_F V@:fDB°@C$R4JL:�JL:Z>H? AE^ZY�<LF9XG? AE^ZYn?BVH?Bg_h@i_h@:ZY�hZv-W JLCHW_e4Vjv-W�
�hZv-W X;RHW_:}h�F9?B>H? A$~-WXuh�C$? ou:�D v-W�AEF9?;hZv-WUF_W_F_8u~&8uv-WE3

� %�ª�¡u�-�,� �-¬ � �qBj<�@TXR<�<?HKu[N
<?BR< ` W[NPBkd � � D e u � d^mi@qW �
� v���d8fsY=dGB � W=Xkd x W*XI:O<?B
@pdL: a F^<�<�:�HU<SBs@qJG:id8<S: x|1 v
� v � ` dGBR<?Fo� ` d^Y=W1FLtSd,fsY=dGB � W=XR< ` d^m W=XI:=<SB]@pdG: a FLWO> e W=XI:=<SB;fhm?:*WiYO<SB NhBIH a HU<?B�H a QSWfhmS:^W^Y=<SB NPB\HKJ}@pdG: a F^<?>}W=XI:=<SB
@ dG: a F*< HU<SBs<UmUY^Jov
� v ��t?d8fsY*diB � W=Xj< x, y W*XI:O<?Bsfhm?:^W^YO<SB NPBIH a e <S:�HU<SBP@qJG:id�<S: x|y HU<SB y|x v
� v87 9}:O< fsY=dGB � W=Xkd x W=XI:O<?B$<S: a DKb�D
d e <S:�HU<?B$@qJG:id6<�:0H a Q?W1FiBj<SB Nsu^YGgy>&Y*d*m W=XI:O<?BfhmS:^W^Y=<SB NPB\HKJ�fsY=dGB � W=XkdrY=d^m x ��W=XI:O<?B
@ dG: a F*<Uv
�Uv87 9}:O<�fxmS:^W^YO<?B NPB\HUJ�WL:LJL>}<�: a DKb�D
d*m e W=XI:O<?BPHU<?Bs<UmUYiJ}<�: a DKb�D
dLv�
` JLFGW*B z?gEv ­�F_�$gLV@:f?y°ji�hfv-W��$:Z>H? X;XGC_h@^Z>jv-W³:�D W_F9?�h@:}h@>@?yJ9JL^=W_i³AEF9?�^Z>@ou:ZhfF9?�XGou:ZV@gHWF_��:fRHIK:�DBF4YUF_�$g hfC$R4YnC$>H? XGJ9C$t9Y_3�6�Y�F4�LC$V@:fDB°@C$R4JL:OhfC \ �$C$R F4�97Le o;>j:�?Be4S@:}hfFL?`W_g$J9CVH?BF_8G>jF��GT9Y_3 ¯ �,ouC$R4JL:!g4h@?

x|y A$FL? y|x 3 
¤�$e4>@ouC$RHWM^}h@XG?
a, b ∈ D


1hj^}h�C$?yF³~�Xuh@:



� ��� ����� � 	�� � � � �	����������� � � �	
	� 
�� P4q

y = ax, x = by
3w��:nFHWHhH? AEF_h@e4Xuh�F4X;i �$F9DB>�W_C$R4JL:

x = bax
3wz�~�>@F�T

x = 0
gL�LC$RIKF :fD W_FL? AEF9?

y = 0

 CL�$g_h@:�:fD WHFL? XGRHW_:}hfFL?B>H? AEe�XuhfCE? ou:fDyF�
 T

x 6= 0
AEF9? F_�$g hfCHW�W_g$JLCVH?BF_8G>jF��GT9Y*^fouC$R4JL:

1 = ba
3-z|g_h@:

a, b
:fD W_F9?9JLCHW_e4V@:ZY43�¯ 6¤>jF

x, y
XGRHW_:}hfFL?B>H? AEe�Xuh�C$? ou:�DBFu3��A��K>je9X;C$R4JL: AEe_�$CE?B:ZY�F4�Lg F9R_h@^ZY�hH? Y ?BVH?Bg4hji4hj:ZY J9:�?BV@:}~�V@iMAEF9?|�LFLDB>�WHC$R9J9: h@iHW�$F4>@F_AEe_hfvM�L>@g4hfF4XGiu3

� %�ª�¡u�-�,� �-¬ �
� :

D
@TXR<]<?HKu[N
<SBj< ` W_NPBkd � �8HU<?B x, y W=XI:O<?BSFLtSd�@�g8@qgEFGWL:GB\H a fsY*diB � W=Xj<YGgy>

D e YiJ^Y=W �
� v
x|y <�:�HU<SBP@qJG:id8<S: 〈x〉 ⊇ 〈y〉 v

� v��q<
x
HU<?B

y
W*XI:O<?BPfxmS:^W^YO<?B NPB\H a e <�:rHU<SBP@qJG:id8<S: 〈x〉 = 〈y〉 v

� v���d8fsY=dGB � W=Xkd x W*XI:O<?B
@pdL: a F^< e <S:�HU<SB
@qJG:idr<�: 〈x〉 = D
v

� v���d�fsY=dGB � W=Xkd x W=XI:=<SB <S: a DKb�D
d e <S:(H?<?Bp@qJG:id�<�:�Y=d�BjFLW{nMFLWO> 〈x〉 W=XI:=<SB @quGDEB fPY=d@TWiYO<ozSt�JlVEb�:�Y3b�:�H?<S:idG:LBIHSn�:�HUtONPB b�:8BjFLW{bMF^nM:�YGgy>
D
v�

` JLFGW*B z?gEv ��?yFMhfCµ2�^ZouC$R4JL: � 6�W
x|y ⇒ y = zx ∈ 〈x〉 , z ∈ D

3 ���$C$J9^=WHv�Y
〈x〉 ⊇ 〈y〉 3�6�W@hHD Xuh@>@C �KF�hj~�>@F�FHW 〈y〉 ⊆ 〈x〉 
;h@g_h@: y ∈ 〈x〉 ⇒ y = zx, z ∈ D

3�z|C PF_�$C$V@:f? ALW_t4:}hfFL?Ee4JL:ZXGF�F_�$g�hfC!2OA$FL?uh@iHWU�L>@g4hfF4XGi�PE3 \u3�Q*hfC \�FHW
x
:fD W_F9?KJ$DBF�JLCHW_e4V@Fh@g_h@:

xv = 1, v ∈ D
3�¯ ��h@XG?K8K?BFnAEeHIK:

y ∈ D
:fD WHFL?

y = xvy ∈ 〈x〉 AEF9?Ke9>jF 〈x〉 = D
36|WHhHD Xuh@>jC �KFwF_W 〈x〉 = D


Gh@g_h@: F��KC$t
1 ∈ D, 1 = zx

AEFL?`e4>@F��$>jC �KFHWH~�Y h�C
x
:fD W_FL?JLCHW_e4V@Fu3���?yF¤h@iHWNh@:}79:ZR4hfF9DyF¤?BVH?Bg4hji4hfF1c�
4^Zo;CLR9J9:�g4h@?9hfC

x
:fD W_F9?9^=W_FOFHW_e48uv&8;C�X;hfCE? ou:fD CAEF9?GR_�$e4>@ou:f?;XuhfCE? ou:fD C

y
h@^}hfCE? C�~�X;hj:¤W_F�? XGout4:�? 〈x〉 ⊂ 〈y〉 ⊂ D

3,z|g4hj:
y|x F47479e�F_�$gh@iHW :Z�$? 7LC_8;TwhfC$R Vj:}W :fD W_FL?�C$t_h@:UJ9C_WHe9V@F�
�C$t4hj:UX;R_WH:ZhfF9?B>H? AEg X;hfCE? o;:fD C hfC$R

x
3�6�R4hjg^Z>@ou:}h�F9?�X;:UFHWHh@D I`:ZX;i JL:UhfC�F_�$C_h@^}7L:ZX;JLFwc h@i4YU�$>jg4hfF4XGi4Y�PE3 \u3�z|C FHWHh@D X;hj>@C �GC 
�F_WV@:=W R_�$e4>@ou:f?�hj^ZhfCE? C

y

�h@g_h@:nA$e_IK:nVH?BF9?y>j^Zhji9Y�h�CLR

x
:�D W_F9?-T JLCHW_e4V@F�
-T X;R_W_:}hfF9?y>@?BA$g 
:}�$C$J9^=WHv�Y1hfC

x
:�D W_F9?GFHW_e_8uv&8GCG3

�&��� � ! �(� ��# 	 # ! / ! �( �  "/ # ��+6' �0!r-^/
¯ �*XuhZv�g_hH?4V@C$R_7L:Zt4C$R9J9:�JL^ZXGF1XG:�JLDBFNF4A$^f>jFL?BF��$:Z>H? C4ouT

D
A$FL?4^fouC$R4JL:,^=W_FNJ9iNJLi4V@:=W4? 	AEgUA$FL?$J9i�FHW_e_8;v&8;C�X;hfCE? ou:fD C

x
3&� �LC$>@C$t4JL:|:}�$CLJL^=WHv�Y|W_F�hfC�8G>je � C$R9J9:�XGFHW

x = ab
3¯ �,Xuhfv�g4h@?9AEF9?4C$?9V@t4C F9R_hfCEDHWH^fC$?4�$F4>@e_8;C_WHhj:ZY�V@:=W¤:�D W_F9?9FHW_e_8uv&8GF1X;hfCE? ou:fDBF;3�z|g_h@:�
4XGR�	W_:Zo;DBS@C$R4JL:�F4R4hjT_W�hjiOVH?BF9VH? AEF4XGDyF1JL^Zou>H?9W_FNAEF_hfF479T9°jC$R9J9:�WHFN8G>je � C$R9J9:

x = p1p2...pm

gL�LC$R�hfF

pi
F9R_h@eU:�D W_F9?GFHW_e_8uv&8GFu3

¨ %-����0�ª&« ��¬ � ��<rVPu=@qW�J^Y^Bpg <�: a VEm?fPg fyW�<S: a DKb�DE<(W=XI:=<SB�FomS:=<LYG�1fyW�@TXR<(<?HKu[N
<SBj<` W_NPBkd � � D e <S:AH a Q?WTfsY=dGB � W=Xkd�Yigy> x e DGN a �hW^YO<SB�f?<S: ` W ` W[N
<UfE@quG:idADEBI:oJ=@qWG:id <S: a DKb�DKb�:fsY*diB � W=XkbM:�v
��:}W_?BA$e�
HJLDBF¤h@^}hfCE?BF�F_W_e_79R9X;i¤J4�$C$>j:�DjW_F1JLiHW�:�D W_F9?_V@R_WHF4hjT;3���?BF��$F4>@e4V@:f? 8;JLF�
HXGou:}hH? 	AEgUA$FL?$J9:|F9R_h@eO�$CLR�^ZouC$R4JL:��L:�?$J9^Zo;>@?Lhj~�>@F�
EXuh�CUXGtHW_C_7LC hZv-W�F4AE:Z>@F9D v-WOF_798;:=<L>H? A$~-WF4>H? I`J4~-W

B

9V@:=W¤:fD WHFL?4V@R_WHF4hjTNiNFHW_e479R4XGiu3�6¤R_h@g�g$J9v�Y�V@:=WNX;R9J_<$F9D W_:f?4AEF9?_X;hfCHWNV@F_A$hjt�	7L? C�F_AE:Z>@F9D v-WN:=W_g$Y|Xu~�JLF_hfC$Y�F9>@? I`J4~-W�
98;:}8;C_WHg$Y|�$C$RO:fD W_F9?L^=W_F9Y�F_�$gOhfC$R4Y�7Lg_8;C$R9Y*8K?BFhfC$R4YOCL�$CED C$R9Y1V@C$R_7L:Zt4C$R9J9:¤:}AE:fDKJ9^ZXGFu3 � :}Au? W_e4JL:¤W_F�F_�$C$Vj:�DB°@CLR9J9:1g_hH?`X;:OV@F4ALh@t_7$? CLR9YF_AE:Z>@FLD v-WN:�D W_F9?$V@RHW_F_h@T i F_W_e_79R9X;iOXG:�FHW_e_8;v&8;F Xuh�C$? ou:�DBF�
LV@D WHC_WHhfF4Y¤^=W_FHWOCL>H? X;JLgU�LC$R^Z>@ou:}h�F9?uF4�Lg�hji_W

Emmy Noether
� 2�k9k9P�	=2��9\9b � 3

¨ %-����0�ª&« ��¬ � ��<�HU<*VPdLti@qW @TXR<}<?HKu[N
<?BR< ` W[NPBkd � � Noetherian e <S:]H a QSW BjFLW{nMFLWO>$Yigy>W=XI:=<SB ` W ` W[N
<?f
@TuL:O< ` <=NE<GD
J=@qWG:idov
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	� 
�� Pu2
¯ ���$:f? hfF�IKF1Vj~�X;C$R4JL:,V@t9C1XGRHW@IKT4AE:ZY,CE?HCL�$C$Dy:ZY,JLF4Y*:fD W_F9?HF4�LF9>@F9D hji4hj:fY-8G?BF�h@i1X;RHW_^Zo;:f?BFu3
293�� � ��� .��-'&�a¡;�-« �����`) � ���-« �  �� ��+ � �-« ¬ 6�Wn^Zo;CLR9J9:NJ$DBF�F4t9°@CLR9X;F�F479R4XKDBV@FF_�$g ?yVj:Z~�Vji�


I0 ⊆ I1 ⊆ ... ⊆ In ⊆ ...

 h@g_h@:�R_�$e4>@ou:�?`AEe_�$C$? C

N
hj^}h�C$? C ~�Xuh@:

In = IN
8K?BFUA$e_IK:

n ≥ N
3

Pu3�� � ��� .���'&� 0*";�¤+ �*¡u) ��¬ � eHIK:�JLi AE:=W_g XGtHW_C_7LC!F4�Lg!?yVj:Z~�Vji�
-�L:Z>H?B^fou:f?�^=W_FJ9^}8K? X;hfC�Xuh�C$? ou:�D CK3
� %�ª�¡u�-�,� �-¬ § ��BU<?HKJlVhd*m?Q?WO> fhm?:LQU�yHKW{>AW=XI:=<SBUBkfydLFGtS:=<^@qWO> e DEBR<�@TXR<}<?HKu[N
<?BR< ` W[NPBkd � �
D
v
� v �

D
W=XI:=<SB

Noetherian
v

� v �
D
B\HU<�:id ` dGBjW*XhYGgy>}fhm?:LQ?�EHKg YGgy>;<?toz*d^m?f?<?>}<^VEm?fEX F*<?>Gv

� v �
D
B\HU<�:id ` dGBjW*XhYGgE:8fxmS:oQ?�yHyg(@quGDEB fPY=d^m�fPY=dGB � W*X d^mUv�

` JLFGW*B z?gEv ¯ �,XuhZv F9>@o;? AEe³g_hH?|? X;out9:f?*hfC�293 ¯ �*XuhZv :}�ED X;i9Y I =
⋃∞
n=1 In

3£z|C
I:fD W_FL?&�$>jC �KFHWH~�Y ?BV@:}~�V@:ZY A$FL?�F��GC$t�i

D
:fD W_F9?

Noetherian

�:fD W_F9?�AEF9?-�$:}�$:Z>@F4X;JL^=W_F�$F4>@F_8;g$JL:=W_C V@i479F4V@T

I = 〈x1, ...xm〉 3 � e_IK: xi 
KI`FwFHW_T4A$:�?GXG: AEe_�$CE? C In(i)
3�¯ �,XuhZvg_hH?

N = maxin(i)

Eh@g_h@:|I`F�^fouC$R4JL:

I = IN
AEF9?��KR4XK? AEe

In = IN
8G?BF�AEeHIK:

n ≥ N
36�Y�R4�LC9I`^ZX;C$R4JL:�g4h@?�? X;out9:f?�hfC!PE3 �1:}v�>@C$t4JL:U^=W_F JLi AE:=W_g�X;t_WHC479C�F4�Lg�?yVj:Z~�Vji�


S
3

�1F��$e4JL:�JL:�e_hfCL�$C!AEFL?�IKF R_�$C4I`^ZX;C$R9J9:�g4h@?-h�C
S
Vj:}W!^Zou:f?&JL^}8G? X;hfC X;hfCE? ou:fD C 
�8K?BFW_F F4�LC$V@:fDB°@C$R4JL:nhfC³\;3³���$?B79^}8;C$R9J9:�^}WHF

I0 ∈ S
3M6 �KC$t!hfC

I0
V@:=W!:�D W_F9?�JL^}8G? X;hfC 
IKF R_�$e4>@ou:�?`^=W_F X;hfCE? o;:fD C

I1 ∈ S

 hj^ZhfCE? C ~�Xuh@:

I0 ⊂ I1
3 �¤>@C4oEv�>@C$t4JL:�:}�$F_8;v&8G? AEe�
^ZouC_WHhfF4Y�<L>@:f?uhfC

In

EhfC�CL�$CED CnJL:�h@i�XG:f?B>@e�hfC$R�V@:=W�:�D W_F9?uJL^}8G? X;hfC 
$CL�$g_h@:�:}�E? 7L^}8;C$R4JL:^=W_F

In+1 ∈ S
J9:
In ⊂ In+1

3-6�747LeOhj~�>jF�^ZouC$R4JL:�JLDBF�F4t4°@C$R4XGFOF_7LR4XGDyVjFNF4�Lgn?BV@:}~�V@i�
i�CL�$CEDBF V@:=W�Xuh�F4JLF_h@e4:f?L�$C_h@^H3�¯ 6�>@F AEF_h�F_79T48;C$R4JL:�X;:�e4hfCL�LCK3-z|^}79C$Y�
$^ZX;hZv g_hH?u? X;o;t4:f?hfC�\u3���FLDB>�WHC$R9J9:
I
^=W_F!CL�$CE? C$V@T_�$C_h@:�?BV@:}~�V@:ZY_3 �1^}hfC$R9J9:

S
hfC�XGtHW_C_7LC�g474v-W hZv-W�$:}�L:f>jF9X;JL^=W_F��LF9>jF48;g$J9:}W@v-W�?BV@:}v�Vj~-W�
@hfF|CL�LCEDBF��$:Z>H?B^ZouC_WHhfF9?�XuhfC
I
3�z|g_h@:-hfC {0} ∈ S


V@i_7LF4V@Twh�C
S
V@:=W :fD W_F9? hfC AE:=W_g�X;t_W_C_79CK3�¯ 6�>@F IKF ^Zou:f?�^=W_F J9^Z8G? XuhfC X;hfCE? o;:fD C

J
J9:

J 6= I
3µ���E? 79^}8GCLR9J9:

x ∈ I/J
3®z|g_h@: 〈J, x〉 �$:}�$:Z>@F4X;JL^=W_F��$F4>@F_8;g$JL:=W_C ?BV@:}~�V@:ZYAEF9? F9R4X;hji9>je J9:Z8;F_7Lt_h@:Z>@C F4�Lg hfC
J
3N¯ 6�hfCL�$C 
`:Z�LC$JL^=WHv�Y

J = I
AEF9?

I
�$:}�$:Z>@F4X;JL^=W_F�$F4>@F_8;g$JL:=W_CK3�¯ 6¤>@FUi

D
:fD W_FL?

Noetherian
3�sU:fDB°@F4JL:�7LCE? �Lg_W�AEF9?uhfC 243� ";�n% �-0�� ��¬ � � :�@TXR< <UHUu_NE<?BR< ` W[NhB d � � D W=XI:O<?B

Noetherian e Y^J^Y*W}g�<S: a VEm?fPg fyW<S: a DKb�DE< fsY=dGB � W=XR< W=XI:=<SBhFLm?:O<oYi�
v�
` JLFGW*B z?gEv ¯ �,X;hZv D Noetherian

F_AE^Z>@FL?BF��$:Z>H? C4ouTUAEF9?Gg_hH?`R_�$e4>@ou:�?uAEe_�$CE? C�XuhfCE? ou:fD C
x ∈ D


|hfC C9�$CED C V@:=WM:fD W_F9?�JLi4V@^=W�
�F_7979e³C$t_h@: AEF9?�JLCHW_e4V@Fu3 ¯ �,X;hZv g_hH?�F4R4hjg hfC
x
V@:=W³J9�LC$>@:fD*W_F³8;>@F��K:fD�XGFHW³8G? W_g$J9:}WHC �$:}�L:f>jF9X;JL^=WHv-W�F_W_e_8uv&8uv-WMX;hfCE? o;:fD v-WE3®­:}�E? 79C48;T hfC$R

x
:fD W_F9?&hj^}h�C$?yF�
�~�Xuh@:�hfC³?BV@:}~�V@:ZY 〈x〉 W_F!:fD W_FL?&J9^Z8G? XuhfC 
&g$Xuv-W!F��KC$>@ehH? Y¤X;R48uAE:}AE>@?yJ9^=W_:ZY¤X;R_WjI`T_AE:ZY�8G?BF h�C

x

E�L>@e48;J9F�hfCnCL�LCED C�JLF4Y¤:}�E? h@>@^}�$:f?9W_F�hfCU�$C$t4JL:iwXGRHW@IKT4AEi�hfC$RwJL:}8GD Xuh�CLRwXuhfCE? ou:fD C$Ru3|¯ ¢¤�Lv�Y�C$>HD X;F4JL:O7LC$?B�Lg_WUhfC

x

 °j^f>jC$R9J9: g4h@? Vj:}W:fD W_FL?$FHW_e_8uv&8GC 
L:}�$CLJL^=WHv�Y

x = yz, y, z
V@:=W :fD W_FL?9JLCHW_e9Vj:fY_3&z|g_h@: 〈x〉 ⊆ 〈y〉 
$F_�$g�hji_W�$>jg4hfF4XGi�PE3 c;35243�6|Wn^ZouC$R4JL: 〈x〉 = 〈y〉 
uh@g_h@:¤h�F x, y :fD W_F9?GX;R_WH:ZhfF9?B>H? AEe�
E�LC$RnF_�$g�h@iHWPE3 c;3BP X;i9J9FLD W_:f?�g_hH?�hfC

z
:�D W_F9?�J9C_W_e4V@Fu3 ���$CLJL^=WHv�Y�^Zo;CLR9J9: 〈x〉 ⊂ 〈y〉 AEF9?�8G?BF hfC$R9YDBVH? C$R4Y�79g_8GCLR9Y�^Zo;CLR9J9:�:}�ED XGi4YUg_hH? 〈x〉 ⊂ 〈z〉 3U6��Lg h�C 8;:}8;C_W_gLYng4h@?�hfC�?BV@:}~�V@:ZY 〈x〉:fD W_FL?;JL^}8G? Xuh�C 
$I`Fn^ZouC$R4JL:

y = p1...pr

z = q1...qs,
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�� P9P
gL�LC$RNhfF

pi, qj
:fD WHFL?$FHW_e_8;v&8;F Xuh�C$? ou:�DBFu3���C_7979F4�97LF4XG?ye4S@CHWHhfF9Y*F9R_h@^ZY�h@? Y�V@t9C�XGou^ZX;:�? YJL:}hfF4°@twhfC$R4Y�
 :}A��K>@e4S@C$R4JL:OhfC

x
X;F_W��L:}�$:Z>@F4XGJ9^}WHC 8G? WHg$JL:=W_C FHW_e_8;v&8uv-W Xuh�C$? ou:�D v-WE3

� F_h�F_79T48;C$R4JL:|79CE? �$gHWUX;:Oe_h�C9�$CK3����$C$J9^=WHv�YOi�F_WHe479R9X;inX;:NFHW_e48uv&8;F�Xuh�C$? ou:�DBFn:fD W_F9?V@RHW_F_h@Tu3� ";�n% �-0�� ��¬ � � F*<UHKYit=VPBkdG>�<?HKW[N
<?X bM:
D
WL:LJL> fKnq@h<LY=dL>�<=NPBRQ�@pn�:

K e W=XI:=<SB Noe-

therian
v�

` JLFGW*B z?gEv 6�R_h@g��$C$R �L>@^}�$:f?�W_F�V@:fDB°@C$R4JL:n:fD W_F9?�g_hH?�AEeHI`:n?yVj:Z~�Vj:fY�hfC$R D
:�D W_F9?��L:
	�$:Z>@F4X;JL^=W_F��LF9>@F_8;g$JL:=W_CG3 ¯ �,ouC$R9J9: h@iHW

(D,+)

�i³CL�LCEDBF�:fD W_F9?�:}7L:ZtHI`:Z>@i F_<L:}7$?BFHW_Th@e4°@i4Y

n

�g$X;C$YUAEF9?�C <LF_IKJLg$Y�h@i4Yn:}�$^}A$hfF9X;i4Y�hfC$R � 3 �,�LC$JL^=WHv�YnA$FL?�i

(I,+)
:fD WHFL?:}7L:ZtHI`:Z>@i F_<L:}7$?BFHW_T 
�J9:�hje9°@i ^fXuhZv

s ≤ n
3�¯ �,X;hZv 79CE? �$gHW J$DBF

Z
	(<$e4XGiwh@i4Y

(I,+)

i {x1, ...xs}

3�z|g4hj:��L>@C �GF_WH~�YwhfC³?BV@:}~�V@:ZY �NIKF �LF9>@e_8;:}h�F9?�F_�$g F9R_h@e hfF XuhfCE? ou:fD 	Fu3OsUi_7LF4V@T
I = 〈x1, ..., xs〉

3N���LC$JL^=WHv�Y�h�C
I
:fD W_F9? �L:}�$:Z>@F4XGJ9^}WHF��LF9>jF48;g$J9:}WHC 
K�LC$RX;i9J9FLD W_:f?Gg_hH?;V@:fDB°@F9J9:1F4R4hjg��$C$R I`^}79F9J9:�
ug_hH?;V@i_7LF4V@TUC

D
:�D W_F9?

Noetherian
3Q�R4JLJLF4S@:Zt4C_WHhfF4Y&g4h@?HV@:fDy°jF9J9:&X;hfF�h@:}7L:ZR_hfFLDBF*IK:}v�>@T9J9F4hfF�
H^ZouC$R9J9:-hfCN:Z°@T9Y&�Lg$>H? X;JLFu3

� ª&%�� ��0*� �-¬ � ��<S: a VEm?fPg fyW$<S: a DKb�DE<�fPY=dGB � W=XR< e W=XI:=<SB
FomS:=<LYG� @quOf?<�fsY*d*m?>;F*<UHyY^t �VsBkd^m?>;<?HKW[N
<SXkbM:rY3b�:�f?bT@ a Y3bM:8<=NPBRQ�@pn�:ov
z�~�>@FMI`F V@C$t4JL: �Lv�Y o;>ji9XG?BJLCL�LCE? C$t4JL: hji_W³W_gL>@JLF�
¤8G?BF WHFM<L>HD XuAEC$R4JL:�:Zt4A$C479FJLCHW_e4V@:ZY1AEF9?GFHW_e_8;v&8;FnXuhfCE? ou:fDBF�
EJ9^ZXGFnXuhfC

D
3

� %�ª�¡u�-�,� �-¬ ±07 9$fsY{b
x, y ∈ D

v;��J^Y=W}W=XI:=<SB��
� v���d

x
W=XI:=<SBP@pdG: a F*< e <�:rHU<SBP@qJG:id8<S: N(x) = ±1

v
� v � :

x, y
fhm?:*WiYO<SB NhBIH a fsY=dGB � W=XR< e Y^J^Y*W N(x) = ±N(y)

v
� v � :

N(x)
W=XI:=<SB ` Nyn�Y=dL>;<ONPBRQS@TJL> e Y^J^Y*W}Y*d x W=XI:=<SBP<�: a DUbCDEd�fsY=dL: D

v�
` JLFGW*B z?gEv
293|6|W

x
JLCHW_e4V@F�h@g_h@:

xu = 1
3�z|g4hj:

N(x)N(u) = 1, N(x), N(u) ∈ Z
3����$C$J9^ 	W@v�Y�IKF �$>j^Z�L:f?

N(x) = ±1
3 6|WHhHD X;hj>@C �KF�
 ^ZX;hZvag4h@?

N(x) = ±1
3 z|g_h@:�F_�$ghfCHW�C$>H? X;JLg�h@i4Y1W_g$>jJLF4YN:=W_g$YNXuhfCE? ou:fD C$RU^ZouC$R4JL:�g4h@?

σ1(x)...σn(x) = ±1,

g9�$C$R
σi
CE?$J9C_WHC$JLC$> �`? X;JLCED$F_�$g�hfC

K → C
3 ��v�>HD Y�W_FO<L79e � C$R4JL:,h@i 8G:=W4? AEg_h@i�	hfF�
E^=W_F4Y1F_�$g�F4R4hfC$t4Y�hfC$R4Y��$F4>@e48;CHWHh@:ZY�
E^ZX;hZv C

σ1

u:�D W_F9?;D XGCLY1JL:

x
3��1^}hfC$R4JL:

u = ±σ2(x)...σn(x)
A$FL?uXGRHW_:}�L~�Y1IKFn^ZouC$R4JL:

xu = 1 ⇔ u = x−1 ∈ K.

���LC$JL^=WHv�Y
u ∈ K ∩ B = D


;^}h@XG?;hfC
x
:fD W_F9?GJ9C_W_e4V@Fu3

Pu3|6|W�^ZouC$R4JL:NV@t4C X;RHW_:}h�F9?B>H? AEe�Xuh�C$? ou:�DBF
x, y


GIKF�:�D W_F9?
x = uy, u ∈ U(D)

3 �*D W_F9?79CE? �$gHW
N(x) = N(uy) = N(u)N(y) = ±N(y).

\;3�¯ �*XuhZv
N(x)

�L>j~&hfC$Y�F9>H? IKJLgLY A$FL?
x
JLi�F_WHe48uv&8;C$Y�
Kh@^}hfCE? CLY ~�Xuh@:�


x = yz
J9:hfF

y, z
W_F!JLiHW!:fD W_FL?�JLCHW_e4V@:ZY43�z|g4hj:�IKF�^ZouC$R4JL:

N(x) = N(y)N(z)

,gL�$C$RF��KCLt

N(x)
�$>j~&hfC$Y�
`I`Fw�$>@^}�L:�? ^=W_Fw:}A hfv-W

N(y), N(z)
W_F :fD W_F9? ±N(x)

AEF9?hfC e4747LC ±1
316�7979enhfC Xuh�C$? ou:�D C �$CLRwi�W_g$>jJLF�h�CLRw:fD W_F9? ±1

I`Fw:fD WHFL?`J9C_W_e4V@Fu3¯ 6�hfCL�$CG3
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	� 
�� P4\
z|F�FHWHhHD X;hj>@C �KF�hZv-W³P�AEFL?*\�
*8G:=W4? AEe³Vj:}W�? X;out9C$RHWE3a�¤>jC9oEv�>@C$t4JL: hj~�>@F³Xuh@iHW:}�$g$J9:=W_i��LF9>je48;>@F��KC 
_g9�$C$R|I`F¤J$? 79T9X;C$R4JL:-8G?BF1JLCHW_F4VH? AET�AEFL?_JLi¤JLCHW_F4VH? AET¤FHW_e_7LR4X;i�X;:FHW_e48uv&8;F�
9g9�$C$R¤IKF �KFHW_C$tHWN?yV@?yF9D hj:f>jF1ou>@T4XK?BJLF¤h�FOF_�$C_h@:}79^ZXGJ9F4hfF�hfv-W¤�$>jC$i48;C$t4JL:=WHv-WIK:Zv�>ji9J9e4hZv-WE3

�&��� � 	�46+ ! / ��'*) � / ! �(� ��# 	 # ! / ! �( �  / # ��+6' �0!r-^/
¨ %-����0�ª&« ��¬ §���<$VPu*@TW�J^Y*Bxg <S: a VEm?fPg�fyW�@TXR<�<?HKu[N
<SBj< ` W[NhB d � � D W=XI:O<?BE@pdL:O<UFiB\Hy� e<S:�J^YO<S:�u � d^mi@qW

p1...pr = q1...qs@qW
pi, qj

<�: a DUbCDy< fPY=dGB � W*XR<�fPYigE: D e B f � t?W=BsJ^Y^B r = s
HU<SBCm `La N � W=BE@TXR<�@qW^Y a QSWOfsg πY=d^m {1, ...r} Y^uiY=dGBR<8nMfPY=W�YO< pi, qπ(i)

:=<�W=XI:=<SBhfhm?:*WiYO<SB NhBIH a e DEBR< H a Q?W i = 1, ..., r
v

�1F 7L^ZJ9:n:}�ED X;i9Y�g_hH?&^ZouC$R9J9:nJLCHW_F4VH? AET�F_WHe479R9X;i X;:wFHW_e_8uv&8GF�
&g$Xuv-W!F��KC$>@e hjiX;:�?B>@e³hZv-W³�LF9>@F_8;g_W@hfv-W�AEFL?�hji_W�t4�LF9>j°@iMJLCHW_e9V�v-WE3 Q*hfC$R4Y V@F_A$h@t_7L? C$R4Y F4AE:Z>@F9D v-WXuv�JLe_hfv-WOF9>H? IKJ9~-W 
$V@:=WO^ZouC$R4JL:�J9C_WHF9VH? AET FHW_e_7LR4XGiu3�6¤R_h@g�8;:}W_?BA$eOV@:=W :fD WHFL?9A$FL?L�LC479t<LC47L? AEg 
 F_7979e Xuh@iHW A$>@R4�9hfC48;>@F��`DBFwIKF �GF_W_:fD��LC479t ou>@T4XG?yJ9CK3 � :}Au? W_e4JL:nVHD W_CHWHhfF4YUhfC:}�$g$J9:=W_CnI`:}~�>@i4JLFu3� ";�n% �-0�� ��¬ � � <�: a VEm?fPg�FLWG: W=XI:O<?Bq@pdG:=<?FGB\Hy�0fsY*d*m?>(F*<UHKYit=VPBkd*m?>�<?HKW[N
<SX b�: Y=d^m
Q(

√
d)
DyBj< Y^Bk>��_Y=d^m*V a�� BkfsY=dG:�� ` <=NE<UH a Y3b"Y*BR@quO>�Y=d^m d �
−5,−6,−10,−13,−14,−15,−17,−21,−22,−23,−26,−29,−30.

�
` JLFGW*B z?gEv ��?BF|hfC_W Q(

√
−5)


HAEF9?jhfC1Xuh�C$? ou:�D C¤r�
H^ZouC$R9J9:-hH? Y�:Z°@T4Y&�$F4>@F48;CHWHhfCL�$C$?yT4X;:�? Y43
6 = 2 · 3 = (1 +

√
−5)(1 −

√
−5).

�1FOV@:fDB°@C$R4JL:,7LCE? �Lg_W1g4h@?LF4R4hfCED4CE?9�$F4>@e_8;C_WHhj:ZY�V@:=WO:fD W_F9?LF_WHe48uv&8;FOX;hfCE? o;:fDBFu3�­ W_gL>@JLFVHD W_:}hfFL?;F4�Lg�h�CHW�h@t_�$C
N(a+ b

√
−5) = a2 + 5b2


;CL�Lg4hj:�IKFn^Zo;CLR9J9:
N(2) = 4, N(3) = 9, N(1 +

√
−5) = 6 = N(1 −

√
−5).¯ �,Xuhfvµg4h@?

2 = xy, x, y ∈ D
A$FL?�WHF JLiHW :fD W_FL?�JLCHW_e9Vj:fY_3 z|g_h@:

4 = N(x)N(y) ⇒
N(x) = ±2, N(y) = ±2

3n¯ ¢1JLCE?BF CE?�JLi hj:Zhj>H?BJLJ9^}WHCE?��$F4>@e_8;C_WHhj:ZYUhfC$R \ �$>j^Z�L:f? W_F^ZouC$R_W�W_g$>@J9F ±3

G:=WH~ hZv-W

1 ±
√
−5
W_Fw:fD WHFL? ±2

T ±3
3¤Q�t4J �Gv-WHF J9:Nh�C�I`:}~�>@i4JLF24352fc 
EAEF9?GF��KCLt −5 ≡ 3 mod 4 6= 1 mod 4

CE?GF4AE^Z>@F9? CE?uF_798;:=<$>@?BA$CEDEIKF�^ZouC$R_W�J9C$>��KT
a+ b

√
−5, a, b ∈ Z

3-¯ ��hjXK?K^ZouC$R4JL:¤C$V@i_8GiHIK:�D;X;h@? YN:Z°H? Xu~�X;:�? Y
a2 + 5b2 = ±2

T ± 3.¯ �,ouC$R4JL: h�~�>@FMg4h@? |b| ≥ 1 ⇒ |a2 + 5b2| ≥ 5
3®¢¤�Lg4hj:wIKF��$>@^}�$:f? |b| = 0

3 �1F^ZouC$R9J9:n7LC$?B�Lg_W
a2 = ±2

T ± 3

-hfC�CL�LCED C :�D W_F9?-F4V@t_WHF4hfCK3 ���$CLJL^=WHv�YwCE?-h@^ZXGX;:Z>H? Y�$F4>@e_8;C_WHhj:ZY�:fD W_F9? F_W_e_8uv&8;F XuhfCE? ou:fDyFu3�6��Lg h@iHW�XuhH? 8;J9Twh�~�>@Fw�LC$Rw^fouC$R4JL:�


N(2) =
4, N(1 ±

√
−5) = 6


¤F_�$g h@iHW³�$>jg4hfF4XGi PE3 ru3BP�
|�$F9Dy>fW_C$R4JL: g_hH?�hfF XuhfCE? ou:fDyFMF4R4hjeV@:=Ww:fD W_FL? C$t_h@: X;R_W_:}hfF9?y>@?BA$ewJ9:}h�F4°@t�hfC$R9Y_3N���$CLJL^=WHv�YUiw�$F4>@F_8GCHWHhfCL�LCED i9X;i�V@:=Ww:fD W_FL?JLCHW_F4VH? AETu3 ��?BFMh@? Y�e47479:fY h@?yJ9^ZY�hfC$R
d

�V@CLR479:Zt9C$R4JL: JL: hfC_WMDyV@? C F_AE>H? <9~�Y�hj>@gL�LCK3l�F �$>jC$XG^Z°@CLR9J9:wJ9g_WHC³g4h@?,X;: AEe_�$C$?y:ZY��$:Z>H? �9hj~�X;:�? Y gL�LC$R

d ≡ 1 mod 4
F47479e9S@:f?-CV@F_A$h@t_7L? C$Y�F4AE:Z>@F9D v-WE36�AEg$JLF�V@:=W�:fDBJLF4Xuh@:�X;:�IK^ZXGi W_F�F_�$C$V@:fDB°@C$R4JL:Ug4h@?�X;:�^=W_F_W V@F_A$h@t_7$? C F_AE:Z>@F9DBv-W^ZouC$R9J9:�J9C_WHF9VH? AET F_W_e_79R9X;i�
`F4747LewF4YnXGi4JL:f? ~�X;C$R9J9:Ug_hH?�X;h@? YUhH?BJ9^fY�hfC$R

d
gL�LC$R :}AE:fDIKF!VjC$R479^ � C$R4JL:�
�V@i479F4V@T F9>fW_i4h@? AE^ZYnAEFL?-:}79:Zt_IK:Z>@:ZYnh@:}h@>@F_8u~-WHv-W�
�^ZouC$R4JL:nJ9C_W_F4VH? AETFHW_e479R4XGi�8K?BF

d = −1,−2,−3,−7,−11,−19,−43,−67,−163.



� ��� ����� � 	�� � � � �	����������� � � �	
	� 
�� P_c
�&��� � /1%�/( + ! ��+��&+.- 	�# 	 # !��&% � ��/ # ��+6' �0!r-^/
¨ %-����0�ª&« ��¬ ± �]W;@ Xj<�<UHUu_NE<?BR< ` W[NPBkd � � D uG:=<�fPY=dGB � W=XkdrYigE> x e Q�< HU<*VKW=X YO<?B ` Nyn�Y=d e<S:

0 6= x /∈ U(D)
HU<SBhW ` B ` VPu*dG:8u � W=BxYGgy:�WOzS�E>]B FiB J^Yig
YO<

x | ab⇒ x | a � x | b.
� %�ª�¡u�-�,� �-¬ �67 9;:=< ` Nyn�Y=d8fPY=dGB � W*X drfyW]@TXR<�<UHUu_NE<?BR< ` W[NPBkd � � e W=XI:=<SBsHU<?Bs<S: a DKb�D
dov�
` JLFGW*B z?gEv ¯ �,X;hZv D

F_AE^Z>@F9?yF!�$:Z>H? C4ouT�AEF9?
x
^=W_F��$>j~&hfC X;hfCE? ou:fD C³h@i4Y_3 6|W�hjg4hj:

x = ab

$:fD W_FL?

x | ab⇒ x | a T x | b 3-6|W x | a hjg4hj: a = xc, c ∈ D
AEFL?9e9>@F

x = xcb
3sn?BF_8G>je��GC$R9J9:NhfC

x
AEF9?`�$F9DB>�W_C$R4JL:Og_hH?

cb = 1

 V@i_7LF4V@T�hfC Xuh�C$? ou:�D C

b
:fD WHFL?`J9C_W_e4V@Fu3¯ ¢1J9CE?BF�AEF9?;g_hfF_W

x | b IKF �;h@e4XGCLR9J9:1Xuh�C�X;R4J9�$^Z>@F4X;JLFUg_hH? a :fD WHFL?uJLCHW_e4V@F�
u:}�LC$JL^=WHv�YhfC��$>j~&hfCwX;hfCE? ou:fD C
x

;:�D W_F9?;A$FL?;F_W_e_8uv&8;CK3z|C!F_WHh@D Xuh@>@C �GC!hji9Yn�L>@C$i_8;C$t9J9:=W_i9Y��$>@g_hfF9X;i4YnV@:=W�? X;out9:f?/3 
¤�$e4>@ouC$RHW F_AE^Z>@F9?B:fY�$:Z>H? C9ou^ZY�
 g9�$C$R FHW_e_8uv&8GF X;hfCE? o;:fDBF Vj:}W :fD W_FL? �$>j~&hfFu3 ��?yF �$F4>@e9Vj:�? 8GJ9F�
 F4YU�Le9>@CLR9J9:h@iHW��$F4>@F_8GCHWHhfCL�LCED i9X;i �$C$R�:�DBV@F4JL:�7$D 8GC��$? Cn�$>H? WUX;hfC

Z[
√
−5]


;gL�$C$RU:�D o;F4JL:
6 = 2 · 3 = (1 +

√
−5)(1 −

√
−5).

�,Vj~ h�CnP�:fD W_F9?$F_W_e_8uv&8;C�X;hfCE? ou:fD C�gL�Lv�Y¤:fD ouF9J9:|V@:fDy°j:�? 
LF4747Le V@:=W V@?yF9?B>@:fD$AEF_WH^}WHF�F_�$ghfF
1 ±

√
−5


GVji479F9VjTUV@:=WU:�D W_F9?;�L>j~&hfCK3� ";�n% �-0�� ��¬ � �]W}@ Xj<�<?HKu[N
<SBj< ` W[NPBkd � � J ` d*m(g�<S: a VEm?fsg fyW ` Nyn�YO<�W=XI:=<SBxFLm?:O<oYG� eQ�< W=XI:=<SBPHU<SBP@pdG:=<?FGB\HK� e <�:rHU<SBP@qJG:id8<S:�H a Q?W$<S: a DKb�D
drfPY=dGB � W*X drW=XI:O<?BPHU<?B ` NKn�Y*dLv�
` JLFGW*B z?gEv ¯ �,ouC$R4JL: D JLDBF F4A$^f>jFL?BF �L:Z>H? C4o;Tu3
�1F J9F9Y�<LC$iHI`T4X;:�? W_F 8;>@e � C$R4JL:�h@iHWFHW_e479R4XGi�:}WHg$YNXuh�C$? ou:�D C$R�X;:NFHW_e_8;v&8;FUv�YO:Z°@T4Y

x = up1...pr,

gL�LC$R
u
J9C_W_e4V@Fu3�¯ �,XuhZvµg_hH?�i F_WHe479R9X;i :fD W_F9?�J9C_WHF9VH? AETwAEF9?�AEF9? hfC�Xuh�C$? ou:�D C

p
:fD W_F9?^=W_F�F_WHe48uv&8;C XuhfCE? ou:fD CK3*�*J9:fD YO�$>@^}�$:f?EW_F�V@:fDy°jC$R9J9:Ng_hH?`:fD W_FL?KA$FL?G�L>j~&hfCK3|6|W�^ZouC$R4JL:

p | ab 
Eh@g_h@:�I`Fn:fD W_F9? pc = ab, c ∈ D
3���F9>jF48;CHWHhfCL�$CE? C$t9J9:|h�F

a, b, c

EAEF9?G^ZouC$R9J9:

a = u1p1...pn

b = u2q1...qm

c = u3r1...rs,gL�LC$R
ui
:�D W_F9?GJ9C_WHe9V@:ZY1A$FL?EhfFnX;hfCE? o;:fDBF

pi, qi, ri
:fD W_F9?GFHW_e_8;v&8;Fu3&z|g_h@:1J9:NFHWHhH? AEF_h@e�	Xuh�F4X;i�I`F��$e4>@C$R4JL:

pu3r1...rs = u1p1...pnu2q1...qm.z|Cwg4h@?G^ZouC$R9J9:1J9C_W_F4VH? AETnFHW_e_7LR4X;i�
uJ9F9Y179^Z:f?Gg_hH?;hfC
p
:fD WHFL?;XGRHW_:}hfFL?B>H? AEg�XuhfCE? ou:fD C�JL:AEe_�$CE? CUF_�$gnhfF

pi
T
qi
3,sUi_7LF4V@T VH?BFL?B>@:fDEAEe_�$CE? C�F4�LgnF4R4hje�
LCL�$g_h@:�VH?BFL?B>@:fDET�hfC

a
T�hfC

b
3����$CLJL^=WHv�Y|:fD W_FL?_AEF9?4�$>�~&h�C�Xuh�C$? ou:�D CK3�6|WHh@D X;hj>@C �GFNhj~�>@F�
L^ZXuhZv�g_hH?4A$e_IK:�FHW_e48uv&8;CXuh�C$? ou:�D C�:�D W_F9?;A$FL?u�$>j~&hfCK3��1FUV@:fDy°jC$R9J9:1g_hH?;F_W

u1p1...pm = u2q1qn,
�(Pu3 2 �



� ��� ����� � 	�� � � � �	����������� � � �	
	� 
�� P9b
gL�LC$R

ui
J9C_WHe9V@:ZY�AEF9?

pi, qi
FHW_e_8uv&8GF!Xuh�C$? ou:�DBF�
�hjg4hj:

m = n
AEFL?-g_hH?&R_�$e4>@ou:f?-J$DBFJL:}hje_IK:ZXGi

π
hfC$R {1, ...,m} 
�hj^ZhfCE?BF!~�X;hj: pi, qπ(i)

WHF�:fD WHFL?,XGRHW_:}hfFL?B>H? AEe!X;hfCE? o;:fDBFu36�R4hjgw:fD W_F9?G�$>jC �KFHW_^ZY18G?BF
m = 0

3 ��?BF
m ≥ 1


;FHWU? XGout4:f?Gi
(1)


uh@g_h@:
pm | u2q1...qn

3z|C
pm

:fD W_FL?�g$J9v�Yn�L>j~&hfCE?�XuhfCE? ou:fD C 
 e4>@F
pm | u2

T
pm | qj


�8G?yF AEe4�LCE? C
j
3 Q*hji_W�$>�~&h@i��$:Z>HD �LhZv�X;i�^ZouC$R4JL:�g_hH?

pm
:fD WHFL?HJLCHW_e4V@F�
He9>jF�IKF¤^ZouC$R4JL:&g_hH?

pm | qj
3 � eHW_C$R4JL:hj~�>jF JLDyF�FHW_F_AEF4hje4hfF4°@iUXuh@iHW�F4>HD IKJLi4XGinAEF9?K79^fJ9:Og4h@?

n = j
AEF9?GI`Fw^ZouC$R9J9:

pm | qnAEF9?
qn = pmu


ugL�LC$R�hfC
u
:�D W_F9?GJ9C_WHe9V@Fu3�¯ 6�>@FninX;ou^ZXGi�PE3521IKFU�Le9>@:f?uh@iHWUJ9C$>��GT
u1p1...pm = u2q1...qn−1qnupm.

sn?BF_8G>je��GC$R9J9:�hfC
pm
A$FL?EI`Fn^ZouC$R4JL:

u1p1...pm−1 = (u2u)q1...qn−1.

Q�RHW_:ZoGDBS@CLR9J9:!:}�LF48uv&8G? AEe A$FL?�R4�LC9IK^ZhfC$R4JL: g_hH?
m − 1 = n − 1

AEF9?�R_�$e4>@ou:f?|J$DBFJL:}hje_IK:ZXGi�hfv-W {1, ...,m− 1} h@^}hfCE?BF�~�Xuh@:,h�F pi, qπ(i)
WHF1:fD W_FL?_X;R_W_:}hfF9?y>@?BA$e�XuhfCE? ou:fDBF;3���$:}A$hj:�D W_CLR9J9:�h�~�>@F hji_W JL:}h@eHI`:ZX;i�XuhfC {1, ...m} AEF9?&^Zo;CLR9J9:nh�C³F_�$C_h@^}79:ZXGJ9F��LC$RS@i_hfC$t9X;F4JL:H3

¨ %-����0�ª&« ��¬ � � XR<�<UHKu[N
<SBR< ` W[NhB d � �rHU<^VUW=X Y=<SB ` W[NPBkd � �8@ dG:O<UFGBIHy�y>A<S: a VEm?fsgE> e �_W=@qW=Xk>< ` J�WOF^n5HU<SB ` u[N
< Q�<�<�:=<��hW[NsJ=@h<?fPY=W�fyWr<UmUYiuO>rf?<�: � �
�
� e <�:(g�<�: a V
m?fsg&fyWr<S: a �DKb�DE<�W*XI:O<?B�FLmS:=<oYi��H?<?B�@pdL:O<UFiB\Hy�Ev ��<(@qgE:�z^W � : a @qW�JiY*B fyW�@TXR< ` W[NPBkd � � @ dG:=<?FGBIHy�y><S: a V
m?fsgy> e YO<r<�: a DUbCDy<8fPY=dGB � W=XR<rW=XI:=<SByHU<SB ` NKn�Y=< e d ` J^Y=W�@ ` dlNxdGti@qW]:O<�H a :id^mi@qW VPJoDEdHU<SBCDEBR<�<�: a VEm?fPg�fyW ` Nyn�YO< fPY=dGB � W*XR<Uv

�&�	� � ��).� !r-���!r'G!%$ �&!�%('O+ � � $

¨ %-����0�ª&« ��¬ � 7 9$fPY3b
D
@TXR<�<?HKu[N
<SBj< ` W[NPBkd � �Ev � XR<8W^m?H^VKW=XjFLW=BR<�fxmS: a NPYigyfPg�DEBR<�YGgy:<?HKu[N
<?BR< ` W[NPBkd � ��<UmUYG� e W=XI:=<SB
@TXR< fxmS: a NPYigyfPg φ : D − {0} → N

Yiu^Y=dGBR<�nMfPY=W �
� v � :

a, b ∈ D − {0} HU<SB a|b e YiJ^Y=W φ(a) ≤ φ(b)
v

� v � :
a, b ∈ D − {0} YiJ^Y=W m `La N � d^mS: q, r ∈ D e Y^uiY=dGBR< nMfsY*W a = bq + r e @qW

r = 0 e � φ(r) < φ(b)
v

¨ %-����0�ª&« ��¬ ´ � XR<�<UHKu[N
<SBR< ` W[NPBkd � ��g d ` dGXR<�u � W=Bs9}m?H^VKW=XjFLW=BR<(fhmS: a NPYGgyfsg�Q�<�YGgE:dG:id=@ a �3d^mi@qW e 9;m?HiVKW=XjFLW=BR< ` W[NhB d � �Ev
¢ XuAECL�$gLY J9F9Y :�D W_F9?�W_F Vj:�DB°@CLR9J9:!g_hH?�J$DBFM�,R4A$79:fDBV@:f?yF³�L:f>@? C9ouTM^Zou:�?|J9C_W_F4VH? AETFHW_e479R4XGiu3��1F1V@:fDB°@C$R4JL:�7LC$?B�Lg_W�g_hH?HAEeHI`:,FHW_e48uv&8;C X;hfCE? o;:fD C1:�D W_F9?HAEFL?H�$>�~&h�CG3-6�>@o;?BA$eV@:fD o$W_C$R4JL:Ug4h@?�AEeHI`:�?BV@:}~�V@:ZY�X;:�J$DBF h@^}hfCE?BF �$:Z>H? C9ouT :fD W_F9?�AEt4>H? C 
 � hj^}h�C$?y:ZYn�L:f>@? C9ou^ZYAEF_7LCLt_WHhfF9?��L:f>@? C9ou^ZYnAER4>HD v-W�?BV@:}v�Vj~-W�AEF9?�F_�$g :fV�~®AEFL?��L^Z>@F 8G?yF�X;R_W@h�CLJ$DBF�
�I`F hH? Y8;>@e��KC$R4JL:�� � � � 
`AEF9?`h@^}79C$YUg_hH? F9R_h@Twi ?BVH?Bg_h@i_hfFw:fD W_F9?�? XGC$Vjt_W_F4JLiwJL: hfC g4h@?�g_79FwhfFFHW_e48uv&8;F�:fD WHFL?GA$FL?G�L>j~&hfF�X;hfCE? ou:fDBF;3 � :}Au? W_e9J9:OJL:OJL?yF�R_�$:=W@IKt4J$? X;inhfC$R�C$>H? X;JLCLtnh�CLRAER4>HD C$RU?BV@:}~�V@C$R4Y43

¨ %-����0�ª&« ��¬ ���
� :8u � d*mG@TW a ∈ D

Y^JiY=W�Y=d;BjFLW{nMFLWO> {ra, r ∈ D} , J|VEb�:�Y3b�: ` dlVSVU< �` VU<?f
X bM:�Y=d^m a e W=XI:=<SB
Y*d;HKt{NhB d;BjFLW{nMFLWO> ` d*m ` <ON a D
W^YO<?BU< ` J�Y=d a HU<SB
Y=d}fxmi@
ZCd|VsXR�{d^mi@qW
〈a〉 v



� ��� ����� � 	�� � � � �	����������� � � �	
	� 
�� P4r
� ";�n% �-0�� ��¬ § � a QSWM9;m?HiVUW=XjFLW=Bj< ` W[NPBkd � �(W=XI:=<SB � �}w*v�
` JLFGW*B z?gEv ¯ �*XuhZv D �*R_A$79:fDyVj:�?BFOF_AE^Z>@F9?yFN�L:Z>H? C4o;TNA$FL? I ^}WHF�?BV@:}~�V@:ZY�JL^ZX;F�X;:�F9R_h@THWE36|W :fD W_FL?

I = 0
h@g_h@:nhfC

I
:fD W_F9?�AEt4>H? CK3�¯ �,X;hZv

x 6= 0 ∈ D
3 ���E? 79^Z8;C$R4JL:�F9R_h@g�hfC

x
^ZhjXK?K~�Xuh@:Oi�h@?yJ9T�h�CLR

φ(x)
W_F�:fD WHFL?`i�J$? AE>jg4hj:f>ji�V@R_WHF4hjT;3,¯ �,X;hZv©:}�ED X;i4YOX;hfCE? ou:fD C

y ∈ I
3 6��$g�hji_W!Vj:ft_h@:Z>@i�?BVH?Bg4hji4hfF�h@i4Y �,R4AL7L:fDBV@:f?BF9Y�X;R_W_e4>jhji9X;i9Y�
&I`F ^Zo;CLR9J9:wg_hH?

y = qx + r
J9:

r = 0
T
φ(r) < φ(x)

3M­ Vj:ft_h@:Z>@i��$:Z>HD �9hfv�X;i�F4�LCLA$79:fDy:}hfF9?�79g48uvh@i4Y :}�E? 7LC_8;T9YN�LC$R�AEeHW_F9J9:18G?BF�hfC
x
3��,�LC$JL^=WHv�YOIKFw^ZouC$R4JL:

r = 0 ⇒ y = qx
3�¯ 6¤>@F

I = 〈x〉 
uV@i_7LF4V@TUhfC I :fD W_F9?;AEt4>H? Cw?BV@:}~�V@:ZY1AEF9?Gi D :�D W_F9?;�L:Z>H? C4o;T�AEt4>H? v-Wn?BV@:}v�Vj~-W$3� ";�n% �-0�� ��¬ ± � a QSW ` W_NPBkd � �0HKtONPB b�:1B FGWObMF*n�: � � �}w � e W=XI:=<SB ` W[NPBkd � �0@pdG:=<?FGB\Hy�y><S: a V
m?fsgy>�� � �
�
�Lv�

` JLFGW*B z?gEv ¯ �,X;hZv³JLDyF1F4AE^Z>@F9?BF¤�L:f>@? C9ouT D 
9iNCL�LCEDBF1:fD W_F9?L� � �}3_6�R_h@g �KR4XK? AEeNJ9F9Y*7L^Z:f?g_hH?9:fD W_F9?4AEF9?
Noetherian

3����$C$J9^=WHv�Y�F_�$gOhfCOIK:}~�>@i4JLFOPE352�
4^fouC$R4JL:*g4h@?9iNFHW_e_7LR4X;i¤X;:FHW_e48uv&8;FN:fD W_F9?9V@RHW_F_h@Tu3���>@^}�$:f?_WHFNV@:fDB°@C$R4JL:�g_hH?4:fD WHFL?_AEFL?4JLCHW_F4VH? AET;3 �1FNV@:fDB°@C$R4JL:,g_hH?AEeHI`:1F_W_e_8uv&8;C XuhfCE? ou:fD C�:�D W_F9?;A$FL?G�L>j~&hfCK3�¯ �,X;hZv XuhfCE? ou:fD C
p
F_W_e_8uv&8;CK3�z|C ?BV@:}~�V@:ZY

〈p〉 I`F :�D W_F9? JL^}8G? X;hfC J9:}h�F4°@twhfv-Wwe_7479v-W�AEt4>H? v-W ?BV@:}v�Vj~-Wwh@i4Y D 3�6¤YUR4�LC9I`^ZX;C$R4JL:g_hH?KhfC
p | ab 
GF_7979e�W_F�J9i_WnVH?BFL?B>@:fDGhfC a 3�z|g_h@:OF4R4hjg X;i4JLF9D WH:�?Gg4h@? 〈p〉 ⊂ 〈p, a〉 3 � FL?:}�$:f?BV@T hfC 〈p〉 :�D W_F9?�J9^Z8G? XuhfC 
 I`F�^ZouC$R9J9: 〈p, a〉 = D

3 ¯ �,ouC$R4JL:ng_hH?
1 ∈ D ⇒ 1 =

cp+ da, c, d ∈ D
3���C47479F4�97LF4XK?Be4S@C$R4JL:�J9:

b
AEFL?EI`FU^fouC$R4JL:�


b = cpb+ dab,

AEF9?GF��KC$t
p | ab ⇒ p | cpb+ dab ⇒ p | b. ���$CLJL^=WHv�YOhfC p :fD W_F9?;�L>j~&hfC XuhfCE? ou:fD C�AEFL?e4>@Fni

D
�L:Z>H? C4o;T�JLCHW_F4VH? AET9Y¤F_WHe479R9X;i4Y43Q�RHW_V@R4e9S@CHWHhfF4Y¤hfF��LF9>@F_�$eHWHvMI`:}v�>@T4JLF_hfF��LFLDB>�W_CLR9J9:�hfCw:f°jT9Y �� ";�n% �-0�� ��¬ � � a QSWM9;m?HiVUW=XjFLW=Bj< ` W[NPBkd � � e W*XI:O<?B ` W[NPBkd � ��@pdG:=<?FGB\Hy�y>}<�: a V
m?fsgy>Gv



� �������	��

� �

��� ��� � �

�.��� � ! �(� ��# 	 ' ��! � � � ! # ! �&% � �8/ ' ��! � �
	
�1FUVj~�XGCLR9J9:¤�$>�~&h�F�h�CHWUC$>H? X;JLg�JL^}8G? XuhfC$RUAEF9?u�L>j~&hfC$R�?BV@:}~�V@C$R4Y�
u:}WHg$YOV@F_A$h@R_7$D C$R

R
3
¨ %-����0�ª&« �&¬ � 7 9;:O<�BjFLW{nMFLWO>

a
WG:oJL>]F^<?HyYLm*VPXkd*m

R
VhuGD
W^YO<SB
@TuLDyBkfPY=d e <S:rFLWG:�W*XI:O<?BPY=d@�gyFLWG:GB\HKJ8BjFLW{nMFLWO>}HU<SBhFGWL: m `La N � W=B a VSVPd}B FGWOnMFGWO> I Y=d^m R e Yiu^Y=dGBkd;nMfPY=Wr:O<�Bkf � tSW=B e

a ⊆ I ⊆ R.

¨ %-����0�ª&« �&¬ � 7 9}:O< BjFLW{nMFLWO>
a
WG:LJL>.F*<UHKYom*VsXkd^m

R
VPuGD
W^YO<?B ` Nyn�Y=d e <�: DEBR< H a QSWBjFLW{nMFog

b, c
Y=d^m�F*<UHyYLm*VPX d^m

R
DEBR<.YO<�d ` dGXR<1Bkf � tSW=B�JiY*B bc ⊆ a

:O<.fhmS:^W `oa D
W^YO<SBTJ^Y^B
b ⊆ a

�
c ⊆ a.

	 �&0*0�� ��¬ � 7 9$fPY3b
R
F*<?HyYit=VPB dL>(H?<?B

a
BjFLW{nMFLWO>�<UmUY=dLt6Y=d^m6F^<?HyYLm*VPXkd*mUv���J^Y=W�Q�<u � d*mG@TW�YO< W{z?�y> �

� v}Y=d
a
W=XI:=<SBP@TuLDyBkfPY=d�BjFLW{nMFLWO>;<�:�HU<SBP@qJG:id8<S:

R/a
W*XI:O<?BPfynT@h<Uv

� v}Y=d
a
W=XI:=<SB ` Nyn�Y=d8B FGWOnMFGWO>;<S:�H?<?B
@qJG:idr<�: R/a W=XI:O<?Bs<UHKu[N
<SBR< ` W[NhB d � �Ev�

` JLFGW*B z?gEv z|Fn?yVj:Z~�VjiUhfC$R R/a :�D W_F9?uXG:¤^}WHFU�$>@CLYN^=W_F�AEF9?u:Z�$DGFHWHhH? X;hfCE? o;DBF�JL:¤hfFhfF�?BV@:}~�V@i hfC$R
R

�hfF CL�$CEDBF <L>HD XuAECHWHhfFL? JL:}hfF4°@t hfC$R

R
AEF9?�hfC$R

a
3�¯ 6�>@F hfC

a
:fD WHFL?JL^}8G? XuhfC 
 FHW�AEFL? J9g_W_C FHW�C

R/a
V@:=Ww^Zo;:f? JLi JLi4V@:=W4? AEe�h@:}h@>H?BJ9JL^=W_F ?yVj:Z~�Vji;3O���ED XGi4Y8EWHv�>HDBS@C$R4JL:*g4h@?4FHW¤^=W_F9Y*V@F_A$h@t_7$? C$Y
S

4V@:=W¤^Zou:�?_JLi1JLi4V@:=W4? AEe�hj:}h@>H?BJLJ9^=W_FN?BV@:}~�V@i�
4:�D W_F9?Xu~�JLFu3�6��$C$V@:fDB°@F4JL:1hfC�293,¯ �,X;hZv©g_hH?
a
�L>j~&hfC ?BV@:}~�V@:ZY_3��1:}v�>@C$t4JL:

x, y ∈ R

;h@^}hfCE?BF~�Xuh@:�X;hfCHW

R/a
W_F�^ZouC$R9J9: �

(a + x)(a + y) = 0
AEF9?�h@g_h@:

xy ∈ a ⇒ 〈x〉 ⊆ a
T

〈y〉 ⊆ a
V@i_7LF4V@T T

x ∈ a
T
y ∈ a

3 ���LC$JL^=WHv�Y�^=W_F�F4�Lg!hfF
a + x

AEFL?
a + y

:fD WHFL?JLi4V@^=W�XuhfC_W
R/a


`V@i_79F9V@T�C
R/a

Vj:}Ww^Zou:f?`VH?BFL?B>@^}hj:fY hfC$R�JLi4V@:=W_g$Y AEF9?`:�D W_F9? F4A$^f>jFL?BF�$:Z>H? C9ouTu3�6�WHh@D Xuh@>@C �GF�
�F9YUR4�LC9I`^ZX;C$R4JL:Ug_hH?�C
R/a

:fD W_F9?�F_AE^Z>@FL?BFw�$:Z>H? C4ouT;3�z|g_h@:nih@e4°@iUhfC$R
R/a

I`F�:fD W_F9? |R/a| 6= 1
^ZhjXK?

a 6= R
3,z�~�>@F�R_�$C9IK^}hfC$R9J9:¤g_hH?

bc ⊆ a
F_747Le

b ⊂ a
A$FL?

c ⊂ a
31z|g_h@: J9�LC$>@C$t4JL:NW_F�<L>@C$t4JL:OXuh�C$? ou:�DBF

b ∈ b
A$FL?

g ∈ c
JL:
b, g /∈ aF_7979e

bg ∈ a
3�6�R4hjg!X;i4JLF9D WH:�?�g4h@?

(a + b)
AEF9?

(a + g)
:fD WHFL?�VH?BFL?B>@^}h@:ZY�h�CLR JLi4V@:=W_g$YXuh�CHW

R/a
3�¯ 6�hfCL�$Cn8G?BF_hHDG^ZouC$R4JL:¤R4�LC9I`^ZX;:f?;g_hH?;C

R/a
:fD WHFL?;F4AE^Z>@F9?BF��L:f>@? C9ouTu3Q�i4JL:f? ~-W_C$R4JL:1:}�$D XGi4Y1AEF9?GhfCwF4AEg_79C$R_IKC��$g$>@? XGJ9F�
u�LC$RU�$>jCLAEt_�Lh@:f?;:ft_AEC_7LFUF4�Lg�hfC�$F4>@F_�$eHWHvM7LT4JLJ9F;3

PLx



� ��� ����� � 	�� � ��� � ��� � P4k
� ª&%�� ��0*� ��¬ �
� a QSW$@quGDEBkfsY*d�BjFLW{nMFLWO>;W*XI:O<?B ` NKn�Y*dLv� ";�n% �-0�� �&¬ � � F^<?HyYit=VsBkdL>�<UHUW_NE<?X b�:

D
WG:oJL>;fynT@h<oY=dL>;<ONPBRQS@Cn�:

K
u � W=BxY^B >�<?HKJ �VPd^m?Q?W{>]BjFGBjJ^YGgEY=WO> �

� v�9�XI:O<?Bs<UHKu[N
<SBR< ` W[NhB d � ��@qW;fKnq@h<�H^VU<?f
@ a Y3b�: K v
� v�9�XI:O<?B

Noetherian
<?HKu[N
<SBR< ` W[NhB d � �Ev

� v � :�uG:=<(fPY=dGB � W=Xkd a Y=d�d ` diXkd�<�:��yHKW=BxfsY=d K B\HU<�:id ` diB W=XxuG:O<�@pdG:LBIHKJ ` dlV
monM:?mi@pdfsY=dG:
D e YiJ^Y=W a ∈ D

v
� v � a QSW�@�g�@�gyFLWG:LBIHKJ ` Nyn�Y=d8BjFLW{nMFLWO>�Y=d^m D

W=XI:O<?Bs@quGDEBkfsY*dLv�
` JLFGW*B z?gEv
293|��>@C �GF_WH^fY
Pu3�¯ ¢¤�Lv�Y�°@^Z>@C$R4JL:�iUC$J9e9V@F

(D,+)
:fD W_FL?u:}7L:ZtHI`:Z>@i FH<$:}7L?BF_W_TOhje9°@i4Y

n
3-���$C$J9^}W@v�YFHW

a
^=W_F�?BV@:}~�V@:ZY�hfC$R

D
h@g_h@:�AEF9?-i

(a,+)
I`F!:fD WHFL?&:}7L:ZtHI`:Z>@i�FH<$:}7L?BF_W_T JL:hje9°ji |a| ≤ n

3 � e_IK:&<$e4XGi¤F4A$:f>jFL?Bg_h@i_h�F4Y�h@i4Y
(a,+)

�$F4>@e_8;:�?@hfC
a
X;F_WN?BV@:}~�V@:ZY�
:}�LC$JL^=WHv�Y1hfC

a
:fD W_F9?;�$:}�L:f>jF9X;JL^=W_F��$F4>@F48;g$J9:=W_CK3�¯ 6�>@Fn:fD W_F9?

Noetherian.

\;3|6��$g!hfC I`:}~�>@i4JLFM243 k�^Zo;CLR9J9:�g4h@?-F_W�^=W_F
θ ∈ C

? AEF_WHCL�$CE?B:fD�^=W_F�JLCHW4? AEg��LC�	79R_~-W_R9J9C�h�CwCL�LCED Cw^fou:f?KX;R_W@h@:}7L:ZXuh@^ZYNF_AE^Z>@F9? C$R4Y1F4>H? I`J9C$t4Y�
uh@g_h@:¤AEFL?GC
θ
:fD W_F9?F_AE^Z>@F9? C$Y F_798;:=<$>@?BA$g$Y43�¯ 6¤>jF�
 F��KC$tw^ZouC$R9J9:�g_hH?

α ∈ K
A$FL? ? AEFHW_CL�$C$?y:fD JLCHW4? AEg�LC479R_~-W_R9J9CnXuh�C

D
I`Fn:fD W_F9?

α ∈ B
3&���LC$JL^=WHv�Y

α ∈ D.

cG3�¯ �*XuhZv
p
^}WHF³JLiMJLi4V@:=W4? AEg �L>j~&hfC ?BV@:}~�V@:ZY hfC$R

D
AEF9?�^=W_FMX;hfCE? o;:fD C³hfC$R

α

V@?ye��KCL>@C h�CLR JLi4V@:=W_g$Y_3���D W_F9?

N = N(α) = α1...αn ∈ p
�(6�R4hjg!8G?BF_hHD�hfF

αi:fD W_F9?@h�F¤XGR4S@R_8;T¤XuhfCE? ou:fDyF�hfC$R
α � AEF9?_^fXuhZv!g4h@? α = α1.

z|g_h@: 〈N〉 ⊆ p

4A$FL?He4>@FCwV@F_A$h@t_7L? C$Y1�Li47LD AEC

D/p
:�D W_F9?`^=W_F4YOV@F4ALh@t_7$? CLY1�$i_7$D AEC�hfC$R

D/ND

GC CL�LCED C$YF��KCLt|:�D W_F9?j�$:}�L:f>jF9X;JL^=W_F��LF9>@F_8;g$JL:=W_i|FH<L:Z7L?BF_WHT�C$JLe4V@F�JL:-A$e_IK:&X;hfCE? o;:fD C�h@i4Y-W_F^Zou:f?$�$:}�$:Z>@F4XGJ9^=W_iOh@e4°@i�
L:fD WHFL?$�$:}�L:f>jF9X;JL^=W_C$Y_3�¢¤�Lg4hj:�F��GC$t

D/p
:fD W_F9?;F_AE^Z>@F9?yF�L:Z>H? C4o;T¤AEFL?L�L:}�$:Z>@F4XGJ9^}WHi�
9:fD WHFL?$Xu~�JLFu3-���$C$J9^=WHv�Y�hfC�?BV@:}~�V@:ZY

p
:fD WHFL?$J9^Z8G? XuhfCK3

¯ �&W_F4Y�V@F_A$h@t_7L? C$Y �LC$R ? AEFHW_CL�LCE?B:fD�h@? Y��$F4>@F_�$eHWHv ?BVH?Bg4hji4hj:fY�C_W_CLJLe4S@:}h�F9?�V@F4ALh@t�	7L? C$Y
Dedekind

3�¯ �&W_F�?BV@:}~�V@:ZY�
�gL�9v�Yn8uW@v�>HDBS@C$R4JL:�
�J4�$C$>jC$t9J9:�W_F hfC!V@C$t4JL:nX;FHW
D
	

submodule
hfC$R

D

$e4>@FNJ4�$C$>@CLt9J9:*W_FOV@C$R_79:ft4C$R4JL:�AECE? h�~-WHhfF9Y*h�F

D
	
submodules

hfC$RXu~�JLF_h�CLY
K
3�z|F¤XGR_8uAE:}AE>H?BJL^=W_F

submodules
hfF¤CL�$CEDBF|I`F¤JLF4Y�ou>@:f?BF9XuhfC$tHW�
jIKF1^ZouC$R_Wh@iHW�:Z°@T9YN?yV@?yg_h@i_hfF �

¨ %-����0�ª&« �&¬ ��7 9;:=<
D � submodule a

Y=d^m
K
QS<8HU<*VUW*X YO<SByHiV?<UfE@h<oY*B\HKJ]B FGWOnMFGWO>�Y*d*m

D<S:1m `La N � W=BCH ao` dGB d�@�g&@�gyFLWG:GB\HKJ�fPY=dGB � W*X d c ∈ D
Yiu^Y=dGBkd�nMfsY*W :=<1Bkf � t?W=B�� ca ⊆ D

v
� W a V?V?<;VPJoDyBj<�Y=d�f
tS:idlVhd b = ca e W=XI:=<SBhuG:O<�BjFLW{nMFLWO>�Y=d^m D

HU<SB
a = c−1b

v���gGV?<UFL�YO<.H^VU<?f
@P<oY^BIH a B FGWOnMFLg Y=d^m D
W=XI:=<SBAm ` dGfstS:idlV?<.Y=d^m K YGgy>(@pd|N �h�y>

c−1b e J ` d^m bW=XI:=<SBhuG:=<�B FGWOnMFGWO>�Y=d^m
D
HU<SB

c
uL:O< @�g�@qgEFGWL:GB\HUJ�fsY=dGB � W=XkdrY=d^m D

v� ";�n% �-0�� �&¬ ���q<(@qg�@�gyFLWG:GB\H a HiVU<?fE@h<oY*B\H a BjFLW{nMFog.Y=d^m D
f � gK@h<oY*XR�{d^mS:�@TXR<�< �ZpW~VsBj<�:���d=@ a F*<�@TW ` N a z?g(Y=dL: ` dlV?V?< ` V?<UfEBR<UfE@qJov�

` JLFGW*B z?gEv d�79^}�$:|I`:}~�>@i4JLFnbu3 b � 2�� 3� ";�n% �-0�� �&¬ ��7 ��VU<]YO<�@�g}@�gyFLWG:LBIH a HiV?<UfE@h<oY*B\H a BjFLW{nMFog}WG:LJL> F^<?HyYom*VsXkd^m�<?HKW[N
<?X bM:
D e @ ` d|NhdLt�: :=<�DGN
<��hdGtS:�f?<�DEBI:LJ=@qWG:id ` Nyn�Y3b�:rBjFLW{bMF^nM: e @qW]@ dG:=<?FGBIHKJ�Y_NsJ ` d e @qu � NPBYGg(fyW*B N a Y{bM: ` <=N
<GDEJL:oY3b�:ov



� ��� ����� � 	�� � ��� � ��� � P4��
` JLFGW*B z?gEv d�79^}�$:|I`:}~�>@i4JLFnbu3 b � 2�� 3
� %�ª�¡u�-�,� ��¬ � �qBj<�BjFLW{nMFog

a, b
Y=d^m

D,
Q�<�Bkf � tSW=B �

a | b
<�:�HU<SBs@qJG:id8<S:

a ⊇ b.

6�R4hjg�J9F9Y*7L^Z:f?4g_hH?4CE?9�LF9>@e_8;C_W@h@:ZY�:=W_g$Y�?yVj:Z~�VjC$R9Y*h�CLR
D

4:fD WHFL?4F4AE>@? <9~�Y�hfFO?BV@:}~�V@i�$CLR�h�C��$:Z>H?B^ZouC$R_W$3 ¯ �,hjXK?HC¤C$>H? X;JLg$Y&hfC$R��L>j~&hfC$R�?yVj:Z~�VjC$R9Y&8GD W_:}hfFL?jFHW_e_7LC_8;C$Y&JL:&F4R_h@gHWhfC$RU�L>j~&hfC$RnXuh�C$? ou:�D C$R;3 ¯ �,ouC$R9J9:�V@i479F4V@T �

p | ab ⇒ p | a
T

p | b.

�.��� 
 ��%�46/ ' ��! � ��+���$
�1F�C$>@D XGCLR9J9:1h@iHW�^=W@W_CE?BF�h@i4YNW_g$>@J9F9Y :=W_g$Y�?BV@:}~�V@C$R4Y

N(a)
3�¯ �*ouC$R4JL:OVj:�DB°@:f?`g_hH? ih@e4°@iUhfC$R�V@F_A$h@t_7$? C$R��Li47LD AEC$R

D/a
:fD W_FL?u�$:}�$:Z>@F4X;JL^=W_iu3�¯ ��h@XG?KC$>@DySjC$R9J9:�hji�W_g$>jJLFnv�Y:Z°@T4Y
N(a) = |D/a| .6�YOV@C$t4JL:¤hji_W�X;ou^fX;i�JL:}hfF4°@t�hji9Y¤WHg$>@JLF4YO:=W_g$YO?BV@:}~�V@CLR9Y1A$FL?;:}WHg$YNXuh�C$? ou:�D C$R;3� ";�n% �-0�� �&¬ �

� v � a QSW�BjFLW{nMFLWO> a 6= 0
Y*d*m

D e f?<�: uG:=< Z � module e u � W=BSZ a fsg {α1, ..., αn}
J ` d^m

n e J ` bM>�fhm?:o�yQobM> e d�Zx<?QS@TJL>}YigE>�W ` u*HyYO<Ufsgy> K v
� v � :oJ|NE@h<�WL:LJL>;BjFLW{nMFLd*m?>}BkfydLt?Y=<SB
@qW

N(a) =

∣

∣

∣

∣

∆[α1, ..., αn]

∆

∣

∣

∣

∣

1/2

,J ` d^m ∆
g�FGBR<UH=N
XI:id^m?f?< Y*d*m � v�

` JLFGW*B z?gEv
293 � WHv�>HDBS@CLR9J9:�g_hH? i

(D,+)
:fD WHFL? :}7L:ZtHI`:Z>@i�FH<L:Z7L?BF_WHTnh@e4°@i9Y

n
31���$D XGi4Y�F��GC$t C

D/a
^fou:f?��L:}�$:Z>@F4XGJ9^}WHi h@e4°@i IKF ^Zo;CLR9J9:Ug_hH?�AEF9?�i

(a,+)
I`F :fD W_F9?�:}7L:ZtHI`:Z>@iFH<L:Z7L?BF_WHT hje9°ji9Y

n
3&���LC$JL^=WHv�Y1IKFn^Zou:�?E<$e4X;iUh@i4YNJLCL>��KT4Y {α1, ..., αn}

3
Pu3�¯ �*XuhZv {ω1, ..., ωn}

JLDBF <Le4XGi F_AE:Z>@F9?yg_h@i_hfF9Y�8K?BF hfC_W
D

&AEF9?-R4�LC9IK^ZhfC$R4JL:�g4h@?

αi =
∑

cijωij
z|g_h@:¤^Zo;CLR9J9:1g_hH?

N(a) = |D/a| = |det(cij)|��<97L^}�$:|IK:Z~�>ji9J9F 293 2j\ � 2�� � 3 � W@v�>HDBS@C$R4JL:¤79CE? �$gHW�g4h@?uIKF�? X;o;t4:f?
∆[α1, ..., αn] = (det(cij))

2∆[ω1, ..., ωn] = (N(a))2∆ ⇔ N(a) =

∣

∣

∣

∣

∆[α1, ..., αn]

∆

∣

∣

∣

∣

1/2

� �-% �-� "K����0*� �&¬ �
� >8FLdGti@qW;@ Xj<�W �s<=NE@ dLDs�Ev]��< ` <ON
<GD
dG:oY=d ` diBI�yfyd^mi@qW}Y*d8BjFLW{nMFLWO>

〈18〉 fPY=dG:.F^<?HyY^t*VsBkd1<UHUW_NE<?X b�: Z[
√
−17]

v ��:=bhN
XR�{d^mi@qW�YigE: ` <ON
<GD
dG:oY*d ` dGXjgyfsg Y=d^mfsY*diB � W=Xkd^m ��� fsY=d Z[
√
−17]

W=XI:O<?B��
18 = 2 · 3 · 3 = (1 +

√
−17) · (1 +

√
−17)



� ��� ����� � 	�� � ��� � ��� � \9q
�]W{bhNhdLti@qW�Y=d�BjFLW{nMFLWO>

p1 =
〈

2, 1 +
√
−17

〉 e Y=d^m�d ` dGXkd^m�dGBqD
WG:o:o�
Y=d|N
WO>�W=XI:=<SBCHU<SBpdiBFLtSd ` <=N a DEdL:oY=WO>rY=d^m 18
v �MNxd �P<S:^nM> Y=d

18 ∈ p1 e a N
< 〈18〉 ⊆ p1 e Y*d�d ` diXkd�fsgK@h<?XI:*W*BJ^Y^B�Y=d8BjFLW{nMFLWO>
p1
W=XI:=<SB ` <=N a D
dG:�YO<?>}Y=d^m 〈18〉 v;� nhN
<�W ` XkfsgE>]u � d^mi@qW �

1 −
√
−17 = 2 − (1 +

√
−17) ∈ p1W ` d=@quG:=bM> � 18 = (1 +

√
−17) · (1 +

√
−17) ∈ p2

1

Y=d�d ` dGXkd}@TW;Yig(fyW=B N a Y=d^m�fsgy@P<?XI:^W=BJ^Y^B 〈18〉 ⊆ p2
1

H?<?B a N
< p2
1

W=XI:=<SB ` <ON a D
dG:oY=<?>�Y=d^m 〈18〉 v �q<.fsY=dGB � W=XR<&Y=nhN
<.Y=d^m p1u � d*m?:�YigE:�W{z?�y>}@ d|N �x� �
2x+ (1 +

√
−17)y

@qW
x, y ∈ Z[

√
−17].

��gGV?<UFo�(u � d^mi@qWrDyBj< a, b, c, d ∈ Z
�

2(a+ b
√
−17) + (1 +

√
−17)(c+ d

√
−17)

= (2a+ c− 17d) + (2b+ d+ c)
√
−17 = r + s

√
−17@qW

r−s = 2a−2b−18d,
FogGVU<?Fo�rY=d

r−s W=XI:=<SB a NPY*BkdL>�<=NPBRQ�@qJL>iv
� mUYiJA@P<U> dLFog?D
W=XKfsY=dfhmG@ ` u_NE<UfE@h< J^Y^Bhd r HU<SBhd s ` Nsu ` W*Bx:=<�W=XI:O<?BPHU<?BPdGBhFGt?d a NsY^BkdGBh��HU<SBhdGBhFLt?d ` W[NhB YiY*diXIv9 ` d=@quG:=bM>MY=d�BjFLW{nMFLWO> p1

FLWG:�@ ` d|NsW=XU:=<]HU<*Vht ` Y=W=BLJlVPdL:�Y=dG:�F*<UHKYit=VPBkd Z[
√
−17]

v$� nhN
<u � d*mG@TW�J^Y^BTY*d�BjFLW{nMFLW{> p1

W=XI:O<?B�@quGDEBkfsY=dov � mUY^J�DEBR<oY^XC<S: `oa Nhd^mi@qWruL:O<1d ` dGBkdLFL� ` d^Y=WfsY*diB � W=Xkd8YGgy>;@pd|N �h�E> m+ n
√
−17

Y=drd ` dGX d�:O<�@�gE:�<S:o�EHUW*BsfsY*d p1 e YiJ^Y=W;Q�<�W=XI:O<?BPY=duG:=<�< ` JAYO< m,n a NPY^BkdMHU<SBSY*d a VSVhd ` W_NPB YGY^Jov��(gLV?<?Fo�}QS<�W=XI:=<SB � p1 = 〈m+n
√
−17〉 =

Z[
√
−17]

v 7 ��@pdGBR<�Y=nhN
< e ` <SX Nx:id^mi@qW]BjFLW{nMFLW{> p2 =
〈

3, 1 +
√
−17

〉 v}7 9;:O<(fsY=dGB � W=Xkd�Y=d^m
p2

W=XI:=<SB�YGgy>�@pd|N �h�y>
r + s

√
−17 = (3a + c − 17d) + (3b + c + d)

√
−17 e J ` d^m

r − s = 3(a + b − 6d)
v.7� N
<&Y=<

r, s
@ ` d|NhdLtS:1:O<�W*XI:O<?BTd ` diBkdGBjFo� ` d^Y=W�<?HKu[N
<SBkdGB ` d^mB\H?<S:id ` dGBkdLt�:�YGgy: r = s mod 3

v 7 ��@ diBj<�@qW ` NPBI:�Y=d1BjFLW{nMFLWO> p2
W=XI:=<SB @quGDEBkfsY*d1H?<?B

18 = 2 · 3 · 3 ∈ p2
2 e W ` d*@TuL:=bM>}Y*d p2

2

W=XI:=<SB ` <=N a DEdL:oYO<U>;Y=d^m 〈18〉 v��u~VhdG> e Q�< `oa Nhd^mi@qW p3 =
〈

3, 1−
√
−17

〉 e HU<SB�uiY^f
BSu � d^mi@qW�uL:O<]<?HKJ=@h< ` Nyn�Y=d�BjFLW{nMFLWO> eYiu^Y=dGBkd$nMfPY=W
p2

3

:=<�W*XI:O<?B ` <=N a D
dG:�YO<?>$Y*d*m 〈18〉 v$7 ��@ dGB dGBhm ` dlVhdLDEBkfE@pdGXK@qW ` NhBI: e Q�<8@h<U>F^nMfyd^mS:8J^Y*B
r+ s

√
−17 ∈ p3

<�:�H?<?BE@qJG:id}<S:
r+ s = 0 mod 3

vp9 ` d=@quG:=bM>]f
ti@ �
bM:=<@qW;Y*drQSWOnhNsgy@P<�<S: a VEm?fsgE>;QS< u � d^mi@qW �
p2
1p

2
2p

2
3 ⊇ 〈18〉 .

� :LJ|N
@P< WG:oJL>�BjFLW{nMFLd^m?>
p e J ` bM>}YigE:8dlN
Xkf?<^@qW ` NPBI: N(p) e W*XI:O<?BEXkfsg @qW�YGgE:�Y a zSg�Y=d^m` gLVsX\HUd^m D/p

v � XR<�BjFGBjJ^YGgEY a Yigy> ` d^m�Q�< � NsgEfEBR@ d ` dGB �yfyd^mi@qW}W=XI:O<?B e
N(ab) = N(a)N(b).7 9 � d^mi@qW�Y=nhN
< J^Y^B$H a Q?W�fPY=dGB � W=Xkd&fPY=d&F^<?HyYit=VsBkd�<?HKW[N
<SX b�: Z[

√
−17]

QS<0W=XI:=<SB$YigE>@pd|N �x�y>
1 + x, x ∈ p1

vT9 ` d*@TuL:=bM>�Q�<�W=XI:O<?B
N(p1) =

∣

∣Z[
√
−17]/p1

∣

∣ = 2.7 ��@pdGBR< u � d*mG@TWrDEBR<�YO< a V?V?<�FLtSd8B FGWOnMFLg e
N(pi) =

∣

∣Z[
√
−17]/pi

∣

∣ = 3,
DEBR<

i = 2, 3.
� ` JiY=W;Y=nhN
< H a :idG:�YO<?> � NP�yfPg1YigE> ` <ON
< `La :=b BjFGBjJ^YGgEYO<U>�Yigy>�:oJ|NE@h<U> e u � d^mi@qW;JiY*B �

N(p2
1p

2
2p

2
3) = N(p1)

2N(p2)
2N(p3)

2 = 22 · 32 · 32 = 182.



� ��� ����� � 	�� � ��� � ��� � \;2
� nhN
< �{gEY a @qW}Yig :oJlN
@h<�Y=d^m BjFLW{nMFLd*m?> 〈18〉 v 9�XI:O<?B

N(〈18〉) =
∣

∣Z[
√
−17]/ 〈18〉

∣

∣ .

� a Q?W�fPY=dGB � W*X d�Y=d^m Z[
√
−17]

@ ` d|NhdLt^@qW8:O<�Y*d�DGN a �Pd^mi@qW �
a+ b

√
−17 + x

@qW
a, b = 0...17

HU<SB
x ∈ 〈18〉a N
< u � d*mG@TW ��� W ` B VPdLD
uO>8DyBj< Y*d a HU<SB � � W ` B VPdoD
u{>8DEBR<�Y=d b vT9 ` d=@quG:=bM>}W=XI:=<SB

N(〈18〉) = 182.7 9$fsY{b Y=nhN
<�J^Y*B�Y=d 〈18〉 <�:=<*VhtSW^YO<?B
fyW ` Nyn�YO<�BjFLW{nMFog�bM>�W{z?�y> �
〈18〉 = p2

1p
2
2p

2
3a,DEBR<(H a�` dGBkdrB FGWOnMFGWO> a

v ��JiY=WrQS<�u ` NsW ` W�:O<�W=X � <^@qW N(a) = 1 ` d^m(fsgK@h<SXI:^W=B�JiY*BTY=d aW=XI:=<SBhdlVhJGHiVxg^NhdL>}drF*<UHyY^t*VsBkdL>iv�7� N
<�H?<oYO<^Vh�?D
d^mi@qW]JiY*B
〈18〉 = p2

1p
2
2p

2
39�XI:=<SBxYOnhN
< < ` JrYGgE:r<�: a V
m?fsg�Y=d^m fPY=dGB � W*X d^m 18, 2 · 3 · 3 = 18 e W ` d=@quG:=bM>

〈2〉 〈3〉2 = p2
1p

2
2p

2
3.

�
` J�YGg(@pdG:=<?FGB\HUJiYigEY=< YGgy>}<S: a VEm?fsgE>}Y{bM:rBjFLW{bMF^n�:�Q�<�u � d*mG@TW�JiY*BxHU<SBxY=d 〈2〉 HU<SBhY=d

〈3〉 QS<�W=XI:=<SBPDEBI:LJ*@TWL:O< Y3b�: p1, p2, p3
v��8<ON
<LYGg^NhdLti@qW�J^Y^B

2 ∈ p1, 2 /∈ p2, 2 /∈ p3
v$7� N
<Q�< W=XI:=<SB

p1 | 〈2〉 HU<SB p2 - 〈2〉 , p3 - 〈2〉 u^YifEBxQ�<�W=XI:=<SB
〈2〉 = p

q
1.

��@pdGX bM>rDEBR<�Y=drBjFLW{nMFLW{> 〈3〉 W=XI:=<SB
〈3〉 = pr2p

s
3.

��mS:oFLm a �3dG:�YO<?>}Y*Bk>�Y=W~VKW^mUYO<SXjWO>$f � uOfyW=Bk> ` <?X Nx:id*mG@TW
p
q
1p

2r
2 p2s

3 = p2
1p

2
2p

2
3.HU<SBUVPJoDKb YGgy>}@ dG:O<UFGBIHKJ^YGgEYO<U>rYigE>�<�: a V
m?fsgy> ` N
u ` W=BC:O<(W=XI:O<?B q = 2, r = 1, s = 1 ⇒

〈2〉 = p2
1, 〈3〉 = p2p3.

� H*NPB ZsnM>}X FiBj<�FLd^m*VUW=B a DEXI:^W^YO<?B
HU<SBCDEBR<�YigE: a V?Vhg <S: a VEm?fPg(Y=d^mfsY*diB � W=Xkd^m ��� fsY=dG: Z[
√
−17]

18 = (1 +
√
−17)(1 −

√
−17).9�XI:=<SB?VPdGB ` JG:

〈18〉 =
〈

1 +
√
−17

〉 〈

1 −
√
−17

〉

= p2
1p

2
2p

2
3.W ` X fPgy>

1 +
√
−17 ∈ p1, 1 +

√
−17 ∈ p2, 1 +

√
−17 /∈ p3

1 −
√
−17 ∈ p1, 1 −

√
−17 ∈ p3, 1−

√
−17 /∈ p2.9 ` d=@quG:=bM>

〈

1 +
√
−17

〉

= pm1 pn2



� ��� ����� � 	�� � ��� � ��� � \LP
〈

1 −
√
−17

〉

= pr1p
s
39 ` d=@quG:=bM>}@qW;YGg�ZCdo�yQ?W=BR< YigE>�f � uOfPgy>

〈18〉 =
〈

1 +
√
−17

〉 〈

1 −
√
−17

〉

= p2
1p

2
2p

2
3Q�<�u � d*mG@TW m = 1, r = 1, n = 2, s = 2 e a N
<

〈

1 +
√
−17

〉

= p1p
2
2,

〈

1 −
√
−17

〉

= p1p
2
37 9 � d^mi@qW�VhdiB ` JG: ` Vhu*dG:�ZSNsW=BhFLtSd8<S:=<*VPt?fyW=Bk>]Y=d^m BjFLW{nMFLd^m?> 〈18〉 vT9�XI:=<SB

〈18〉 = 〈2〉 〈3〉2 = p2
1(p2p3)

2 = (p1p
2
2)(p1p

2
3) =

〈

1 +
√
−17

〉 〈

1 −
√
−17

〉

� VPu ` d^mi@qW�VhdiB ` JG:�J^Y^B�dGB�FLtSd8<UmUYiuO>}FiBj<��hdlNsW^Y^B\HUuO>}<S:O<^VPt?fyW=Bk> ` NhdLu[N � dL:oYO<?BP< ` J�FGBR<��hd �NsW^Y^BIHKuO>}d=@h<?FLd ` dGB �yfyW=Bk>}Y3b�:rBjFLW{bMF^nM: p1p2p3
v

� ª&%�� ��0*� ��¬ �
� :

a = 〈a〉 e W*XI:O<?BPuG:=<�HKt{NPBkd�B FGWOnMFGWO> e Y^J^Y*W N(a) = |N(a)| v
�¤e9>@i X;:|F9R_h@g hfCU�$gL>H? X;JLFOJ9�LC$>@C$t4JL:�WHF A$e_W_CLR9J9:�e9J9:ZXGC$R4Y|R_�$C_7LC_8G? XGJ9C$t4Y�8G?yFOhjiW_g$>jJLFUAER4>HD v-Wn?yVj:Zv�V�~-WE3

� �-% �-� "K����0*� �&¬ �
� :0u � d^mi@qW&uG:O<S:0F*<?HyYit=VPB d&<?HKW[N
<?X bM: D

WG:LJL>
Q(

√
d) e DEBR< d<?HKu[N
<?B d}<=NPBRQ�@qJ8HU<?BsW~VKW*tSQ?W[NhdrY=WiY_N
<GDKnM:id^m e YiJ^Y=W}W=XI:=<SB

N(
〈

a+ b
√
d
〉

) =
∣

∣a2 − b2d
∣

∣HU<SBTfhmoD
HKW*H*NPBR@quG:=<.DEBR<�Y=d ` Nhdog?D
dLt^@qWG:id ` <=N a FLW=B D�@h< ` d^m1FLd^m*VPu �
<i@TW e FogGV?<UFo� D =
Z[
√
−17]

HU<SBPBjFLW{nMFLWO>}Y*d 〈18〉 Q�<�u � d^mi@qW
N(〈18〉) = 182.� ";�n% �-0�� �&¬ § � :�u � d^mi@qW}FLtSdr@qg(@�gyFLWG:LBIH a BjFLW{nMFog a, b

WG:oJL>
D
Y^JiY=W

N(ab) = N(a)N(b).
�
` JLFGW*B z?gEv �*g48uv©JLCHW_F4VH? AEg_h@i_h�F4Y h@i4Y�FHW_e_7LR4XGi4YOAEF9? J9:�:}�LF48uv&8;T XuhfC_WwF4>H? IKJLg hZv-W�$F4>@F_8;g_WHhZv-W�
uF4>jAE:fDEW_FnV@:fDB°@C$R4JL:¤g4h@?

N(ap) = N(a)N(p)

8G?BF
p
�$>�~&h�C ?BV@:}~�V@:ZY43 � XGouR4>H?BS@g$JLF4Xuh@:1h�~�>@FUhfC :Z°@T4Y

|D/ap| = |D/a| |a/ap| , � \;3 2 �
AEF9?

|a/ap| = |D/p| . �(\u3BP �6��$g F4R4hj^ZY h@? Y�V@t9C XGou^ZXG:f? Y AEF9?`h�CHWwC$>H? XGJ9g h@i4Y WHg$>@JLF4Y�
 C$V@i_8;C$t9J9F9Xuh@:OXuhfC F_�$C_h@^ 	79:fX;JLFu3 ��?BF h@iHW XGou^ZX;i \;3 2UIKF V@C$R_7L^ � C$R9J9:�v�YU:f°jT9Y_3w¢1>HDBS@C$R4JL: hfC_W C$J9C$JLCL>��`? X;JLgV@F_A$h@R_7LDBv-W
φ : D/ap → D/aJL:
φ(ap + x) = a + x.



� ��� ����� � 	�� � ��� � ��� � \9\
z|g_h@:�C

φ
:fD W_F9? ^}WHF9Y�:Z�$D C$JLC$J9C$>��K? XGJ9g$YUVjF4A$hjR47LD v-W�JL: �$R4>@THW_F�


a/ap
3N� �KF4>@JLg$SjC$R�	JL:n79CE? �$gHW h�C�I`:}~�>@i4JLF!? X;C$J9C$>��`? XGJ9C$t 8G?yF�V@F_A$hjR47LD C$R4Y�AEF9?�IKF!^ZouC$R4JL:ng_hH?-R_�$e4>@ou:f?? X;C$JLCL>��`? X;JLgLY

φ′ :
D/ap

a/ap
−→ D/a

���$C$J9^=WHv�Y C$?�h@e4°@:f? Y�F9R_hj~-W hfv-W V@F4ALh@R_7$D v-WwI`F!:fD WHFL?&D X;:ZY43 ¯ �,hjXK?�IKF �$e4>@C$R4JL:Uhji_WX;o;^ZX;i
1.5
3

|D/ap|
|a/ap| = |D/a| ⇐⇒ |D/ap| = |D/a||a/ap|

��?yF�h@iHWUX;ou^ZXGi
3.2


E�$>�~&h�F��$F4>@F4hji9>jC$t9J9:�g4h@?G7Lg_8uv J9C_WHF9VH? AET4YNFHW_e_7LR4XGi4Y|I`F�^ZouC$R4JL:g_hH?
a 6= ap

AEF9?L^}h@XG?4IKFN:fD WHFL?
ap ⊂ a

3��1FNV@:fDB°@C$R4JL:*g4h@?LV@:=W1R4�Le9>@ou:f?L?BV@:}~�V@:ZY
b
JL:}hfF4°@thZv-W

a
AEFL?

ap
3&6|WUR4�LT9>@ou:�h@^}hfCE? Cw?BV@:}~�V@:ZY

b
hjg4hj:¤I`FUT4hfFHW

a ⊇ b ⊇ ap

AEF9?;hjg4hj:1X;F_W�A$79F9X;JLF_hH? AEe�?BV@:}~�V@i
a−1a ⊇ a−1b ⊇ a−1ap ⇐⇒ D ⊇ a−1b ⊇ p.

6 �KC$t�79CE? �$gHW�^ZouC$R4JL:�g4h@?
D ⊇ a−1b


*:fD W_F9?,gHWHhfC$Y ?yVj:Z~�Vj:fYwAEF9?,:}�ED XGi4Y F��KCLt hfC
p:fD W_FL?$�L>j~&hfC�X;hfCHW�V@F4ALh@t_7$? C�F4A$:f>jFLD v-W

D
IKF�:fD W_F9?uA$FL?EJL^}8G? XuhfC 
9IKFU:fD W_F9?

a−1b = D
T

a−1b = p.
sUi_7LF4V@T

b = a
T

b = ap.
���$C$J9^}W@v�Y�V@:=WnR4�Le9>@ou:f?K?BV@:}~�V@:ZY

b
JL:}hfF9°jtnhfv-W

a
AEF9?

ap.
6¤R_h@g�X;i9J9FLD W_:f?;g4h@?;8G?BFUAEeHI`:¤X;hfCE? ou:fD C

α ∈ a/ap
IKF�^fouC$R4JL:

ap + 〈α〉 = a.
�(\u3 \ �

��FLDB>�W_CLR9J9:1^=W_FUhj^ZhfCE? C
α
A$FL?;C$>HDBS@C$R4JL:�h@iHWUF_�$:f? AEgHW4? X;i

θ : D −→ a/ap

JL:
θ(x) = ap + αx,i CL�LCEDBF :fD W_FL?�^=W_F9Y

D − module
C$J9C$JLCL>��`? X;JLgLY�
�AEF9?�:}�ED 7Lg_8uv h@i4YnX;ou^fX;i4Y

3.3.
¢�$R4>@THW_F4Y�hfC$R

θ
:fD W_F9?�^=W_F ?BV@:}~�V@:ZY�hfC CL�LCED C ? AEFHW_CL�LCE?B:�DKhji_W

p ⊆ kerθ.
�1F V@:fDB°@C$R4JL:g_hH?

p 6= kerθ
3,6|WnT_hfF_W

p = kerθ
hjg4hj:NX;t9J��Gv-W_F�J9:¤hfC�IK:}~�>@i4JLFnC$J9C$JLCL>��`? X;JLCLt�I`F:fD ouF9J9:

0 = D/kerθ ∼= a/ap,AEF9? hjg4hj: IKF :fD ouF4JL:
a = ap

e_hfCL�$C 
`F��GC$t ^ZouC$R4JL:�R4�LC9I`^ZX;:f? F_�$g hji_WwF4>@ouT g_hH?
a 6=

ap.
z|C ?BV@:}~�V@:ZY

p
:fD WHFL?�J9^Z8G? XuhfC 
�e4>@F

p = kerθ.
���LC$JL^=WHv�Y!JL: ou>@T4XGi³�Le47L?*hfC$RIK:Zv�>jT9J9F4hfC$YNCLJLC$J9C$>��`? XGJ9C$t�IKFU�$e4>@C$R4JL:�g4h@?

D/p ∼= a/ap.

�,°H? Xu~-W_C$R4JL:�h@? Y|h@e4°@:f? Y�AEF9?L�$F9Dy>fW_C$R4JL:�hji_WNXGou^ZXGi
3.2
3-��:|X;R_WHV@R9F4X;JLg�hZv-WNXGou^ZXG:}v-W

2.1
A$FL?

1.1
|D/ap| = |D/a||D/p|AEF9?;hj^Z79C$Y
N(ap) = N(a)N(p).



� ��� ����� � 	�� � ��� � ��� � \4c
� �-% �-� "K����0*� �&¬ � �;Y=d ` <ON a FLW=B D�@P< ` d^m�W*X � <i@qW;F^<?HyYit=VsBkdr<?HKW[N
<SX b�:�Y=dG: Z[

√
−17] eW=X � <^@qW�Y=<�BjFLW{nMFog p1 =

〈

2, 1 +
√
−17

〉

, p2 =
〈

3, 1 +
√
−17

〉

, p3 =
〈

3, 1 −
√
−17

〉 v9 ` d=@quG:=bM>�Q�<�u � d^mi@qW
N(p2

1p
2
2p

2
3) = 223232 = 182

�1F��L:Z>H? 8;>@e � C$R4JL:�e_7979i�JLDBFUou>@T4XGiU�LC$R�IKFUAEeHW_C$R4JL:�J9:¤hfC_W�g$>jC �HVH?BF9Dy>j:fX;i �E3�6�W^ZouC$R9J9:
a
?BV@:}~�V@:ZYw:=W_g$YwV@F4ALh@R_7$D CLR F4AE:Z>@F9D v-W

D
AEFL?

b
^=W_F!X;hfCE? o;:fD C!hfC$R

D
h@^}hfCE? C~�Xuh@:

a| 〈b〉 h@g_h@:|IKF�J4�$C$>@CLt9J9:|WHF�8;>@e��KC$R4JL:|AEF9? a|b AEF9?LI`F 7L^ZJ9:�g_hH?$hfC a
I`F�VH?BFL?B>@:fDhfC

b
3&��>@C �GF_WH~�Y

a|b FHWNAEF9?$JLgHW_CnFHW b ∈ a
3&6�R4hjg$Y�C�W_^ZC$Y�XGR4J4<LC_7$? X;JLgLY�^Zo;:f?LAEe_�$C$?yF:}�E? �L79^ZC_W¤�L79:ZC_WH:ZALh@T4JLF_h�F�
_gL�9v�Y�8G?BFO�$F4>@e4V@:f? 8;JLFNg_hH?EFHWO^ZouC$R9J9:

p
�$>j~&hfCU?yVj:Z~�Vj:fY�AEF9?

p| 〈a〉 〈b〉 
�h@g_h@: I`F �L>@^}�$:f?`W_F :fD W_FL? p| 〈a〉 T p| 〈b〉 3U¯ 6�>@F 8G?BF p
�L>j~&hfC!?yVj:Z~�Vj:fYU:�D W_F9?

p|ab⇒ p|a T p|b 3� ";�n% �-0�� �&¬ ± 7 9$fPY3b
a
B FGWOnMFGWO>�WG:oJL>;F^<?HyYom*VsXkd^m�<?HKW[N
<SXkbM:

D e @TW a 6= 0

� v � :
N(a)

W=XI:O<?B ` Nyn�Y=dL>}<ONPBRQS@TJL>}Y^JiY=W}H?<?BPY=d a
W=XI:O<?B ` Nyn�Y=d8BjFLW{nMFLWO>iv

� v � :oJ|NE@h<
N(a)

W=XI:=<SBhfsY=dGB � W=XkdrY=d^m a e �(BkfydLFGtS:=<^@h< a | N(a).

� v � :
a ` Nyn�Y=drBjFLW{nMFLW{> e FGBR<?B NsW=XP<?H*NPB ZPnM>;uL:O<S: ` Nyn�Y=dr<ONPBRQS@TJ p e HU<SBhW=XI:=<SB N(a) =

pm e @TW m ≤ n e J ` d^m n d�Zx<?Q�@qJL>}Y=d^m K v�
` JLFGW*B z?gEv d�79^}�$:|I`:}~�>@i4JLFnbu3 2@P � 2 � 3
� �-% �-� "K����0*� �&¬ �

� :&u � d^mi@qW F*<?HyYit=VPB d�<UHUW_NE<?X b�: Y=dL: Z[
√
−17]

HU<SB�BjFLW{nMFLWO>�Y*d
p =

〈

2, 1 +
√
−17

〉 e W ` W=B FL��z�u_Nhd^mi@qW�J^Y^BPg :LJ|N
@P< Y=d^m�BkfydLt?YO<?BK@TW 2 ` d*m�W*XI:O<?B ` Nyn�Y=dL><ONhBRQ�@qJL> e <^@quOf?bM>(@ ` d|NhdLti@TW�:=<0fhmi@ ` W[N a :id^mi@qW�JiY*B�HU<SB�Y=d&BjFLW{nMFLW{> p
W=XI:=<SB ` Nyn�Y=dov9 ` X fPgy> ` <=NE<oYGg^NhdLt^@qW;J^Y^BhJ ` bM>}@P<U>MVPu*W=BxY=d ` <ON
< `La :=b QSWOnhNsgy@P< N(p) = 2 ∈ p.

� �-% �-� "K����0*� �&¬ § �MNsu ` W=BCW ` X fPgy>�:=< fsgK@qW=B nMfyd^mi@qW e JiY*B�m `La N � d^mS: ` W[NPB ` Y=nMfyW=Bk>8J �` d^m�uG:O<�B FGWOnMFGWO> W=XI:=<SB ` Nyn�Y=d <^VSV a g :LJ|N
@h<,Y=d^m�FLWG:�W=XI:=<SB ` Nyn�Y=dL>�<ONPBRQS@qJG>Gv �qBR<` <=N a FLW=B D�@h<�uOfsY{b J^Y^Bpu � d*mG@TW D = Z[i] e HU<SB�BjFLW{nMFLWO> a = 〈3〉 v���d 3
W=XI:=<SBC<�: a DUbCDEdfsY*diB � W=Xkd�fPY=d Z[i]

H?<?BsW ` W=BjFo��W*XR@h<?fsY*W�fyW ` W[NPBkd � ��@ dG:O<UFGBIHy�y>]<�: a V
m?fsgy> e Q�<�W=XI:O<?BsHU<SB` Nyn�Y=d fPY=dGB � W*X dov ��:=bhN
XR�3d^mi@qW(J^Y*BMuG:O< ` Nyn�Y=d fsY*diB � W=Xkd ` <=N a DEW*BTHU<?B ` Nyn�Y=d BjFLW{nMFLWO> eW ` d=@quG:=bM>�Y*d a
W*XI:O<?B ` Nyn�Y=d1B FGWOnMFGWO>Gv�9 ` XkfPgy> u � d^mi@qW�J^Y*B N(〈3〉) = 32 e d d ` dGXkdG>FLWG:�W=XI:=<SB ` Nyn�Y=dL>;<ONPBRQS@TJL>Gv � u[Zx<SBR< e g :oJlN
@h<�WG:oJG> ` Nyn�Y=d^m�BjFLW{nMFLd^m?> e QS<�W*XI:O<?B `oa :�YO<FLtS:O<i@qg ` NKn�Y*d*m�<ONPBRQS@pdLt?v� ";�n% �-0�� �&¬ �

� v � a QSW�@�g�@�gyFLWG:LBIHKJ8B FGWOnMFGWO>}WG:oJG> D
u � W=B ` W ` W[N
<?f
@TuL:id*m?>;FGBR<SB N
uiY=WO> e

� v87 9}:O<U>r@�g @�gyFLWG:LBIHKJL>r<UHKu[N
<SBkdL>�<ONPBRQS@qJG>r<�:��yHKW=B�@qJG:id fyW ` W ` W[N
<?fE@quG:id�<ONhBRQ�@qJBjFLW{bMF^nM:�Y=d^m
D e

� v � JG:id ` W ` W[N
<UfE@quG:=<�Y=d ` Vx�yQSdL>]BjFLW{nMFog(WL:LJL> D
u � d^mS:�YGgy:rX FiBj<�:oJ|NE@h<Kv�

` JLFGW*B z?gEv
293��*D W_F9?Ge4JL:ZX;inXGRHW_^}�$:f?BF�hfC$R�I`:}v�>@T4JLF_hfC$YNFHW_e479R4XGi4Y¤X;:1�L>j~&hfF�?BV@:}~�V@i;3
Pu3��*D W_F9?GJLDyFU:�?BVH? AET��$:Z>HD �LhZv�X;i�hfC$R 243
\;3��*D W_F9?Ge4JL:ZX;inXGRHW_^}�$:f?BF�hfC$RnPu3



� ��� ����� � 	�� � ��� � ��� � \Lb
� �-% �-� "K����0*� �&¬ ±��8<SX Nx:id^mi@qW�Y=d ` Nhdog?D
dLt^@qWG:id(< ` d^Yiu~VUWOfE@h< YGgy>�<�: a V
m?fsgy>�Y=d^m1B �FLW{nMFLd^m?> 〈18〉 fPY=dG: D = Z[

√
−17] e

〈18〉 = p2
1p

2
2p

2
3@qW

p1 =
〈

2, 1 +
√
−17

〉

, p2 =
〈

3, 1 +
√
−17

〉

, p3 =
〈

3, 1−
√
−17

〉 v87 9 � d*mG@TW�ZSNsW=BVPdGB ` JG:(J^Y^B�dGBq@TJL:idiBqFGBR<?B Nsu^Y=WO> Y=d^m 〈18〉 W*XI:O<?BqY=< p1, p2, p3.
� �qBR<�Y*d(Q?W{nhNPgK@h< � v��^v � �Lv7 9 � d^mi@qW]J^Y*Bs<�:8Y=d � � <�:��yHKW=B
fyW$H a�` dGBkd]B FGWOnMFGWO> a e J ` d^m�Q�<�W*XI:O<?B a/ 〈18〉 FogGVU<?Fo� a |

p2
1p

2
2p

2
3

YiJ^Y=W�QS<�W=XI:O<?B
a = p

q
1p
r
2p
s
3 e J ` d^m q, r, s ` Nhd �P<�:inM>rQS<�W=XI:O<?B � e � e � � v87� N
<(Y=d

� � <S:o�EHUW*Bx@TJL:id�fyW ` W ` W[N
<UfE@quG:=<�Y=d ` Vh�yQ?dL>}BjFLW{nMFogEv
� >8FLdLti@TW ` JLfS<�B FGWOnMFLg u � d^mS::LJ|N
@h< � � v � mUY^J DEXI:^W^YO<SB @qJG:id�J^YO<S:

a | 18 e a NE<1<S: a = p
q
1p
r
2p
s
3
` d^m fsgK@h<?XI:*W*BTJiY*B

N(a) = 2q3r3s.
�
N(a)

QS<�W=XI:=<SB � � @qJG:id�<S:�u � d*mG@TW q = 1, r + s = 2 e ` d^m�@qWrYigfyW=B N a Y=d^m�fPgK@h<SXI:^W=BhJ^Y^BxY*d a
W=XI:=<SB

p1p
2
2,
�

p1p2p3,
�

p1p
2
3.

	 �&0*0�� ��¬ �
� :

a, b
FLtSd�@�gr@�gyFLWG:GB\H a B FGWOnMFLg�WG:oJG> D,

YiJ^Y=W$m `La N � W=BSfPY=dGB � W*X d a ∈ aYiu^Y=dGBkd;nMfsY=W
aa−1 + b = D

��>H? W��$>@C4oEv�>@T9X;C$R4JL:OXuh@iHWwF4�Lg$V@:f?B°@inhfC$R�7LT4JLJ9F4hfC$Y1IKF Vj~�X;C$R4JL:OhfC$R4Y�CL>H? X;JLC$t4YhfC$R�JL^}8G? Xuh�CLRnAECE? W_C$t�VH?BF9?y>j^ZhjinAEF9?Kh�CLR�:Z79e4oG? X;hfC$RnAEC$? WHC$tn�$C_7979F_�L79e9XG? C$R�
EV@t4C ?BV@:}v�	Vj~-WE3
¨ %-����0�ª&« �&¬ � �(tSdr@qg(@�gyFLWG:LBIH a BjFLW{nMFog a, b

u � d^mS:r@quGDEBkfsY=d�HKdiBI:oJrFGBR<?B Nsu^Yig g
HU<SBW~V a�� BkfsY=d�HKdGBI:LJ ` d|VSV?< ` V a f
B d l

@qW}Y*Bk>;<?HKJ|VPd^m?QSWO>$B FiB J^Yig
Y=WO>iv
g/a, g/bHU<SBP<�: DEBR< H a�` dGBkd g′

u � d^mi@qW;JiY*B g′ | a, g′ | b,
YiJ^Y=W}W=XI:=<SB

g′/gHU<SBP<�:
a/l, b/lHU<SBP<�: DEBR< H a�` dGBkd l′ u � d^mi@qW;JiY*B a | l′, b | l′ Y^JiY=W}W=XI:O<?B
l | l′.

	 �&0*0�� ��¬ �
� :

a, b
FLtSdrBjFLW{nMFog�WG:oJL>

D e HU<?B g, l d8@quGDEBkfsY=dL>}HKdGBI:LJL>}FiBR<?B Nsu^YGgy>]HU<?BY=d�W~V a�� B fPY=d�HKdGBI:LJ ` dlV?V?< ` V a fEBkd]<�:�Y*XkfsY*diB � < e Y^J^Y*W;QS<�u � d^mi@qW
g = a + b, l = a ∩ b

�
` JLFGW*B z?gEv � WHv�>@DySjC$R9J9:Ug_hH? 8K?BF ^}WHF ?BV@:}~�V@:ZY x

^ZouC$R9J9:
x | a

FHW�AEF9?GJLgHW_CwF_W
a ⊆ x.���$C$J9^=WHv�YOh�C

g
�$>@^}�L:�?EW_F�:fD W_FL?;h�C J$? AE>@g_h@:Z>@C ?BV@:}~�V@:ZYN�$C$Rn�L:Z>H?B^fou:f?;hfF

a, b
A$FL?GhfC

lhfC�JL:}8;F479t4hj:Z>@C�?BV@:}~�V@:ZYN�$C$R��$:Z>H?B^Zo;:}hfF9?;XuhfF
a, b.z�~�>@F�J9�LC$>@C$t4JL:�W_F�Vj~�X;C$R4JL:&h@iHW�F_�$g$V@:f?B°@i|hfC$R|7LT4JLJ9F4hfC$Y�\u3BPE3

�
` JLFLW=B z?gEv ��>j~&hfF�$F4>@F_h@i4>@C$t4JL:�g_hH?GFHW

a ∈ a
IKF�^Zo;CLR9J9:

a/a
:}�$C$J9^}W@v�Y1hfC

aa−1 :fD W_F9?G?BV@:}~�V@:ZYNAEF9?ug9o;?F_�L79e AL7LF4XGJ9F4h@? AEgU?BV@:}~�V@:ZY_3�z�~�>@F�XGt4J �;v-W_FUJ9:�hfCn�L>@C$i_8GCLt9J9:}WHC�79T9J9JLFO�$C$R�F_�$C$V@:fD 	°@F4JL:�
$CUJL^}8G? X;hfC$Y|AEC$? WHg$Y¤V@?yF9?B>@^}h@i4Y|hfv-W
aa−1 AEF9? b I`FU:�D W_F9?;hfC aa−1 + b


L:}�$C$J9^}W@v�YF4>jAE:fDuW_FU:Z�$? 7L^Z°@C$R4JL:
a ∈ a

hj^}h�C$? Cn~�X;hj:
aa−1 + pi = D, i = 1, ..., r

JL:¤h�F
pi
W_F�:fD W_F9?;hfFnVH?BF��KC$>j:Zh@? AEenJL:}hfF4°@t�hfC$R4Y1�$>�~&h�Fn?yVj:Z~�Vji�
uhfFnCL�LCEDBFnVH?BFL?B>@CLt_W hfC

b
3



� ��� ����� � 	�� � ��� � ��� � \9r
� ";�n% �-0�� �&¬ � 7 9�fsY3b

a
uG:=<1@�g�@�gyFLWG:LBIHKJ(BjFLW{nMFLWO> WG:LJL>�F^<?HyYLm*VPXkd*m�<?HKW[N
<SX b�:

D eHU<SBhuG:=<�fPY=dGB � W=Xkd b ∈ a
v;��JiY=W�m `oa N � W*BsfsY*diB � W=Xkd a ∈ a

Yiu^Y=dGBkd;nMfsY*W
a = 〈a, b〉 .�

` JLFGW*B z?gEv ¯ �*XuhZv ?BV@:}~�V@:ZY b = ba−1.
6��$gnhfCU79T9J9JLF�\;3 P�
4I`F�R4�Le9>@ou:f?$Xuh�C$? ou:�D C

a ∈ ah@^}hfCE? Cn~�Xuh@:
aa−1 +b = aa−1 + ba−1 = D ⇔ (〈a〉+ 〈b〉)a−1 = D ⇔ a = 〈a〉+ 〈b〉 ⇔ a = 〈a, b〉
6�R4hjgnh�CnIK:}~�>@i9J9FnJLF4Y¤79^Z:f?;g_hH?uAEe_IK:¤?yVj:Z~�Vj:fY�
;XG:¤^=W_F_W�VjF4A$hjt47L? CnF_AE:Z>@F9D v-WU:=W_gLYXu~�JLF_h�CLYNF9>@? I`J4~-W�
EI`Fn^Zou:f?;hfC��$C_7Lt�V@t4Cw8;:=W@W_T_hfC$>@:ZY43� ";�n% �-0�� �&¬ ´ � <�: a V
m?fsg�fyW]<S: a DKb�DE<�Y{bM:8fsY=dGB � W=X b�:rWG:LJL> D

W=XI:=<SBE@ dG:=<?FGBIHy��<�:HU<SBP@qJG:id8<S:rW=XI:O<?B ` W[NPBkd � �(H
mON
X bM:rB FGWObMF*n�:ov�
` JLFGW*B z?gEv � WHv�>HDBS@C$R4JL:Og_hH?KA$e_IK:1�$:Z>H? C9ouTUAER4>HD v-Ww?BV@:}v�Vj~-Wn:�D W_F9?K�$:Z>H? C9ouTnJ9C_W_F4VH? AET4YFHW_e479R4XGi4Y43���^=W_:f? 79CE? �$gHW�W_F V@:fDB°@C$R4JL:�hfC F_WHh@D Xuh@>@C �GCK3�6�>jAE:fD WHF V@:fDB°@C$R4JL:�g4h@?�J$DBF�$:Z>H? C9ouT gL�LC$R i FHW_e479R4XGi X;:nFHW_e_8;v&8;F XuhfCE? ou:fDyF :fD W_F9?�JLCHW_F4VH? AET�
�:fD W_F9?�AEF9?��$:Z>H? C4ouTAER4>HD v-WU?yVj:Zv�V�~-WE3*sUi479F4V@TUg_hH?uAEe_IK:¤�L>j~&hfCw?yVj:Z~�Vj:fYO:fD W_F9?;AEt4>H? C 
EF��GC$tUAEeHIK:N?BV@:}~�V@:ZY:fD W_FL?L8G? W_g$J9:=W_CU�$>�~&hfv-W ?yVj:Zv�V�~-WE3-¯ �,X;hZv³79CE? �$gHW

p ∈ D
�L>j~&hfCn?BV@:}~�V@:ZY�
$JLi JLi4V@:=W4? AEgK36��$g hfC I`:}~�>@i4JLF \u3 ru3BP�
 R_�$e4>@ou:f?�^=W_F4YUF_AE^Z>@F9? C$Y�F9>H? IKJLgLY
N = N(p)

hj^ZhfCE? C$Y�~�Xuh@:
p | N. � �$C$>jC$t9J9:-W_F��$F4>@F48;CHWHhfCL�$C$?yT4X;C$R9J9:�hfCNl XGFHW|8G? W_g$JL:=W_C1F_W_F_8u~&8uv-W�X;hfCE? ou:fD v-WhfC$R

D

Ev�YO:Z°@T4Y �

N = v1...vs.6 �KC$t�^ZouC$R4JL:�g4h@?
p | N AEF9?;hfC

p
:fD W_F9?;�$>�~&h�Cw?BV@:}~�V@:ZY�
G^ZouC$R4JL:¤g4h@?

p | vi
T�? X;C$V@tHW_F9J9F

p | 〈vi〉 .
���$:f?BV@T�:�DBJ9F9Xuh@:�XG:��$:Z>H? C9ouT JLCHW_F4VH? AET9Y�FHW_e479R4XGi4Y�
4hfC�F_WHe48uv&8;C�X;hfCE? o;:fD C

vi
:fD W_FL?EAEF9?�$>�~&h�C X;hfCE? o;:fD CG3w¯ 6�>@F AEF9?�hfC AEt4>H? C ?BV@:}~�V@:ZY��LC$R �$F4>@e_8;:�? hfC�Xuh�C$? ou:�D C!F4R_h@g 
�:�D W_F9?�$>�~&h�CG3O�,�LC$JL^=WHv�YU^fouC$R4JL: g_hH?

p | 〈vi〉
gL�$C$R�AEF9? hfFwV@t4C F9R_h@ew?BV@:}~�V@i :fD W_F9? �L>j~&hfF;3¯ ��h@XG?KF_�$g�JLCHW_F4VH? AEg_h@i_h�F�F_WHe479R9X;i4Y¤^ZouC$R4JL:1g_hH?

p = 〈vi〉 ,
V@i_7LF4V@T�h�C

p
:fD W_F9?uAEt4>H? Cw?BV@:}~�V@:ZY_3
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Q�:¤F9R_h@g�h�C�X;i9J9:fD CUI`F�F47479e9°@:f?$7LD 8;Cnh�C�XuAEiHW4? AEg 
uF��KC$t I`F�ou>@:f?yF4Xuh@:fDEWHFU�$e4>@C$R4JL:�L79i4>@C �KCL>HDB:fYUF4�Lg!8;:}v�JL:}h@>@?BA$^fYnhj:ZoEW_?BA$^fY�
-C$?�CL�$C$Dy:ZYUIKF <$CLi_IKT9X;C$RHWwhH? Y�F_798;:=<$>@?BA$^fYJL:=IKg$V@C$R4Y1J9F9Y_3��1F�F_W_F_�Lhjt9°jC$R9J9:|AEe4�LCE?B:ZY1?BVH?Bg_h@i_h@:ZY¤hZv-W��L79:}8GJ9e4hZv-W�
Lh�F�CL�$C$DyF�:fD W_FL?IK:fJ9:}7$? ~�V@i�8G?BFwhji_W�^=W@WHCE?BFwJL?BF9Y�:}7979:f?B�9hH? AET4Y1AEF4J9�Lt479i9Y_3��1F�J$? 79T9X;C$R4JL:NAEF9?K8G?yF�hji_WFHWHhH? XuhfCE? o;DBF�J$?BF9YOIK:fJ9:}7$? ~�V@C$R4Y �$:Z>H? C4ouT9YOAEF9?`:=W_g$Y�hjg$>@C$RwJL:�^=W_F��L79^Z8;J9F;3 � :}Au? W_e4JL:JL:¤h�CHW�C$>H? X;JLg�:=W_g$YN�97L^}8;JLF_hfC$Y �
lattice � 3

¨ %-����0�ª&« ��¬ �07 9$fsY{b
e1, ..., em

:=<0W=XI:O<?B�uL:O<0fst�:id|VPd1< ` J�DGNE<i@T@CB\H a <S:^W{z a NPYig
YO<FGBR<S:LtSf
@h<LYO<1Y=d^m
Rn,m ≤ n

v � ` NhdLfsQSW^Y^BIHy�6m ` dLd=@ a F^<(Y=d^m (Rn,+)
g�d ` dGXR< ` <=N a �D
W^YO<?B
< ` J�<UmUY a YO< FGBR<S:Lt?fE@h<LY=< e dG:id=@ a �3W^YO<?B ` VhuGD�@h<�FGB a fsYO<Ufsgy> m e ` <ON
<GD
J=@qWG:id}< ` JYO<

e1, ..., em
v

� �$C$>jC$t9J9:�W_F�V@CLt9J9:O^}WHFn�L79^Z8;J9F�XGFHW�JLDyF�:}79:Zt_IK:Z>@inFH<$:}7L?yFHW_TnCLJLe4V@F�
uhje9°@i4Y
m
3¯ 6�>@FnJ9�LC$>@C$t4JL:�W_F�:��KF4>@JLgLXGC$R4JL:�h@iHW�C$>@C_7LC_8GDyF�hZv-WnC$J9e9V�v-WnF4R4h�~-W�
uXuh�Fn�97L^}8;JLF_hfF;36�Y�V�~�XGC$R4JL:*hj~�>@FOhfCL�$C_79C48G? AEgOouF9>jF4A$hji9>@? XGJ9g X;hfC �L79^Z8;J9F;3 ¯ �,X;hZv³C

Rn
:��KC$V@?yF4X;JL^ 	W_C$Y J9:1h@i�X;R_W_THIKi�JL:}h@>H? AET�
;gL�$CLR ||x − y|| :fD WHFL?Ki�F_�$g$XuhfF9X;inJ9:ZhfF4°@tnhfC$R x AEF9?GhfC$R

y
3��1FOX;R4J4<LC47LDBS@C$R4JL:�:}�$D XGi4Y|JL:

Br[x]

$h@iHWNAL7L:f? Xuh@TNJ4�$e_7LFNA$^}W@h@>@C$R

x
AEF9?LF4ALhHD W_F4Y

r
3

¨ %-����0�ª&« ��¬ � ��<8VPu=@qW�J^Y^BpuG:=<(fstS:idlVPd
X ⊆ Rn

W=XI:=<SB ��NE<GD�@quG:id e <�: X ⊆ Br[0] eDEBR< H ao` diBkd r v
¨ %-����0�ª&« ��¬ ����<�Vhu=@qW$J^Y^BPuL:O< f
tS:id|VPd

X ⊆ Rn e Y=d�d ` diXkd�u � W*BPFLd=@��(d=@ a F*<U>�W=XI:=<SBFGBR<?H*NPB Y^J e <S:�HU<SBC@qJG:id�<�:�Y=d�@qgEFGuL:�FLWG:(W*XI:O<?Bpfsgy@TW*X d�fhm?f
fynhNsW*m?fPgy> e FogGV?<UFL�&H a Q?W@ `oa VU< Br[0]
QS<�Yiu=@q:^W=BxY=d�f
tS:idlVhd

X
fyW ` W ` W[N
<?f
@TuL:O< Y=d ` Vh�yQ?dG>}fPgK@qW=XR<Uv

�*DBJLF4X;hj:1^}hfCE?BJLCE?Ehj~�>@FUWHF�Vj~�XGCLR9J9:¤hfC��$F4>@F4A$e4hZv³I`:}~�>@i4JLFu3� ";�n% �-0�� ��¬ � � Xj< ` NhdLf
QSWiY*B\Hy� m ` dGd*@ a F*<�Y=d^m Rn
QS<�W*XI:O<?B ` VhuGD�@h< e <S:rH?<?B
@qJG:id<S:�W=XI:O<?BsFGBR<UH=NhB Yi�
v�

` JLFGW*B z?gEv ¯ �,X;hZv L ^=W_FN�97L^}8;JLFNV@?ye4Xuh�F4X;i9Y n 
4hfC CL�$CED C �LF9>je48;:}hfFL?_F4�LgOh�F e1, ..., en 36�R4hje�hfF�VH?BF_W_t4X;JLF_h�F|hjg4hj:�IKF1F_�$C_h@:}79C$t_W�J$DBF|<$e4XGi|8G?BF¤hfCHW�oE~�>@C
Rn
3 � eHI`:�Xuh�C$? ou:�D C

v ∈ Rn

EI`F�8G>je��G:ZhfF9?GX;F_W

v = λ1e1 + ...+ λnen, λi ∈ R.

\$x



� ��� ����� � 	�� � �	����
 � ��� � \9k
¢1>HDBS@C$R4JL:�h@iHW

f : Rn → Rn
WHFn:fD WHFL?;i

f(λ1e1 + ...+ λnen) = (λ1, ..., λn).

z|g_h@:nhfC
f(Br[0])

:fD W_F9?��K>@F_8;JL^=W_C 
-^fXuhZv ||f(v)|| ≤ k, v ∈ Rn
3 6�W h�~�>@F�^Zo;CLR9J9:AEe_�$CE? C ∑

aiei ∈ Br[0], ai ∈ Z

-h@g_h@:n�L>@C �KFHWH~�YnIKF :�D W_F9? ||(a1, ..., an)|| ≤ k

3 6 	WHh@D X;hj>@C �GF�
u^ZXuhfv
G
JLDyF�VH?BF4A$>H? h@T�R4�LC$C$J9e9V@F�hfC$R

Rn
3��1F�V@:fDy°jC$R9J9:1J9:1:}�$F_8uv&8GT�X;hfC

n

 g_hH? i

G
:fD W_FL? �L79^}8;JLFu31¯ �,X;hZv

g1, ..., gm
hfC JL^}8G? Xuh�C 8;>@F4JLJL? AEe FHW_:Z°@e4>jh@i_hfC R_�$C�	X;t_W_C_79C�hfC$R

G
3�¯ �,X;hZv

V
C R_�$g4oEv�>@C$YUh�~�>@F�
��$CLR �$F4>@e_8G:}hfF9? F_�$g hfF

g1, ..., gm−1
3

�1^}hfC$R9J9:
G0 = G∩V 3 
¤�$e4>@ouC$RHW|79CE? �$gHW|8;>@F9J9J$? AEe�F_WH:f°je9>jhji4hfF�Xuh�C$? ou:�DBF h1, ..., hm′hfF�CL�$CEDBF �LF9>@e_8;C$RHW hji_W

G0
3�6 �KC$t�hfF X;hfCE? ou:fDBF

g1, ..., gm ∈ G0

-h@g_h@:UIKF �$>@^}�L:�?W_F ^ZouC$R4JL:

m′ = m − 1
3 � �LC$>@C$t4JL: W_F F_W@hH? AEF_h�F4Xuh@T4XGC$R4JL: hfF

g1, ..., gm−1
J9:UhfF

h1, ..., hm−1

KT ? X;C$V@tHW_F4JLFUW_F�R_�$C9IK^ZXGCLR9J9:Og4h@?KAEe_IK:OXuh�C$? ou:�D Cw�LC$R�F_W_T_AE:f?KXuh@iHW

G0J9�LC$>@:fD�W_F 8;>@F��K:fD-XGFHW F_AE^Z>@F9? C$Yn8;>@F4JLJL?BA$g$Y�XGRHW_V@R4F4XGJ9g$Y�hfv-W
g1, ..., gm−1

3 ¯ �,XuhZvhj~�>jF�z 
Eh�CwR_�$C$X;t_WHC479Cng_79v-W�hZv-W
x ∈ G

hji9YNJ9C$>��GT9Y�

x = a1g1 + ...+ amgm,

JL:
ai ∈ R

h@^}hfCE?BF ~�Xuh@:
0 ≤ ai < 1, i = 1, ...,m− 1

AEFL?
0 ≤ am < 1

3&z|g4hj:|h�C
T
IKF:fD W_FL?��K>@F_8;JL^=W_CUAEF9?Le4>@FN�$:}�L:f>jF9X;JL^=W_C�F��GC$tNhfC

G
:fD W_F9?LVH?BF_AE>H? hjg�X;t_WHC479CK3����LC$>@C$t4JL:79CE? �$gHW�WHFn:}�E? 7L^Z°@CLR9J9:

x′ ∈ T
J9:1hfC_W�JL?BA$>@g4hj:Z>@C X;RHWHh@:}79:fXuh@T

am

;^ZXuhfv

x′ = b1g1 + ...+ bmgm.

��>@C �KFHWH~�Y�h�F
g1, ..., gm−1, x

′ :�D W_F9?$8;>@F9J9J$? AEe�F_WH:f°je9>jhji4hfFu3 � :}Au? WH~-W@h�F4Y1J9:¤C9�$CE? CLV@T�	�$C_h@:,VH?BeHW_R9X;JLF
v ∈ G


4J9�LC$>@C$t4JL:-W_F¤:}�E? 7L^Z°@CLR9J9:&F4AE^Z>@F9? C$R4Y&X;R_WHhj:}7L:ZXuh@^ZY
ci

_hj^ZhfCE? C$R9Y~�Xuh@:1hfC�X;hfCE? o;:fD C

g′ = g − cmx
′ − c1g1 − ...− cm−1gm−1

W_F�F_WHT4AE:f?jXuhfC
T
AEF9?@CNXGRHWHhj:Z79:ZX;hjT9Y&hfC$R

gm
XuhfC

g′
W_F�:fD WHFL?HJ$? AE>jg4hj:f>jC$Y,hfC$R

bm

_F4747Le�KR4XG?BA$eUJLi�F9>fW_i4h@? AEg$Y_3-6��$gnh@iHW�:}�E? 79C48;TOhfC$R

x′
F9R_h@gLY¤C�X;R_WHhj:}7L:ZXuh@T4Y�IKF��L>@^}�$:f?LW_F:fD W_FL?�JLi4V@^=WE3����$C$J9^=WHv�Y

g′ ∈ G0
3�z|g4hj:ng$J9v�Y�h�F {x′, g1, ..., gm−1}

�LF9>je48;C$RHW�h@iHW
G

u�$C$RUXGi4JLF9D W_:f?Gg_hH?Gi

G
:fD W_F9?;�L79^}8;JLFu3z|C R_�$C$X;t_WHC479C

T
�$C$RwC$>HD XGF4JL:�X;hji_W��L>@C$i_8;C$t9J9:=W_i F_�$gLV@:f?y°ji�
 :fD W_F9?�iw7L:}8;g$J9:}WHiIK:fJ9:}7$? ~�V@i4Y1�$:Z>H? C9ouT�A$FL?uVHD W_C$R4JL:1hfCHW�F4AE>@? <LTUCL>H? X;JLg�h@i4YNF4JL^ZX;v�YNh�~�>@Fu3

¨ %-����0�ª&« ��¬ �
� :}u � d*mG@TW L uG:=< ` VhuGD�@P< ` d^m ` <ON a D
W^YO<?B?< ` J}YO< e1, ..., en e d|N
XR�3d^mi@qWYGg0QSW*@TWlVsB nMFog ` W_NPBkd � � T :=<�< ` diY=W~VUW*X YO<SBq< ` J J|V?<&W^HUW*XI:O<&Y=<&fsY*diB � W=Xj<&YigE>�@ dlN �x�y>

∑

aiei, ai ∈ R e DEBR<�YO< d ` dGXR<�u � d*mG@TW 0 ≤ ai < 1
v

	 �&0*0�� �,¬ � � a Q?W�fsY*diB � W=Xkd�Y=d^m Rn
<�:��yHKW=B?fyW <?H*NPB ZPnM>MuG:=<;< ` J$YO<;fstS:idlV?< T+l, l ∈

L
v
�0��� � � ��%�+ $ � 	���-O),+
¯ �*XuhZv

L
^}WHF��97L^}8;JLF�XuhfC

Rn
AEF9?KVH?Be4X;hfF4XGi4Y

n
3�6�R4hjg �$CLRUI`F�JLF4Y F4�LF9X;ouC479T4XG:f?:fD W_FL? iwJL:}79^Zhjiwhji9Y�C$J9e9V@F4Y �$i_7$D AEC

Rn/L
3 �1FwX;R9J_<$C_7$DBS@CLR9J9:OJL:

S
hfC X;tHW_C479C hZv-WJ$? 8GF4VH? A$~-WnF9>H? IKJ9~-WnJL: JL^}hj>@C 243�6¤R_h@gwhfC X;t_W_C_79C 
K:��GC$VH?BF9X;JL^=W_C JL:NhfCHW��$C_7979F_�L79F�	XG?yF4X;JLg�:fD WHFL?;C$JLe4V@FUAEF9?GCHW_C$J9e9Sj:ZhfF9?;CLJLe4V@FUhZv-WnX;i4JL:fD v-W�hfC$R�AEt4AL7LC$Ru3

	 �&0*0�� �,¬ � � d=@ a F*< ` gGVPXIHKd R/Z
W=XI:=<SBPBkf
J=@ dlN �sg�@qW�YigE:rd=@ a F^< S v



� ��� ����� � 	�� � �	����
 � ��� � \9��
` JLFGW*B z?gEv ¢1>HDBS@CLR9J9:�hji_WUF4�L:f?BA$g_W4? XGi φ : R → S

JL:
φ(x) = e2πix.6�R4hjg$YUC

φ
:fD W_FL? ^=W_F4YU:}�ED C$J9C$JLCL>��`? X;JLgLYUAEF9? ^Zou:f? �L>@C �GF_WH~�Y��$R4>@THW_FwhfC

Z
3�z|^}7LCLYF_�$g hfC�I`:ZJL:}7L? ~�V@:ZY�CLJLC$J9C$>��`? XGJ9C$tnI`F�^ZouC$R9J9:Og4h@?`R4�Le9>jo;:f?`^=W_F4Y�? XGCLJLC$>��K? X;JLg$Y F_�$ghfC

R/Z
X;hfC

S
3��?yFnW_FwX;R_W_:Zo;D X;C$R4JL:N�$>j^Z�L:f?GW_F CL>HD X;C$R9J9:Oh�CHW

n
	 VH?Be9XuhfF4hfC�h@g$>@C

Tn
316¤R_h@g :�D W_F9?hfCM:fRHIKt�8G? WHg$JL:=W_CMh@i4Y C$J9e9V@F4Y hfC$R�A$t4A$79C$R

S, n
�KC$>@^ZY_3 ��?BF��LF9>je9V@:f? 8;J9F ^ZouC$R4JL:

T 2 = S × S

;C�CL�$CED C$Y¤AEF_79:�D h�F9?EXGRHW_THI`i4Y1hjg$>@C$Y_3� ";�n% �-0�� ��¬ � 7 9$fPY3b ` VPuGD�@h< L Y=d^m

Rn e FiB a fsY=<?fsgE> n v	��JiY=W&Y=d
Rn/L

W=XI:=<SBBkf
J=@ d|N �hd8@qW}Y=dG:
n � FGB a fPYO<LY*d8Y^J|Nhd Tn v�

` JLFGW*B z?gEv ¯ �*XuhZv£CE?�8;:=W@W_T_h�CL>@:ZYnh�CLR L, {e1, ..., en} 
&CE?�CL�LCED CE?�F4�LC4hj:Z79C$tHWwAEFL?�J$DBF<Le9X;i�8G?BFUhfC
Rn
3*¢1>@DySjC$R9J9:�hfCHW

φ : Rn → Tn

;JL:

φ(a1e1 + ...+ anen) = (e2πia1 , ..., e2πian).¢
φ
:fD W_FL?*^}WHF9Y :}�$D*C$J9C$JLC$> �`? X;JLg$Y A$FL?,^fou:f?*�LR9>@THW_F�hfC

L

�CL�Lg4hj: gL�Lv�Y A$FL?,X;hji_W�$>jC$i48;C$t4JL:=W_i�F_�$g$V@:f?B°@i�AEF9?_X;t4J �Gv-WHFNJL:,h�C1IK:ZJL:}7L?B~�Vj:fY�I`:}~�>@i4JLF�hfC$RN? X;C$J9C$>��`? XGJ9C$t�
IKFn^Zo;CLR9J9:1g_hH?

Rn/L ∼= Tn
36�YNV@C$t4JL:�hH?KX;R9J_<$F9D W_:f?;g_hfF_W�hfC

L
^Zo;:f?;VH?Be9XuhfF9X;i

m ≤ n
3� ";�n% �-0�� ��¬ � 7 9$fPY3b

L ` VPuGD�@h< Y=d^m Rn e FGB a fsYO<Ufsgy> m ≤ n
v;��J^Y=W}Y=d

Rn/L
W=XI:=<SBBkf
J=@ d|N �hd8@qW}Y=d

Tm × Rn−m.
�
` JLFGW*B z?gEv ¯ �,X;hZv V

C!R_�$g4ouv�>jC$YU�$CLR �$F4>@e_8G:}hfF9?�F_�$g hfC
L
3����E? 7L^}8;C$R4JL:�^}WHF XGR�	J9�97LT4>jv�J9e1hfC$R

W

9hj^}h�C$? CO~�X;hj:

Rn = V ⊕W 3�z|g4hj:�I`FO^ZouC$R4JL: L ⊂ V, V/L ∼= TmF_�$g�hfC�IK:}~�>@i4JLFUc;3BP�
$I`FU:�D W_F9?
W ∼= Rn−m

A$FL?E�$F9DB>�W_C$R4JL:�hfC S@i_hfC$t4JL:=W_CK3
	 �&0*0�� �,¬ � � d=@ d=@pd|N �PB f
@qJG>

φ ` d*m8d|N
X f?<^@qW�fPY=d]Q?W{nhNPgK@h< � v � e <�: ` W[NPBkd|NPBkfsY=W*XKfPYigQSW*@TWlVsB nMFog ` W[NPBkd � � T e W `La D
W=B
@TXR< uG:=< ` NhdL>�uG:=< HU<SBhW ` XP< ` W=B\HUJL:GBkfsg
φ : T → Tn.

T T
n

Q�ouT4JLFUc;352 �

��:�h@iN<LC$T_IK:f?BF1hfC$RO7LT4JLJ9F4hfC$Y�c;3 \NIKF Vj~�XGCLR9J9:�^=W_FHWOCL>H? X;JLg�8G?BFOhfC_WNg48uAEC
v(X)


:=W_g$YnR_�$CLXGRHW_g_7LC$R
X
h�CLR

Tn
3 ��:}W_?BA$e C�g48uAEC$Y

v(X)
:=W_g$YnR_�$C$X;RHW_g479C$R

X ⊆ Rn

C$>HDBS@:}hfF9?;gL�9v�YOXGRHW_THIKv�Y�
uF4>jAE:fDGV@i_79F9V@T W_FnR_�$e4>@ou:f?;hfC��$C_7979F4�97Lg�C479CLA$79T4>jv�JLF

v(X) =

∫

X

dx1...dxn.



� ��� ����� � 	�� � �	����
 � ��� � cLq
¯ �,Xuhfv �97L^}8;JLF

L ⊆ Rn

KVH?Be9XuhfF9X;i9Y

n

Kh@^}hfCE? C�~�Xuh@:

Rn/L ∼= Tn
3*¯ �,X;hZv©:}�ED X;i4YOg4h@?i IK:fJ9:}7$? ~�V@i4Yn�$:Z>H? C4ouT hfC$R

L

�W_F :fD W_F9?�i

T
3 Q�t4J �;v-W_F�JL:UhfC!7LT4JLJ9F cG3 \�
�R_�$e4>@ou:�?R_�$e4>@ou:�?EJLDyFU^}WHF��$>jC$Y1^=W_FUA$FL?u:}�EDuF4�L:�? AEgHW4? X;i
φ : T → Tn.

��?yF�AEeHI`:
X
R_�$CLXGtHW_C_7LChfC$R

Tn

;C$>HDBS@CLR9J9:�hfCHWng_8uAEC

v(X)
W_Fn:fD W_FL?

v(X) = v(φ−1(X)),C�CL�$C$D C$YNR_�$e4>@ou:f?;J9g_W_C�FHWUhfC
φ−1(X)

^Zo;:f?;g48uAEC�XuhfC
Rn
3� ";�n% �-0�� ��¬ � � :

X
uG:=< �oN
<GD�@quG:id m ` dLf
tS:idlVhdrY=d^m Rn

HU<SBCm `La N � W=Bhd v(X) e HU<SB<S:
v(η(X)) 6= v(X),

J ` d*m η : Rn → Tn
d �
m?fEB\HUJL>�d=@pd=@ d|N �PBkfE@qJL> e YiJ^Y=W�d η|X FLWG:W=XI:=<SBhuG:=< ` NhdL>�uG:=<Uv�

` JLFGW*B z?gEv 6�Y�R_�$C9IK^ZXGC$R4JL: 79CE? �$gHWwg4h@?�C η|X :fD W_FL?�^=W_F �$>jC$Yn^=W_Fu3n6 �KC$t h�~�>@F hfCX;t_W_C_79C
X
:fD W_FL? �G>@F_8GJ9^=W_C IKFwhj^fJ_W_:f?K�$:}�$:Z>@F4X;JL^=W_F�hfC �L79THI`C$Y X;t_WHC479Fnh@i4Y�J9C$>��GT9Y

T + l

9gL�$C$R

l ∈ L
AEFL?

T
I`:ZJL:}7L? ~�V@i9Y��L:Z>H? C4o;Tu3 �1^ZhfC$R4JL:

Xl = X ∩ (T + l)
3-z|g_h@:�IKF^ZouC$R9J9:

X = Xl1∪ ...∪Xln .
��?BF¤A$e_IK:

li
CL>HDBS@C$R4JL:

Yli = Xli −li

4^}h@XG?4~�Xuh@:

Yli ⊆ T
3�,JL:fD Y�? XGouR4>H?BS@g$JLF4Xuh@:�g4h@?�hfF

Yli
:fD WHFL?�°@^=W_F JL:}hfF4°@t hfC$R4Y43�6 �KC$t

v(x − li) = v(x)

8G?BF�A$e_IK:

x ∈ Rn
F9R_h@gw^}�$:}hfFL?GF4�Lg hfC g_hH?`^ZouC$R4JL:OR_�$C9IK^ZXG:f?Kg_hH?`C

η
:�D W_F9?`^=W_F��$>@CLY^=W_Fu3-�*D WHFL?

v(Xli) = v(Yli),

η(Xli) = φ(Yli),gL�LC$R
φ
in^=W_FU�$>jC$YN^=W_FUAEF9?G:}�$DGX;R_W_e4>jhji9X;i�


T → Tn
3 � FL?u^Zo;CLR9J9:

v(η(X)) = v(η(∪Xli)) = v(∪Yli) =
∑

v(Yli)F��KC$tn:fD W_F9?G°@^=W_Fu3,Q�RHW_:Zo;DySjC_WHhfF4Y�
u:fD W_F9?
v(Yli) =

∑

v(Xli) = v(X),

gL�LC$RU:Z>@oug$J9F9Xuh@:NX;:1FHWHh@D I`:ZX;inJL:�h@iHWnF4>@o;? AETUJ9F9YNR_�$g4I`:ZX;i;3

1

2 3

4

X

Y

h

X

X

X

1Y

3 Y2Y

4

R T
nn

Q�ouT4JLFUc;3BP �

�0��� � + 25! � % 	 46/ �8+��
Minkowski

¢ XuAECL�Lg$Y�F9R_h@T4Y-h@i4Y��$F4>@F48;>@e��KCLR|:�D W_F9?�W_F�F4�LC$V@:fDB°@C$R4JL:�hfC¤IK:}~�>@i4JLF|hfC$R
Minkow-

ski
3�6¤R_h@gO^Zou:f?HW_F¤AEe_WH:�?_JL:,h@iHW�t4�LF9>j°@i1:=W_g$Y*JLiNJ9i9Vj:}W_?BA$C$t¤X;i4JL:fD C$R�:=W_g$Y��97L^}8;JLF_hfC$Y�
JL^ZX;F1X;:*^=W_F�AEF_h@e_7979i_7LC�XGtHW_C_7LC

X
3�6�>jAE:fD4COg_8uAEC$Y�hfC$R

X
W_F�:fD WHFL?_F9>�AE:}h@e�JL:}8;e479C$Y�
X;o;:}h@?BA$eOJL:|F4R4hjg_W¤h@i4Y�I`:ZJ9:Z7L? ~�V@i4Y��$:Z>H? C4ouT9Y*h�CLRN�L79^Z8;J9F4hfC$Y_3-sUD WHC$R9J9:�V@t4C�CL>H? X;JLC$t4YAEF9?G^}�$:f? hfF�XGRHW_:Zo;DBS@C$R4JL:1J9:¤hji_WUF4�Lg$V@:f?B°@i�hfC$R I`:}v�>@T4JLF_hfC$Y1hfC$R

Minkowski
3



� ��� ����� � 	�� � �	����
 � ��� � cG2
¨ %-����0�ª&« ��¬ §.7 9;:=<�m ` dGfstS:idlVPd X Y=d^m

Rn e dG:id*@ a �3W^Y=<SBTHEmONPYiJ e <S: DEBR< x, y ∈ X eJlVU<�YO<rfPgK@qW=XR< ` d^m8<�:��yHKd*m?:}fPYigE:8W*m?Q?W=XR< ` d^m�YO<�WG:^n�:^W=B e :O<�<�:��yHKd*m?:}HU<SBy<UmUY a @quOfS<fsY*d
X
v ��gGVU<?Fo� e uG:=<&fst�:id|VPd X dG:id=@ a �{W^YO<SBqH
mONPY^J e <S: DEBR< x, y ∈ X e Y=d�fsgy@TW*X d

λx+ (1 − λ)y, 0 ≤ λ ≤ 1,
:O<�<S:o�yHKW=BhfsY*d

X
v

¨ %-����0�ª&« ��¬ ±87 9;:=<
X ⊆ Rn

dL:id=@ a �3WiYO<SBofhmG@ @qW^Y~NPB\HKJM<S: x ∈ X
u ` W^YO<SBoJ^Y^B −x ∈ X

v� ";�n% �-0�� ��¬ § � ��d�QSW{nhNPgK@h<�Y=d^m
Minkowski

�Lv�7 9$fPY3b
L ` VPuLDo@h<6FGB a fPYO<?fPgy> n eY=d^m

Rn e @qW Q?W=@qW~VsB nMFog ` W[NPBkd � � T v 7 9�fsY3b W ` Xkfsgy> X uG:O< �oN
<GD�@quG:id e H
mONPY^J6HU<SBfhmG@ @qW^Y~NPB\HKJ�m ` dLf
tS:id|VPd Y=d^m Rn
v � :

v(X) > 2nv(T ) e Y^JiY=W�Y=d X ` W[NhBju � W=B uG:O<�@�g@�gyFLWG:GB\HKJrfPgK@qW=XkdrY=d^m
L
v�

` JLFGW*B z?gEv �1FnIK:Zv�>jT9X;C$R4JL:NhfC VH? �97Le4XK? C��97L^}8;JLF 2L
AEF9?

2T
inI`:ZJL:}7L? ~�V@i9YO�L:f>@? C9ouThfC$R�
uJL:1g_8uAEC

2nv(T ).
¯ �,Xuhfv C�hjg$>@C$Y

Tn = Rn/2L
3��*D W_F9?G79CE? �$gHW

v(Tn) = v(2T ) = 2nv(T ).¢ �KR4XK? AEg$Y�CLJLC$J9C$>��`? XGJ9g$Y
η : Rn → Tn

V@:=W :�D W_F9?�V@RHW_F_h@gHW�W_F VH?BF4hji9>j:�D hfC_W g_8;A$ChfC$R
X

 F��GC$t�F4�Lg hji_W�R_�$g4I`:ZX;iw:fD W_F9? JL:}8;F479t4hj:Z>@C$YOF_�$g hfCHW�g48uAEC

v(Tn)
3�¯ �,o;CLR9J9::}�ED X;i4Y1g_hH?

η(X) ⊆ Tn

ue4>@F�IKF�:fD WHFL?
v(η(X)) ≤ v(T n) = 2nv(T < v(X)).Q�t4J �Gv-WHFwJ9:1hfC�IK:}~�>@i4JLFnc;3 c�
GC

η|X
V@:=Wn:�D W_F9?G^=W_Fn�L>@C$YO^=W_Fu3*���LC$JL^=WHv�Y R_�$e4>@ouC$R_W

x1, x2 ∈ X
JL:
x1 6= x2


;hj^}h�C$?yF�~�X;hj:
η(x1) = η(x2) ⇔ x1 − x2 ∈ 2L.¯ �,ouC$R4JL:1g_hH?GF��GC$tUhfC

X
:fD W_FL?;XGR4JLJ9:}h@>H? AEg

x2 ∈ X ⇒ −x2 ∈ X
AEF9?GF_�$gnA$R9>jhjg4hji4hfF

1

2
x1 +

1

2
(−x2) ∈ X ⇔ 1

2
(x1 − x2) ∈ X.

6�7979eOF��GC$t gL�Lv�Y�V@:fDB°@F4JL:��L>H? W
x1 −x2 ∈ 2L

IKF�^ZouC$R4JL:�g_hH? 1
2 (x1 −x2) ∈ L

3�z|^}7LC$YF��KC$t
x1 6= x2

I`FU^fouC$R4JL:¤g4h@? 1
2 (x1 − x2) 6= 0

36�Y|V@C$t4JL:�JLDyF :��KF4>@J9C48;T1hfC$R1IK:}v�>@T9J9F4hfC$Y�hfC$R
Minkowski


4Xuh@i1IK:}v�>HDBF�F4>H? IKJ9~-WE3� ";�n% �-0�� ��¬ ± � ��d,QSW{nhNPgK@h<"Y3bM:,FLtSd0Y*W^Y_N
<GDKn�:=bM:�v � � :0u � d^mi@qW&uL:O<S: ` Nyn�Y=d<ONhBRQ�@qJ
p = 4k + 1 e YiJ^Y=W}<UmUYiJL>;d ` Nyn�Y=dL>}BkfydLt?YO<?Bs@qW�Y=d a QONhdGB f
@h<�FLt?d�Y=WiY_N
<GDKnM:=b�:<?HKu[N
<?B bM:8<=NPBRQ�@pn�:ov�

` JLFGW*B z?gEv � WHv�>HDBS@CLR9J9:�g_hH?EiOh@e4°@i h@i4Y G = (Zp, ·)

E:fD W_FL?

p− 1 = 4k
3��,�LC$JL^=WHv�Y�I`F�$:Z>H?B^Zou:f?@XKD 8;C$R4>@F�^=W_F¤XuhfCE? ou:fD C

u
h@e4°@i4Y,c�AEF9?_XGD 8;C$R4>@F|hfCNJLgHW_COXuh�C$? ou:�D C¤h@e4°@i4Y�P�:fD W_FL?hfC 	 293&���LC$JL^=WHv�Y

(−1)2 ≡ 1 mod p
A$FL?

u4 ≡ 1 mod p.
¯ 6�>@F

u4 ≡ (−1)2 mod p ⇔
u2 ≡ (−1) mod p.

¯ �*XuhZv
L ⊆ Z2 W_F�:fD WHFL?LhfCU�97L^}8;JLFOhfC$R R2 
Lh�CUCL�$CED C�F_�$C_h@:}79:�D h�F9?F_�$g³g_7LF�hfF�S@:Zt_8Gi

(a, b), a, b ∈ Z

�hj^}h�C$?yF�~�Xuh@:

b ≡ ua mod p
3 6�R4hjT�:fD W_FL?�J$?BFR_�$C$C$J9e9VjFNh�CLR

Z2 JL:�V@:fD A$hji p 3����LC$JL^=WHv�Y¤iOIK:ZJL:}7L?B~�Vji9Y�C$J9e9V@FOhfC$R L IKF�^Zou:f?Eg48uAEC
p
3 6��Lg h�C IK:}~�>@i4JLF hfC$R

Minkowski

 FHW��$e4>@C$R4JL: CL�LCE? CHW_V@T_�$C_h@:NAEt_A$79C J9:�AE^=WHhj>@Ch@iHW�F4>@ouT�hZv-W�F4°@g_W@v-W AEFL?EF_A$hHD W_F

r

uC�C9�$CED CLY�^Zou:f?E:Z�$? �KeHW_:f?yF

πr2 > 4p

LIKF��L:Z>H?B^fou:f?^=W_F J9i JLi4V@:=W4? AEg X;i9J9:�D C h�CLR

L
3n­ hH?BJ9T hfC$R

r2
8G?BF W_F ? X;o;t4:f?�F4R4hjg 
`IKF �$>@^}�L:�?`W_F:fD W_FL?LD XGiOJ9: 3p

2

3�¯ �,o;CLR9J9:�7LC$?B�Lg_W 
Lg_hH?9IKFOR4�Le9>jo;:f?L^=W_FOX;i4JL:fD C
(a, b) ∈ L

8G?BFNhfC�C9�$CED C
0 6= a2 + b2 ≤ r2 =

3p

2
< 2p.

��FLDB>�W_CLR9J9:,hfC
a2+b2 mod p ≡ a2+u2a2 mod p ≡ a2−a2 ≡ 0 mod p

�LC$R�XGi4JLF9D W_:f?g_hH?KhfC
a2 + b2

:fD W_FL?;�$C_7979F4�97Le4XG? CUhfC$R
p

`F_7979enXGD 8;C$R9>jF�JL:}8;F479t4hj:Z>@C�h�CLR�JLi4V@^=WnAEF9?J$? AE>jg4hj:f>jC 
`gL�9v�Y V@:fDy°jF9J9:1�$>H? W�
Kh�CLR

2p
3|���$C$J9^=WHv�Y

a2 + b2 = p

Gh�C CL�$C$D C T_hfF_W�AEF9?hfC�S@i4hfC$t4JL:=W_CG3



� ��� ����� � 	�� � �	����
 � ��� � c$P
�0��� � � � %�+ $

L
st

Q�:OF4R_h@THW�hji_WU�$F4>@e_8G>jF��GC�IKF�J$? 7LT4X;C$R9J9:¤8G?BFn8;:Zv�J9:}h@>H? AE^ZY F4�L:f?BA$C_W4D XG:f? Y¤F4748;:}<L>H? 	A$~-WMF4>H? IKJ9~-WE3 �1FMFHW_F_�Lh@t4°@C$R4JL: J$DBFMJL^=IKC$V@C g9�$C$R�IKF :ZJ��KR_h@:Zt9X;C$R4JL: ^=W_FMXu~�JLFF4>H? I`J4~-W
K

$XG:�^=W_F_W �L>@F_8GJ9F4h@? AEgnVH?BFHW_R9X;JLF_hH? AEgUou~�>jC 
uJL:�VH?Be9XuhfF9X;i g$X;C$Y1CU<LF_IKJLgLYhfC$R

K
3�6¤R_h@g I`F 8GD W_:f?&JL:nh@^}hfCE? CHW h@>@gL�LC ~�Xuh@:nhfF!?BV@:}~�V@i h�CLR

K
WHF!F_�$:f? AECHW4DBS@C�	WHhfF9?LXG:|�97L^}8;JLF_hfFNJL^ZX;FOX;hfCHW VH?BF_WHR9X;JLF_hH? AEg oE~�>@CK3��1F ou>@:f?BF9XuhfC$t4JL:*hjiN<$C$THIK:�?BF1hZv-WJLCHW_C$J9C$>��K? XGJ4~-WNF_�$gNhfC

K
XuhfC

C

4A$FL?@I`F¤�$>@^}�$:f?@W_F1V@?yF4oEv�>HD X;C$R4JL:,F9R_hfC$t9Y��$CLR1Xuh@^}7�	W_C$RHW�hfC

K
XuhfC

R

 F4�Lg hfC$R4Y�R_�$g_7LC$?B�LC$R4Y43�¯ �,X;hZv�7LC$?B�Lg_W

K = Q(θ), θ ∈ B

 Xu~�JLFF4>H? I`J4~-W <LF_IKJLCLt

n
AEF9?

σ1, ..., σn
C$?�JLCHW_C$J9C$>��`? XGJ9CED-F4�Lg h�C

K → C
3 6|W ^ZouC$R4JL:g_hH?

σi(K) ⊆ R

EhfC�CL�$C$D CnX;R9J_<$F9D W_:f?;J9g_W_C�g_hfF_W�hfC

σi(θ) ∈ R
I`F�7L^ZJL:�g_hH?GC

σi
:�D W_F9?�$>jF48;JLF_hH? AEgLY�
9F4747L?B~�Y�g_hH?E:fD WHFL?EJ$? 8GF4VH? AEg$Y_3�¯ ¢¤�Lv�Y��$eHWHhfF hfCnJL? 8;F9V@?BA$gnXGR4S@R_8;^fY|IKF�hfCX;R9J_<$C_7$DBS@CLR9J9:�J9:NJ9�Le9>jF�AEF9?GC$>@DySjC$R9J9:

σi(a) = σi(a).

6 �KC$t!h�C³JL? 8;F9V@?BA$g³XGR4S@R_8G^ZYw:fD WHFL?�^=W_F9Y F9R_hfC$JLCL>��`? X;JLgLYwhfC$R
C

�IKF�^ZouC$R4JL:wg4h@?�hfC

σi
I`F :fD WHFL? ^=W_F4YUJLCHW_C$J9C$>��K? XGJ9g$YUF_�$g h�C

K
Xuh�C

C
AEF9?KI`F :fD WHFL? D X;C JL: AEe_�$CE? C

σj
3¢¤�$g_h@:¤CE?KJL? 8;F9VH? AEC$DGJLCHW_C$J9C$>��K? XGJ9CED`:fD W_FL?;XG:OX;R4S@R48;TnSj:ft_8;i;3����$CLJL^=WHv�Y

n = s+ 2t

gL�LC$R

s
:fD WHFL? hfC��97LTHIKC$Y�hZv-W �$>@F_8;JLF_hH? A$~-W JLCHW_C$J9C$>��`? XGJ4~-W AEF9?

2t
hfC��97LTHIKC$Y�hZv-WJ$? 8GF4VH? A$~-WE3-6��Lgn:ZVj~MAEFL?L�L^Z>@F�F4R_h@g$Y�IKF�:fD W_F9?uC�h@>@gL�LC$Y�JL:�h�CHW CL�LCED C I`F�F9>@? I`J9C$t9J9:hfC$R4YNJLCHW_C$J9C$>��`? XGJ9C$t9Y1F4�Lg�hfC � X;hfC

C
3&�*D WHFL?

σ1, ..., σs;σs+1, σs+1, ..., σs+t, σs+t.

��>@C �KFHWH~�Y�h�F
σ1, ..., σs

:fD W_F9? �L>@F_8GJ9F4h@? AECEDGAEF9?`CE? R_�$g_7LCE? �LCE?G:fD W_F9?`CE?`J$? 8;F4VH? AECED/3��*D 	JLF4Xuh@:¤h�~�>@F�X;:¤I`^ZX;i�W_F�C$>@D XGCLR9J9:�hfCHWnoE~�>@C
Lst
3

¨ %-����0�ª&« ��¬ � �TN
XR�3d^mi@qW
Lst = Rs × Ct,Y=d�f
tS:idlVhd�JlVEb�:�Y3b�:

s+ t � a F*b�:
x = (x1, ..., xs;xs+1, ..., xs+t),J ` d^m x1, ..., xs ∈ R

HU<SB
xs+1, ..., xs+t ∈ C

v � � nhNhdL> Lst VPdGB ` JG:�W=XI:=<SBxuG:=<?>rFiBj<�:?m �fE@h<oY*B\HKJL> � nhNhdL> `oa :=b < ` J�Y=d R e FiB a fsY=<?fsgE> s+ 2t = n
v

¢1>HDBS@C$R4JL:�h@iHW W_g$>@J9F�:=W_g$YNXuhfCE? ou:fD C$R
x ∈ Lst

W_F�:fD W_FL?;i
N(x) = x1...xs|xs+1|2...|xs+t|2.

¯ �,ouC$R4JL:1Vjt9C��$>jC �KFHW_:fD YO?BVH?Bg_h@i_h@:ZY1F4R4hjT9Y¤h@i4Y¤W_g$>@J9F9Y_3
293
N(x) ∈ R

8G?BFUAEeHIK:
x



Pu3
N(xy) = N(x)N(y).

¢1>HDBS@C$R4JL:�h@iHW�F4�L:f?BA$g_W4? XGi
σ : K → Lst

JL:
σ(a) = (σ1(a), ..., σs(a);σs+1(a), ..., σs+t(a)), a ∈ K.

��>@C �KFHWH~�Y1IKF�? X;o;t4:f?
σ(a+ b) = σ(a) + σ(b)



� ��� ����� � 	�� � �	����
 � ��� � cL\

σ(ab) = σ(a)σ(b),8G?BF¤AEeHI`:
a, b ∈ K

3-¢¤�$g_h@:,C
σ
:fD W_F9?4C$J9C$JLCL>��`? X;JLgLY�V@F_A$h@R_7LD C$Ru3����$?B�97L^ZCHW�IKFN^Zo;CLR9J9:

N(σ(a)) = N(a)

;F��GC$tn^ZouC$R9J9:¤CL>HD X;:�?

N(a) = σ1(a)...σs(a)σs+1(a)σs+1(a)...σs+t(a)σs+t(a).6�YOV@C$t4JL:1^=W_F��$F4>@e9Vj:�? 8GJ9F;3
� �-% �-� "K����0*� ��¬ �]7 9$fPY3b

K = Q(θ)
@qW�Y=d

θ
:=< BIHU<S:id ` dGBjW=X�Y=d θ3 − 2 = 0

v,�q<fhmS�*moDs�0fsY*diB � W=Xj<&Y=d^m θ W=XI:=<SB θ, ωθ, ω2θ e @qW ω @ Xj<&H
mOZCBIHy��N
XR� <6YigE>�@pdL: a F^<?>Gv ��B@pdL:id=@pd|N �sBkf
@pdGX
σi : K → C

W=XI:=<SBsdGB
σ1(θ) = θ, σ2(θ) = ωθ, σ2(θ) = ω2θ.9 ` d=@quG:=bM>}fyW]<UmUYG�E:8YGgE: ` W[N
X ` Y3bMfsg(Q�<�W=XI:=<SB s = 1, t = 1

v�7 9;:=<�fsY*diB � W=Xkd x ∈ K
@qW

x = q + rθ + sθ2, q, r, s ∈ Q e Q�<�< ` W=B\HKdG:GXR�{W^YO<?B
fsY=dL: L1,1 f
ti@ �
b�:O< @qW
σ(x) = (q + rθ + sθ2, q + rωθ + sω2θ2)� ";�n% �-0�� ��¬ � � :
a1, ..., an

W=XI:=<SBT@TXR<�Z a fPg,DyBj<&Y=d � `La :=b < ` J Y=d Q e Y^J^Y*W�YO<
σ(a1), ..., σ(an)

W=XI:=<SB�DGNE<i@T@CB\H a <S:^W{z a NPYig
YO< `La :=b < ` J�Y*d R
v�

` JLFGW*B z?gEv ¯ �,ouC$R4JL:
σk(αl) = x

(l)
k ,

σs+j(αl) = y
(l)
j + iz

(l)
jJL:

k = 1, ..., s, j = 1, ..., t
AEF9?

x
(l)
k , y

(l)
k , z

(l)
k ∈ R

3�z|g4hj:�IKFn:fD WHFL?
σ(αl) = (x

(l)
1 , ..., x(l)

s ; y
(l)
1 + iz

(l)
1 , ..., y

(l)
t + z

(l)
t ),AEF9?GF4>jAE:fD$W_F�V@:fDB°@C$R4JL:�g4h@?KinVH?BF_AE>HD W_C$R4XGF

D =

∣

∣

∣

∣

∣

∣

x
(1)
1 ...x

(1)
s y

(1)
1 z

(1)
1 ...y

(1)
t z

(1)
t

....
x

(n)
1 ...x

(n)
s y

(n)
1 z

(n)
1 ...y

(n)
t z

(n)
t

∣

∣

∣

∣

∣

∣

W_Fn:fD W_F9?GVH?Be��KC$>jiUhfC$RnJLi4V@:=W_g$Y_3��1^}hfC$R9J9: �
E =

∣

∣

∣

∣

∣

∣

x
(1)
1 ...x1

s y
(1)
1 + iz

(1)
1 y

(1)
1 − iz

(1)
1 ...

...
x

(n)
1 ...x

(n)
s y

(n)
1 + iz

(n)
1 y

(n)
1 − iz

(n)
1 ...

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

σ1(α1)... σs(α1) σs+1(α1) σ̄s+1(α1) ...
...

σ1(αn) ... σs(αn)σs+1(αn) σ̄s+1(αn) ...

∣

∣

∣

∣

∣

∣

.

z|g_h@:|F_�$g�hfCHWOC$>@? XGJ9g�hji9Y�VH?BF_AE>HD W_C$R4XGF4Y�AEF9?LhfC�IK:Z~�>ji9J9F�243 r�
9^fouC$R4JL:
E 6= 0

3&z|^}79C$YF_�$gw?BVH?Bg4hji4hj:fY¤VH?BF4A$>H? W_C$R4X;~-W�
EIKFU�$e4>@C$R4JL:�g_hH?Ghj:Z7L? AEeU:fD W_F9?
E = (−2i)tD,:}�$C$J9^=WHv�Y

D 6= 0
3

� ª&%�� ��0*� �,¬ �
Q � DGN
<^@T@pBIH a <S:^W{z a NPYGgEYO<rfPY=dGB � W*XR<�Y*d*m
� e < ` W=B\HKdG:GXj�3dG:�YO<SBE@quOf?b Y=d^m

σ
fyW

R � DGNE<i@T@CB\H a <S:^W{z a NPYig
YO< fsY=dGB � W=XR< Y=d^m Lst v� ª&%�� ��0*� �,¬ �
� :

G
@TXR< ` W ` W[N
<UfE@quG:=< ` <=NE<GD
J=@qWG:�g�m ` dLd=@ a F*<]Y=d^m (K,+)

@TWPZ a fPg<?HKW[N
<?BjJ^YGgEYO<?> {a1, ..., am} e YiJ^Y=W&g"W=B\HUJL:O< Yigy> G fsY=d
Lst e W=XI:=<SB$uG:=< ` VPuGD�@h<0@qWD
WG:o:o�
Y=d|N
WO>

σ(a1), ..., σ(a)m
v
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� �
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 � � � � � � � � 
 � 
m����� 
 	 �
� � � � � � � �

Q�:1F9R_h@g�hfCwAE:��Ge479FL? C�IKF�JL:}79:}h@T4XGC$R4JL:�h@iHW
class group

:=W_gLYOX;~�J9F4hfC$YOF4>H? IKJ9~-WE36�R4hjT :fD W_FL? hfC �$i_7$D AECwh@i4YUC$J9e9VjF9Y�hfv-W�AL7LF4XGJ9F4h@? A$~-W ?BV@:}v�Vj~-Ww�$>@C$Y�h@iHWwR4�LC$C$J9e9V@FhZv-WNAEt4>H? v-WNAL7LF4XGJ9F4h@? A$~-WO?BV@:}v�Vj~-W$3
Class number

IKFOAEF_7LC$t4JL:,h@iHWNhje9°@iOF4R_h@T4Y�h@i4YC$J9e9V@F4Y_3�¢1R4XK?BF4X;h@?BA$e1iOC$J9e9V@F1F9R_h@TNJ9:}h@>@e4:f?9�$g$X;F ?BV@:}~�V@iOJ9�LC$>@:fD4W_FOJ9i_W1:fD W_FL?4AEt9>@?yF�
V@i_7LF4V@T!XG:��$C$? C_W <LFHI`J9g³i �$F4>@F_8;C_WHhfCL�LCED i4XGi :fD W_F9?,J9C_W_F4VH? AETu3M�1? C³XGR_8uAE:}AE>H?BJL^=W_F�
gL�9v�Y|IKF�V@C$t4JL:�AEF9?L�$F4>@F_AEe4hZv 
4i�F_W_e_79R9X;i1hZv-W Xuh�C$? ou:�D v-W :=W_gLY
D
:�D W_F9?$JLCHW_F4VH? AET F_Wi

class number
:fD W_F9?KD X;inJL:�293&6�747Le�F9Y1hfFnVjC$t9J9:1g_7LFUF9R_h@e��E? C�FHW_F_7LR_hH? AEeu3

�&��� � +�4 � ��/ )6� � # ! � !
¨ %-����0�ª&« §�¬ �07 9$fsY{b

K
fynT@h<�<ONhBRQ�@pnM:�HU<SB

D
d&F*<?HyYit=VPB dL> Y3b�:�<?HKW[N
<SX b�:&Y=d^mUv��<(fxmi@
ZpdlVsXj�3d^mi@qW�@qW F YigE:�d=@ a F*<�Y3bM:�HiV?<UfE@h<LY^B\H�n�:�B FGWObMF*n�:�Y=d^m e @qW ` N a z?g Y=dG:` d|VSVU< ` V?<?f
BR<?f
@qJLv�7 9$fPY3bcW ` XkfsgE> P g d=@ a F^<0Y3bM:&HKtONPB b�:.HiV?<?f
@h<LY^BIHSn�:�BjFLW{bMF^nM:�v

�TN
XR�3d^mi@qW}f?<�:
class group

Y=d^m
D
:O<�W=XI:=<SBhg�d=@ a F*< ` gLVsX\HUd
H = F/P .

� Y a z?g�<UmUYG�y>�YGgy>�d=@ a F^<?>;Q�< fhmi@
ZpdlVPXR�3WiYO<SBE@qW h = h(D)
v

�1F�Vj~�XGCLR9J9:�hfCHW�C$>H? X;JLgnhji9Y
class group

o;>ji9XG?BJLCL�LCE? ~-WHhfF9Y�7LD 8;CnVH?BF��GC$>@:}hH? AECLt9Yg$>@CLR9Y_3 �1Fn7L^ZJL:¤g4h@?`V@t4CwA$79F4XGJ9F4h@?BA$en?BV@:}~�V@i�:fD W_FL?K? XGCLV@t_WHF9J9F�
uFHWUA$FL?uh�F�Vjt9CwX;hj^}7�	W_C$RHW!h@iHW�:f? AEgHW_F hfC$R4Y XuhfC DBVH? C XuhfCE? ou:fD C�h@i4Y F/P 3 6�W�7LCE? �Lg_W!V@t4C³A$79F9X;JLF_hH? AEe?BV@:}~�V@i
a, b

:�D W_F9?�? XGC$Vjt_W_F4JLF�I`F³^ZouC$R4JL:
a ∼ b

AEF9?�IKF�XGR4J4<LC_7$DBS@C$R4JL:�hji_W A$79e9X;i? X;C$V@RHW_F4J$DBF9Y�hfC$R
a

uJL:

[a]
3�­ H :fD W_F9?;hfC X;tHW_C479C�g_79v-W�F4R4h�~-WUhZv-W�A$7Le4X;:Zv-WU? X;C$V@R�	W_F4J$DBF4Y43�6|W ^ZouC$R4JL:

a
A$79F9X;JLF_hH? AEg ?BV@:}~�V@:ZY�I`F :�D W_F9?

b = ca, c ∈ D
AEFL?

b
?BV@:}~�V@:ZY_3�*D W_FL?

b = 〈c〉 a
3�6��$gwh@iHW�XuhH? 8;JLT�h�~�>@F��$C$R�hfC 〈c〉 ∈ P 
GIKF ^ZouC$R4JL:Ng_hH?`hfF a

AEF9?
b:fD W_FL?u? X;C$V@tHW_F4JLFu3-��:|7$D 8GFO79g48G?BF�
$CL�LCE?BF9V@T_�$C_h@:*A$7Le4X;i�? XGC$VjR_W_F4J$DBF4Y�
4I`F �$:Z>H?B^Zou:f?$^}WHF?BV@:}~�V@:ZY43¯ �,Xuhfv g4h@?�^ZouC$R9J9:UV@t4C!? X;C$V@tHW_F9J9F ?BV@:}~�V@i

x, y
3 z|g_h@:�IKF :fD W_FL?

x = cy
JL:

c
^=W_FAEt4>H? C�A$79F9X;JLF_hH? AEg�?BV@:}~�V@:ZY�
u^ZX;hZv

c = d−1e, d ∈ D, e
^=W_FUAEt4>H? Cw?BV@:}~�V@:ZY43&���LC$JL^=WHv�YIKF�:�D W_F9?

x 〈d〉 = ye
3�6|WHhHD X;hj>@C �KF�
;F_WUR_�$C9IK^ZXGC$R4JL:�g_hH?K^ZouC$R4JL:

xd = ye
JL:

d, e
AEt4>H?BF?BV@:}~�V@i�
`h@g_h@:N�L>@C �KFHWH~�Y I`F�:fD W_FL?

x ∼ y
3N6�R_h@g J9F9Y :}�E? hj>@^}�$:f?;W_F��$:Z>H? 8G>je � C$R9J9:Nh@iHW

H v�Y�:Z°@T4Y ���LFLDB>�W_CLR9J9:Og479F�h�F ?BV@:}~�V@i F AEF9? CL>HDBS@C$R4JL:Nh@iHWwX;o;^ZX;i ∼ J9:
x ∼ y


 FHW
c9c



� ��� ����� � 	�� � 	���� � � �%� � ����� ��� � � � ������� 	�� �%��� ��� � � � c$b
AEF9?GJ9g_W_CwFHW

xd = ye
3�z|g_h@:Ni H I`Fn:fD W_F9?;hfC�XGtHW_C_7LC�hZv-W�A$7Le4X;:Zv-WU? X;C$V@RHW_F4J$DBF4Y

[x]

JL:N�L>@e4°@i�C$JLe4V@F4Y�i�CL�LCEDBF�C$>HDBS@:}hfFL?GF4�Lg h@iHW

[x][y] = [xy]
3¤6�R4hjg$Y :�D W_F9?KAEF9?`C 79g48;C$Y�$CLRni H CHW_C$J9e9Sj:ZhfF9?

class group
3� ";�n% �-0�� §�¬ � � ` <ON
<GD
dG:oY=d ` diXjgEfsg0fPY=dG: D

W*XI:O<?BM@ dG:O<UFGBIHy� e <�:&HU<SBM@qJG:id <S:&gY a z?g Yigy> H W=XI:=<SBsX fPg(@TW � v�
` JLFGW*B z?gEv ¯ ¢¤�9v�Y ^Zo;CLR9J9: T4V@i�V@:fDB°@:f? 
�i��$F4>@F_8;C_WHhfCL�LCED i4XGi!:fD WHFL?,JLCHW_F9V@?BA$T�F_W!AEF9?JLgHW_C�FHW�AEeHI`:�?BV@:}~�V@:ZY�hfC$R

D

�:�D W_F9?-AEt4>H? C 
&Vji479F9VjT!FHW AEeHIK:�AL7LF4XGJ9F4h@? AEg�?BV@:}~�V@:ZY:fD W_FL?uAEt4>H? CK3�s�i479F9VjT F = P 
;�LC$RUX;i4JLF9D WH:�?;g4h@? h = |H| = 1

36��$g�:fV�~�AEF9?9�$^Z>@F�I`FOFHW_F_79v-IKC$t4JL:�XuhfC WHFOV@:fDy°jC$R9J9:�g_hH?LiNhje9°@iNhji9Y�C$JLe4V@F4Y�A$7Le�	X;:Zv-W 
G:fD W_F9?;�L:Z�L:Z>@F9X;JL^=W_iu3�Q�:1F9R_h@gUIKF�JLF4Y¤<LC$i_IKT4XG:f?Eh�CnIK:}~�>@i9J9FUhfC$R
Minkowski

3

�&��� � � ! / 25! � % 	 46/ � �&/1%�� 	�$
	 �&0*0�� §-¬ �

� :
M

uG:=< ` VPuGD�@h<rfsY*dG: Lst e @qW�FGB a fPYO<?fPg s+2t e QSW=@qW~VPB nMFog ` W[NPBkd � �JLD
HKd^m
V e HU<SB c1, ..., cs+t :O<�W*XI:O<?BPQ?W^Y*B\HKdGX ` NE<GD�@h<oY*B\HKdiXP<ONhBRQ�@pdGXs@TWrDEBI:LJ*@TWL:id

c1...cs+t > (
4

π
)tV,YiJ^Y=Wrm `La N � W=B
uG:=< @�g(@qgEFGWL:GB\HUJ�fsY=dGB � W=Xkd�@quOfS< fPY=d �

x = (x1, ..., xs+t),Yiu^Y=dGBkd;nMfsY=W
|x1| < c1, ..., |xs| < cs;

|xs+1|2 < cs+1, ..., |xs+t|2 < cs+t.
�
` JLFGW*B z?gEv ¯ �,Xuhfv X

hfC XGtHW_C_7LC hZv-W X;i9J9:�D v-WMhfC$R
Lst

8G?BF hfF C9�$CEDBF ? XGout4:f?|hfCX;R9J4�$^Z>@F4XGJ9FUhfC$R�IK:}v�>@T9J9F4hfC$Y_3�¯ �,ouC$R4JL:

v(X) =

∫ c1

−c1
dx1...

∫ cs

−cs

dxs ×
∫

y2

1

+z2
1 < cs+1dy1dz1

×
∫

y2

t

+z2
t < cs+tdytdzt

= 2c1 · 2c2...2csπcs+1...πcs+t = 2sπtc1...cs+t.z|C
X
:�D W_F9?E^=W_FUX;t_WHC479CnF_�$gU8;>@F4JLJL?BA$e�h@J9T9J9F4hfFOAEF9?uA$R4A$7L? AEC$t4Y|VHD XuAEC$R4Y�
$V@i479F4V@TNI`F:fD W_FL?��K>@F_8;JL^=W_C 
LXGR4JLJ9:Zhj>H? AEg AEFL?4AER9>�h@gK3&¢¤�$g_h@:�F_�$g hfC�IK:Z~�>ji9J9FNh�CLR

Minkowski
IKF�$e4>@C$R4JL:�hfC�F4�LC4hj^Z79:ZXGJ9F�
$F��GC$tU�$>j^Z�L:f?EW_F�? XGout4:�?

v(X) = 2sπtc1...cs+t > 2s+tV ⇔ c1...cs+t >

(

4

π

)t

V.

	 �&0*0�� §-¬ � 7 9$fPY3b
L
uG:O< ` VPuGD�@h<0Y=d^m Rn e FGB a fsYO<Ufsgy> n v � Z a fsg Y=d^m0W=XI:O<?BAg

{e1, ..., en}
v � ` dLQSu^Y*d*mG@TW�J^Y*B ei = (a1i, ..., ani)

v���J^Y=W�d1JLD
HKdG>1YGgy> QSW=@qW~VPB nMFogy>` W_NPBkd � �y> T Y=d^m
L e W=XI:O<?B

v(T ) = |detaij |.



� ��� ����� � 	�� � 	���� � � �%� � ����� ��� � � � ������� 	�� �%��� ��� � � � cLr�
` JLFGW*B z?gEv �*D W_F9? v(T ) =

∫

T dx1...dxn
3O¢1>HDBS@C$R4JL:1W_^Z:ZYUJ9:ZhfFH<L79i_h@^ZY1v�YU:Z°@T4Y �

xi =
∑

j aijyj
3¤­ � F_A$v-<$?yFHW_T�C$>@DySjC$R9X;F�h@i4Y�F_747LF_8;T9YNJ9:}h�FH<97Li_hj~-WnX;hji_W��L:Z>HD �LhZv�XGT�J9F9Y�
:fD W_FL?

detaij
AEF9?K°@^Z>@C$R4JL:1g4h@?GhfC

T
:fD W_F9?Kg_7LFnhfF�X;i9J9:�DBF ∑

biyi
JL:

0 ≤ bi < 1
3*¯ 6�>@Fhj~�>jFUI`Fn^ZouC$R4JL:

v(T ) =

∫

T

|detaij |dy1...dyn

= |detaij |
∫ 1

0

dy1...

∫ 1

0

dyn = |detaij |.� ";�n% �-0�� §�¬ � 7 9�fsY3b uG:=<�fynT@h<�<=NPBRQ�@pn�:
K e @TW Zx<?QS@TJ n = s+ 2t

HU<SBxF*<UHyY^t*VsBkd<?HKW[N
<?X bM:
D
v�7 9$fsY{b"W ` Xkfsgy>}uG:=< @�g�@�gyFLWG:LBIHKJrBjFLW{nMFLW{> a

Y=d^m
D
v;��J^Y*W;d�JLD
HKdL>}@CBR<U>QSW*@TWlVsB nMFLd^m?> ` W[NPBkd � �E>8Y=d^m σ(a)

fPY=dG:
Lst e W=XI:=<SB

v(T ) = 2−tN(a)
√

|∆|,@qW
∆
YigE:�FGBR<UH=N
XI:id^m?f?< Y*d*m � v�

` JLFGW*B z?gEv ¯ �*XuhZv JLDBF F_AE^Z>@F9?yF <Le9X;i hfC$R a
W_F :�D W_F9?&i

a1, ..., an
3M6�A$C479C$RHIK~-WHhfF4Yhj~�>jFnh�CHWUXGR4J4<LC47L? X;JLg�h@i4YNF_�$g$Vj:�?B°@i4Y1hfC$R�IK:}v�>@T4JLF_h�CLYNcG3Bx�
uJLDyFU<Le4XGinF_AE:Z>@F9?Bg4hji4hfF4Y8G?BFUhfC

σ(a)
X;hfC

Lst
:�D W_F9?Gi

(x
(1)
1 , ..., x(1)

s , y
(1)
1 , z

(1)
1 , ..., y

(1)
t , z

(1)
t )

..........

(x
(n)
1 , ..., x(n)

s , y
(n)
1 , z

(n)
1 , ..., y

(n)
t , z

(n)
t ).���$C$J9^=WHv�YOF4�Lg�h�C�79T9J9JLFUbu3 P�
$IKFn^ZouC$R9J9:¤8G?BF

T
hji�IK:fJ9:}7$? ~�V@iU�L:Z>H? C4o;T�hfC$R

σ(a)

v(T ) = |D|,
gL�LC$R

D
i C$>HDBS@C$R4XGF h�CLR I`:}v�>@T4JLF_hfC$YUc;3yx$3wQ�RHW_:ZoGDBS@CLR9J9:�AEF9?�^ZouC$R4JL:�X;hfC W_C$R J9F9Y�$eHWHhfF�h@iHW!F4�Lg$V@:f?B°@i h�CLR�IK:}v�>@T9J9F4hfC$YwcG3Bx�
-IKF�^ZouC$R4JL:

D = (−2i)−tE ⇔ |D| =

2−t|E| 3 6 �KCLt E2 = ∆[a1, ..., an]
AEF9?

N(a) = |∆[a1,...,an]
∆ |1/2 3 �!:wX;R_W_VjR9F4XGJ9gF4R4h�~-W�hZv-WUXGou^ZX;:Zv-W�I`FU^fouC$R4JL:

|D| = v(T ) = 2−tN(a)
√

|∆|.
Q�RHW_V@R4e9S@CLR9J9: hfC�7LT4JLJ9F bE352nA$FL? h�C IK:}~�>@i9J9F bE3BP�
�8G?BF W_F F_�$CLV@:fDy°jC$R9J9:�hfC�:Z°@T4YIK:Z~�>ji9J9F �� ";�n% �-0�� §�¬ � � :0u � d*mG@TW&uG:=<,@�g"@�gyFLWG:LBIHKJ6BjFLW{nMFLWO> a e Y=d^m D e YiJ^Y=W1<UmUYiJ�Y=dBjFLW{nMFLWO>}Q�< ` W[NhBju � W=BhuG:=<�:r<UHUu_NE<?Bkd}<ONPBRQS@TJ α @qW

|N(α)| ≤
(

2

π

)t

N(a)
√

|∆|.�
` JLFGW*B z?gEv ¯ �,Xuhfv©^=W_F�hjR9ouF9D C ε > 0


GAEFL?G:Z�$? 7L^}8;C$R4JL:1�L>@F48;J9F4h@?BA$C$t9Y�I`:}hH? AECLt9YOF4>H? I�	JLCLt9Y
c1, ..., cs+t

8G?BFUhfC$R4YNCL�$C$D C$R4Y�IKF�^Zo;CLR9J9:

c1...cs+t =

(

2

π

)t

N(a)
√

|∆| + ε.



� ��� ����� � 	�� � 	���� � � �%� � ����� ��� � � � ������� 	�� �%��� ��� � � � cEx
6��$g hfC 7LT4JLJ9F bE352�AEFL? hfC I`:}~�>@i4JLF bu3 P�
 R_�$e4>@ou:f? ^=W_F JLi J9i9Vj:}W_?BA$g X;hfCE? o;:fD C

α ∈ ah@^}hfCE? Cn~�Xuh@:
|σ1(α)| < c1, ..., |σs(α)| < cs, |σs+1(α)|2 < cs+1, ..., |σs+t(α)|2 < cs+t.

��C4747LF_�L79F4XK?Be4S@C$R4JL:�h�~�>@F�F9R_h@^ZY1h@? YNFHW4? Xu~�XG:f? Y�AEF9?;�$F9DB>�W_C$R4JL:

|N(α)| < c1...cscs+1...cs+t =

(

2

π

)t

N(a)
√

|∆| + ε.

� ^Z>@C$R4JL:�g4h@?�^=W_F �97L^}8;JLF :fD WHFL?�VH?BF4AE>@? h@g 
 C9�$g_h@: h�C�X;t_WHC479C
Aε
F9R_hj~-WwhZv-W

α

�:�D W_F9?�$:}�L:f>jF9X;JL^=W_CK3��,�$D X;i9Y

Aε 6= 0
^}h@XG?G~�X;hj:

A = ∩εAε 6= 0.
6|WUVH?BF479^Z°@C$R4JL:

α ∈ A
I`F:fD W_FL?

|N(α)| ≤
(

2

π

)t

N(a)
√

|∆|.

� ª&%�� ��0*� §-¬ � � a QSW @�g}@�gyFLWG:LBIHKJ�BjFLW{nMFLWO> a e Y=d^m D
W=XI:=<SBLBkfydGFLtS:=<^@pd�@qWquG:=<�BjFLW{nMFLWO>Y=d^m�d ` dGX d^m�g1:oJ|NE@h<�W=XI:=<SB ≤ (2/π)t

√

|∆| v�
` JLFGW*B z?gEv ­ AL7Le4XGi�hZv-WUA$79F4XGJ9F4h@?BAL~-W�?yVj:Zv�V�~-WU�LC$Rn:fD W_FL?;? X;C$V@tHW_F4JLFUJ9:¤hfC a−1 IKF�$:Z>H?B^Zou:f?`^}WHF ?BV@:}~�V@:ZY

c

 hj^ZhfCE? C ~�Xuh@:

ac ∼ D
31�!: ou>@T4XGi�hfC$R�I`:}v�>@T4JLF_hfC$Y�bu3 \�
KIKF^ZouC$R9J9:1g_hH?u8K?BFn^=W_FHW�F4A$^f>jFL? C

γ ∈ c
I`F�? XGout4:�?ug_hH?

|N(γ)| ≤
(

2

π

)t

N(c)
√

|∆|.

6��$g�h@iHW�X;h@? 8;JLTU�LC$Rn^ZouC$R9J9:
c|γ I`Fn:fD W_F9? 〈γ〉 = cb


u8G?yF�AEe_�$CE? C�?BV@:}~�V@:ZY
b
3&��FLDB>�W_C�	WHhfF4Y1hH? Y�W_g$>@J9:fY1IKFn^ZouC$R4JL:

N(c)N(b) = N(cb) = N(〈γ〉) = |N(γ)|.
���$C$J9^=WHv�Y

N(b)N(c) ≤ (2/π)tN(c)
√

|∆| ⇔ N(b) ≤ (2/π)t
√

|∆|.
� X;o;R4>H?BS@g$J9F9Xuh@:�h@^}79C$Y�
ug_hH?

b ∼ a.
6¤R_h@g�:fD W_F9?GF_7LiHI`^ZY�
$8G?BF4h@D

a−1 ∼ c
AEF9?

b ∼ c−1 3­µ:}�$gLJL:=W_in:��KF4>@J9C48;TnR_7LC_79C48GDBS@:f?Lh@iHW
class group

hfC$R
Q(

√
−5)

3
� �-% �-� "K����0*� §�¬ ��7 9$fPY3b

K = Q(
√
−5) e @TW D = Z[

√
−5]

d.d ` dGX dL> FLWG:6W=XI:O<?B
� �

�
e a N
< h > 1

v ��B$@pdL:id=@pd|N �sBkf
@pdGX
σi : Q(

√
−5) → C e W=XI:=<SB�dGB σ1, σ2

@qW
σ1 6= σ2

HU<SB
σ̄1 = σ2

v;7� N
<
t = 1

v � u[Nxd*mG@TW�W ` Xkfsgy>;< ` J ` Nhdog?D
dLt^@qWG:�g FLd*m*VKW=B a @h<?> eJ^Y^B
∆ = −20 e a N
< W=XI:=<SB

2

π

√
20 < 2.85.

� ` JiY=W�HU<SBhf
ti@ �
b�:O<�@qW;Y*d ` <=NE< `La :=b Q?W{nhNPgK@h< e QS<�u � d^mi@qW;JiY*BhH a QSW�BjFLW{nMFLWO>}Y*d*m DQ�<�W=XI:O<?BEBkfydLFGtS:=<^@ d]@qW$uL:O<�BjFLW{nMFLW{>�:LJ|N
@h<?> � � � v]�q<8BjFLW{nMFog @qW;:oJlN
@h< � W=XI:=<SB
J|VPdL>d�F*<UHKYit=VPBkdG>}<UHKW[N
<SX b�:
D
v�7 9;:=<(B FGWOnMFGWO>�YOnhN
<

a e Y=d�d ` dGXkd�u � W=BT:oJ|NE@h< � e BIHU<S:id ` dGBjW=XYGgy:
a|2 e FLgLV?<?Fo��Y=d a

W=XI:=<SB ` <=N a DEdL:oYO<U>;Y=d^m 〈2〉 v�7 9 � d^mi@qW}FLW=BPJ*@xbM>�J^Y^B
〈2〉 =

〈

2, 1 +
√
−5

〉2
,J ` d^m 〈

2, 1 +
√
−5

〉 W*XI:O<?BCuG:=< ` NKn�Y*d BjFLW{nMFLWO>8@qW�:oJlN
@h< � v�7� NE<�JlVU< YO<(BjFLW{nMFog&Y*d*m
D
W*XI:O<?B
BkfydLFGtS:=<^@h<�@qW}Y*dG:

D
�(@qW;Y=drBjFLW{nMFLWO> 〈

2, 1 +
√
−5

〉 v�7� N
<
h = 2

v



� ��� ����� � 	�� � 	���� � � �%� � ����� ��� � � � ������� 	�� �%��� ��� � � � cLk
�&��� �

class group
� �0!r' �&! �&!�%�/ # 4 � !�	 � � �
	��

� ";�n% �-0�� §�¬ � � d=@ a F^<(HiV a fyW{bM: WG:LJL>�fKnq@h<LY*dG>�<ONhBRQ�@pnM:�W=XI:=<SB ` W ` W_NE<UfE@quG:�g < �ZpW~VsBj<�:���d=@ a F*<Uv�
` JLFGW*B z?gEv ¯ �,X;hZv K

Xu~�JLFMF4>H? IKJ9~-W�JL: VH?BF_AE>HD W_C$R4XGF
∆
AEF9?�<LF_IKJLg

n = s + 2t
3� WHv�>HDBS@C$R4JL:Ng_hH?`i H :fD W_F9?KFH<$:}7L?yFHW_T�
Ee4>@F�JL^=W_:f?GW_F�V@:fDB°@C$R4JL:1g4h@?K:fD WHFL?G�L:}�$:Z>@F4XGJ9^}WHi;36�R4hjg!IKF�? X;out9:f? 
-FHW AEF9?�J9g_W_C�F_W�C F9>@? I`J9g$Y�hfv-W A$7Le4X;:Zv-W ? X;C$V@RHW_F9JLDBF9YnhZv-W A$79F�	X;JLF_hH? A$~-Ww?BV@:}v�Vj~-W�
 :fD W_F9?`�$:}�$:Z>@F4XGJ9^=W_C$Y_3�¯ �,XuhZv

[c]
J$DBFwhj^}h�C$?yF�A$79e4XGiw? X;C$V@RHW_F4J$DBF9Y�
i�CL�LCEDBF�I`Fn�L:Z>H?B^fou:f?G^=W_F�?BV@:}~�V@:ZY

a
3,6��LgwhfC��$g$>H? XGJ9F�bu3 2�
EIKF�^Zo;CLR9J9:1g_hH?GhfC

a
:fD WHFL?? X;C$V@tHW_F4JLC J9: ^}WHF ?BV@:}~�V@:ZY

b

Gh�C CL�$CED C ^Zou:f?GW_g$>@J9F

N(b) ≤ (2/π)t
√

|∆| 3 � ^Z>@CLR9J9:g_hH?uJLgHW_C��$:}�$:Z>@F4XGJ9^=W_F�hfCn�97LTHI`CLY1?BV@:}~�V@i�
uJ9�LC$>@C$tHWOW_FU^ZouC$RHW�XGR_8uAE:}AE>H?BJL^=W_iOW_g$>jJLF�
F_�$g hfC IK:}~�>@i4JLF \u3yx$3 \u3U���$C$J9^=WHv�Y�
�R4�Le9>jo;CLR_W��L:Z�L:Z>@F9X;JL^=W_:ZY�:Z�$? 7LC_8;^fY�8G?yF h�C!?BV@: 	~�V@:ZY
b
3Uz|^}79C$Y�
 F��KCLt :fD W_FL?

[c] = [a] = [b]

`IKF ^ZouC$R4JL: AEFL? �$:}�L:f>jF9X;JL^=W_:ZY A$7Le4X;:�? Y? X;C$V@RHW_F4J$DBF9Y

[c]

u�$CLRnXGi4JLF9D W_:f?Gg_hH?;inC$JLe4V@FUAL7Le4XG:}v-W H :fD W_F9?;�L:Z�L:Z>@F9X;JL^=W_i4Y¤hje9°ji9Y_3

� %�ª�¡u�-�,� §-¬ � 7 9$fsY{b � fKnq@P<1<=NPBRQ�@pn�: e @qW class number h
v�7 9�fsY3b�W ` XkfPgy>�uG:O<BjFLW{nMFLWO>

a
Y*d*m

D
v;��J^Y=W}Q�<�W=XI:=<SB��

� v
ah

W=XI:=<SBPHUtONPBkd8BjFLW{nMFLWO>iv
� v � :

q ` Nyn�Y=dL>$bM> ` NhdL>}Y*d h HU<SB aq W=XI:O<?BPHKtONPBkd}BjFLW{nMFLW{> e Y^JiY=W]HU<?BhY=d a
QS<�W*XI:O<?BHUtONPBkdov�

` JLFGW*B z?gEv ¯ �,ouC$R4JL: [a]h = [D]

 8G?BF AEeHIK:

[a] ∈ H 
 8G?yF_hHD i
[D]

:fD W_F9? hfC hfF4R4hfC_hH? AEgXuh�C$? ou:�D CUh@i4Y H 3��1F�:�D W_F9? [ah] = [a]h = [D],
V@i_79F9V@T hfF

ah
AEF9?

D

u:�D W_F9?;? XGCLV@t_WHF9J9F�
CL�Lg4hj: hfC

ah
:fD W_F9? A$t9>H? C ?BV@:}~�V@:ZY43 6�R_h@g V@:fD o$W_:f?`hfC�243NhfC$R�IK:}v�>@T4JLF_h�CLY43 ��?BF�h�C�PE3^ZouC$R9J9: �*^ZXuhZv
v, u ∈ Z

3�z|g_h@:OF��KC$t
(q, h) = 1

IKF�:fD WHFL?
uh+ vq = 1

3�¯ �,ouC$R4JL:1AEF9?g_hH?
[ah] = [D]


;:}�$C$J9^=WHv�Y¤IKFn:fD WHFL?
[a] = [a]uh+vq = ([a]h)u([a]q)v = [D]u[D]v = [D],

V@i_7LF4V@T�h�Cw?BV@:}~�V@:ZY
a
:fD W_F9?;AEt4>H? CK3



� �������	��

� �

� 	 
 � � 
 ��� ��� � � �

�.��� � ! �(� ��# 	�!	! � $ �&% � �8+�� # �8+.' �0!r-3+ �
6|W!^ZouC$R9J9:�^=W_F_W

p
�L>j~&hfC�Xuh�C

Z

,V@:=W�:fD WHFL?-F_�$F4>@F9D h@i_hfC!g_hH?-AEF9?�hfC³?BV@:}~�V@:ZY 〈p〉IKF�:�D W_F9?;�L>j~&hfC�X;hfCHWnV@F_A$hjt47L? C�F_AE:Z>@FLD v-W

D
:}WHg$YNXu~�JLF_h�CLYOF9>H? IKJ9~-W

K
3&��D W_F9?G�LC479tX;i9J9F_WHh@? AEgUW_FUJ4�$C$>jC$t9J9:�WHF�<L>HD XuAEC$R4JL:|hfC$R9Y��$>j~&hfC$R4Y¤�LF9>je48;CHWHh@:ZY�h�CLR 〈p〉 3 ��?yF�h@iHW�$:Z>HD �9hfv�X;i gL�$CLR�C

D
�$F4>@e48;:}hfFL?9F4�LgU^=W_F�JLgHW_C�X;hfCE? o;:fD C 
LV@i_79F9V@TO8G?BFO�$F4>@e9Vj:�? 8GJ9FOh�Fh@:}hj>@F48uv-W4? AEe¤X;~�J9F4hfF�
4^fouC$R4JL:�hfC :Z�Lg$JL:=W_C1IK:}~�>@i4JLF1�LC$R1C �G:fDB79C$R4JL:,X;hfCHW

Dedekind
3� ";�n% �-0�� ±&¬ �679�fsY3b

K
uG:=<�fynT@h< <=NPBRQ�@pn�:}Zh<?QS@pdLt

n
H?<?B

D = Z[θ] e d(d ` diXkdL>` <=N a DEWiYO<SB�< ` J&Y=d θ ∈ D
v 7 9$fPY3b J^Y*B�u � d^mi@qW�uL:O<S:�Nsg
Y^J ` Nyn�Y=d <=NPBRQ�@qJ p HU<SBAY=dW~V a�� BkfsY=d ` dlV
monM:?mi@pd f Y=d^m θ fsY*d Q e u � W=BP<S: a V
m?fsg�fyW]<�: a DUbCDy< `oa :=b"< ` JrY=d Zp,

f = fe11 ...fer

r .��J^Y=W]<S:
fi
uG:=< d ` dGBkdGFo� ` d^Y=W�< ` J}<UmUY a YO< ` dlV
monM:?mi@h< modp e Y=d�BjFLW{nMFLWO> pi = 〈p〉+

〈fi(θ)〉
QS< W=XI:O<?B ` Nyn�Y=d�B FGWOnMFGWO> HU<SB�g.<S: a VEm?fsg6Y=d^m 〈p〉 fyW ` Nyn�YO<1BjFLW{nMFog6fsY*dG: DW=XI:=<SB

〈p〉 = pe11 ...p
er

r .
�
` JLFGW*B z?gEv ¯ �,XuhZv θi

WHF!:fD W_F9?-J$DBF >HDBS@F hfC$R
fi
XuhfC

Zp[θi] ∼= Zp[t]/ 〈fi〉
3 
¤�$e4>@ou:�?�KR4XG?BA$g$YNC$J9C$JLC$> �`? X;JLg$Y

vi(p(θ)) : Z[θ] → Zp(θi)

;gL�LC$Rn:fD W_F9?

vi(p(θ)) = p̄(θi).

­[:�? AEgHW_FnhfC$R
vi
:�D W_F9?GhfC

Zp(θi),
hfC CL�LCED Cw:fD WHFL?`Xu~�JLF�
`:}�$CLJL^=WHv�Y C �LR9>@THW_F4Y

kervi:fD W_FL?u�$>j~&hfCw?BV@:}~�V@:ZYNhfC$R
Z[θ] = D

3��¤>jC �KFHWH~�Y1IKF�^fouC$R4JL:
〈p〉 + 〈fi(θ)〉 ⊆ kervi.

6|W
g(θ) ∈ kervi


 h@g_h@:
ḡ(θi) = 0


 e4>@F
ḡ = fih̄, h̄ ∈ Zp[t]

3 z|C C9�$CED C JL: h@i X;:f?B>@ehfC$R X;i9J9FLD W_:f?�g_hH?�h�C
g − fih ∈ Z[t]


-^Zou:�?�XGRHWHh@:}79:ZX;hj^fY��$C$R V@?yF9?B>@C$tHWHhfFL? F_�$g hfC
p
3���$C$J9^=WHv�Y1I`FU^fouC$R4JL:

g(θ) = g(θ) − fi(θ)h(θ) + fi(θ)h(θ)

∈ 〈p〉 + 〈fi(θ)〉 .

cL�



� ��� ����� � 	�� � � 	 � 	�� � � �	������� � b4q
���$C$J9^=WHv�YO:fD WHFL?

kervi = 〈p〉 + 〈fi(θ)〉 .¯ �,Xuhfv
pi = 〈p〉+〈fi(θ)〉


_hjg4hj:�8G?yF¤AEe_IK:
fi
hfCU?BV@:}~�V@:ZY

pi
:fD W_FL?4�$>j~&hfCOAEF9?L? AEFHW_CL�$C$?y:fDhfC 〈p〉 ⊆ pi

AEF9?
pi| 〈p〉

3���?BF g_7LFwhfF�?yVj:Z~�Vji
a, b1, b2


�^ZouC$R9J9:
(a + b1)(a + b2) ⊆

a + b1b2.
���LF48uv&8G? AEe

pe11 ...p
er

r ⊆ 〈p〉 + 〈f1(θ)e1 ...fr(θ)er 〉

⊆ 〈p〉 + 〈f(θ)〉 = 〈p〉 .¯ 6�>@F 〈p〉 |pe11 ...per
r


uAEF9?G^}hjXK?KC$?GJLgHW_CE?;�$>j~&hfCE?G�LF9>je48;CHWHh@:ZY¤hfC$Rn?yVj:Z~�VjC$R9Y 〈p〉 :fD WHFL?uh�F
p1, ..., pr

3-¯ ��h@XG?;IKF�^Zo;CLR9J9:
〈p〉 = pk11 ...p

kr

r , 0 < ki ≤ ei, 1 ≤ i ≤ r.

��FLDB>�W_CLR9J9:¤hj~�>jFUh@iUW_gL>@JLFUhfC$R
pi
AEF9?u:�D W_F9?
N(pi) = |D/pi|

AEF9?G:fD W_F9?
D/pi = Z[θ]/pi ∼= Zp[θi] ⇔ N(pi) = |Zp[θi]| = pdi ,gL�LC$R

di = ∂fi
3&���$D XGi4YNi�WHg$>@JLF�h�CLR 〈p〉 :fD W_F9?

N(〈p〉) = |D/ 〈p〉 | = pn.

�,°H? Xu~-W_C$R4JL:1h@? YNV@t4C�F9R_h@^ZY�W_g$>@J9:fYNA$FL?u�$F9Dy>fW_C$R4JL:
N(〈p〉) = N(pk11 )...N(pkr

r ) ⇔ pn = pd1k1+...+drkr

⇔ n = d1k1 + ...+ drkr,AEF9?`:}�$:f?BV@T�gL�Lv�Y�:�D �LF9J9:1�E? C �$eHWHv
0 < ki ≤ ei


KIK^}hfC$R9J9:
ki = ei

AEF9?K�$F9DB>�W_C$R4JL:NhfCS@i_hfC$t9J9:=W_CK3
� �-% �-� "K����0*� ±&¬ �}7 9�fsY3b J^Y^B u � d^mi@qW Q(

√
−1)

J ` d^m&W=XI:O<?B D = Z[θ]
@qW�Y=d

θ
:O<u � W=B�WlV a�� BkfPY=d ` dlV
monM:?mi@pd t2 + 1.

� > ` dLt^@qW J^Y^B Q?u~VPd^mi@qW(:=< ` <=N
<GDEdL:oY=d ` dGB �Efyd*mG@TWY=d�BjFLW{nMFLWO> 〈2〉 v �MNyn�YO< ` <=N
<GDEdL:oY=d ` dGBkdLt^@qW Y=d1W~V a�� BkfsY*d ` dlVEmon�:SmG@pd mod2
v&9�XI:=<SB

t2 + 1 = (t + 1)(t + 1) = (t + 1)2
v�7� N
<�Y=d 〈2〉 = p2 @qW p = 〈2〉 + 〈f1(θ1)〉 =

〈2〉 +
〈√

−1 + 1
〉

=
〈

1 +
√
−1

〉 e DEBR<oY^X
zSu[Nxd*mG@TW}J^Y^B 2 = (1 +
√
−1)(1 −

√
−1)

v
��:}W_?BA$g4hj:f>jFUhj~�>@F�F4Y¤IK:}v�>@T9X;C$R4JL:1hji_W��$:Z>HD �9hfv�X;ingL�LC$R�IK^}7LCLR9J9:�W_Fn�LF9>@F_8;C_W@h�C9�$CE? 	T4XGC$R4JL:�hfC

p ∈ Z

;X;hfCHW

Z[
√
−1]
3-¯ �,ouC$R4JL:¤hj>@:f? Y1�L:f>@?B�9hj~�X;:f? Y �

293
t2 + 1

W_F�:fD W_F9?GFHW_e_8;v&8;C��$C_79R4~-W_R4JLC
modulo p



Pu3
t2 + 1 = (t+ l)(t− l) mod p


uJL:
l2 ≡ −1 mod p, l 6= −l 


\;3
t2 + 1 = (t+ 1)2 mod 2, p = 2

3
Q*hfC�2�I`F1^fouC$R4JL:,hfC�?BV@:}~�V@:ZY

p
W_FN:fD W_FL?_�$>j~&hfC 
4:=WH~�X;hfC�P�IKFO:�D W_F9? 〈p〉 = p1p2, p1 6=

p2
3�z|^}79C$Y1XuhfC \�
 〈p〉 = p2

1, p1
�$>�~&h�C ?BV@:}~�V@:ZY43



� ��� ����� � 	�� � � 	 � 	�� � � �	������� � bu2
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Galois
Q�:|F4R_h@THWNh@iHWN�LF9>je48;>@F��KCOI`F�V@C$t4JL:��9v�Y�F_W_F_79t9CHWHhfFL?_hfF �L>j~&hfF�?yVj:Z~�Vji hfC$R

K

LX;::}�$:}A$hje9X;:f? Y

Galois
3 ��?BFOW_F 8KD W_:f?uF9R_h@g 
9IKF��L>@^}�$:f?$F9>joG? AEeOW_F�:f? XGe_8;C$R4JL:�hfC_W�gL>@CUh@i4YVH?BF_A$7Le4Vjv�X;i9Y_3�¯ �,XuhZv

K
^=W_FnXu~�JLF�F4>H? I`J4~-WUA$FL?

L
J$DBFU�$:}�L:f>jF9X;JL^=W_i�:Z�L^}A$hfF9X;T�hfC$Ru3

�1F 8;>@e��KCLR9J9:UF_�$g :ZVj~�AEFL? �$^Z>@F JL:
DK , DL


�hfC$R4YUV@F_A$h@t_7L? C$R4Y�F_AE:Z>@F9D v-W�hfv-W
KAEF9?

L
FHWHhHD X;hfCE? ouFu3¤¯ �,XuhZv ^=W_F

p

`�$>j~&hfC�?BV@:}~�V@:ZY�hfC$R

DK
3Oz|C

pDL
hjg4hj:�
GI`F :�D W_F9??BV@:}~�V@:ZYNhfC$R

DL

;CL�Lg4hj:�IKFnFHW_F479t4:ZhfF9?EXG:��$>j~&hfF�?BV@:}~�V@i

pDL = Be1
1 ...B

eg

g .

z|F
Bi


�:�D W_F9? �$>j~&hfF ?BV@:}~�V@i hfC$R
DL

A$FL? �$:Z>H?B^Zo;CLR_W�hfC
p
3�¢N?�F_AE^Z>@F9? CE? F9>@? I`J9CED

ei

hfC$R4Y�C9�$CED CLR9Y�hfC$R4Y�XGR4J4<LC47LDBS@C$R4JL:�A$FL?

eBi|p

ECHW_C$JLe4S@CHWHhfFL?$Vj:�D A$hj:ZY�V@?yF_A$79e9V�v�XGi4Y|h�CLR

p
XuhfC

Bi
3 � eHI`:

Bi
VHD W_:f?KJLDyFU:Z�L^}A$hfF9X;iUXu~�JLF_hfC$Y

DK/p ⊂ DL/Bi

;J9:�<LF_IKJLg

fi
T

fBi|p
�$C$RUhfCHW�C_W_CLJLe4S@C$R4JL:�<LFHI`J9gwF4V@>@eHW_:f?BF9Y�hfC$R

p
XuhfC

Bi

3� ";�n% �-0�� ±&¬ �,7 9$fsY3b
K ⊂ L

HU<SB
p ` NKn�Y*d�fPY=d � v

� :
ei, fi

J ` bM>�YO<&dlN
Xkf?<^@qW` NhBI: e YiJ^Y=W}Q�< W=XI:=<SB
g

∑

i=1

eifi = [L : K].�
` JLFGW*B z?gEv d�79^}�$:|I`:}~�>@i4JLFnPu2 � \ � 3
�1FU79^ZJL:1g_hH?G^}WHF�?yVj:Z~�Vj:fY

p
hfC$R

K
VH?BF4AL7LF4VHDBS@:}hfFL? 
EFHWUA$e4�LCE? C$Y¤F4�Lg�hfC$R4YOV@:fD A$h@:ZYVH?BF_A$7Le4Vjv�X;i9Y

ei
:fD W_F9?uJ9:}8GF_79t4hj:f>jC$Y|F4�Lg 243�¢N?L�L:f>@? XGX;g_h@:Z>@:ZY�:Z�L:}A$h@e4XG:f? Y��LC$RNI`F J9F9YF_�$F4XGouC_7LT4XGCLR_W :fD W_F9?

Galois
:Z�L:}A$h@e4XG:f? Y�
$C9�$g_h@:¤A$FL?EI`Fn^ZouC$R4JL:�h�FUF4AEg_79C$R_IKFu3� ";�n% �-0�� ±&¬ � 7 9$fPY3b

K ⊂ L Galois
W ` u^HKY=<?fsg�HU<SB p ` Nyn�Y=d�BjFLW{nMFLWO>8Y=d^m � v

� v �5d=@ a F*< Galois Gal(L/K) e u � W=BK@TWiYO<OZx<LY^BIHy��F|N a fsg�fPYO< ` Nyn�YO<�fsY*diB � W=Xj<rY=d^m
L ` d*m ` W[NPB u � d^mS:�Y=d p e FLgLV?<?Fo��<�: B, B′ ` NKn�Y=<�BjFLW{nMFog�Y=d^m L ` d^m ` W[NPBju � d^mS:Y=d

p e YiJ^Y=W}QS<�m `oa N � W*B
uG:=<?> σ ∈ Gal(L/K) e Y^uiY=dGB dL>�nMfsY*W σ(B) = B′ v
� v��q< ` Nyn�YO<(BjFLW{nMFog Bi

Y=d^m
L ` d*m ` W[NPBju � d^mS:�Y=d p e u � d*m?:�JlV?< Y=d�XjFGBkd e HU<?BpY=dXjFGB d

f e u^Y^f
B�Y=d8QSWOnhNsgy@P<��Uv � DEXI:^W^YO<SB
efg = [L : K].�

` JLFGW*B z?gEv z|COP�:�D W_F9?@X;R_W_^}�L:�?BF|hfC$RO293���?yF|hfCU2�hj~�>jF�
_^ZouC$R4JL: � ^ZX;hZv�g_hH? σ(B) 6= B′ 
8G?BF¤g_7LCLR9Y-hfC$R4Y
σ ∈ Gal(L/K)

3�z|g_h@:�X;t9J��Gv-W_F¤JL:&hfC1Au? W_^ZSH? AEC¤IK:}~�>@i9J9F�IKF�R4�Le9>@ou:f?J$DBFU79t4XGi�8K?BFnhfC�XGt4Xuh@i4JLF
x ≡ 0 mod B′

x ≡ 1 mod σ(B),8G?BF g_7LCLR9Y�hfC$R4Y
σ
3�¯ �,XuhZv

α ∈ DL
i 79t4XGi hfC$R!XGR4X;hjT9J9F4hfC$Y_3 �1F!:fD W_FL?

N(α) ∈
DK ∩ B′ 
|F��GC$t³F_�$g³hfC X;t9Xuh@i4JLF³^ZouC$R4JL: g_hH? α ∈ B′ = p

3����ED X;i4Y :�D W_F9?
α /∈

σ(B) ⇔ σ−1(α) /∈ B
3 � �LC$>@C$t4JL:�hj~�>jF!W_F :ZA �K>@e4XGCLR9J9:whji_W W_gL>@JLF!h�CLR

α
X;FHW8G? W_g$JL:=W_C�g_74v-WOhZv-W

σ−1(α)
3 � FHW_^=W_F F_�$gnF4R4hjeOh�F�Xuh�C$? ou:�DBF V@:=W�FHW_T4A$:�?$XuhfC

B

ue4>@F

N(α) /∈ B
3�6¤R_h@gwg$J4v�Y�:fD W_F9?`e4hfCL�LC 
uF��KC$t��$>@? WnV@:fDB°@F9J9:Ng_hH?

N(α) ∈ p ⊂ B
3�¯ ��h@XG?

σ(B) = B′ 
E8G?yFnA$e4�LCE? C σ 36|Wn^ZouC$R4JL:N:}�$^}A$hfF4XGi
Galois L/K


$IKFn7L^ZJL:1g4h@?GhfC ?BV@:}~�V@:ZY
p
hfC$R

K

;VH?BF4AL7LF4VHD 	S@:}hfFL?uFHW

e > 1
A$FL?u:fD WHFL?uF9V@?yF_A$79e9V�v&h�C�F_W

e = 1
3-6�W

e = 1
AEFL?E:}�E? �97L^ZCHW ^Zo;CLR9J9:¤g_hH?



� ��� ����� � 	�� � � 	 � 	�� � � �	������� � b9P

f = 1

Eh@g_h@:¤IKFU79^ZJL:1g_hH?uhfC ?BV@:}~�V@:ZY

p

uVH?BF4X;�Le4hfF9?E�97LT4>jv�YNXuhfC

L
3�z|g_h@:�h�C

pDL
IKF:fD W_FL?uhfC�8G? W_g$J9:=W_C

[L : K]
�L>j~&hZv-W�?BV@:}v�Vj~-WE3snD W_C$R4JL:�hfC$R4Y|C$>H? XGJ9C$t9Y|Vjt9C�C$JLe4Vjv-W�
9h@i4Y�CLJLe4V@F9Y|V@?yF_A$79e9V�v�XGi4Y �

decomposition
group � AEFL?Eh@i4YOC$J9e9V@F4Y1F4V@>@eHW_:f?BF9Y � inertia group � 
u:=W_g$YO?BV@:}~�V@CLR9Y B

3
¨ %-����0�ª&« ±&¬ �

� v ��@ a F*<�FGBR<?HiV a F^bMfsgy>;W=XI:=<SBxg(d*@ a F*< DB = {σ ∈ Gal(L/K) : σ(B) = B} v
� v ��@ a F*<&<?F|N a :^W=BR<U>(W*XI:O<?B�g d=@ a F*< IB = {σ ∈ Gal(L/K) : σ(α) ≡ a mod

B,
DyBj<�H a QSW α ∈ DL}.

��F9>@F_h@i4>@C$t4JL: g4h@?�? XGout4:�?
IB ⊂ DB

3 6�R_h@g 8G?BF4h@D�hfC
σ(B) = B

J4�$C$>j:�D*WHF:}A��K>jF9Xuh@:fD�XGFHW
σ(α) ≡ 0 mod B


�F_W�A$FL?�JLgHW_C³FHW
α ≡ 0 mod B


*�$C$R!XGi4JLF9D W_:f?g_hH?
α ∈ B

3�6�W��Le9>@CLR9J9:�^}WHF!XuhfCE? ou:fD C
σ ∈ DB


,F4R4hjg!IKF :}�Le48;:f?-F9R_hfC$JLCL>��`? X;JLg
σ̄
XuhfC

DL/B

-C!CL�$C$D C$Yn:fD W_F9?�C�h�F4R_h�C_hH? AEgLYUXuh�C

DK/p
3 Q�R4J4<LC_7$DBS@C$R4JL: J9:

G̃
h@iHWC$J9e9V@F

Galois
h@i4Y :}�$^}A$hfF4XGi4Y

DK/p ⊂ DL/B
3³¯ 6�>@F!XGt4J �;v-W_F�JL:�hfF �LF9>@F_�$eHWHv

σ̄ ∈ G̃
3&�,�LC$JL^=WHv�Y1C

σ 7→ σ̄
:}�$e_8;:f?uCLJLC$J9C$>��`? XGJ9g

DB → G̃
3*¢ �$R4>@THW_F9Y�F4R4hfC$t hfC$RC$J9C$JLC$> �`? X;JLC$t�:fD W_FL?EF_AE>H? <9~�Y�i�C$J9e9V@F�F4V@>@eHW_:f?yF4Y

IB
3*Q�RHW_C � DBS@CLR9J9:|X;hji_W F_AEg_7LCLR_IKi�$>jg4hfF4XGiu3

� %�ª�¡u�-�,� ±�¬ �&7 9$fsY{b
DB, IB, G̃ e J ` bM>8YO< dlN
Xkf?<^@qW ` NPBI:�v���< W=XI:=<SB

� v �5d=@ d=@pd|N �sBkf
@TJL>
DB → G̃

W=XI:=<SBhW ` X v 9 ` d=@quG:=bM> DB/IB ∼= G̃
v

� v |IB| = eB|p e HU<SB |DB| = eB|pfB|p.
�
` JLFGW*B z?gEv d�79^}�$:|I`:}~�>@i4JLFnP4k � \ � 3­�:Z�Lg$JL:=W_iO�L>@g4hfF4XGiNIKF�J9F9Y�<LC$iHI`T4XG:f?$XuhfCnF_WN^=W_F��L>j~&hfC�?BV@:}~�V@:ZY¤:fD W_F9?$F9V@?yF_A$79e�	Vjv&hfC 
;TnVH?BF4X;�Le4hfF9?u�97LT4>jv�Y¤XG:NJLDBFn:}�$^}A$hfF9X;i

Galois
3

� %�ª�¡u�-�,� ±�¬ �.7 9$fsY3b W ` u*HyYO<?fPg Galois K ⊂ L e @qW L = K(α), α ∈ DL
H?<?B

f(x)Y=d�W~V a�� B fPY=d ` dlV
monM:?mi@pdrY*d*m α `La :=b < ` J�Y=d K e Yiu^Y=dGBkd}nMfsY*W f(x) ∈ DK [x]
v � : Y=d

p
W=XI:=<SB ` Nyn�Y=drfPY=d DK

HU<?BhY=d
f(x)

<S:=<*VPt?W^YO<?B ` Vx�^NybM> modp e YiJ^Y=W;u � d*mG@TW �
� v���d

p
W=XI:=<SB
<UFGBR<?HiV a F^b�Y=d�fsY=d L v

� v � :
f(x) ≡ f1(x)...fg(x) mod p e J ` d*m YO< fi(x) W=XI:=<SBE<S: a DKb�DE< modp

Y^JiY=W;Y*d
Bi = pDL + fi(α)DL

W*XI:O<?B ` NKn�Y*drBjFLW{nMFLWO>�Y=d^m DL
@qW

Bi 6= Bj , i 6= j e HU<SB
pDL = B1...Bg

v 9 ` B ` Vhu*dG:�JlVU<8YO< fi(x) e u � d*m?:;Y=dG:�XjFGBkd Zx<?QS@TJ e d]d ` dGXkdG>AW=XI:=<SBdMZh<UQ�@qJL>]<UF|N a :^W=BR<U> f v
� v���d

p
FGBR<?f `La YO<SB ` Vh�^NybM>�fPY=d L e <S:�HU<SBP@qJG:id8<S:�g f(x) ≡ 0 mod p

u � W=B?VPtSfPgfsY=d
DK

v�
` JLFGW*B z?gEv d�79^}�$:��$>@g_hfF9X;inbE35242 � c � 3

�.��� � + #�� 46/ ).� � # ! � ! �8+��
Hilbert

3



� ��� ����� � 	�� � � 	 � 	�� � � �	������� � b4\
�*? X;e_8GCLR9J9:NJ$DBFU�LC479tnX;i9J9F_WHh@? AETn^=W@W_CE?BFn8G?BFnh@iHWnVjC$R479:f?BenJLF4Y�
;F4R4hjTUhfC$R�Xu~�JLF_h�CLYA$79e9X;:}v-WUhfC$R

Hilbert
3|6�Y�Vj~�X;C$R4JL:OV@t4CwC$>H? X;JLC$t4Y�
KCE?`C9�$CED C$?G:fD W_FL?GF4�LF9>@F9D hji4hfCE?E8G?yFW_FUhfCwC$>HD X;C$R4JL:H3

¨ %-����0�ª&« ±&¬ � � Xj< W ` u*HyYO<Ufsg K ⊂ L
W=XI:=<SBT<OZpW~VPBR<�:�� e <S:�W=XI:=<SBTW ` u^HKY=<?fsg GaloisHU<SBxg�d=@ a F*< G = Gal(L/K)

W=XI:=<SBP<OZpW~VPBR<�:��Ev
¨ %-����0�ª&« ±&¬ � � XR< W ` u*HyYO<Ufsg K ⊂ L

dL:id=@ a �3WiYO<SBx<UFiBj<?HiV a F*b�YGg �
unrumified

� e <S:H a Q?W ` Nyn�Y=d�fsY=dGB � W=XkdrY=d^m K W=XI:O<?B
<UFiBj<?HiV a F*b�Y*d�fsYGg L v� ";�n% �-0�� ±&¬ � � :8u � d^mi@qW]uG:O<�fKnq@P<�<ONhBRQ�@pnM: K e Y^J^Y*W;m `La N � W=BK@TXR< ` W ` W[N
<?f
@quG:ogW ` u*HyYO<?fPg Galois L e DyBj< YGgE:�d ` dGXR<�Q�< W=XI:=<SB��
� v �

L
W*XI:O<?B
<?FGBR<UHiV a F^b�YGg <=ZCWlVsBR<S:o�(W ` u^HKY=<?fsg(Y=d^m K v

� v � a QSW�<?FGBR<UH^V a F^b�YGg <OZpW~VPBR<S:o��W ` u*HyYO<Ufsg�Y*d*m K e Z?N
X fsHKW^YO<SB
@TuOf?< fsYGgy: L v7 9;:=<�Yiu^Y=dGBkd$fynT@h<
L e VhuGD
W^YO<SB?fKnq@P<�HiV a fyW{b�:$Y=d^m Hilbert e DEBR<8Y=d � vG9�XI:=<SByg8@quGDEBkfsYGg<OZpW~VPBR<S:o��W ` u*HyYO<Ufsg�DEBR<�Y=d K H?<?B ` Nhd �s<S:^nM>�W*XI:O<?BPHU<SBP@pdL:O<UFiB\Hy�Ev�

` JLFGW*B z?gEv d�79^}�$:|I`:}~�>@i4JLFnbu3Bx � r � 3
	 �&0*0�� ±�¬ � 7 9$fsY{b5W ` u*HyYO<?fPg Galois K ⊂ L e HU<SB p uG:=< ` Nyn�Y=d�BjFLW{nMFLWO>�Y*d*m DK e<?FGBR<UHiV a F^b�Y=d�fsY*d L v

� :�Y=d
B
W=XI:=<SB ` Nyn�Y=d Y=d^m DL

HU<SBMY*d1d ` dGX d�:=< ` W[NPBju � W=B�Y=dBjFLW{nMFLWO>
p e YiJ^Y=WMm `oa N � W=BouG:=<�@ dG:=<?FGBIHKJ�fsY=dGB � W=Xkd σ ∈ G e Y^uiY=dGB dqnMfsY=WADyBj<�H a QSW α ∈ DL:=<�W=XI:O<?B e

σ(α) = αN(p) mod B,J ` d^m N(p) = |DK/p| e g :oJlN
@h<�Y=d^m BjFLW{nMFLd*m?> p
v�

` JLFGW*B z?gEv ¯ �,XuhZv DB, IB, G̃

�g9�Lv�YnhfF C$>HD XGF4JL:�X;hji_W �$>jC$i48;C$t4JL:=W_iw�$F4>@e_8G>jF��GCK3¯ �,ouC$R4JL:179CE? �$gHW�V@:fDy°j:�?Gg4h@?

DB/IB ∼= G̃
3*���ED XGi4YOF��GC$tnhfC ?BV@:}~�V@:ZY

p
:fD W_F9?GF4VH?BF4AL7Le�	Vjv&hfC XuhfC

L

;XGt4J �;v-W_F J9:1h@iHWn�L>@g_h�F4X;i�r;3 2NI`F�^ZouC$R4JL:Ng_hH? |IB| = eB|p = 1

3*¯ ��h@XG?
h@:}7L? AEeUI`F�^ZouC$R4JL:Ng_hH?`C

σ 7→ σ̄
C$>HDBS@:f? ? X;C$JLCL>��`? X;JLg

DB
∼= G̃

3�­[:Z�L^}A$hfF9X;i
Galois

DK/p ⊂ DL/B

$^Zou:f?LC$J9e9V@FOhji_W

G̃
i CL�LCEDBFOXGFHWOCLJLe4V@F

Galois

9^Zou:�?L8;:=W@W_T_hfC$>@FNhfCHWF4R4hfC$J9C$>��`? XGJ9g

Frobenius x 7→ xq

Kg9�$C$R

q
:�D W_F9?Ki |DK/p|

3*���$CLJL^=WHv�Y�
;IKF�R4�Le9>@ou:f?^=W_F4Y�JLCHW_F9V@?BA$g$Y
σ ∈ DB


&C!CL�LCED C$YnF_�$:f? AECHW4DBS@:f?�XuhfC XuhfCE? ou:fD C h�CLR
Frobenius

3�¯ � 	ouC$R4JL:�:Z�$D X;i9Y�F4�LgUhfC_W�C$>@? XGJ9gnh@i4Y�W_gL>@JLF4Y1:=W_g$YN?yVj:Z~�VjC$R9Y�
Eg_hH? |DK/p| = N(p) = q

e4>@Fn:fD W_FL?

σ(α) = αN(p) mod B,8G?BFUAEeHI`:
α ∈ DL

3
¨ %-����0�ª&« ±&¬ ����d�@ dG:O<UFGBIHKJAfsY=dGB � W=Xkd σ Y=d^m ` Nhdog?D
dLt^@qWG:id^m Vx�K@T@h<LY=dL> e HU<^VUW=X Y=<SBof
ti@ �ZpdlVhd�Y=d^m

Artin
H?<?B�Q�<�Y=d�fhmG@EZpd|VsXR�{d*mG@TW}< ` J�WOF^n H?<?B ` u[N
< (

L/K
B

) vr7 9 � W=BpY^Bk>}<?HKJ �VPd^m?Q?W{>]BjFGBjJ^YGgEY=WO>Gv
� ª&%�� ��0*� ±�¬ �E7 9�fsY3b

K ⊂ L
W ` u*HyYO<Ufsg Galois e p uG:=<�<UFGBR<?HiV a F^b�Y=d ` Nyn�Y=d}BjFLW{nMFLWO>Y=d^m
� v � :�u � d*mG@TW}uG:=< B e ` d^m�:=< ` W_NPBju � W=BxY=d p e Q�< W=XI:=<SB��

� v � :
σ ∈ G = Gal(L/K)

YiJ^Y=W
(

L/K

σ(B)

)

= σ

(

L/K

B

)

σ−1



� ��� ����� � 	�� � � 	 � 	�� � � �	������� � b_c
� v � Y a z?g Y=d^m ((L/K)/B)

W*XI:O<?Bsd�Zx<?QS@TJL>]<?F|N a :^W=Bj<?> f = fB|p
v

� v���d
p
FGBR<?f `La YO<SB ` Vh�^NybM>}fsY*d L e <S:rHU<SBP@TJL:id8<S: ((L/K)/B) = 1

�
` JLFGW*B z?gEv z|C 2�:fD W_F9?��$>@C �GF_WH^fY AEF9?�<L8;F9D W_:f?�e9J9:fX;FMF4�Lg h@iHWMJ9C_W_F4VH? AEg_h@i_hfF�h�CLRX;t9J_<$C_7LCLR

Artin

&AEFL?�hfC�8;:}8;C_WHg$Y g_hH?&i

G
:fD WHFL?-FH<$:}7L?BF_W_Tu3 z|C³P hj~�>jF;3�¯ �,ouC$R9J9:g_hH?�hfC

p
:�D W_F9?�F4VH?BF4AL7Le4Vjv&hfC 
�:}�$C$J9^}W@v�Y�gL�Lv�Y�^ZouC$R4JL:U°jF_W_F_�$:fD 
 I`F :fD W_F9?

DB
∼= G̃

3l�F I`R4JLiHIKC$t9J9:�g_hH?�i
G̃
:�D W_F9?�i C$JLe4V@F

Galois
h@i4Y

DK/p ⊂ DL/B

�i CL�$C$DyF :fD WHFL?:}�$^}A$hfF4XGi1<LF_IKJLCLt

f
3�¯ 6¤>@F AEF9?$i�hje9°ji hji9Y

G̃
I`F�:fD W_FL?

f
3&z|^}7LC$Y�
LhfC�XGt4J4<LC479C

Artin

F_�$:f? AEC_W_DySj:ZhfF9?9X;:�8;:}WjW_T4hfC$>jF�
9:}�$C$J9^}W@v�Y�iOhje9°@iNhfC$R1IKF �$>@^}�$:f?4WHF�:fD W_F9?

f
3&z|C�\�:fD W_F9?h@:}hj>H?BJLJL^=W_CG3&6 �GC$t�hfC�?BV@:}~�V@:ZY

p
VH?BF4X;�Le4hfF9?9�L79T4>jv�Y¤g_hfF_W

e = f = 1
AEF9?u:ZVj~ ^ZouC$R4JL:R_�$C9IK^ZXG:f?ug4h@?

e = 1

uXGt4J �;v-W_FnAEF9?GJ9:1hfC P�
E�$F9DB>�W_C$R4JL:�hfC�S@i4hfC$t4JL:=W_CG3� �-%���¡;�-%`�&�,��� z|CwXGt4J4<LC_7LC

Artin
:fD W_F9?`DBVH? C�8G?yF�g_79FUhfFn�$>j~&hfF�?BV@:}~�V@i

p
JLgHW_CFHW i :}�L^ZALh�F4X;i :fD W_FL?�F_<L:}7$?BFHW_Tu3����$CLJL^=WHv�Y�
�IKF :Z°@F9>�h@e_h�F9? JLgHW_C F_�$g hfC!?BV@:}~�V@:ZY
p
3

� �$C$>jC$t9J9:¤79CE? �$gHWOW_FUhfC�8G>je��GC$R9J9:1X;F_W (

L/K
p

) 3
¯ �,Xuhfv iNC$J9e9VjF¤hZv-W1AL7LF4XGJ9F4h@? A$~-W¤?BV@:}v�Vj~-W F hfC$R DK

3 � ^f>jC$R9J9:*g_hH?_AEeHI`:
a ∈ F^Zou:�?;F_WHe479R9X;iUX;:¤�L>j~&hfF�


a =

r
∏

i=1

pri

i , ri ∈ Z.

z|C�XGt4J4<LC_7LC
Artin

I`F�:fD W_F9? �
(

L/K

a

)

=
r

∏

i=1

(

L/K

pi

)ri

.

���$C$J9^=WHv�Y�h�C XGt4J4<LC_7LC
Artin

:}�$e_8;:�?�C$JLCLJLC$>��K? X;JLg 
-hfCHW CL�LCED C�CHW_C$JLe4S@C$R4JL:
ArtinF_�$:f? AEg_W_? XGi��

(

L/K

·

)

: F → Gal(L/K).

l�F XGi4JL:f? ~�X;C$R9J9:Ug_hH?�F9R_h@g$Y�C CLJLC$J9C$>��`? XGJ9g$Yn^Zou:�? W_g$i4JLF�
�JLgHW_C 8K?BF F4VH?BF_A$7Le4Vjv&hj:fY:}�$:}A$hje9X;:f? Y43� ";�n% �-0�� ±&¬ §67 9$fPY3b
L
Y=d�fKnq@P< HiV a fyW{b�:(Y=d^m Hilbert

WG:oJL>�fKnq@h<LY=dL>�<=NPBRQ�@pn�: e
K
v]��J^Y*W;d�d=@pd*@pd|N �sBkfE@qJL>

Artin

(

L/K

·

)

: F −→ Gal(L/K),W=XI:=<SB
W ` X
HU<SBsu � W=B ` mONs�E:=<�YGgE:8d*@ a F*<�Y{bM:8HKt{NPB b�:8H^VU<?f
@P<oY^BIHSn�:}BjFLW{bMF^n�: P v 9 ` d=@qu �:=bM> e f
ti@ �
bM:=< @qW;Y=d�QSW=@qW~VPB nMFLWO>]Q?W{nhNPgK@h< Y{bM:rBkfyd=@ dlN �PBkfE@pnM: e Q�< u � d*mG@TW �
H ∼= Gal(L/K).

� ª&%�� ��0*� ±�¬ �
� :�u � d*mG@TW�uL:O<�fynT@h<�<=NPBRQ�@pn�: K e YiJ^Y=W�m `La N � W=Bs@ Xj<�uG:O< ` NhdL>8uG:=<<S:oY^B fPY=dGB � XR<0@qW^Y=<ozSt0Y3b�:.<?FGBR<UHiV a F^b�Y3b�:�<OZpW~VPBR<S:^n�:.W ` W^HKY a fyWObM:.Y=d^m K e HU<?B�Y3bM:m ` dLd=@ a F*b�: H YigE>(d=@ a F*<?>(HiV a fyWObM: BjFLW{bMF^nM: H v ��gGVU<?Fo��<S: @TXR<.W ` u^HKY=<?fsg M e<S:oY^B fPY=dGB � W=XPfyW]@TXR<(m ` dLd=@ a F^< H ⊂ H e g Artin

< ` W=B\HUJL:GBkfsg�Q�< W `La D
W=BsBkfyd=@pd|N �sBkf
@TJ
H/H ∼= Gal(M/K).



� ��� ����� � 	�� � � 	 � 	�� � � �	������� � b9b
� ª&%�� ��0*� ±�¬ �(7 9$fPY3b

L
Y=d�fynT@h<rHiV a fyW{b�:;Y=d^m Hilbert e WG:oJL>�fKnq@P<oY=dL>�<=NPBRQ�@pn�: K v7 9$fsY{b W ` XkfPgy>�uG:=< ` Nyn�Y=d;BjFLW{nMFLWO>]Y=d^m K e p v$��J^Y*W]Y=d p

Q�<rFGBR<Uf `La YO<?B ` Vh�iNKbM>]fsY=d L e<S:�H?<?Bs@qJG:id8<�:�W=XI:=<SBhHKt{NPBkd�B FGWOnMFGWO>Gv�
` JLFGW*B z?gEv � ^Z>@C$R4JL:nT4V@i F_�$g hfC �$g$>@? XGJ9F ru352�
�g_hH?�hfC p

VH?BF4X;�Le4hfF9? �97LT4>jv�Y�
�FHW AEFL?JLgHW_C F_W
((L/K)/p) = 1

3|6 �KC$t�C
Artin

:Z�Le48;:f?GhfCHW�? X;C$JLCL>��`? X;JLg H ∼= Gal(L/K)IKFO^fouC$R4JL:
((L/K)/p) = 1


LFHW1A$FL?4JLgHW_CUFHWN^ZouC$R4JL:,h@iHW1hj:Zhj>H?BJLJ9^}WHiNA$7Le4X;iO?BV@:}v�Vj~-WE3sUi_7LF4V@T�g479FOhfF�A$79F9X;JLF_hH? AEe�?BV@:}~�V@i�:fD WHFL?EAEt4>H?BF�
9AEe4h@?$�$C$R �KR4XK? AEe�AEFHI ? Xuh@e AEF9?$h�C
pAEt4>H? C�?BV@:}~�V@:ZY_3



� �������	��

� �

� � � ������� ��� � � � 
m
 � � � � � �

­£I`:}v�>HDBF�hZv-W�:}7979:f?B�9hH? A$~-WUAEF9J4�$t_79v-W 
K:fD W_F9? F4R_h@T�i C9�$CEDBFUIKF J9F9Y�F4�LF9X;ouC479T4XG:f?F_�$g :ZVj~�AEF9?9�L^f>jF;3�6¤>joG? AEe1IKFOVj~�X;C$R4JL:�AEe_�$C$?yF�<$F4XG?BA$e1Xuh�C$? ou:�DBF18G?BF1h@? Y|:}7979:f?B�9hH? AE^ZYAEF4J9�Lt479:ZY�A$FL?&^}�$:f? hfF I`F V@C$t4JL:�AEe4�LCE?B:ZYw:��GF9>@J9C48;^ZY hfC$R4YwX;hji_W�AE>jR4�9h�C_8;>@F��`DBF AEFL?hfC_W h@>@g9�$C!JL:nhfC_W CL�$C$D C�XGRHW_V@^Z:}hfFL?�J9:�g479F hfF �$>jC$i48;C$t4JL:=W_F �$C$R ^ZouC$R4JL:U�L:�?/3
�1F°@:}Au? W_T4XGCLR9J9:�
�oEhHDBS@CHWHhfF9Y�XG? 8;e XK? 8;e hfC_W C$>H? X;JLg J$?BF4Y�:Z7479:�? �9hH? AET4Y�AEF4J9�Lt479i9Y�
�ouv�>@D YW_Fn:fDBJLF4Xuh@:N?BVH?BF9D h@:Z>@F�F9R4Xuh@i4>@CED/3
����� � ! � %(-^/ � � ! !]���1!r' � ��'*) � ! ),/14 � ��� � !
z�? Y�:}747L:f? �Lh@? AE^ZY*AEF4J9�Lt479:ZY�hH? Y�C$>@DySjC$R9J9:��$eHWHv³F_�$g�^=W_F X;~�J9F

K
3&6�R_h@gUJ4�$C$>j:�D48K?BF�$F4>@e4V@:f? 8;JLF WHF!:fD W_F9?�hfC

R, C, Fp, Q
3�Q�RHW_THIKv�Y�hfF

R, C
ou>@i4XG?yJ9CL�$C$? C$tHWHhfFL? 8G?yF8;:}v�JL:}h@>H? AEe �$>@C9<979T9J9F4hfF�
KhfC

Q
8G?BF VH? C �KFHWHhH? AEew�$>@C4<L79T9J9F4hfF�
`:=WH~ X;hji_Ww�L:f>@DB�9hZv�XGih@i4Y AE>jR4�9h�C_8;>@F��`DBF9Y�<97L^}�$CLR9J9:nhH? Y :}747L:f? �Lh@? AE^ZY�A$F9J4�$t_7L:ZY�
,�Le_W@v F_�$g��L:Z�L:Z>@F9X;JL^=W_FXu~�JLF_h�F

Fp
3

¨ %-����0�ª&« ��¬ �(��<(dlN
XR�{d^mi@qW8@qW
V (f)

WG:oJG> ` d|VEmob�:Lti@pd^m f(x, y) ∈ K[x, y] e Y*d�fst �:idlVhd Y3bM: fsgK@qW=XkbM: @�gyFLWG:GBkfE@ dLt(Y=d^mUv ��<(Y=d�HU<*VPdLti@qW}<*VLD
W[ZSNhBIHKJ�f
tS:idlVhd�Y*d*m
f
fsY=d

K
v 9�XI:=<SBxFogGVU<?Fo�

V (f) =
{

(x, y) ∈ K2 : f(x, y) = 0
}

.

¨ %-����0�ª&« ��¬ � �TN
XR�3d^mi@qW}D
uG:idL>
g
@CBR<U>]W ` B � a :*W*BR<?> e Y=dL:}<=NPBRQ�@qJ8Y3b�:��?Y_Nxm ` nM:	��YGgy>iv

Q*h@i�X;RHW_^Zo;:f?BF�
GV@D WHC$R9J9:NJ$DBF��$:Z>H? 8G>jF��GTU8G?yFnhfCHWn�L>@C9<LC47L? AEg�ou~�>jC
Pn(K)

hfC$R
K
3

�1Fn:fD W_F9?;hfC�XGtHW_C_7LC
{

(x0, ..., xn) ∈ Kn+1
}

,JL:�hfC$R479e4oG? X;hfCHWNAEe_�$CE? CnF4�LgnhfF
xi 6= 0

A$FL?u:��KC$VH?BF4XGJ9^=W_C�JL:�h@iHW�XGou^ZXGin? XGCLV@R_WHF9JLDyF4Y
∼ 
uX;t9J��Gv-W_F�J9:1h@iHW�CL�$CEDBF

(x0, ..., x1) ∼ (y0, ..., yn)k,

FHWNR_�$e4>@ou:f?9^=W_F
λ ∈ K∗ hj^}h�C$? CO~�X;hj: xi = λyi

8G?BFNAEeHI`:
i
3&sUi_79F9V@T¤8K?BFN�LF9>@e4V@:f? 8;JLF�
iU�L>@C9<LC47L? AET�:ZRHI`:fDBF

P1(K)
:fD W_F9?

P1(K) =
{

(x, y) ∈ K2 \ (0, 0)
}

/ ∼,

b4r



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� bLx
gL�LC$RU^ZouC$R4JL:

(x, y) ∼ (x′, y′)
FHW

(x, y) = λ(x′, y′).�*D W_FL?�V@i_7LF4V@T�h�C�X;t_WHC479C hZv-W :ZRHI`:f? ~-W�hfC$R
K2 �LC$R �L:f>fW_e_WH:�F_�$g hfC�XGi4JL:fD C (0, 0)


:��KC$V@?yF4X;JL^=W_:ZY �KR4XK? AEe J9:�hji_W XGou^ZX;i ? XGC$VjR_W_F4J$DBF4Y ∼ 3 ­ :fRHIK:�DBF g$J4v�Y x = 0

&Vj:}WJ9�LC$>@:fDGW_F�8;>@F��;h@:fD X;hji J9C$>��GT

y = λx
3 � ^Z>@C$R4JL: g_hH?KAEFHIK~�Y hfC

λ
F4R9°je_W_:f? 
;h@g$X;C i:ZR_IK:fDBFOF9R_h@T1IKFO�L79i9XG?Be9S@:f?9hji_W

x = 0
3����LC$JL^=WHv�Y|I`F ^ZouC$R4JL:|g_hH?

P1(K) = K ∪{∞}JL:
λ ∈ K

g_hfF_W�^foEv©:ZRHI`:fDBF
y = λx

A$FL?K8G?BFwhji_W�:fRHIK:�DBF
x = 0

I`F�^ZouC$R4JL:
λ = ∞ 3���ED X;i4Y¤I`FU^fouC$R4JL:�hfC��L>@C9<LC47L? AEgn:}�ED �L:fVjC 


P2(K) = {(x, y, z) \ (0, 0, 0)}/ ∼,
JL:

(x, y, z) ∼ (x′, y′, z′)
F_W

(x, y, z) = λ(x′, y′, z′)
3Nz|C

P2(K)
I`Fw:fD W_FL? 
Gh�C XGtHW_C�	79C!hZv-W�:ZRHI`:f? ~-W �LC$R �$:Z>�WHe_W_:�F_�$g�hfC X;i4JL:fD C

(0, 0, 0)

�JL:nh@iHW X;ou^ZXGi!? X;C$V@RHW_F4J$DBF9Y�$CLR ^ZouC$R4JL:�C$>HD X;:f?-�$>@C$i_8;C$R4JL^=WHv�Y_3M¢N?&:ZR_IK:fDy:ZY��$C$R!FHW_T4A$C$R_W X;hfC³:}�ED �L:fVjC

z = 0FHWHhH? XuhfCE? ouC$tHW�X;:�V@?yFHW_t4XGJ9F4hfF�h@i4Y�JLC$>��GT9Y
(x, y, 0)


 V@i_7LF4V@T�F4�LC4hj:}7LC$tHW�^=W_F
P1(K)

3���$C$J9^=WHv�Y1I`FU:�D W_F9?
P2(K) = K2 ∪ P1(K) = K2 ∪K ∪ {∞} .

¢N?@h@>H?Be4V@:ZY,�LC$R�F4�LC4hj:Z79C$tHW|F4R4hje|h�F¤XGi4JL:fDBF�
HC_WHC$JLe4S@CHWHhfFL?@�$>jC9<$C_7L?BA$^fY&X;RHWHh@:}hfF48;J9^}WH:fYAEF9?GX;R9J_<$C_7LDySjC_WHhfF9?EJL:
(x : y : z)

3
¨ %-����0�ª&« ��¬ � ��<rHU<^VPdLt^@qW�d=@pdoD
WG:LuO> ` dlVEmon�:SmG@pd e uG:=< ` dlVEmon�:SmG@pd f Y=d;d ` dGXkd]W*XI:O<?Ba QONhdGBkfE@h<�@pdG:=b�:Lti@xb�:�Y=d^m�XjFGBkd^m$Zx<?Q�@ dLt?v

��?yFn�LF9>je9V@:f? 8;J9Fnh�C
f(x, y, z) = xy2z3 + x2y4 + x3yz2 :fD W_FL?`^=W_F�C$J9C48;:=W_^ZYO�$C�	79R4~-W_R4JLCG3³6�W ^ZouC$R4JL:�^=W_F CLJLC_8G:=W_^ZYw�$C_7LR_~-W_R4JLC

f

�AEF9?

(x : y : z) = (x′ : y′ :
z′) ⇔ (x : y : z) = λ(x′, y′, z′)


|h@g_h@:
f(x, y, z) = 0 ⇔ f(x′, y′, z′) = 0

AEF9?
f(x, y, z) = λdf(x′, y′, z′)

J9:
d = deg f, λd 6= 0

3
� ª&%�� ��0*� �-¬ � ��@pdoDEWL:o� ` dlV
monM:?mi@h<(fyW ` Nhd|ZpdlVsB\HKJ � nhNhd e d|N
XR�{d*m?:�<*VLD
W[ZSNhBIH a fst �:idlVU< �

V (f) =
{

(x : y : z) ∈ P2 : f(x : y : z) = 0
}

.

¨ %-����0�ª&« ��¬ �.79�fsY3b
f ∈ K[x, y, z]

d=@pdoD
WG:LuO> ` dlV
monM:?mi@pdov���d V (f)
Q�<�HU<*VUW*X YO<SBd=@h<*VhJMfPY=d

(x0 : y0 : z0)
<S:AHU<SBL@qJG:id�<�:

f(x0, y0z0) = 0
HU<SB

(∂f∂x ,
∂f
∂y ,

∂f
∂z ) 6= (0, 0, 0)

v
¨ %-����0�ª&« ��¬ § � XR< W~V?VUW=B ` Y*B\Hy� HU<^@ ` t*Vhg1d|NPBkfE@quG:�g.fsY=d K e W=XI:=<SBqY=d�fstS:idlVPd V (f)WG:oJG>

f
d=@pdoD
WG:idLtS> ` d|VEmob�:Lti@pd^m8Zx<?Q�@ dLt deg f = 3 e Y^u^Y*diBkd�nMfPY=W�Y=d V (f)

:O< W*XI:O<?B` <S:oY*dGt�d=@h<^VPJov
¨ %-����0�ª&« ��¬ ± � Xj<8W~VSVKW=B ` Y^B\HK��HU<^@ ` t=VxgrQS<8HU<*VUW*X YO<SBU@�g�BjFGBjJ=@ dlN �sg � non-singular

� e<S: DyBj<�HU<S:LuG:=< fsgK@qW=Xkd�Yigy>}FLWG:rBkf � tSW=B
(
∂f

∂x
,
∂f

∂y
,
∂f

∂z
) = (0, 0, 0).

¨ %-����0�ª&« ��¬ � 7 9$fsY{b
K

uL:O<0fynT@h<,HU<SB
K

g <*VLD
W[Z?NPBIHy� HiVUW=BkfPY^J^YGgEY a Y=d^mUv � XR<W~V?VUW=B ` Y*B\Hy�1HU<^@ ` t=Vxg `La :=b < ` J�Y=d K d|N
XR�3W^Y=<SBq:=<1W=XI:=<SB Y*d f
tS:idlVhd�Y3bM:�VhtSfyW{b�:�fPY=d` NxdlZpd|VsB\HUJrW ` X ` WOFGd P2(K) e YGgy>�d=@ dLD
WG:idLtS>;W{z�Xkf?bMfsgy>8Y=d^m Weierstrass e
E : Y 2Z + a1XY Z + a3Y Z

2 = X3 + a2X
2Z + a4XZ

2 + a6Z
3.@qW

a1, a2, a3, a4, a6 ∈ K
v � W{z�Xkf?bMfsg(<UmUYG��dG:id*@ a �3W^Y=<SB
@h<UH=N a W{z�Xkf?bMfsg Y=d^m Weier-

strass
v



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� b4k
¨ %-����0�ª&« ��¬ � 7 9$fPY3b�fKnq@h<

K
DEBR< Y=d d ` dGXkd :=< u � d^mi@qW K ⊆ K̃ ⊆ K

v 7 9 �:=<6fPgK@qW=Xkd
(X,Y, Z)

YGgy>
E
QS<.HU<*VKW=X YO<?B

K̃ � NPgEYiJ fsgy@TW*X d&Yigy> E e <�: (X,Y, Z) =
α(X̃, Ỹ , Z̃), α ∈ K̃, (X̃, Ỹ , Z̃) ∈ K̃3 \ (0, 0, 0)

v$�q<
K̃ � NPgEY a fsgK@qW=XR<rYGgy>�HU<^@ ` t*Vhgy>

E
QS<�Y=<�fhmG@EZpd|VsXR�{d*mG@TW

E(K) e DEBR<�W^m?HKdlVPXR<rHU<SBsQ�< YO<�dG:id*@ a �3d^mi@qW NPgEY a fsgK@qW=XR< YGgy>HU<^@ ` t=Vxgy>iv
­£AEF9J4�$t_7Li�^Zou:f? ^=W_FwJLgHW_C X;i9J9:fD C J9:�hji_W

Z
	 X;R_W@h@:}hfF48;JL^=W_i�hfC$R�W_Fw:�D W_F9? JLi4V@^=WE3�*D W_FL?`hfC

(0, 1, 0)
3 �1F�hfC CHW_C$J9e9S@CLR9J9:OXGi4JL:fD C X;hfC e_�$:f?B>@C A$FL?GIKFwhfC X;R4J4<LC47LDBS@C$R4JL:JL: O 3 ��:=W4? AEeUIKF�o;>ji9XG?BJLCL�LCE? C$t4JL:¤h@iHW�F��`? W4? AET�JLC$> �KT�h@i4Y :f°@D X;v�X;i4Y Weierstrass

iCL�LCEDBFU:fD W_FL?
E : Y 2 + a1XY + a3Y = X3 + a2X

2 + a4X + a6.

z|F�>@i4hje�X;i4JL:fDBF�hji9Y�AEF4J9�$t_79i9Y�Xuh@iHW F��K? W4? AET��L:f>@DB�9hZv�XGi :fD W_FL?ECE?E79t9X;:f? Y|h@i4Y¤XuhfC
K̃2AEF9?GhfC X;i9J9:fD C XuhfC e_�$:f?B>@C O 3 �1F�Vj~�X;C$R4JL:Nh�~�>@F�AEe4�LCE?B:ZYNX;hfFHI`:Z>@^ZY�
Gh@? Y CL�$C$Dy:ZY¤IKFou>@i4XK?BJLC9�$CE?BT4XGC$R4JL:�Xuh@inX;R_WH^fou:f?BF;3�¯ �,o;CLR9J9: �

b2 = a2
1 + 4a2, b4 = a1a3 + 2a4, b6 = a2

3 + 4a6,

b8 = a2
1a6 + 4a2a6 − a1a3a4 + a2a

2
3 − a2

4,

c4 = b22 − 24b4, c6 = −b32 + 36b2b4 − 216b6.

¨ %-����0�ª&« ��¬ ´ �TN
XR�3d^mi@qW;FGBR<?H*N
XI:id^m?fS<
∆ e @CBj<?>}W~VSVKW=B ` Y*B\Hy�y>�HU<^@ ` t*Vhgy> E e :=< W=XI:O<?B��

∆ = −b22b8 − 8b34 − 27b26 + 9b2b4b6.

�]W ` W[NPB ` YOnMfyW=Bk>$J ` d*m g � <ON
<UHKYGg^NPBkfPY*B\Hy��Y=d^m�fKnq@h<LY=dL> K W=XI:=<SB
char(K) 6= 2, 3

Y^JiY=Wu � d*mG@TW
∆ = (c34 − c26)/1728.

� XR<$H a @ ` t*Vhg]Q�<$W=XI:=<SBG@�g;BjFGBjJ=@ dlN �sg e <S:�HU<SBG@qJG:idM<�:Ag}FGBR<UH*NEXI:id^m?f a YGgy>�W*XI:O<?BLFGB a �Pd|NPgY=d^m @�gyFLuG:ov � :1Y=nhNE<&W=XI:O<?B
∆ 6= 0

d|NEXj�3d^mi@qW�YGgy:
j � <S:O<^VSVPdGX b�YGg6YigE>�HU<^@ ` t=Vxgy>�:O<W=XI:=<SB

j(E) =
c34
∆­

j
	 FHW_F_7979CED v&h@i�^Zou:f? e4JL:ZX;i X;ou^ZXGiwJL: h@iHWw? X;C$JLCL>��`DBFwV@t9C :Z7479:�? �9hH? A$~-WnA$F9J4�$t�	74v-WE3 �¤? CMX;R48uAE:}AE>H?BJ9^}WHF�
,FHW!^fouC$R4JL:w:}7979:f? �LhH? AE^ZY�AEF4J9�Lt479:ZY

E
AEF9?

E′ 
*C$>H? X;JL^=W_:ZY�$eHWHv F4�Lg ^=W_F�F_798;:=<L>H? AEeUA$79:f? X;hjg�X;~�J9F�
;h@g_h@:1IKF�:fD WHFL?`? XGg$J9C$>��G:fY�
GF_WUAEFL?;JLgHW_C FHWCE?
j
	 F_W_F_747LCED v&hj^fY¤h�CLR9Y :fD W_FL? D XG:ZY_3 �1F�79^fJ9:Og4h@?`CE?

E
AEF9?

E′ C$>H? X;JL^=W_:ZY�JL:Oh@iHW�:Z°HD 	Xuv�XGinhfC$R
Weierstrass

:fD W_F9?K? X;g$JLCL>��K:ZY1�Le_WHv F_�$gnhfC
K

uFHWUA$FL?uJLgHW_CwF_W�R_�$e4>@ouC$R_WXuh�FHIK:f>j^fY

r, s, t ∈ K
AEF9?

u ∈ K∗ h@^}hfCE?B:ZY1~�Xuh@:NCE?;JL:}hfF_<979i4hj^fY
X = u2X ′ + r, Y = u3Y ′ + su2X ′ + t

W_F!JL:}hfF4hj>@^}�$C$RHW h@iHW
E
X;hji_W

E′ 3 �*DBJLF4Xuh@:�^}h�C$?yJ9CE?��97L^ZCHW�
�W_F!C$>HD X;C$R4JL:UhfCHW W_g$J9CC$J9e9V@F4YNX;:1JLDyFU:Z7479:�? �9hH? AET AEF9J4�$t_7Liu3-6|W�8KD W_:f?;inF47479F48;TUJ9:}h�FH<97Li_hj~-W

X = X ′ − b2
12
, Y = Y ′ − a1

2
(X ′ − b2

12
) − a3

2
,

Xuh@iHW!:f°@D X;v�X;i hfC$R
Weierstrass


&h@g_h@:nIKF �$e4>@C$R4JL:�hji_W!:Z°@T4Y ? XGg$J9C$>��Gi�:}7979:f? �LhH? AETAEF4J9�Lt479i �
E : Y 2 = X3 + aX + b, a, b ∈ K.

� x$352 �



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� b4�
¯ �,Xuhfv :Z�$D X;i9Y

P,Q
V@t4C VH?BF��GC$>@:}hH? AEe�>ji4hje�XGi4JL:fDBF�h@i4Y

E
3 ­¥:ZRHI`:fDBF��LC$R³:=WH~-W_:f?F4R4hje�hfF!V@t4C�XGi4JL:fDBF�
&F��GC$t h@^ZJ4WH:�?&JLDyF�AERH<E? AET A$F9J4�$t_7Li�
�IKF �L>@^}�$:f?�W_F�h@iHW h@^ZJ4WH:�?AEF9?�X;:Ue_7979C�^=W_F X;i9J9:�D C 
�^fXuhZv

R
3��¤F9DB>�W_C$R4JL:�h�C�X;R9J9JL:}h@>@?BA$g!X;i4JL:fD C hfC$R

R
Xuh�CHWe4°@C_WHF hfv-W

x
3 z|C!XGi4JL:fD C �$CLR I`F <L>@C$t4JL:�:�D W_F9?�hfC!e_IK>@CE? X;JLF hfv-W XGi4JL:fD v-W hfv-W

PAEF9?
Q
3�6��LC$V@:f? ALW_t4:}h�F9? 
�g4h@?-i �$>@e4°@i�F9R_h@T�
�C$>HDBS@:f?��$>@CLXuIK:}hH? AET FH<$:}7L?yFHW_T CLJLe4V@F JL:Xuh�C$? ou:�DBFwh�F >@i4hje X;i9J9:�DBFwh@i4Y

E
AEF9?�CLR9V@^}hj:f>jC!XuhfCE? ou:fD C 
 hfC�XGi4JL:fD C XuhfC e_�$:f?B>@C O 3� ��?BFO7L:}�9h�CLJL^Z>@:f?B:fY|Xuh@i V@CLJLT�C$JLe4V@F4Y�AEFL?$XuhfC�W_g$J9CUC$J9e9VjF9Y|hZv-W >@i_hj~-W X;i4JL:fD v-W J$?BF4Y:}7979:f? �LhH? AET4Y�AEF4J9�Lt479i4Y�
@<97L^}�L: � k � � 3&z|CU:}�Lg$JL:=W_C�7LT4JLJ9FO: �GF9>jJLg$S@:}hfF9?L8K?BF :}7979:f? �LhH? AE^ZYAEF4J9�Lt479:ZY��Le_WHv F4�Lg�X;~�J9F4hfFnJ9:NCL�LCE?BF9V@T_�$C_h@:�ouF4>@F4ALh@i4>H? XuhH? AETu3

	 �&0*0�� �-¬ � 7 9$fPY3b g�W~V?VUW=B ` Y^BIHy��HU<i@ ` t*Vhg�@TW;W{z�Xkf?bMfsg
E : Y 2 + a1XY + a3Y = X3 + a2X

2 + a4X + a6,HU<SBhuOfsY3b
P1 = (x1, y1)

HU<SB
P2 = (x2, y2)

FGt?drfPgK@qW=XR< Yigy>�HU<i@ ` t*Vhgy>Gv$��JiY=W
−P1 = (x1,−y1 − a1x1 − a3).�]u^Y=d^mi@qW

λ =
y2 − y1
x2 − x1

, µ =
y1x2 − y2x1

x2 − x1
, x1 6= x2HU<SBhW ` XkfPgy>

λ =
3x2

1 + 2a2x1 + a4 − a1y1
2y1 + a1x1 + a3

, µ =
−x3

1 + a4x1 + 2a6 − a3y1
2y1 + a1x1 + a3<S:

x1 6= x2
H?<?B

P2 6= −P1
v � :&W=XI:O<?B

P3 = (x3, y3) = P1 + P2 6= O Y^J^Y*W(dGBfhm?:oY=WiYO<GD�@TuL:*WO>}Y=d^m
P3

Q�< FGXI:idG:�YO<SBs< ` J
x3 = λ2 + a1λ− a2 − x1 − x2,

y3 = −(λ+ a1)x3 − µ− a3.¯ 6�7979iOJ$DBF ^=W@W_CE?BFO�$C$RNIKF�J9F9Y�ou>@:f?BF9Xuh@:fD$:fD W_F9?$F9R_h@TOh@i4Y�F4�L:f?BA$g_W4? XGi4Y|JL^ZXuv³h�CLR
m�$C_747LF_�L79F9XG?BF9X;JLCLt;3 6�R_h@TO�$F9DB>�W_:f?L^=W_F XGi4JL:fD C

P
AEF9?LhfC�Xuh@^}7_W_:f?$X;hfC�XGi4JL:fD C

P +P +
...+P



m
�KC$>@^ZY_3-6�R4hjT�i¤F_�$:f? AEgHW4? X;i|:�D W_F9?HC$R4XK?BF4X;h@?BA$e|i�<Le9X;i�8G?BF�hji_W|A$>@R4�9hfC48;>@F��`DBFJL:1:Z7479:�? �9hH? AE^ZY|AEF9J4�$t_7L:ZY_3

����� � �(� !r' � ��'*)�� $ )0/14 � ���1!%$ � � ! � / � � �&! �&!�%�/ # 4 ���
! / # � 4./ �8/��

6��$gw:ZVj~ AEF9?GXuhfC :Z°@T4Y1IKF�V@C$R_7L:Zt4C$R9J9:|�$eHWHv F_�$g��$:}�$:Z>@F4X;JL^=W_FUXu~�JLF_hfF
Fq

G:}AE:fDV@i_7LF4V@T �$C$R�^ZouC$R9J9:|hH? Y¤: �GF9>jJLC_8G^ZY�X;hji_W�AE>jR4�9h�C_8;>@F��`DBF;3 � e_hH?$�$C$ROIKFUJLF4Y1F_�$F4X;o;C�	79T9X;:f?�F4>jAE:}hje�
�:fD W_F9?,i :ft4>@:ZX;i!hji9Y�h@e4°@i4Y hZv-W!>@i_hj~-W XGi4JL:fD v-W�h@i4Y

E(Fq)
3³¯ �,X;hZv:}7979:f? �LhH? AET�AEF9J4�$t_7Li

E
C$>@? XGJ9^=W_i��$eHWHv F_�$g ^=W_FwXu~�JLF

Fq
3N¢1>HDBS@C$R4JL:NhfCHW�:=W_V@C$J9C$> 	�`? XGJ9gwhfC$R

Frobenius
WHFn:fD WHFL?;in:Z°@T9Y1F4�L:�? AEgHW4? X;i

φ :







E(Fq) −→ E(Fp)
(x, y) 7−→ (xq , yq)
O 7−→ O

z|C :}�$g$J9:=W_C I`:}~�>@i4JLF �$C$R F4�LC$V@:fD o$I`i_AE: F_�$g hfC_W
Hasse


�VHD W_:f?�^}WHF �K>je48;JLF h@i4Yh@e4°@i4Y1h@i4Y
E
3



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� r9q
� ";�n% �-0�� ��¬ �(7 9$fPY3b

E(Fq)
v;��J^Y*W;QS<�W*XI:O<?B

|E(Fq)| − q − 1| ≤ 2
√
q.

�
` JLFGW*B z?gEv d�79^}�$: � k ��TUAE:��Ke_79FL? C�b�
$IK:Z~�>ji9J9F 293 2 � P � 3¯ �,Xuhfv

E(Fq)
JL:
q
�$:Z>H? hjh@g�F4>H? IKJLgK3�­®:}747L:f? �Lh@? AETOAEF9J4�$t_7Li h@g_h@:�I`Fn:fD W_F9?

Y 2 = X3 + aX + b.

6�R4hjg �$CLR I`^}79C$R9J9:U8G?BF�hji_W |E(Fq)|
C$R4XG?yF4XuhH? AEe :fD W_FL?�h�F�X;i9J9:fDyF 8G?BF hfF CL�$CEDBF hfC

X3 + aX + b
:fD W_F9?�h@:}h@>@F_8uv-W4? AEg R_�$g_7LC$?B�LC

modulo q
3 ¯ �,X;hZv hfC X;t9J_<$C_7LC hfC$R

Legendre

uJ9:

(

X3 + aX + b

q

)

.

��?yF!AEeHI`:
x
�$CLR hfC$R�V@D WHC$R9J9:�IKF�J9F9Y VHD W_:f? ±1


,F_W_e_79C48;F�JL:wh�C³FHW!^ZouC$R9J9: T g9o;?h@:}hj>@F48uv-W4? AEg�R_�$g_7LC$?B�LCK3��,�LC$JL^=WHv�YOFHW��$e4>@C$R4JL:�h�C�eHI`>jCE? X;JLF
∑

q

(

1 +

(

X3 + aX + b

q

))

,

IKFn^Zo;CLR9J9:1g_hH?Ki |E(Fq)|
FHW�79eH<$C$R4JL:�R_�$g � iUAEF9?;hfC�e4�L:f?y>jC�XGi4JL:fD C 
;? XGC$t_hfFL?EJ9:

|E(Fq)| = 1 +
∑

q

(

1 +

(

X3 + aX + b

q

))

= 1 + q +
∑

q

(

X3 + aX + b

q

)

.

6|W X;R_W_VjR9e4XGCLR9J9:�hfC F_�$C_h@^}79:ZXGJ9F F4R4hjg�A$FL?�hfC IK:Z~�>ji9J9F!xE3 2�
�h@g_h@:�IKF �$e4>@C$R4JL:�hfC:Z°@T4Y1�$g$>@? XGJ9F �
� ª&%�� ��0*� �-¬ �

∣

∣

∣

∣

∣

∑

q

(

X3 + aX + b

q

)

∣

∣

∣

∣

∣

≤ 2
√
q.

­ hje9°@i�7LCE? �Lg_W�J$?BF4YN:}7979:f? �LhH? AET4Y|AEF4J9�$t_79i9Y�I`Fn:fD W_F9?KD X;inJ9:
|E(Fq)| = 1 + q − t,

gL�LC$R�hfC
t
F4R4hjg 
|CHW_C$J9e9S@:}hfF9?�D o$W_C$Y hfC$R

Frobenius
3£¢�R4�LC479C_8K? XGJ9g$Y hfC$RMD o$W_CLR9YhfC$R

Frobenius
:fD W_FL?�F9>jA$:Zhje V@t4X;A$C479C$Y_3���D W_F9?�AEe_hH? �$C$R IKF JLF4YnF_�$F4XGouC_7LT4X;:�? Xuh@iX;R_W_^Zou:f?BF�
_F��KC$t¤h�CNW_F1°@^Z>@C$R4JL:,X;hji_W�AE>@R_�LhfC_8;>@F��KDBF¤h@iHW�h@e4°@i¤hji9Y�C$JLe4V@F4Y*hZv-WN>ji4h�~-WX;i9J9:�D v-WUJ$DBF4Y1AEF4J9�$t_79i9Y�
E:fD W_FL?G:f°jFL?B>@:}hH? AET4Y1X;i4JLF4XKDBF4Y43�z|C

t
? AEFHW_CL�LCE?B:�DEh@iHW�:}�$g$J9:}WHi:Z°HD Xuv�XGi�
$i CL�LCEDBFO:fD WHFL?$iN<LF9XG? AET ?BV@^ZF 8G?BFOhfC_WNF4748;g$>H? IKJLC h�CLR
Schoof


L�LC$R1IKF�V@CLt9J9:F4>j8;g4hj:f>jF A$FL?$CnC9�$CED CLY�R_�$C_79C48GDBS@:f?9F_AE>H? <9~�Y�F4R_h@g�hfC
t
3���D W_F9?$7LC$?B�Lg_W18G?yF ^=W_F�XGi4JL:fD C

P (x, y)
hji9Y1A$F9J4�$t_7Li4Y

φ2(P ) − [t]φ(P ) + [q]P = [0] ⇐⇒

(xq
2

, yq
2

) − [t](xq , yq) + [q](x, y) = O.l�F X;i9J9:f?B~�X;C$R4JL:�:}�ED X;i9Y g_hH? R4�Le9>jo;CLR_W�A$e4�LCE?BFw:fDBV@iw:}7979:f?B�9hH? A$~-W�A$F9J4�$t_79v-W�
Kg�	�$CLR �$>j^Z�L:f?`WHF F4�LC �K:Zt_8;:ZhfF9?`i AE>jR4�9h�C_8;>@e��Ki4XGiwF��GC$t :fD W_F9?�:ZR4e474v&h@:ZY�XG:�:}�E? IK^fX;:f? Y�
AEe_�$CE?B:ZY�F_�$gOhH? Y|CL�$CEDB:ZY*IKFOV@C$t4JL:�F4>j8;g_h@:Z>@Fu3-6|WN^ZouC$R4JL:
t = 1

IKFN7L^ZJ9:�g_hH?Li
E
:fD W_F9?



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� r;2
FHWH~�JLF_7Li�
�F��GC$twIKF :fD W_FL? |E(Fq)| = q

3��&WH~ 
-g_hfF_W ^ZouC$R9J9:�hji_Ww�$:Z>HD �9hfv�X;i gL�LC$R iouF9>jF4A$hji9>@? X;h@? AET
p
VH?BF9?B>@:fD�hfC1D o$W_CLY

t

jhjg4hj:�I`F�A$F479C$t4JL:�hji_W

E supersingular
3�6��$CLV@:f? 	ALW_t4:}hfFL?jg_hH?Hg_hH?@JLDyF

E
I`F�:fD W_F9?

supersingular
FHW�^ZouC$R4JL:

p = 2
T
p = 3

AEF9?
j(E) = 0T FHW

p ≥ 5
AEF9?

t = 0
3��*J9:fD YUI`F F9X;ouC479i_IKC$t4JL:�JL:nXu~�JLF_hfF ouF9>jF4A$hji9>@? X;h@? AET9YUP�
�TJL:}8;F_7Lt_h@:Z>@i4Y¤hfC$R�\;3¯ �,Xuhfv 7LC$?B�Lg_W

K = Fq
JL:
q = pn

A$FL?
p > 3

3�¯ �,ouC$R4JL:�h@iHW
E(K)

J9:
E : Y 2 = X3 + aX + b.

�1FU^ZouC$R4JL:¤g4h@?
∆ = −16(4a3 + 27b2)


u:=WH~ i
j
	 FHW_F_7979CED v&h@i

j(E) = −1728 4a3

∆

3*¢N?h@t_�$C$?u8G?BFUhfC_W�W_g$J9C CLJLe4V@F9Y�I`F�:fD W_F9? −P1 = (x1,−y1)
AEF9?GFHWU:fD W_F9?

x1 6= x2
h@g_h@:

λ =
y2 − y1
x2 − x1

.

6|Wn:fD W_F9?
x1 = x2

IKFn^ZouC$R4JL:
λ =

3x2
1 + a

2y1
.

¯ ��h@XG?uF_WNIK^}7LCLR9J9:�W_F�<L>@C$t4JL:�hfCnX;i9J9:fD C
P3 = P1 +P2

IKF��L>@^}�$:f?LW_F�A$e_W_CLR9J9:|o;>jT9X;ihZv-WUhjt4�9v-W
P3 = (x3, y3) = (λ2 − x1 − x2, (x1 − x3)λ − y1).6|W hj~�>@F�^fouC$R4JL:�Xu~�JLF_h�F�JL:�ouF9>jF4A$hji9>@? X;h@? AET�P�
EVji479F9VjT

q = 2n, n ≥ 1
I`F�:�D W_F9?

j(E) =
a12

1

∆

3�­®:Z7479:�? �9hH? AETOAEF4J9�$t_79i�h@g_h@:�I`F�^Zou:f?G:Z°HD Xuv�X;i
E : Y 2 +XY = X3 + a2X

2 + a6.
�1Fn^ZouC$R4JL:�hj~�>@F

−P1 = (x1, x1 + y1)AEF9?GFHW
x1 6= x2

λ =
y1 + y2
x1 + x2

, µ =
y1x2 + y2x1

x1 + x2
,

:=WH~ FHW
x1 = x2

λ =
x2

1 + y1
x1

, µ = x2
1.¯ ��h@XG?G79CE? �$gHW�8K?BFUhfC

(x3, y3) = P3 = P1 + P2
I`F�:fD W_F9?

x3 = λ2 + λ+ a2 + x1 + x2,

y3 = (λ+ 1)x3 + µ.

����� � + � � � ! � 46/ ��'G/�-^%�!%# 	 $(�
z|F��$C_79R4~-W_R4JLF|V@?yF9DB>@:ZXGi4Y-I`F�hfF�XGRHW_FHWHh@T4XGCLR9J9:&X;hfCHW�F4748;g$>H? IKJLC¤hfC$R

Schoof

HgL�LC$RIKFM<L>@C$t4JL: hji_W�h@e4°@iMJ$?BF9Y�:}747L:f? �Lh@?BA$T9Y A$F9J4�$t_7Li4Y43 �*V�~ IKF³hfF CL>HD X;C$R9J9: AEF9?*I`FFHW_F��G^Z>@C$R4JL:�AEe4�LCE?B:ZY�<LF9XG? AE^ZY¤hfC$R4YO?BVH?Bg4hji4hj:fY_3

	 �&0*0�� �-¬ ��79$fPY3b
E
W~VSVKW=B ` Y^B\HK�&HU<^@ ` t=Vxg e d|NPBkfE@quG:�g `La :=b5< ` J(Y=d(fynT@h< K HU<SB

m ∈ Z+
v � `La N � d^mS: ` dlV
monM:?mi@h< ψm, θm, ωm ∈ K[x, y]

Y^u^Y*diBj<}nMfsY=W}DyBj<
P = (x, y)fsgy@TW*X d�Yigy>�HU<i@ ` t*Vhgy>]@qW [m]P 6= O e u � d*mG@TW

[m]P =

(

θm(x, y)

ψm(x, y)2
,
ωm(x, y)

ψm(x, y)3

)



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� rLP
z|C1�LC479R4~-WHR9J9C

ψm
C_W_CLJLe4S@:}h�F9?j�$C_79R4~-W_R4JLC�VH?BF9Dy>j:fX;i4Y�hji9Y�AEF4J9�Lt479i9Y

E
3�snD W_C$R4JL:hfC_W�F_WHF9V@>jC$J$? AEg³h@t_�$CM�$CLR�I`FMou>@i4XK?BJLC9�$CE? CLt9J9:w8G?BF�h@iHW³:Zt4>@:ZXGi�hfC$R��LC479R_v-W_t9J9C$RVH?BF9Dy>j:fX;i4Y43

ψ0 = 0, ψ1 = 1,

ψ2 = 2y + a1x+ a3,

ψ3 = 3x4 + b2x
3 + 3b4x

2 + 3b6x+ b8,

ψ4 = (2x6 + b2x
5 + 5b4x

4 + 10b6x
3 + 10b8x

2 + (b2b8 − b4b6)x+ b4b8 − b26)ψ2,

ψ2m+1 = ψm+2ψ
3
m − ψm−1ψ

3
m+1, m ≥ 2,

ψ2m =
(ψm+2ψ

2
m−1 − ψm−2ψ

2
m+1)ψm

ψ2
, m > 2.

¢N?HR4�LC479C_8K? XGJ9CED�hfC$R��$C_7LR_v-W_t4JLC$R|VH?BF9DB>@:ZXGi4Y�IKF�8KD W_CHWHhfF9?H�Le_W@h�F
modulo

hji_W�AEF4J9�Lt479iJLF4Y�
9F��KCLtNJ$? 79e9J9:*8G?BFNXGi4JL:fDBF1�Le_WHv�XG:*F9R_h@THWE3�z|FN�$C_7LR_~-W_R4JLF
θm
AEF9?

ωm

9C$>HDBS@CHWHhfFL?X;R_W_F4>jhjT9X;:f?;hfC$R

ψm
3&�*D W_FL?GV@i479F4V@T �

θm = xψ2
m − ψm−1ψm+1,

4yωm = ψm+2ψ
2
m−1 − ψm−2ψ

2
m+1.­ F_�$gLV@:f?y°ji�hfC$R�79T9J9JLF_h�CLY�x$3BP�
H^Z>@ou:}hfFL?HF_�$gNF4R4hfC$t4Y&hfC$R9Y�C$>@? XGJ9C$t4Y�
HhfCHW�W_g$J9COC$JLe4V@F4YAEF9? �GR9XG? AEenF4>jAE:}h@^ZY¤�L>@e4°@:f? Y43

¨ %-����0�ª&« ��¬ ���
� :$u � d^mi@qW K ` W ` W[N
<?f
@quG:idAfKnq@P< e Y^JiY=W�Y*d E(K)

W=XI:=<SBUuG:O<
torsion

group
FogGVU<?Fo� H a QSW8fPgK@qW=Xkd P Yigy>

E
u � W=B ` W ` W[N
<?f
@quG:og Y a z?gEv

� :�u � d^mi@qW8<=NPBRQ�@qJ
m ∈ Z+ e YiJ^Y=W$Y*d]fst�:id|VPd;Y3bM: m � torsion fsgK@qW=XkbM:;YGgy> E e Y=d;d ` dGXkd�Q�<8fxmi@
ZpdlVsXj�3d^mi@qW@qW

E[m] e W*XI:O<?BhY=d
E[m] = {P ∈ E(K) : [m]P = O} .9�XI:=<SBxY=drfstS:idlVPd�Y3bM:�fPgK@qW=X b�:�Yigy>

E e Y a z?gy> m v� ";�n% �-0�� ��¬ ��7 9$fsY3b5uG:O<(fsgK@qW=Xkd
P ∈ E(K) \ {0} H?<?B m ≥ 1

v���JiY=W
P ∈ E[m]<S:�H?<?Bs@qJG:id8<�:

ψm(P ) = 0
v

¢1>HDBS@C$R4JL:�hfC��LC479R_~-W_R9J9C

fm =

{

ψm, m
�$:Z>H? h�h@g$Y

,
ψm

ψ2

, m
e9>jh@? C$Y

��F9>@F_h@i4>@C$t4JL:Og_hH? F4R4hje�hfF��$C_7LR_~-W_R4JLF�
KVj:}Ww^ZouC$RHW�AEFHI`g_79C$R�JL^ZXGF�hfC$R4Y�hfCHWwg$>@C
y

V@i_7LF4V@T�:Z°@F4>jh�~-WHhfFL?�J9g_WHC F_�$gMh�C

x
3£¢N?*h@t_�$CE?*gL�$C$R�IKF³ou>@i4XK?BJLC9�$CE? CLt9J9: 8G?BF�W_F�$F9DB>�W_C$R4JL:�hfF

f

u:fD W_FL? �

f0 = 0, f1 = 1, f2 = 1, f3 = ψ3, f4 =
ψ4

ψ2
,

f2m+1 =

{

fm+2f
3
m − F 2fm−1f

3
m+1, m

�L:f>@? hjhjg$Y
F 2fm+2fm3 − fm−1f

3
m+1, m

e4>jhH? C$Y
f2m = (fm+2f

2
m−1 − fm−2f

2
m+1)fmgL�LC$R

Y 2 = F (X)

&i!:Z°HD Xuv�XGi hji9Yw:}7979:f?B�9hH? AET4Y�AEF4J9�Lt479i4Y43 � ��?yF �$? C�FHW_F_7LR_hH? AEC$t4Yh@t_�$CLR9Y °@:ZoEv�>H? Xuh@e³8G?BFMX;~�J9F4hfFMouF9>@F_A$hji9>H? X;h@?BA$T9Y Vjt9C AEFL?�J9:}8GF_79t4hj:f>ji9Y hfC$R³hj>HDBF<97L^}�$:�AE:��Ke_79FL? CU\ � b � 3 �



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� r9\
����� � + �&% �(#1��	146/ ��+ � ��'G/(),%(' �8+ � � +� �1%('32546+�� # ��' $!]�(� !r' � ��'*)�� $�),/14 � ��� !%$
¯ �*XuhZvµJLDyF :}7979:f?B�9hH? AET�AEF4J9�Lt479i

E
�$eHWHvaF4�Lg ^}WHF �$:}�$:Z>@F4X;JL^=W_C Xu~�JLF

Fq

�A$FL?

P^=W_FOX;i9J9:�D C�hji9Y_3-z|C �$>@g4<L79i9J9F¤hfC$ROVH?BF_AE>H? hfC$t¤7LC_8;e9>H? IKJLCLR¤8G?BFO:Z7479:�? �9hH? AE^ZY*AEF4J9�Lt479:ZY� �1s��,� � � 
K:�D W_F9?`g_hH?`FHW�^ZouC$R9J9:O^=W_F�XGi4JL:fD C Q ∈ 〈P 〉 
;W_Fn<$>j:}IK:fD`F4A$^f>jFL? CLYNF9>@? I`J9g$Y
m

uhj^ZhfCE? C$Y¤~�Xuh@:

Q = [m]P.6�R4hjgU�$C$R�C �G:�D 79:f?$^}WHF9Y�AE>@R_�LhfC48;>@e��KCLY|WHF�AEeHW_:f? 
E:fD W_FL?LW_F AEF_hfF��G^f>j:�?LW_FO<L>@:f?EA$F�	h@e_747Li_7L:ZY*:Z7479:�? �9hH? AE^ZY*AEF4J9�Lt479:ZY�
_~�Xuh@:�hfCU�¤s��,� � 
_W_F :fD W_FL?9R4�LC479C48G? XuhH? AEe¤F9Vjt_W_F_hfCW_F 79R_IK:fD 8G?BF F4R4hj^fY_3���^Zou>H?�XuhH? 8;JLT4Y�
�hj>@:f? Yn:fD W_FL?�CE?�X;R_WjI`T_AE:ZYU�$CLR :}�E? <$e_747L:}hfFL?uW_F�L79i4>@:fDLJ$DBF :}7979:f?B�9hH? AET1A$F9J4�$t_7Li18G?BFNW_F :fD WHFL?$FHW@IK:ZALhH? AETOX;:�:}�$? I`^ZX;:�? Y43 �1FOhH? Y�FHW_F��G^ 	>@C$R4JL: F_�L74~�Y�
`ouv�>@D Y WHF hH? Y�FHW_F_7Lt4XGCLR9J9:NAEFL?GWHF V@C$t4JL:Oh@? Y�J9:=I`g$VjC$R9Y�:}�ED IK:ZXGi4YO�$C$Rou>@i4XK?BJLC9�$CE? CLt_WHhfF9?/3 � ��?BFU79:}�LhfC$J9^f>j:�?B:ZY�F_W_F��KCL>@eUAE:��Ke_79FL? C�b � b � � 3293|­ �$>j~&hji :}�ED IK:ZXGi C �K:fD 7L:}hfF9? XuhfC$R4Y
Pohlig-Hellman


`CE?�CL�LCED CE?`�LF9>@F_h@T4>@i4XGFHWg_hH?EhfC��1s � XG:¤J$?BF�C$JLe4V@F
G

uJ4�$C$>j:�DLW_FUF_W_F4o$I`:fDEX;:¤�¤s�� R_�$C$C$J9e9V�v-W F4R4hjT9Yhji9Y

G

$CE?LCL�LCEDB:fY|^ZouC$RHWNhje9°@iOVjR_W_e4JL:f? Y��L>j~&hZv-W F4>H? I`J4~-WNAEF9?$iNhj:Z7L? AETN79t9X;i1W_F^Z>�IK:f? JL:�J$DBF :��GF9>@J9C48;TwX;hfC Au? W_^ZSH? AECwI`:}~�>@i4JLFu3 ­ 79t9X;i�8G?yF�W_FwF4�LC �Kt_8;C$R9J9:F4R_h@THWnh@iHW�:}�ED IK:ZXGi�
G:�D W_F9?KW_Fw:Z�$? 7L^Z°@C$R4JL:¤h@^}hfCE?BFw:}747L:f? �Lh@? AETUAEF4J9�Lt479i�
;~�Xuh@: ihje9°ji�hji9Y|W_FU^Zou:f?;^=W_FHW J9:Z8;e_7LC��$>j~&hfC�VH?BF9?y>j^Zhji;3&¢µg$>@C$Y¤JL:}8;e479C$Y�:�D W_F9?L<$^=<LFL?BFX;ou:}hH? AEg$Y�
uF��GC$tn^Zou:f?uW_FUA$e_W_:f?;JL:¤hji_WUR_�$C_7LC_8G? X;h@? AET�? XGoutUhZv-WU­�� 
�3

Pu3|�!DBFOAEF4J9�$t_79i1I`F �$>@^}�L:�?LW_F�JLiHW :fD W_F9?uFHWH~�J9F479i�
9V@i_7LF4V@TNW_F�JLiHW ^Zou:�?uD o$W_CLY1D X;CJ9: 243�z|g_h@:�IKF ^ZouC$R4JL:
t = 1

AEFL?�i h@e4°@i hji9Y I`F :fD W_F9?�D XGi J9:�hji_W h@e4°@i hfC$RXu~�JLF_hfC$Y
Fq
3 6�R4hjg AEeHW_:f?`hH? Y AEF4J9�$t_79:fY ?BVH?BF9D h@:Z>@:ZYOAEF9? ^ZhjXK? �E? C :ZR9e_74v&h@:ZY XG::}�$? I`^ZX;:�? Y43

\;3|z|^}79C$Y�
��$>j^Z�L:f?,W_F ? AEF_WHCL�$CE?B:fD hfF9?�iMX;R_WjI`T_AEi
MOV

iMCL�LCEDBF��$T4>@: hfC g_W_CLJLehji9Y�F_�$g�hfC$R4Y
Menezes, Okamoto, Vanstone

3 �,Vj~£F_�$F9? hfC$t4JL:�i�J$? AE>@g_h@:Z>@ih@?BJLT hfC$R
l
8G?BF hji_WwCL�LCEDBF�WHF ? X;o;t4:f?

ql ≡ 1 mod n

`W_F :fD W_FL? F4>jAE:}h@ewJL:}8;e479iu3��:nF4R_h@gHW hfCHW h@>jgL�$C :f°jFL?B>@C$t4JL:�hH? YnA$F9J4�$t_7L:ZYnCE?�CL�$CEDB:ZY�^ZouC$R_W D o$W_C$Y�J9i9V@^=WA$FL?&V@t4C��$eHWHv F4�Lg�hfC

Fp

*A$F_IG~�Y AEF9?-hH? Y

supersingular
AEF4J9�Lt479:ZY�
�gL�LC$R!iouF4>@F_A$h@i4>H? XuhH? AET�VH?BFL?B>@:fDEhfC D o$W_CLY43

l�FnV@C$t4JL:�AEFL?E�Lv�YO:��GF9>@J9g$S@:}hfFL?EhfC��1s��,� � 
GX;:1^=W_F�AE>@R_�LhfC$X;t9Xuh@i4JLF�V@i9J9C$XGD C$RA$79:f?yV@? C$t�
98G?BF��LF9>je9V@:f? 8;J9FOX;hfC
El Gamal

3��1F�R_�$C4I`^ZX;C$R9J9:|g4h@?;CUd I`^}79:f?9W_FUXuh@:fD 7L:f?^=W_F J9t_W_i4JLF
P
Xuh@iHW 6�3�sUi4JLCLXK? C9�$CE? CLt_W�^=W_F �$>j~&hfC

p
AEF9? J$DBF :}7979:f? �LhH? AET�AEF4J9�Lt479i

E(Fp)
3³���ED XGi4Y :}�$?B79^}8;:ZhfF9?�AEF9?-^}WHF�X;i9J9:�D C

Q ∈ E(Fp)

,hfC�CL�$C$D C�:fD W_F9?�AEF9?&F9R_h@gV@i4JLg$XG? CK3|���$?B79^}8;C$R_WUFHWHhHD XuhfCE? ouF�F_AE^Z>@FL? C$R9Y

n
AEF9?

m

K�LC$R�hfF�A$>@F4hfC$tHWUJLR4X;h@?BA$enAEFL?R_�$C_7LC_8GDySjC$R_W1hfF

nQ
AEF9?

mQ

EhfF�CL�$CEDBF AECE? W_CL�LCE? C$tHWHhfF9?�3-¢µd©:Z�$? 7L^}8;:f?$^}WHF_W�h@R4ouFLD C 
JLR4XuhH? AEg!F4AE^Z>@F9? C

r
AEF9?�R_�$C_7LC_8GDBS@:f? hfC!S@:Zt48;C$Y

(rQ, P + r(mQ))
3�­ 6 79F9J_<$eHW_:f?F4R4hjeNAEFL?9R4�LC479C48GDBS@:f?4hfC

mrQ

Lh�C�CL�LCED COI`F :fD W_FL?ED XGC�JL:�hfC

rmQ
3&z|^}79C$Y�AEeHW_:f?$F4�97LeJ$DBFnF��KF9DB>@:ZXGi�AEFL?E�$F9DB>�W_:f?;hfC�JLtHW_i4JLF

P

uXuhfFnou^Z>H?BFUh@i4Y43

P + rmQ− rmQ = P.

���	� � � �
	�+�4 � ��/ $ !]��� !r' � ��'*) � $ ),/14 � ����	 $
�1F JL:}7L:}hjT9X;C$R4JL: AEe4�LCE?B:ZY�h@:Zo$W4? AE^ZY�
��LC$R ou>@i4XK?BJ9CL�$CE? C$t_W@h�F9? 8K?BF hfCHW R_�$C_79C48G? X;JLgh@i4Y h@e4°@i9Y�h@i4Y�CLJLe4V@F9Y hZv-W >@i4h�~-WwXGi4JL:fD v-WwJ$?BF4Y�:}747L:f? �Lh@? AET9YNA$F9J4�$t_7Li4Y�
;�$eHWHv�F_�$g



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� r4c
^=W_F��$:}�$:Z>@F4X;JL^=W_C�X;~�J9F;3�6�R_h@T�i�VH?BF9V@?BA$F9XGDBFn:fD WHFL?K�LC479tnX;i9J9F_WHh@? AET�X;h@? YO:��KF4>@JLC_8;^ZYXuh@iHWUAE>jR4�9h�C_8;>@F��`DBF;3��>@CLAE:f?BJL^=W_C$R�W_FO�$F4>@e48;C$R4JL:*:}7979:f?B�9hH? AE^ZY*A$F9J4�$t_7L:ZY�J9:�V@:ZV@C$J9^}WHi hje9°jiOJ9�$CL>@C$t4JL: �
293|��F4>@e48;C$R4JL: hjR9ouF9DB:fY AEF4J9�Lt479:ZY AEF9?�J9:}h@e R4�LC479C48GDBS@C$R4JL:whH? Y�h@e4°@:f? Y!C$JLe4Vjv-W�
J9^Zo;>@?uW_FU<L>@C$t4JL:�h@iHW�AEF4hfF_7979i_7Lg_h@:Z>@iu3
Pu3|��F4>@e48;C$R4JL:�AEF9J4�$t_7L:ZY�
@J9:-�$>@CLA$F_IKC$>H? X;JL^=W_i|hje9°@i�C$J9e9VjF9Y�
@AEF9?@^=W_F9Y�F_�$C$VjC4h@?BA$g$Yhj>@gL�LC$Y¤:fD W_F9?uA$e_W_CHWHhfF4Y¤ou>@T4XGi�h@i4Y�IK:}v�>HDBF9Y�hfC$RUJL? 8;F9VH? AECLt �LC47479F4�97LF4XK?BF4XGJ9C$tu3
6�YNR4�LC9IK^fX;C$R4JL:��Lv�YO^ZouC$R4JL:1JLDBFUAEF4J9�$t_79i�J9:1JLCL>��KT

Y 2 = X3 + aX + b,

AEF9?;IK^Z79C$R4JL:¤WHFwR_�$C_79C48GD X;C$R4JL:�h�F�>ji4hjewX;i4JL:fDBFnh@i4Y�
;�$eHWHv F_�$gwX;~�J9F4hfF�ouF9>jF4A$hji9>@? 	XuhH? AET4Y
p
3�6�R_h@g��$C$RU^fouC$R4JL:|W_FnAEeHW_C$R4JL:�
E:fD W_F9?uW_FUR4�LC479C48GD X;C$R4JL:|hfC

p+ 1 +

p−1
∑

x=0

(

x3 + ax+ b

p

)

,

gL�LC$R
( ·
p )
:�D W_F9?$hfCnXGt4J4<LC_7LC�h�CLR

Legendre
3-6�R4hjg$Y1C�h@>@gL�LC$Y�:�D W_F9?EF9>�AE:}h@eO8;>@T48;C$>jC$Y8G?BF�JL?BA$>@^ZY�h@?yJ9^ZY�hfC$R

p

EXGR_8uAE:}AE>H?BJL^=W_FO8G?BF

p < 10000

4F4747LeO8G?BF�J9:}8Ge_79:fY|h@?yJ9^ZY¤:fD W_F9?F4V@t_WHF4hfCHWOW_Fn8GD WHC$R_W�CE?GR4�LC479C48G? X;JLC$DL�$C$RnF_�$F9? hfC$tHWHhfFL?/3­[JL^=I`CLV@C$Y�F9R_h@THWUhji_W�X;h@? 8;JLT��$C$RnIK:Zv�>j:�D h�F9?G�$? C FHW@IK:ZALhH? AET�XG: :}�E? IK^ZXG:f? Y�
G:�D W_F9?�$>�~&h�F�WHF³:Z�$? 7L^Z°@C$R4JL: ^=W_F³JL:}8;e479C³�$:}�$:Z>@F4X;JL^=W_CMX;~�J9F³AEFL?*^Z�L:f? hfF!W_F³VH?BF_7L^Z°@CLR9J9:h@R4ouFLDB:ZY�:Z7479:�? �9hH? AE^ZYOAEF9J4�$t_7L:ZY �$eHWHv�F4�Lg F9R_h@g 
 hfv-W CL�LCED v-W CE?�CLJLe4V@:ZY�hZv-W >@i4h�~-WX;i9J9:�D v-W WHF�? AEFHW_CL�LCE? C$tHWwhH? YwXGRHW@IKT4A$:fY��LC$R�C$>HD X;F9J9:n�$>@CLi48;C$R4JL^=WHv�Y�8G?BF!hji_W hje9°jiC$J9e9V@F4Y_3*­£VH?BF4VH? AEF4XKDBF �GR9XG? AEe�
u�L>@C��_�$C9IK^}h@:f?EWHF�J9�$CL>@C$t4JL:¤W_FU<L>@C$t4JL:�h@iHWUhje9°jinh@i4Y:}7979:f? �LhH? AET4Y1AEF4J9�Lt479i4Y43��1F��$:Z>H? 8;>@e � CLR9J9:OX;hji_W�:}�Lg$JL:=W_i��$F4>@e_8;>@F��GC hfCHWwF4748;g$>H? I�	JLCMhfC$R

Schoof

�C C9�$CED CLY AEeHW_:f?*F_AE>H? <L~�Y F9R_h@THW!h@iHW³V@C$R_79:�?Be�
�Vji479F9VjT�R4�LC479C_8KDBS@:f?AEF_h@e_7979i_7L:ZY|h@e4°@:f? YNC$J9e9V�v-WE3¯ 6�7979i�JL^=I`CLV@C 
�h@iHW!CL�$C$DyF IKF V@CLt9J9: J9: F4>jAE:}h@^ZY�7L:}�9h�CLJL^Z>@:f?B:fY�
&:fD W_F9?�F4R_h@T�h�CLRJ$? 8GF4VH? AEC$t �$C_7979F4�97LF4XG?yF4X;JLC$tu3n�,Vj~®AEeHW_CHWHhfF9Y�ou>@T4XGi F4R_h@T4YUh@i4YnI`:}v�>HDBF4Y�
�hfv-W :}7�	79:�? �9hH? A$~-W�AEF4J9�Lt474v-W JL:UJL? 8;F9V@?BA$g �$C_7979F4�97LF4XG?yF4X;JLg 
;I`F �LF9>@e_8;C$R4JL:OAEF4J9�$t_79:fY��$C$RIKFUVH?BFHI`^}hfC$RHWOJ$DBF AER_A$7$? AETOR_�$CLC$JLe4V@F JL:�h@e4°@i�^}WHF_W J9:}8Ge_79CU�$>j~&hfCK3�¢N?uR_�$C_79C48G? X;JLCED�$CLRnF4�LFL? h�CLt_WHhfF9?$:ZVj~ 
;:�D W_F9?GF4>jAE:}hje�7L? 8;g4hj:f>jCE?;F_�$g�h@? YNR_�$g_7LCE? �L:fY�JL:=IKg$V@C$R4Y_3

����� � � �1!] �0+ $ �
	�$ � � � 	�$ +&4 � ��/ $
¯ ��WHFNAECE? W_gUouF4>@F_A$h@i4>H? XuhH? AEgN8G?BFOF9>�AE:}h�CLt9Y*F4748;g$>H? IKJLC$R4Y�
4:fD W_F9?Lg4h@?L:ZJ �GF_W4DBS@CLR_W1XGFHWF_�$C_h@^}7L:ZX;JLF F4>jAE:}h@^ZY�hH?BJ9^fY

m

&8K?BF h@iHW hje9°@i�C$J9e9VjF9Y_3 Q�:�F9R_h@THW hji_W �$F4>@e48;>@F��KC 
IKF�V@CLt9J9:��Lv�Y�J9�$CL>@C$t4JL:�W_F AEeHW_C$R4JL:�h@iHW Xuv�X;hjTU:}�E? 79C48;T1hji9Y�h@e4°@i4Y|�$C$R � e4o$W_C$R4JL:H36��$g�hfC�I`:}~�>@i4JLF�xE3 2 ^ZouC$R9J9: g_hH?&8G?BF�J$DBF :Z7479:�? �9hH? AET AEF4J9�$t_79i

E

*�$eHWHv[F4�Lg³^}WHFXu~�JLF�JL:

q
XuhfCE? ou:fDyF�AEF9?;h@e4°@inCLJLe4V@F9Y

m

EIKF�?BA$F_W_C9�$CE?B:fD$h@iHW

|q + 1 −m| ≤ 2
√
q.

6�>@o;?BA$e�7LCE? �Lg_W�
,�$F9DB>�W_C$R4JL: F4�Lg�hfC_W�F4748;g$>H? IKJLC³h@iHW �E? IKF_W_T!hH?BJLT�hji9Y h@e4°@i9Y C$JLe�	V@F4Y�

m
3O­[�$>j~&hji AEF9?`�$>@C �GF_WHT9Y�V@CLAu?BJ9F9XGDBF��LC$R��$>@^}�$:f?GW_Fw�$:Z>@e4XG:f?KhfC

m
:fD W_F9?`AEFL?X;t9J��Gv-W_F�J9:1hfC�IK:}~�>@i4JLF�x$352�


q + 1 − 2
√
q ≤ m ≤ q + 1 + 2

√
q.



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� rLb
6 �KC$tNVjC$t9J9:*g_hH?4? X;out9:f?HF9R_h@g 
_^Z�L:f? hfF�IKF1VH?BF_7L^Z°@CLR9J9:�hjR9ouF9DBF¤^=W_F¤XGi4JL:fD C

P
�$eHWHv!Xuh@iHW:}7979:f? �LhH? AET AEF4J9�Lt479i�A$FL?EI`Fn:}79^}8G°jC$R9J9:�hji_WUX;R_W@IKT_AEi

[m]P = O.
� R4XK? AEe�FHW�F4R4hjTwVj:}W�? XGout4:f? 
;hfC

m
�$C$R�^ZouC$R9J9:1<$>j:�?`Vj:}W�:�D W_F9?`hfC Xuv�X;hjgK3 � eHW_C$R4JL:F4R4hjTwhji_W VH?BF4VH? AEF9XGDBFw8G?BF F4>jAE:}hje X;i9J9:�DBFwh@i4Y�AEF4J9�Lt479i9Y AEF9?�^}hjXK?`<$>@D X;A$C$R9J9:�hj:}7$? AEehfC

m
3�Q*hH? Y�:��GF9>@J9C48;^ZY�h@i4Y|AE>@R_�LhfC_8G>jF��KDyF4Y�h�~�>@F�
9hfFN�$>@e_8;JLF_h�FO:fD W_F9?L7$D 8GC �E? C�F_�L79e;3¢N?4h@?BJL^ZY�CE?4CL�$C$Dy:ZY*JLF4Y�:=W_VH?BF��G^Z>@C$RHW�8K?BF1hji_W¤F4X �Ge479:f?BF�hfC$R1A$>@R4�9hfC$XGR4Xuh@T4JLF_h�CLY�
H:fD W_F9?CE?

m = sr

�gL�$C$R

s
^}WHF9YnJL? AE>@g$YnF_AE^Z>@F9? C$Y�F9>H? IKJLgLY�AEF9?

r
^}WHF9YU�L>j~&hfC$Y_3�6¤R_h@g�V@:=W^Zou:�?,?BVH?BFLD h@:Z>@i�R_�$C_79C48G? XuhH? AET V@R4XuAEC47LDBF!W_F :}7L:}8;o$I`:fD 
�F��KCLt�J9�LC$>@C$t4JL:�8;>@T_8GCL>@F W_FAEeHW_C$R4JL:�VH?BFL?B>@^ZX;:�? YnAEFL? h@:ZXuh �L>j~&hfC$R F9>@? I`J9C$t�
�8G?BF W_F�V@C$t4JL:nFHW gHWHhfC$YnhfC

m
^Zou:�?F4R4hjT_W�hji JLC$> �KTu3n6|W Xuh@i X;RHW_^Zo;:f?BF VjC$t9J9:Ug_hH?�:�D W_F9?

[m]P = O 
�h@g_h@: I`F A$e_W_CLR9J9:AEF9?KhfC_Wn^Z79:}8;o;C
[s]P = O 3�6|Ww? X;out9:f? 
G�L:}h@e4JL:NhfC X;i9J9:fD C F4R_h@g A$FL?K:}�$?B79^}8;C$R9J9:1^=W_Fe_7979Cnh@R4ouFLD Cn�Le47L? 
EFHWUAEF9?uiU�E? IKF_WHg4hji4hfF�WHFnXGR4J4<L:fDGF4R4hjg�:fD WHFL?u�$C_7Lt�J$? AE>@Tu36�YNVj~�X;C$R9J9:1hj~�>jF�^}WHF_W�F_798;g$>H? IKJLCn�LC$RU�LF9>@e_8;:f?;:}747L:f? �Lh@?BA$^fY|AEF4J9�Lt479:ZY�
LAEF4hje47�	79i479:ZY¤8G?BFUAE>@R_�LhfC_8G>jF��KDyFu3

Input
�&¯ �&W_FnJ9:}8Ge_79C��L:}�$:Z>@F4XGJ9^}WHFUXu~�JLF

Fq
AEF9?;^=W_FHWnJL? AE>@gnI`:}h@?BA$gwF_AE^Z>@F9? C

s
3

Output
�U�!DBF :}7979:f? �LhH? AETwAEF4J9�$t_79i �$eHWHv F4�Lg�hfC

Fq

-J9: |E(Fq)| = rs


-JL:
r
^=W_FHWJL:}8;e_7LCn�L>j~&hfCK3

293�sU?ye_79:f°j:¤JLDyF�h@R4o;F9DBF���3
Pu3|d�>@:ZY

m = |E(F)q |
3

\;3�¯ �,79:}8;°@:¤h@? YNX;R_W@IKT_AE:ZY
MOV

A$FL?;F_WHv�J9F47LDBF9Y_3
cG3|��F4>@F48;CHWHhfCL�$C$D i9X;:|h�C

m

;J9^fX;F�X;:N7LC_8G?BA$g�o;>jg_W_CG3�6|W�F_�$C_h@t4ou:�? Y¤�$T_8;FL? W_:¤X;hfC<LT4JLF 243

bu3|6|W
m = rs

Vj~�X;:1h@iHW
E

GF_747$? ~�Y¤�LT48;F9? W_:1XuhfC�<LT4JLF 243

¯ ¢¤�9v�Y�:Zt4AEC_79F�AEF_hfF479FH<$F9D W_:f?�AEFHW_:fD Y�
4iNVjR9XuAEC_7$DBF�:fV�~�^}8uAE:f? hfFL?HXuh�CNW_F�<$>@CLt9J9:*h@iHWh@e4°@iwh@i4Y�:}747L:f? �Lh@?BA$T9YNAEF4J9�Lt479i4Y431¯ ��WHF9Y�F4�Lg hfC$R9Y �E? C F4�LC4hj:Z79:ZXGJ9F4h@? AEC$t4YOF4748;g$>H? I�	JLCLR9Yn�LC$R R4�Le9>jo;CLR_W F4R4hjT h@iHW XuhH? 8;J9T�
�:�D W_F9?�F4R4hjg$Yn�$CLR I`F �L:f>@? 8;>@e � C$R4JL:UF4JL^ZXuv�YAEF9?;hfCHWUC �K:fD 7LC$R4JL:�Xuh�CHW
Schoof

3
����� � /(�� �&%('3254.+ $ �8+��

Schoof
�


¤�L:=W@I`R4J$DBS@CLR9J9:�g_hH?u8G?yF�X;~�J9F4hfF�JL:1ouF4>@F_A$h@i4>H? XuhH? AET�P�
u:}WHVH?BF��G:f>jg$JLF4X;hj:¤J9g_WHCn8K?BFJLin?yV@?ygLJLC$>��G:ZYNAEF9J4�$t_7L:ZY�JL:NJ9C$>��GT
Y 2 +XY = X3 + a2X

2 + a6.��?yFUX;~�J9F4hfFnJ9:1ouF9>jF4A$hji9>@? X;h@? AET��L:f>@? hjhjg�F9>H? IKJLg�CE?uAEF4J9�$t_79:fY��$C$R I`F�F4X;o;C_79i_IKC$t4JL::fD W_FL?
Y 2 = X3 + aX + b, a, b ∈ Fq.­ ?BV@^ZF h�CLR F4748;g$>H? IKJLC$R hfC$R

Schoof

-Xuh@i4>HDBS@:}hfFL?�X;hfC I`:}~�>@i4JLF hfC$R

Hasse
x$35243�*D W_FL?GWHFU<$>@CLt9J9:1hH?BJL^ZY

t mod l

;gL�$CLR

l
�$>j~&hfCE?KF4>H? IKJLCED;JL:

l ≤ lmax

KJ9:1hfC

lmax
W_F:fD W_FL?;C�J$? AE>@g_h@:Z>@C$YN�L>j~&hfC$Y18G?BFUhfC_WUCL�LCED C

∏

2≤l≤lmax

l > 4
√
q.



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� r9r
z|^}7LCLY�J9:�^}WHF AE? WH^fS@?BA$C�I`:}~�>@i4JLF�R_�$C_7LC_8GDySjC$R9J9:*hji_W J9C_WHF9VH? AETOh@?yJ9TOh�CLR

t
A$FL?��KR4XG?BA$eh@iHWMh@e4°@iMh@i4Y :}747L:f? �Lh@? AET9Y A$F9J4�$t_7Li4Y43 6¤Y V@C$t4JL: 79CE? �$gHW³7$D 8GC �E? C FHW_F_7LR_hH? AEe�hfF�$F4>@F_�$eHWHv|3�6�>@o;? AEe �$F4>@F_h@i4>@C$t4JL: g4h@?�i :Zt4>@:ZXGi hfC$R

t mod 2
:fD WHFL?�:ft_AEC_7Li�AEF9?�8G?BFhH? Y V@t4CM�L:Z>H? �Lhj~�X;:f? Y Xuv�JLe_hZv-W�J9: ouF9>jF4A$hji9>@? X;h@? AET �L:f>@? hjhjg³T³V@t9CG3 ¯ ¢¤hfF_W ^ZouC$R4JL:ouF9>jF4A$hji9>@? X;h@? AET��$:Z>H? hjh@g 
�I`FM:fD W_FL?

m ≡ q + 1 − t mod 2 ⇔ m ≡ t mod 2
AEF9?F_�$C$V@:f? ALW_t4:}hfFL?Kg_hH?

m = 1 mod 2
FHW�AEFL? JLgHW_C�FHW�h�C

X3 + aX + b
:fD W_FL? FHW_e48uv&8;C�$eHWHv F4�LgUhfC

Fq
3 ��?BFUouF9>jF4A$hji9>@? X;h@? AET�P�hj~�>@F�
uF_�$gnh@iHW�XuhH? 8;JLT��$C$R�iUAEF4J9�Lt479i JLF4YV@:=WU:�D W_F9?K?BVH?Bg$J9C$>��Gi�
u:fD W_F9?

t ≡ 1 mod 2
3*¢¤�Lg4hj:1C$R4XG?yF4XuhH? AEe�
E^Zo;CLR9J9:�W_FUA$e_W_CLR9J9:1JL:�$>�~&h�CLR9Y

l > 2
3��1Fnou>@:f?BF9XuhfC$t4JL:�h�CHWU:}WHV@C$JLCL>��`? X;JLg

φ
h�CLR

Frobenius

;C�CL�LCED C$Y

φ :







E(Fq) −→ E(Fp)
(x, y) 7−→ (xq , yq)
O 7−→ O

6�R4hjg$Y¤IKF�?BA$F_W_C9�$CE?B:fD$h@iHWU:Z°HD X;v�X;i
φ2(P ) − [t]φ(P ) + [q]P = O.

�1:}v�>@C$t4JL:�hj~�>@FUhji_WU:Z°HD Xuv�XGiUF9R_h@T�8K?BFnX;i4JL:fDBFU�$C$RUF_W_T_AEC$RHW�Xuh�C
E[l]∗ = {P ∈ E(Fq), [l]P = O, P 6= O}.

Q�R4J4<LC47LDBS@C$R4JL:U:}�$D XGi4Y
tl ≡ t mod l, ql ≡ q mod l

W_F�:fD WHFL?-CE?-JL? AE>@g_h@:Z>@CE?�IK:}hH? AECEDFHWHhH? �$>jg$X;v&�LCE?�hji9YnAL7Le4XGi4Yn? XGC$VjR_W_F4J$DBF4Y43�6�R_h@g��$C$R A$e_W_:f?�C
Schoof

:fD W_F9?�hfC :Z°@T4Y_3d�>HD X;AE:f?;^}WHFnXGi4JL:fD C
P (x, y) ∈ E(Fq)

3�6�R4hjg�IKF�? AEFHW_CL�$C$?y:fD$h@iHW
(xq

2

, yq
2

) + [ql](x, y) = [τl(x
q , yq)].

��FLDB>�W_CLR9J9:�g479F1hfF
τ
F_�$g hfC {0, ..., l− 1} 
9hfF¤<$e4S@C$R4JL:*X;hji_WN:Z°HD Xuv�XGiOAEF9?4hjXG:}AEe4>@C$R�	JL:¤�$CE? CnIKFnh@iHW�? AEFHW_CL�LCE?B:fD�3-¯ �,�L:f? hfFn:}�E? 7L^}8;C$R4JL:�e47479C

τ
AEF9?GAEeHW_C$R4JL:¤hfC DBVH? CK3,6�R4hjehfF

τ
�$C$RnIKF�<L>@C$t4JL:�
uI`F�F_�$C_h@:}7L^ZX;C$RHWUhfC X;t4X;hji9J9ewJ9F9Y�
KhfC CL�$CED C gL�9v�Y�:fD �$F4JL:�I`F79R_IK:fD`JL:OAu? W_^ZSH? AEC IK:}~�>@i9J9FwA$FL?GIKF J9F9Y Vj~�X;:f? hji_Wn7Lt4XGi�hfC$R

t
�$CLRwSji4hje9J9: A$FL?`X;R�	W_:}�L~�Y�h@iHW hje9°ji h@i4YUCLJLe4V@F9Y_3�¢ F_798;g$>@? I`J9C$Y�<L^=<$F9?BFwF_�$F9? hj:�D`AEe_�$C$?y:ZY �$>@e4°@:f? Y_3 �1Fou>@i4XK?BJLC9�$CE?BT4XGC$R4JL:&hfC$R4Y,hjt4�LC$R4Y,8G?BF¤hji_W��$>jg$XuIK:ZXGi¤XGi4JL:fD v-W¤F4�LgNh@iHW��$F4>@e_8G>jF��GC�xE3 PAEF9?98G?BFNh�F

[κ]P
F_�$g h�C 79T9J9JLF�x$3BP1h@i4Y��$F4>@F_8;>@e��GC$R x$3 \u3-��>j~&hfFOR4�LC479C_8KDBS@CLR9J9:,h@? Y

xX;R_WHhj:}h�F_8;JL^=W_:ZY�AEFL?uXuh�F�V@t4C�JL^}7Liu3-6�R_h@^ZY�IKF�IKFn:fD W_FL?$�LC479R4v-WHR9JL?BA$^fY�:Z°H? Xu~�X;:�? Y¤hZv-W
x, y

AEF9?�IKF �$:Z>H?B^ZouC$R_WwAEF9?�hfF �LC479R4~-WHR9J9F VH?BF9Dy>j:fX;i4Y43����$:f?BV@T V@CLR479:Zt9C$R4JL:
moduloh@iHWOAEF4J9�Lt479iOJLF4Y�
ECnJL:}8;F_7Lt_h@:Z>@C$Y�<LF_IKJLgLY��LC$ROI`F�^Zo;CLR_W C$?ugL>@CE?EJL:

y

9IKFU:fD W_F9?$^=W_F;3

� h@eHW_C$R4JL:�^}h@XG?uXG:¤J$DBFU:Z°HD Xuv�X;i�h@i4Y�JLC$>��GT9Y
y = a(x)/b(x)

AEF9?$h@iHW�F_WHh@? AEF_I`? XuhfC$t9J9:Xuh@iHWO:Z°HD Xuv�XGiOhji9Y�AEF4J9�Lt479i4Y43-Q*hfC�hj^Z79C$Y�79CE? �$gHW�
_I`F :fD W_FL?
hX(x) = 0

3-�!DBFN�$F4>@F4hjT�	>@i4XGiOi CL�LCEDBF¤IKFO<LC$iHI`T4X;:�?4F9>�AE:}h@eNXuhH? Y|�L>@e9°j:�? Y�
4:fD W_FL?9g4h@?$F��GC$tNhfFOXGi4JL:fDBF
P ∈ E[l]


J9�LC$>@C$t4JL:�W_F AEe_WHC$R9J9:�h@? Y�hH? Yn�LC479R4v-WHR9JL?BA$^fY��$>@e4°@:f? Y
modulo fl

3 ��?BF h@iHW :Zt4>@:ZXGihj~�>jF�JL?BF9Y|79t9X;i9Y�hji9Y
hX(x) = 0


9�$>@^}�L:�?_W_FN<$>@CLt9J9:�hfC_WNJL^}8G? X;hfC�AECE? W_gUV@?yF9?B>@^}h@iNhZv-W
hX(x)

AEF9?
fl
3�6�W

gcd(hX(x), fl) = 1

 h@g_h@:nVj:}W R_�$e4>@ou:�? 79t9X;i AEF9?�V@C9Au?BJLe4S@C$R4JL:h@iHW�:}�$gLJL:=W_i�hH?BJLT�hfC$R

τ
3N6|W�C J9^}8K? X;hfC$YOAECE? W_gLY�VH?BF9?B>@^}h@i4Y�:fD W_F9?`VH?Be��GC$>@C$YOhfC$Rw^=W_F�
h@g_h@:�I`F�R_�$e4>@ou:f?;^=W_FUXGi4JL:fD C�Xuh�C

E[l]∗
hj^ZhfCE? Cn~�X;hj:

(xq
2

, yq
2

) + [ql](x, y) = ±[τ ](xq , yq).

6 �KC$t i VH?BF4VH? AEF4XKDBF :}79^Z8;ou:f?�h@? Y�hH?BJL^ZY ±τ 
 F4>jAE:fD1C�^}7L:}8;ouC$Y W_F 8GD W_:f?NJLgHW_C©8G?yF
τ ∈ {0, ..., (l − 1)/2} 3 z|C :}�$g$J9:=W_C�<$T4JLF³:fD W_F9?,W_F�AEeHW_C$R4JL:wh@iHWMDBVH?BF³VH?BF9V@?BA$F9XGDBFAEF9?$8K?BF h@iHW

y
	 XGRHWHh@:}hfF_8GJ9^=W_i�
9JL:|hfCHW�DyV@? CUh@>jgL�$CK3�z|^}7LC$Y�
$F4R_h@T i�VjC$R479:f?BeOIKF 8KD W_:f?EAu?



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� r$x
e_7979:ZY �GC$>@^ZY 8K?BF�W_F�AEF4hfF_7LT4°@C$R4JL:¤XG:�^=W_FwXGt4X;hji9J9F�F4�Lg ? X;C$V@RHW_F9JLDB:fY

modulo
�L>j~�	hfCE?KF4>H? IKJLCED 
uAEF9?;79t_W_CHWHhje9YNhfCwJL:1Au? W_^ZSH? AEC�IK:Z~�>ji9J9FU<$>HD X;AECLR9J9:¤h@iHWnh@?BJLTnhfC$R�D o$W_CLR9YhfC$R

Frobenius t

��LC$R�X;i9J9FLD W_:f?,g4h@?*^ZouC$R9J9: hji_W h@e4°@i�hji9Y :}747L:f? �Lh@? AET9Y�AEF4J9�Lt479i9Y�


m = q + 1 − t
3Q*h@iHWU:Z�Lg$JL:=W_i��$F4>@e48;>@F��KC 
uIKFn�$:Z>H? 8G>je � C$R9J9:1JLDyF�e_747Li�JL^=I`CLV@C �LF9>@F_8uv&8;T9Y1A$F�	J9�Lt474v-W�
uF4R4hjT_W hfC$RUJ$? 8;F4VH? AEC$t��LC47479F4�97LF4XK?BF4XGJ9C$tu3

����� � 25! � %(-*/ �8+�� � '  "/ ��'*),+ � � + ���1/ �1� / #"'G/ # 46+ �6�
¨ %-����0�ª&« ��¬ ���67 9$fPY3b J^Y^B}u � d^mi@qW.FGt?d�W~VSVKW=B ` Y*B\HKu{>1HU<i@ ` t*VUWO> E1, E2

v�7 ��VUWO>&diB< ` W=B\HKdG:GXkfyW=Bk>
φ : E1 → E2,` d^m�fPY^ulVh:id*m?:�Y*d�YO<UmUY=d^Y^BIHKJ�fsY*diB � W=Xkd�YGgy> E1

fsY=d�YO<UmUY*d^Y*B\HKJ Yigy>
E2 e Q�<�H?<^VPdLtS:oYO<?BBkfydLD
uG:^W=BjWO>Gv � < ` W=B\HUJL:GBkfsg ` d^m�fsYiu~Vh:^W=BPH a QSW;fsY=dGB � W=Xkd�YGgy> E1

fsY=dr@qgEFGWL:GB\HUJ�YGgy>
E2W=XI:=<SBhHU<SB
<UmUYG��@ Xj<�BkfydoDEuL:*W*BR<�HU<?BPHU<*VKW=X YO<?Bsg(BkfydLD
uG:^W=BR< Y=d^m�@�gyFLWG:oJL>iv

¨ %-����0�ª&« ��¬ � ��7 ��VKW{>(dGBMBkfydLD
uG:^W=B W{>�< ` J @TXR<.WlVSVUW*B ` Y^BIHy�6HU<^@ ` t*Vhg E fsY=dL: W{<UmUYiJYGgy> e @h<?�GX @TW(YigE:1B fydoD
uG:^W=BR<&Y=d^m�@�gyFLWG:oJG> e f � gK@h<LY^XR�{d*m?:�F*<?HyYit=VPB dov
� mUYiJG>(W=XI:=<SB dF*<UHyY^t*VsBkdL>]Y3b�:�WG:LFLd=@ d|N �PBkfE@pn�:�YigE>

E e HU<SBhQ�< Y=dG:�fhmG@EZpd|VsXR�{d*mG@TW End(E)
v

¨ %-����0�ª&« ��¬ �`��7 9$fPY3b
K
@TXR< W ` u*HyYO<Ufsg Y*d*m Q

v � XR<
order R

Y=d^m
K e W*XI:O<?BpuG:=<?>m ` dLF^<?HyY^t*VsBkdL>�Y=d^m K e ` W ` W_NE<UfE@quG:=< ` <ON
<GD
J=@qWG:idL>�f?<S: Z � module

H?<?B�d�d ` dGX dL>�:=<B\H?<S:id ` dGBjW=X
R ⊗ Q = K.

� �-% �-� "K����0*� ��¬ � ��BR< ` <=N a FLW=B D�@h< e <S:�u � d^mi@qW K = Q(
√
−d) e HU<?B D d�F^<?HyY^t*VsBkdL>Y3b�:�<UHKW[N
<SX b�: Y=d^m e YiJ^Y=W�DEBR<�H a QSW k ∈ Z

d F^<?HyY^t*VsBkdL>
Z + kD

W=XI:=<SBC@ Xj<
order

Y*d*m
Q(

√
−d) v
­�V@C$JLTO�LC$R JLF4Y¤:=W_VH?BF��K^Z>@:f?LhfC$R

End(E)

$:�D W_F9?$F4R4hjT hji9Y

order
:=W_gLY�hj:}h@>@F_8uv-W4? 	AEC$t1J$? 8;F4VH? AEC$t1Xu~�JLF_hfC$Y|F4>H? I`J4~-WE3-z|g_h@:�C

End(E)
:fD W_FL?4F9R4Xuh@i4>@eNJL:}8;F_7Lt_h@:Z>@C$Y*F4�LghfC

Z
AEFL?uX;:¤F4R4hjT_WNh@iHW �$:Z>HD �LhZv�X;i IKF�79^ZJL:�g4h@?;i�:}7979:f?B�9hH? AETOAEF4J9�Lt479iO^Zo;:f?uJ$? 8;F4VH? AEg�$C_747LF_�L79F9XG?BF9X;JLgG3�!DBF!:}747L:f? �Lh@? AET AEF4J9�Lt479i

E

�:�D W_F9?&? X;g$JLCL>��Ki!JL:�hfC

C modulo L

-g9�$C$R

L
^}WHF�L79^}8;JLFu3 � eHIK:w�97L^}8;JLF�hfC$R

C
�$F4>@e_8G:}hfF9?-F4�Lg�h�F VH?BF_WHt9X;JLF_hfF 〈w1, w2〉

3 sUt4C³C�	JLg4I`:}hfF �L79^}8GJ9F4hfF
Λ1,Λ2


�V@i479F4V@T V@t4C �97L^}8;JLF_hfF 8G?BF h�F C9�$CEDBF R_�$e4>@ou:f?�J$? 8GF4VH? AEg$Y
z
hj^}h�C$? C$YO~�X;hj:

Λ1 = zΛ2

 VHD W_C$RHW ? X;g$JLC$> �K:ZYU:}747L:f? �Lh@?BA$^fY¤AEF9J4�$t_7L:ZYOAEF9? J9�$CL>@C$t4JL:W_F IK:}v�>@T9X;C$R4JL:U�97L^}8;JLF_hfF �LC$R W_F �LF9>@e_8;C_W@h�F9? F4�Lg�hfF {1, τ} 
�JL: τ ∈ H


�gL�$CLR
HX;R9J_<$C_7$DBS@:f?$hfC R_�$:Z>�<LC_7$? AEg�:Z�$D �$:ZV@C �

H = {z ∈ C : Im(z) > 0}.
��F9>@F_h@i4>@C$t4JL: g4h@?�8K?BF�W_FM�$F4>@e_8GCLR_W�V@t4C <Le9X;:f? Y {1, τ1}


 {1, τ2} hfC DBVH? C �L79^Z8;J9F�
�$>j^Z�L:f?LAEFL?EF4>jAE:fDLW_F�VH?BF��G^f>jC$R_WNAEF4hje�FHWHh@? X;hj>@^ � ?BJLC
2× 2

	 �ED W_F_AEFOJL:�Xuh�C$? ou:�DBF F_�$g�hfC
Z

9V@i479F4V@TNJL:�X;hfCE? ou:fD CNhji9Y

SL2(Z)
3,sUi_7LF4V@T¤hfC�XGtHW_C_7LCOhZv-W¤�L79:Z8;J9e4hZv-W��$C$R1VHD W_C$RHWJLin? XGgLJLC$>��G:ZYO:Z7479:�? �9hH? AE^ZY|AEF9J4�$t_7L:ZY�h�F4R_hHDBS@:}hfFL?EJL:�hfC_WUoE~�>@C

Y := H/SL2(Z).



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� r9k
­ X;R_W_e4>jhji9X;i

j
:fD W_F9?�JLDyF F_W_F_79CED v&h�CLYUhfC$R oE~�>@C$R hZv-W :Z7479:�? �9hH? A$~-W�AEF4J9�Lt474v-WwAEFL?J9�LC$>@C$t4JL:�W_FnV@CLt9J9:1g_hH?GCL>HDBS@:f?KJL:Z>@g$J9C$>��GinXGRHW_e4>jh@i4X;i

Y → C

�$CLR�WHF Xuh@^}7_W_:f? hji_WnA$7Le4X;i�hfC$R
z mod SL2(Z)

Xuh�CHW
j(z)

316��LC$V@:f? ALW_t4:ZhfF9? 
Kg_hH? i
jX;R_W_e4>jhji9X;i :}�$e_8G:f?�J$DBF J$? 8;F4VH? AET FHW_F_7LR_hH? AET XGRHW_e4>jh@i4XGi

j : H → C

&i C9�$CEDBF :fD W_F9?FHW_F47479CED v&h@i AEe4hZv F4�Lg�h�FUX;hfCE? ou:fDBF�hji9Y

SL2(Z)

GV@i479F4V@T

j(γz) = j(z),
8K?BFUA$e_IK:

γ ∈ SL2(Z).
� x$3BP �

��F9>@F_h@i4>@C$t4JL:|g_hH?EhfC�X;hfCE? o;:fD C (

1 1
0 1

) Xuh@^}7_W_:f?EhfC
H 3 z 7→ z+ 1 ∈ H


EX;RHW_:}�L~�Y
i :Z°HD X;v�X;i � xE3 P � VHD W_:f?�g_hH? i j 	 X;R_W_e4>jhji9X;i :fD W_F9? �L:Z>H? C$VH? AET�AEF9? V@^Zou:ZhfF9? J$DBF FHW_e_7LR4XGi
Fourier

j(q) =
1

q
+

∞
∑

ν=0

c(n)qn,

gL�LC$R
q = e2πiz

3-¢N?jXGRHWHhj:Z79:ZX;hj^ZY
c(n)

J4�$C$>@CLt_W,W_F|R_�$C_7LC_8G? X;hfC$tHW&AEF9?�8G?BF��$F4>@e4V@:f? 8;JLF^ZouC$R9J9:1g_hH?

j(q) =
1

q
+ 744 + 19688q+ 21493760q2 + 864299970q3 + 20245856256q4

� xE3 \ �
+333202640600q5+4252023300096q6+44656994071935q7+401490886656000q8

+3176440229784420q9 + 22567393309593600q10 + 146211911499519294q11

+874313719685775360q12 + 4872010111798142520q13

¯ �,Xuhfv
End(E)


EC�V@F4ALh@t_7$? CLY�hZv-WO:=W_V@C$J9C$>��K? XGJ4~-W J$?BF4Y�:Z7479:�? �9hH? AET4Y*AEF4J9�Lt479i9Y*� 
LJLi?BVH?Bg$JLCL>��Ki4Y43�z|g_h@:�C V@F_A$h@t_7$? C$Y F9R_h@g$Y I`F :fD WHFL?�D X;C$YUJ9:�hfC
Z

�T J9:�JLDyF

order
:=W_g$Yh@:}hj>@F48uv-W4? AECLtUJ$? 8GF4VH? AEC$t�X;~�J9F4hfC$Y1F9>H? IKJ9~-W$3�6�Wn? X;o;t4:f?uhfC�h@:}79:ZR4hfF9D C 
$g9�$C$R�^fouC$R4JL:�$:Z>HD �9hfv�X;inJL? 8;F9VH? AECLt��LC4747LF_�L79F4XK?BF4XGJ9C$t�
_IKFn:fD WHFL?

End(E) ∼= Z + Zτ
3

� �-% �-� "K����0*� ��¬ �]7 9$fsY{b fynT@h<
K � <=N
<?HyYigiNPBkfsY^BIHy�y>�FGBR<��hd|N
WiY*B\Hy�y> Y=d^m 2 e HU<SBp<?>QSWObhNs�Efyd*mG@TW�YGgE:�W~VSVKW=B ` Y^B\HK��H?<i@ ` t=Vhg�d|NPBkfE@quG:og�fPY=d K @qW]WOzoXkf?bMfPg
E : y2 = x3 − x.

�]W�H a QSW�W~V?VUW=B ` Y*B\Hy��HU<^@ ` t=Vxg Y=d Z
W=XI:=<SBhm ` dLF*<?HyYit=VPB dL>�Y=d^m�F^<?HyYLm*VPXkd*m�Y3b�:8WG:LFLd=@ dlN ��PB f
@pnM:r< �PdLt Y=d�Yom � <SXkd m ∈ Z e d|NEXj�3W=BxY=dG:�WG:oFLd=@pd|N �sBkf
@TJ
[m] : E → E,

P 7→ mP = P + . . .+ P9 ` B ` VPu*dG:�g E W ` BjFLu � W^YO<?BsHU<SBxY=dG:�WG:oFLd=@pd|N �sBkf
@TJ
[i] : (x, y) 7→ (−x, iy),J ` d^m i W=XI:=<SB�@TXR< ` Nyb�YO<ON � BIHy�"Yiu^YO<=NsYGg�N
XR�3< YGgy> @ dG: a F*<?>Gv 9�XI:=<SB�f?<��huO>�J^Y^B

[i] ◦
[i] = [−1] e fhmS:^W ` nM>(Y=d [i]

FLWG: W=XI:=<SB WL:LFLd=@pd|N �PB f
@qJG> Y=d^m
Z e HU<?BMg6@quGDEBkfsYGg,Y a z?g

Z[i] ⊆ End(E) e a N
< End(E) = Z[i]
v



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� r9�
z|Cn<$F4XG?BA$g�IK:}~�>@i4JLFUhZv-WU:Z7479:�? �9hH? A$~-W AEF4J9�Lt474v-W�:fD WHFL?� ";�n% �-0�� ��¬ � 7 9$fsY{b

τ ∈ H
:=<�W=XI:=<SBEuL:O<U>�@pB DE<?FGB\HUJL>�<^VLD
W[ZSNPB\HKJL>$<ONhBRQ�@qJL> Zh<UQ�@ dGt

� v$��J^Y=Wq<S:AQ?uOfyd*mG@TW
Eτ = C

Z+τZ
e u � d*mG@TWMJ^Y^B?g�W~V?VUW=B ` Y*B\Hy�;H?<i@ ` t=Vhg Eτ u � W=B�@pB DE<?FGB\HUJ` d|V��PfE@qJ e H?<?B JiY*BqY=d j(τ) W*XI:O<?BC<?HKu[N
<?B dL>r<*VLD
W[ZSNhBIHKJL>iv�9 ` B ` VPu*dG:�Y=d�fynT@h< K(j(τ))W=XI:=<SBxY=d

Hilbert class field
Y=d^m�fynT@h<oY=dL>

K
v

� �-% �-� "K����0*� ��¬ ��9�XI:=<SBhDK:=bMfsYiJ8J^Y^Bxm `oa N � d^mS: 9
@TJL:id}@CB DE<UFiB\H a Y=W^Y~N
<GDKbM:LBIH a fyn �@h<LY=<�<=NPBRQ�@pn�:8@TW

class number
� e YO<

Q(
√
−1),Q(

√
−2),Q(

√
−3),

Q(
√
−7),Q(

√
−11),Q(

√
−19),

Q(
√
−43),Q(

√
−67),Q(

√
−163).

z|C �LF9>jF4�Le_WHv T_h�FHW�JLDBF�:�? AEF4XGDyFnhfC$R
Gauss

AEF9?KF_�$C$V@:fD oEhji4AE:¤F4�LgwhfCHW
Heegner

3z|CnI`:}~�>@i4JLFwx$3 \�JLF4YO:Z°@F9X��KF_7LDySj:�?ug_hH?
j

(

1 +
√
−163

2

)

∈ Z.

��>@e48;J9F4h@?uFHW�FHWHhH? AEF_hfF9Xuh@T4XGCLR9J9:�X;hfCHW h@t_�$C � x$3 \ � h@iHWOh@?yJ9T τ = 1+
√
−163
2

^ZouC$R9J9:��

?\p 100

%1 realprecision = 105 significant digits (100 digits displayed)

? t=(1+sqrt(-163))/2

%2 = 1/2 + 6.38357266740185233085547600489044617369118

18901506294256063014919243630864451196297797117419337

65936*I

?x=2*Pi*I*t

%3 = -40.109169991132519755350083622904140053900534812

24587344061070154047010878924830850858787688518964943 +

3.1415926535897932384626433832795028841971693993751058

20974944592307816406286208998628034825342117068*I

?? y=exp(x)

%4 = -3.808980937007652338226231516478005437619629319

380597300879006360910620456366645711876492304809962556 E-18 +

4.9823194709407332451152918416189002713812702505761935765

50495294464796671295458176238078356187261087 E-123*I

sUi_7LF4V@T�i h@?BJLT
q = e2∗π∗i∗τ ∼= −3.8089 ∗ 10−18 Q*hji_W�XGRHW_^Zou:�?BF��$F4>@F_h@i4>@C$t4JL:Ng_hH?8G?BFwJL? AE>@^ZY�h@?BJL^ZY iwX;RHW_:f? X �GC$>@e�Xuh�C F_W_e_�LhjR48;J9F

Fourier
Xuh�CHW�hjt4�LC � xE3 \ � :fD W_FL?`F_�$ghfC

1/q
3 
¤�LC479C48GDBS@C$R4JL:|AEF9?;�Le47L?ug4h@?

? 1/y

%5 = -262537412640768743.9999999999992500725971981856

888793538563373369908627075374103782106479101186073129 -rare se fnm

3.434108189257855572773640382466514643819410392802921

231010082353528515643600406171384239278930629331 E-88*I
�����
	���
�����������	�
�������� ����� � !���!#"$��%&	�
�'��

���(�(��

gp-pari



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� x_q
sUi_7LF4V@T � A$FL?|8EWHv�>HDBS@CHWHhfF9Y g4h@?�hfC

j(τ)
:fD W_FL?�^=W_F4Y F_AE^Z>@F9? C$Y!F4748;:}<L>H? AEg$Y�XuhfC

Q

V@i_7LF4V@T�^}WHF9YNF_AE^Z>@F9? C$Y � ^ZouC$R4JL:1g_hH?;iU�$>jF48;JLF_hH? AET�hH?BJLT�h�CLR j(τ) :�D W_F9?

j(τ) − 262537412640768744.

� �-%���¡;�-%`�&�,��� ¢aF4>H? I`J9g$Y
1/q

�LC$R o;>ji9XG?BJLCL�LCE?BT9X;F9J9:�8G?BF W_F R_�$C_7LC_8GDBS@C$R4JL:�JLDBF�$>jC$XG^}8u8G? X;iUhfC$R
j(τ)


K:fD W_F9?GR_�$:Z>�<LF4h@? AEg$Y�F��GC$tnJ9�LC$>@C$t4JL:�W_FnR_�$C_7LC_8GD X;C$R9J9:�g4h@?
1

q
= eπ

√
163,

AEF9?9hfC IK:}~�>@i4JLF
Gel’fond-Schneider

79^Z:�?4g4h@?
eπa

:�D W_F9?LR_�$:Z>�<LF4h@? AEg$Y,F_WNC
a
F_798;:=<$>@? 	AEg$Y <$FHIKJLC$twh�CLR479e9o;? XuhfC_W

2
3�z|C

j(τ)
:�D W_F9? F4AE^Z>@F9? C$Y�
 oue4>@i Xuh@iHW X;RHW_:f? X �GC$>@ewhfv-WR_�$g_7LCE? �9v-W�e4�L:�?B>jv-W��L>@C$XEI`:}hfFLD v-W�hfC$RUFHW_F_�Lhjt48;JLF_hfC$Y

Fourier
3

� �-%���¡;�-%`�&�,��� ¯ �&W_FUe_747LC�IK^ZJLF��$C$R �$>@^}�L:�?LW_F�JLF4Y1F_�$F4XGouC_7LT4X;:�?$:ZVj~ 
$:�D W_F9?ug4h@?8G?BFwW_FwAEe_WHC$R9J9: F4�LC4hj:Z79:ZXGJ9F4h@? AEen�$>@e4°@:f? Y�JL: h@iHWwXGRHW_e4>jh@i4X;i
j
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hand held devices, smart cards
Au? W_i_h@eOh@i_79: �;v-W_Fu3

� �-% �-� "K����0*� ��¬ �
� >MH a :id^mi@qW Y=nhNE<}uG:=< ` <ON a FLW=B Do@h<�fyW uG:O<}Y=W^Y~N
<GDUb�:GB\HKJA@CB Dy<UFGBIHKJfKnq@h<,<=NPBRQ�@pn�: ` d^m :O< u � W=B class number

@TWLDy<^VPtUY=W[Nhd.Yigy>�@pdG: a F^<?>iv ��d6fKnq@h<
Q(

√
−15) e Y=d}d ` dGXkd;u � W=BEF*<UHyY^t*VsBkd�<?HU<?B Nsu{bM: D = Z[ 1+

√
−15

2 ]
v � <ONhBRQ�@qJL>�H^V a fyW{b�:W=XI:=<SBPXkfydG>;@qW

2 e J ` bM>}@ ` d|NhdLt^@qW8:O<�m ` dlVhdLDEXkfyd*mG@TW�@qW;Y=d � u[NhBx�(@qW}Y=d gp-pari
v

? qfbclassno(-15)

%6 = 2

� a :idG:oYO<U> � NP�yfsg1Y=d^m(:LJ=@ d*m <S: a V
m?fsgy> e ` <=NE<oYGg^NhdLt^@qW;J^Y^BxY*drfKnq@h<
H = Q(

√
5,
√
−3),FLWG:�FGBR<?HiVU<?FGXR�3WiYO<SB ` d^m?QSWG: a�`La :=b < ` J�Y=d K e a N
<�W=XI:=<SBxY=d Hilbert class field

Y=d^m
K
v��d

Hilbert class field
W=XI:=<SB�Y=d

K(j(D)) e J ` d^Y*W8Y=d Q(j(D))
W=XI:=<SBh@pBR<�Y=W^Y~N
<GDUb�:GB\Hy�W ` u*HyYO<?fPgrY=d^m Q ` d^m ` W[NPBju � W^YO<SB?fsY=d H e <*V?V a FLWG:]W*XI:O<?BUY=d K v���m?:^W ` nM> e Y=d Q(j(D))W=XI:=<SBxY=d

Q(
√

5) e � Y=d Q(
√
−3)

v
�1FUou>@:f?BF4X;hfC$t4JL:�hfCw�LF9>@F_AEe_hZv

	 �&0*0�� �-¬ � 7 9$fsY3b
a
uG:=<(HiV?<UfE@h<LY^B\HUJ�BjFLW{nMFLWO>rY=d^m

D
HU<SBCuOfsY{b

E
@TXR<�W~V?VUW=B ` Y*B\Hy�HU<^@ ` t=Vxg ` d*m(:O< <S:oY^BkfsY=dGB � W=XhfsY=d a

v;��J^Y=W]Bkf � tSW=BhJ^Y^B
ā2 = 1

fsYGgy:
Cl(D) ⇔ j(a) ∈ R.

�
` JLFGW*B z?gEv d�79^}�$:�e9XuAEi4XGiUPu3 � � 2�q � 3��:�<Le9X;iUhfC��$>@C$i_8;C$t4JL:=W_Cn79T9J9JLFn^ZouC$R4JL:1g_hH?

Q(j(D)) = Q(
√

5)
3�¯ �&W_F�?BV@:}~�V@:ZY�$CLRnV@:=W�:�D W_F9?;A$t9>H? CwXuhfC_W

D
:fD WHFL?uh�C

a = 2Z + aZ
36�YNR4�LC9IK^fX;C$R4JL:�g4h@?

j(D) = A+B
√

5h@g_h@:
j(a) = A−B

√
5,



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� xE2
CL�Lg4hj:1^ZouC$R9J9:

A =
j(D) + j(a)

2

AEF9?
B =

j(D) − j(a)

2
√

5
.


¤�$C_79C48GDBS@C$R4JL:�g_hH?

j(D) = j(Z+aZ) = j(−e−
√

15π) ∼= j(−5.19748331238·10−6) ∼= −191657.832863.

���ED X;i4YNR4�LC479C_8KDBS@CLR9J9:|g4h@?

j(a) = j(2Z + aZ) = j

(

Z +
1

2
aZ

)

= j(e−
√

15π/2i)

∼= j(2.27979896315 · 10−3i) = 632.83286254
� eHW_C_W@h�F4Y1ou>@T4X;iUhZv-WU�LF9>@F_�$eHWHv ^Zo;CLR9J9:

A = −95512.5000002
AEFL?

B = −42997.5000001,

X;R_W_:}�9~�Y
j(D) = −52512− 85995

1 +
√

5

2
∈ Z

[

1 +
√

5

2
.

]

� ^Z>@C$R4JL:Og_hH?`V@t4C :}747L:f? �Lh@? AE^ZY1AEF4J9�$t_79:fY
E1, E2

C$>@? XGJ9^=W_:ZY �Le_W@v F4�Lg ^=W_F�Xu~�JLF
K�$CLR!:fD W_F9?&? X;g$JLC$> �K:ZY ^ZouC$RHW hji_W!DBVH?BF

j
	 F_W_F_747LCED v&hfCK3 6|WHh@? X;hj>@g �;v�Y�
,FHW V@t4C�:}7979:f? 	�Lh@? AE^ZY A$F9J4�$t_7L:ZYN^ZouC$RHWnh@iHWwDBVH?BF

j
	 FHW_F_7979CED v&hfC 
Eh@g_h@: :fD W_F9? ? XGgLJLC$>��G:ZY�
KF4747LeUC ? X;C�	JLCL>��`? X;JLgLY¤C$>@DySj:ZhfF9?L�$eHWHv³F_�$g�J$DBFOh@:}h@>@F_8uv-W4? AET :=WO8;^}WH:�?E:}�$^}A$hfF4XGi¤h�CLR

K
3�sUi_79F9V@TFHW hfC

K
:fD W_F9?�^=W_F JLi�F_798;:=<$>@?BA$e A$79:f? X;hjg Xu~�JLF�^ZouC$R4JL:nV@t4C hfC��$C_7Lt :Z7479:�? �9hH? AE^ZYAEF4J9�Lt479:ZY¤J9:1h@iHWUDyV@?yF

j
	 FHW_F_7979CED v&hfCK3¯ �,Xuhfv

p
^}WHF9Y��$>j~&hfC$Y�hfC$R

Z

uC�CL�$C$D C$Y�F_WHF479t9:}hfF9?9�L79T9>�v�Y¤Xuh@iHW�:}�$^}A$hfF9X;i

K/Q,V@i_7LF4V@T
pDK = P1P2

3��1:}v�>@C$t4JL:-hfC1�LC479R_~-W_R9J9C
Hilbert



HD(x) ∈ Z[x]

3,Q�t4J �Gv-WHFJL:|hfCHWNW_g$J9CUFHW_e479R4XGi4Y�
4hfC��LC479R4~-WHR9J9C
HD(x)

F_WHF479t4:ZhfF9?_�97LT4>jv�Y
modulo p


$FHWOAEF9?JLgHW_C FHWMhfF ?BV@:}~�V@i
Pi
FHW_F479t_v-WHhfFL?��97LT4>jv�Y!X;hji_W :}�$^}A$hfF4XGi

H/K
3 6�R_h@g g$J4v�YX;i9J9FLD W_:f? g4h@?�:fD W_F9? AEt4>H?BFwF��GC$twhfC

H
:�D W_F9?`hfC X;~�J9F

Hilbert
3 ¯ 6�>@F

Pi = aiDK
AEF9?:}�ED X;i4Y

a1 = ā2
3-¯ 6�>@FUhfCwD o$W_C$Y¤h�CLR

Frobenious
:fD W_F9?KD X;C�JL:

a1 + ā2 = tr(ai)
AEFL?;iW_g$>jJLFn:fD W_F9?

a1a2 = p
3¯ �,ouC$R4JL: V@t4C�?yV@?yF9D hj:f>j:fY hH?BJ9^fY�hfC$R

j

 8K?BF

j = 0
T 8G?BF

j = 1728
3O­ J9C$>��GT �$CLRIKFn^Zo;CLR_W�CE?GA$F9J4�$t_7L:ZY�JLF4Y�
E8G?BFUhH? YNVH?Be��GC$>@:ZYNhH?BJ9^fY¤h�CLR

j

EIKF�:�D W_F9? �

293|6|W
j = 0


;hjg4hj:
Y 2 = X3 − 1

Pu3|6|W
j = 1728


$h@g_h@:
Y 2 = X3 −X

\;3|6|W
j 6= 0, 1728

h@g_h@: I`^}hfC$R4JL:
c = j

j−1728

AEF9?�CE?�V@t4C :Z7479:�? �9hH? AE^ZY�A$F9J4�$t_7L:ZY
J9F9Y�:fD WHFL?

Y 2 = X3 − 3cX + 2c
A$FL?

Y 2 = X3 − 3ca2X + 2ca3 
 gL�LC$R�h�C aVj:}W�:fD W_F9?;h@:}hj>@e48uv-W_CwXuh�C
K
3� ";�n% �-0�� ��¬ � � :,Y*d

K
W=XI:=<SB}Y=d ` W ` W[N
<?f
@quG:id6fKnq@P< Fp e H?<?B j0 ∈ Fp e j 6=

0, 1728 mod p e YiJ^Y=W�dGBqFGt?d�W~V?VUW=B ` Y*B\HKuO>�HU<^@ ` t*VUWO> E1, E2
` d*m u � d*m?: j � <S:o:O<^VPdGX b�Y=d

j0
Q�< u � d*m?:�Y a z^W=Bk>

|E1| = p+ 1 − t, |E2| = p+ 1 + t.
�
` JLFGW*B z?g � d�7L^}�L:�79T9J9JLF V III.3 
 � b � 3



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� x4P
� ";�n% �-0�� ��¬ §,7 9$fsY3b

τ
J ` bM>�d|NEXkfPYigyHKW ` NPBI:�HU<SBT@qW�FGBR<UH=N
XI:id^m?f?< −D v �(gLV?<?Fo�

−D W=XI:O<?B�g FiBj<?H*N
XI:id*m?f?<�YigE> ` Nyb�YO<=N � B\Hy�y>8Y=W^Y~N
<GDUb�:GB\Hy�y>}@pd|N �x�y> Q(x, y) e g�d ` dGXR<u � W=B�Y=d τ f?<�:�N
XR�3<0Yigy>
Q(x, 1) = 0

v�7 9�fsY3b
hD

d1<ONPBRQS@qJG> HiV a fyW{b�: YGgy> order@qW FGBR<?H*N
XI:id^m?fS< −D v���JiY=W�Y=d
j(τ)

W=XI:=<SB$<UHUu_NE<?BkdG> <^VLD
W[ZSNPB\HKJL>�HU<SB]Y*d.WlV a�� BkfPY=d` d|VEmon�:Smi@qJrY*d*m�FGXI:^W^YO<SBs< ` J
HD(x) =

∏

(x − j(α)),J ` d^m1Y*d α FGBR<oY_Nsu � W*B J|VPd^m?> Y=d^m?>�@pB DE<?FGB\HKdGt?>r<=NPBRQ�@ dLtS>�Y^u^Y*diBkd^m?>rnMfsY=W e Y=d (α, 1)
:=<W=XI:=<SBy@TXR<�NEXj� <8@pBR<?>$W^H�Y{bM:

hD
Y=d ` Vh�yQ?dL>A<�:�g?D�@TuL:=bM: ` Nyb�YO<=N � B\HSnM:}@pd|N �En�:8FiBj<?H*N
X �:id^m?fS<U> −D v

� �-%���¡;�-%`�&�,��� ¢ R_�$C_7LC_8G? X;JLg$Y&hfC$R��$C_7LR_~-W_R4JLC$R
Hilbert

J9:�<Le9X;i�h�CN�LF9>jF4�Le_WHvIK:Z~�>ji9J9F�F_�$F9? h@:fD9�L>@e4°@:f? Y|Au? W_i4hjT9Y�R_�$C$VH?BF4X;hfC_7LT4Y�J9:¤J9:Z8;e_7Li F_AE>HD <L:�?BFNAEF9?$:=W 8;^}WH:�?ECE?X;R_WHhj:}7L:ZXuh@^ZY1hfC$R��LC479R_v-W_t9J9C$R
Hilbert

:fD W_F9?;�Le9>@F��$C_7Lt�JL:}8;e479CE?/3
����� � 4 �A25+ ��+ $ ),/ �8/ #�),! � ��$ !]�(� !r' � ��'*) � ! ),/14 � � �� � !
��F9>@F_h@i4>@C$t4JL:*g4h@?LhfC IK:}~�>@i9J9FOh�CLR

Hasse
:Z°@F4X �GF47LDBS@:f?9g_hH?$iN�$CLXGg_h@i_hfF

4p− (p+1−
m)2

:fD W_FL?EI`:}h@?BA$T�
ue4>@FnJ4�$C$>@CLt9J9:�W_Fn8;>@e � CLR9J9:
4p = u2 +Dv2,

� xE3 c �
8G?BFUAEe_�$CE? CHW�F_AE^Z>@FL? C

u
�$C$R�? AEFHW_CL�LCE?B:fD

m = p+ 1 ± u.

� eHW_C_W@h�F4Y�XGt_AE>H? X;iwJL: h�CwI`:}~�>@i4JLF xE3 c 
`�LF9>jF4hji9>@CLt9J9:Og4h@?�FHW�AEF_h�F4XuAE:ZR9e4XGCLR9J9:NJ$DBF:}7979:f? �LhH? AETOAEF4J9�Lt479i JL:¤J$? 8;F4VH? AEgU�$C_747LF_�L79F9XG?BF9X;JLg�gL�LC$R�hfC��L79^}8;JLF AEF4hfF4X;A$:fR4T4Y|WHF:fD W_FL?uC�V@F_A$h@t_7L? C$Y�F4AE:Z>@F9D v-W F_798;:=<$>@?BAL~-W
Q(

√
−D)


Ehjg4hj:1iUFHW_F_8uv&8GT�h@i4Y
modulo pIKF Vj~�X;:�?�V@t4C :Z7479:�? �9hH? AE^ZYOAEF9J4�$t_7L:ZY�JL:�h@e4°@:f? Y

m = p + 1 ± u
3����E? �L79^ZC_Wwi 79t4XGih@i4Y � x$3 c � 
GAEF_hfF9XuAE:ZR4e9S@:f?EhfC$R9YN8;:=W@W_T_hfC$>@:ZY ai = ±(u+

√
−Dv)/2 hZv-Ww?BV@:}v�Vj~-W PihfC$R

DK
hji9YN�L>@C$i_8GCLt9J9:}WHi9Y��$F4>@F_8Ge��KCLR;3­µR_7LC9�$CED i4XGi hfC$RnF_798;C$>@D I`J9C$RU^Zou:f?;v�YN:Z°@T4Y

293 � :}Au? W_e4JL:¤JL:¤^}WHFnJL:}8;e479C��$>j~&hfCK3
Pu3�sU?yF_79^Z8;C$R4JL:�h@iHW�J$? AE>@g_h@:Z>@i�VH?BF_AE>HD W_C$R4X;F�A$FL?HF_AE^Z>@FL? C$R9Y

u, v
~�Xuh@:&W_F�^fou:f?j79t9X;ii � x$3 c � 3

\;3�¯ �,79:}8;o;CLR9J9:�FHW1AEe_�$C$?yF¤F4�LgOhH? Y
p+1±u :fD W_F9?$? AEFHW_CL�$C$? i4h@?BA$T�hje9°@i1:Z7479:�? �9hH? AET4YA$F9J4�$t_7Li4Y�
$F_WUg9o;?K:}�LF_W_F_79F9J_<$eHW_C$R4JL:�hji_WUVH?BF9V@?BA$F9XGDBFnF4�LgwhfCwX;hje9V@? C�:Z�$? 7LC_8;T9Y�L>j~&hfC$Ru3

cG3|6|W�W_F9? 
,R_�$C_7LC_8GDBS@C$R4JL:nhfC��$C_7LR_~-W_R4JLC
Hilbert

AEFL?�J$DBF >HDBS@F�hfC$R
modulo p


^ZXuhZv
j0
3�­®>HDBS@FnF4R4hjTU:fD W_F9?Gi

j
	 F_WHF4747LC$DBv&hfC$Y��$CLR � e4o$W_C$R4JL:H3

bu3 � F_hfF9XuAE:ZR4e9S@CLR9J9:NhH? Y�V@t4C!:Z7479:�? �9hH? AE^ZY�AEF4J9�Lt479:ZYUJ9:
j
	 FHW_F_7979CED v&hfC�D X;i JL:

j0A$FL?uVH?BF479^}8;C$R9J9:¤F4R_h@T��LC$R�W_FU^fou:f?;hji_WU:}�E? IKR9J9i4hjT�hje9°ji;3
6�Y,VjC$t9J9:-JL:Z>H? AEe|�LF9>@F4V@:fD 8;JLF_hfF*AEF_hfF9XuAE:ZR4T9Y�:Z7479:�? �9hH? A$~-W,AEF4J9�$t_74v-W�
@J9:&J$? 8;F4VH? AEg�$C_747LF_�L79F9XG?BF9X;JLgG3



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� x_\
� �-% �-� "K����0*� ��¬ §�9$fPY3b JiY*B�u � d*mG@TW D = 7

v �]u~VPd^mi@qW�uL:O<S:�<ONPBRQS@qJ
p e Y^u^Y*diBkdG:nMfsY*W}g

4p = u2 +Dv2 :=<�u � W=BP@ Xj<]VhtSfPgEv � N
Xkf
HKd^mi@qW}J^Y^B�DEBR<
p = 781221660082682887337352611537,u � d*mG@TW VPt?fsg (u, v) e d ` JiY=W]QS< ` NhdLf ` <UQ?�yfyd^mi@qW�:O<�ZSNxdGti@qW�@TXR<�W~V?VUW=B ` Y*B\Hy��HU<^@ ` t=Vxg`La :=b < ` J�Y=d Fp e @qW}Y a zSg�d=@ a F*<?>]Xkfsg(@qW

m = p− 1 ± u = 781221660082681210712714541668

= s · r = 4 · 195305415020670302678178635417,J ` d^m r W=XI:=<SBTuG:O<U> ` Nyn�Y=dL>�<ONPBRQS@TJL>Gv �A:=bhNEXj�3d^mi@qW�J^Y*B�g class number
Y=d^m

Q(
√
−7)W=XI:=<SBsX fPg(@TW;uG:=< e W ` d=@quG:=bM>}dMZh<UQ�@qJL>;Y*d*m ` d|VEmob�:Lti@pd^m Hilbert

W=XI:=<SBhH?<?B
<UmUYiJL>�XkfydL>@qW]uL:O<Kv�7 9 ` W=B Y=<�m ` dlVhdLDEXR�3d^mi@qW;Y=d ` dlVEmon�:SmG@pd Hilbert e Y*drd ` dGXkd8W=XI:=<SB
HD(x) = x+ 3375,HU<SB ` Nhd �P<�:inM> u � W=BM@ Xj<�N
XR�3< modp

v�7� N
<6�{gEY a @qW(@ Xj<.W~V?VUW=B ` Y^BIHy�0HU<i@ ` t*Vhg6@qW j �<S:O<^VSVPdGX b�Y*d e XkfPg�@qW
j(E) ≡ −3375 ≡ 781221660082682887337352608162 mod p.7 9 � d^mi@qW�FLtSdrH?<i@ ` t=VUWO> E1, E2

@TW}YGgy:rX FiBj<
j e dGBxd ` dGXjWO>}W=XI:O<?B

E1 : Y 2 = X3 + 3844106581135923325515205253294X

+777088212145737475235038576554HU<SBxYigE:
E2 : Y 2 = X3 + 586337137088968521507562977329X

+470612877688284093511930750213.
�
E2

W=XI:=<SBP<UmUYG��g�d ` dGXR< u � W=BxY a z?g m v
� �-% �-� "K����0*� ��¬ ±

� >rFLdLti@TW�HU<?B�uG:O< ` <=N a FLW=B D�@h<�J ` d^m�g class group
W=XI:=<SBh@qWGDE< �VPtUY=W[NPg Y=d^m(uG:=<Uv�7 9$fPY3b

D = 292
v � ` d|VPdLDEXR�{d^mi@qWrYigE: class group

Y*d*m
Q(

√
−292)HU<SBTYigE:;ZSN
Xkf
HKd^mi@qWrXkfPg1@qW � v�7 � ` bM>�HU<SB fsY=d ` Nhdog?D
dLt^@qWG:id ` <=N a FLW=B D�@h< e � a�� :id^mi@qW:=<]ZSNhdLti@TW8DEBR< ` dGBkd p u � W=B?VPt?fsg�g 4p = u2 +Dy2 H?<?BsW=XI:=<SBCDEBR<

p = 471064017714648581743716115253.

� N
X fsHKd*mG@TW}YGgy:�Y a z?g�d=@ a F^<?>}YigE>�W~VSVKW=B ` Y^B\HK�E>�HU<^@ ` t=Vxgy>]X fPg�@qW
m = 471064017714647630725498582802.��d ` dlV
monM:?mi@pd Hilbert
Q�< u � W*BoZx<?Q�@qJ � e HU<SBCm ` dlVhdLDEXR�{W^YO<SBx:O< W=XI:=<SB

HD(x) = x4 − 206287709860428304608000x3

−93693622511929038759497066112000000x2

+45521551386379385269629968384000000000x

−380259461042512404779990642688000000000000,



� ��� ����� � 	�� � ��������� � � �
� ��� � � � � � ������� xHc
Y=d�d ` dGXkd�u � W*B � NEXj�3WO> modp

v � mUY^uO>�dGB?N
XR�3WO>�W=XI:=<SBxdGB �
j � <S:=<*VSVhdGX b�Y=WO>�Y3bM:�W~VSVKW=B ` Y^B �HSnM:�HU<i@ ` t*VEb�:}@qW}Y a z?g m `oa :=b < ` J�Y=d Fp

v � XR<�Y^u^Y*diBj<�<S:=<*VPdGX b�Y*dG>}W=XI:=<SBxg
j = 95298163105585542899076823435,< ` JrYGgE:�d ` dGXR< ` <SX Nh:id^mi@qW}Y*Bk>}W{z?�y>}W~V?VUW=B ` Y*B\HKuO>�HU<^@ ` t=VKWO> �

E1 : Y 2 = X3 + 469268436428246725781035134277X

+155824285047281623272784717767HU<SB
E2 : Y 2 = X3 + 354618739573347813123389093324X

+314551778593054362590879954574.
�
E2

W*XI:O<?B `oa VsBTg.H?<i@ ` t=Vhg ` d^m u � W=BqY a zSg m e W ` d=@quG:=bM>�W=XI:=<SB <UmUYi� ` d^m Q�< � NPg �fEBj@pd ` dGB �yfyd^mi@qW^v 	�m?fEB\H a HU<SBx< ` J Y^B > m ` J|VPdGB ` WO>�N
XR�3WO>�Y=d^m HD(x) e diBpd ` dGXjWO>8W=XI:=<SB�dGB
j � <S:=<*VSVhdGX b�Y=WO> a V?VEb�:�W~V?VUW=B ` Y*B\HSnM:�H?<i@ ` m*VEn�: e @ ` d|NhdLti@TW�:O< `La Nhd^mi@qW8HU<^@ ` t=VKW{>}@qWY a z?g m v
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� �

� � � � 
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 � ��� � �

�,J��KFHW4DBS@:}h�F9?�79CE? �$gHW i�FHW_e48uAEi 8G?BF h@i�J9:Z79^}h@i hZv-W hj:Zhj>@F_8;v-W_?BAL~-W JLCL>��G~-WE3 ��?BFh@iHW�F4A$>HD <$:f?BF�IKFnJL:}79:}h@T4XGC$R4JL:�hH? YNF4A$^f>jFL?B:ZY¤hj:Zhj>@F_8;v-W_?BA$^fY1JLC$>��G^ZYOV@t9C�J9:ZhfFH<L79i_hj~-W
f(x, y) = ax2 + bxy + cy2, a, b, c ∈ Z.

6�R4hjT i IK:}v�>HDBF �L>j~&hfF FHW_F4�9h@t4o$I`i_AE: F_�$g hfCHW
Lagrange

C CL�LCED C$Y!:f? X;T48;F_8G: h@? Y^=W@W_CE?B:ZY�h@i4Y VH?BF_AE>HD W_C$R4XGF4Y�
-h@i4Y ? X;C$V@RHW_F4J$DBF4Y�A$FL?-h@i4YwF_W_i_8;JL^=W_i4Y J9C$>��GT9Y��
reduced

form � 3�Q�:wX;RHW_V@R4F9X;JLg JL:�h@iHW�^=W@W_CE?BF hfC$R Gauss
hji9Y�8EW_T4XK?BF4Y ? XGC$VjR_W_F4J$DBF4Y�
�C479C�	A$79i9>�~-W_C_W@h�F9?�hfF <$F4XK? AEe XuhfCE? ou:fDBF �$C$R�ou>@:f?BF9S@gLJLF4X;hj:n8K?BF h@iHW�J9:Z79^}h@i hji9Yn<LF9XG? AET9YIK:Zv�>@DyF4Y�hfv-W�hj:}h@>@F_8uv-W4? A$~-W�JLCL>��G~-WE3 � :}Au? W_e4JL:�VHD W_CHWHhfF4Y J9:f>@?BA$C$t9Yn<LF9XG? AEC$t4Y�C$>H? 	X;JLC$t4Y43

¨ %-����0�ª&« �&¬ � � Xj<�@pd|N �h�
ax2+bxy+cy2 e HU<*VKW=X YO<?B ` NKb�Y=<ON � BIHy� e <S:�dGBLfxmS:�Y=W~VUWOfPY^uO>

a, b, c
W=XI:=<SB ` Nyn�Y=dGBP@qW^YO<ozSt�Y=d^m?>iv

­ JL:}79^}h@iNJ9F9Y�IKFN�$:Z>H? CL>H? Xuh@:fD9J9g_W_C�XuhH? Y��L>jv&hfF9>@o;? AE^ZY�J9C$>��K^ZY_3&l�FOXGi4JL:f? ~�XGCLR9J9:�
g_hH?EAEe_IK:�h@:}h@>@F_8uv-W4? AETUJ9C$>��GTn:fD WHFL?EhfC�F4AE^Z>@F9? CU�LC47479F4�97Le4XK? C A$e4�LCE?BF9Y|�$>�v&h�F4>@o;? AET4Y43
¨ %-����0�ª&« �&¬ �8��<�VPu*@TW J^Y*BUuG:=<?>M<?HKu[N
<SBkdL>q<ONhBRQ�@qJL>

m
< ` W=B\HUdL:GXR�{W^YO<SBo< ` J�@TXR<]@pd|N �h� e<S:�g(WOzoXkf?bMfPg

m = f(x, y)u � W=Bx<UHKu[N
<SBR<;VPt?fsg (x, y)
v � :�dGB

x
HU<?B

y
W=XI:=<SBxHU<SBx<UmUY=dGX ` Nyn�Y=dGBx@qW^YO<�zSt�Y*d*m?> e YiJ^Y=WQ�<;Vhu=@qW�J^Y^Bxd

m
< ` W=B\HKdG:GXj�3W^YO<?BhDK:o�yf
BR< < ` J�YGgE: f(x, y)

v
¨ %-����0�ª&« �&¬ � �(t?d�@ d|N �huO>

f(x, y)
H?<?B

g(x, y)
Q�<�VhuGD
dG:oYO<?BxBkfydGFLtS:=<^@qWO>�<�:(m `La N �� d^m?:r<?HKu[N
<SBkdGB p, q, r, s Y^u^Y*diBkdGB
nMfsY=W

f(x, y) = g(px+ qy, rx+ sy)
H?<?B

ps− pr = ±1

��F9>@F_h@i4>@C$t4JL:�g_hH?GiUC$>HDBS@C$R4XGF
∣

∣

∣

∣

p q
r s

∣

∣

∣

∣

= ±1,

V@i_7LF4V@TwC �ED W_F_AEF9Y [

p q
r s

] I`F F_W_T_AE:f? X;hji_W C$J9e9VjF
GL(2,Z).

Q�t4J �;v-W_F 79CE? �$gHWwJL:
hfC$R4YNC$>H? X;JLCLt9Y��$C$Rn^Zou:f?GVj~�X;:f?KC

Gauss

EIKFn^Zo;CLR9J9:¤hfFn:Z°@i4Y
x4b



� ��� ����� � 	�� ��� � � ����
 � ���
� ��� � 	�������� x_r
¨ %-����0�ª&« �&¬ � � XR<1BkfydLFLm?:O<i@TXR<1Q�<1HU<*VUW*X YO<SB�DK:o�yf
BR< BkfydLFLmS:=<^@TXR< e <S: ps − qr = 1 eFogGV?<UFo� d ` XI:=<?HU<?> [

p q
r s

]

∈ SL(2,Z).
� XR<6BkfydLFLmS:=<^@TXR<6Q�<6HU<*VKW=X YO<?B @�g DU:��yfEBj<BkfydLFLmS:=<^@TXR<�<S:

ps− qr = −1.

	 �&0*0�� ��¬ � � XR<1@pd|N �x�
f(x, y)

< ` W=B\HKdG:GXR�{W=BMDK:o�yf
BR<�uG:=<�: <?HKu[N
<SBkd�<ONPBRQS@TJ m e <S:HU<SBh@qJG:id�<�:�g
f(x, y)

W*XI:O<?BCDK:��yfEBR<(BkfydGFLtS:=<^@�g�@qW}YGg�@pd|N �x�
mx2 + bxy + cy2 DEBR<H ao` dGB d^m?>;<?HKu[N
<?B d^m?> b, c v�

` JLFGW*B z?gEv ¯ �*ouC$R4JL:�g_hH? f(x, y) = m
J9:

(p, q) = 1
3-� �$CL>@C$t4JL:|:}�$C$J9^=WHv�Y�W_F <L>@C$t4JL:

r, s ∈ (Z)

Ehj^}h�C$? C$R4Y¤~�Xuh@:

ps− qr = 1
A$FL?uh@g_h@:�IKFn:fD W_F9?

f(px+ry, qx+sy) = f(p, q)x2+(f(p, s)+f(r, q))xy+f(r, s)y2 = mx2+bxy+cy2.��?yFnhfC F_WHh@D Xuh@>@C �GC �LF9>@F_h@i4>@C$t4JL:�g_hH?`i
mx2 + bxy + cy2 F_�$:f? AECHW4DBS@:f?;8EW_T4XK?BFnhfC m�$F9DB>�W_CHWHhfF9Y

(x, y) = (1, 0).snD W_C$R4JL:¤X;hji_WUX;R_W_^Zou:f?BF�hfC_WUC$>H? XGJ9g�hji9Y1VH?BF4AE>@D WHC$R9X;F4Y43
¨ %-����0�ª&« �&¬ § ��BR<?H*N
XI:id^m?fS<�VPdGB ` JL: D Yigy>;@ dlN �x�y>

ax2 + bxy+ cy2 e d|NEXj�3d^mi@qW;YGgE:` dLfsJ^Yig
YO< D = b2 − 4ac
v

��?yF�W_F�V@CLt9J9:��9v�Y�F9R_h@T�i|�$C$X;g_h@i_h�F�^Zou:f?�W_F|AEe_WH:�?@J9:&h@iHW�^=W@W_CE?BF|h@i4Y,? XGCLV@R_WHF9JLDyF4Y�
F4Y*R_�$C9IK^ZXGCLR9J9:&g4h@?_C$?_Vjt9C1hj:}h@>@F_8uv-W4? AE^ZY,J9C$>��G^fY
f(x, y), g(x, y)

^ZouC$RHW|VH?BF_AE>HD W_C$R4X;:fY
D,D′ FHWHhHD X;hfCE? ouFu3����$D XGi4Y f(x, y) = g(px+ qy+ rx+ sy), p, q, r, s ∈ Z

3-z|g4hj:�IKF:fD W_FL?
D = (ps− qr)2D′ 
G:}�$C$J9^}W@v�YNCE?KV@t4CwJLC$>��G^ZY1I`F�^ZouC$R_W�h@? Y DBVH?B:fY1VH?BF4AE>@D WHC$R9X;:ZYJLgHW_CwF_W

ps− qr = ±1

uV@i_7LF4V@T��L>@^}�$:f?$W_Fn:fD W_FL?G? X;C$V@tHW_F9J9:ZY43z|C��$>@g$X;i4JLC�hj~�>@F�h@i4YOVH?BF_AE>HD W_C$R4XGF4YNJL?yF4YOJLCL>��KT4YO:fD WHFL?G�LC479tnX;i9J9F_W@hH? AEg�8K?BFnhjiX;R9J4�$:Z>H? �KC$>jewhji9Y�JLC$> �KT4Y43O6|Ww^ZouC$R9J9:Nh@iwJLC$> �KT

f(x, y) = ax2 + bxy + cy2 
`hjg4hj:? X;C$V@tHW_F4JLF�IKF�^ZouC$R9J9:
4af(x, y) = 4a2x2 + 4abxy + 4acy2 + b2y2 − b2y2 = (2ax+ by)2 − y2(b2 − 4ac)

⇐⇒ 4af(x, y) = (2ax+ by)2 −Dy2.6|W ^ZouC$R9J9:
D > 0


�h@g_h@:ni hj:Zhj>@F_8;v-W_?BA$T JLF4Y�JLC$> �KT F_�$:f? AEC_W_DySj:�? AEF9?�IK:Zh@? AEC$t4YUAEF9?F4>�W_i_hH? AEC$t4Y F4>H? I`J9C$t4Y AEFL?,h@iHW�AEF_7LCLt9J9: F_�$>@C$X;VH?Bg$>H? X;hji�
�:}W@~ F_W
D < 0

h@g_h@: IKF^ZouC$R9J9:NF_�$:f? AEg_W_? XGiUT�JLgHW_CwIK:}hH? A$~-W�
KT�JLgHW_C F4>�W_i_hH? A$~-WUF9>@? I`J4~-W�
K�L>@e48;J9Fnh�CwCL�LCED C:Z°@F4>jh@e_hfFL?_F4�LgOh�CO�L>@g$X;i9J9C�hfC$R
a
3�Q�:*F9R_h@THW�h@iHW1�L:f>@DB�9hZv�XGi¤iOJLC$>��GT1I`F1C_W_CLJLe4S@:}h�F9?IK:Zh@? AEe C$>H? X;JL^=W_i�
�T F9>�WHi4h@?BA$e C$>H? X;JL^=W_i F_WHh@D Xuh�C$? ouF;3��,JL:fD YUIKF F9X;ouC479iHI`C$t4JL:�JLgHW_CJL: h@? Y I`:}h@?BA$e³C$>H? X;JL^=W_:ZY h@:}h@>jF48uv-W4? AE^ZY JLCL>��K^ZY_3£­ V@?yF_AE>HD W_CLR9X;F³^Zo;:f?�F_AEg$J9F³^}WHFX;i9J9F_WHh@? AEg ouF4>@F4ALh@i4>H? XuhH? AEgK3[6 �KC$t ^Zo;CLR9J9:

D = b2 − 4ac ⇐⇒ D = b2mod4

X;R_W_:}�9~�Y¤CnX;RHWHh@:}79:fXuh@T4Y

b
I`F�:fD W_FL?Ee4>jhH? C$Y�F_WOA$FL?$J9g_W_CUF_W

D = 0 mod 4

$TOI`F�:fD WHFL?�$:Z>H? hjh@gLY1FHWUAEF9?GJ9g_WHCwFHW

D = 1 mod 4
3

	 �&0*0�� ��¬ � 7 9$fPY3bcJ^Y^BAu � d^mi@qW D = 0, 1 mod 4
H?<?B

m
uG:O<U> ` W[NhB YiYiJL> <?HKu[N
<SBkdL>DEBR< Y=dL:.d ` dGXkd�Bkf � tSW=B$JiY*B (D,m) = 1

v ��J^Y*W1d
m

Q�<0< ` W*BIHKdG:LXR�3W^Y=<SB�DU:��yfEBj<,< ` J@TXR< ` NKb�Y=<ON � BIHy�.@pd|N �x��FGBR<?H*N
XI:id^m?fS<U> D e <�: H?<?Bq@qJG:id�<�: g D W=XI:O<?B Y=W^Y~N
<GDUb�:GB\HKJm ` J|VPdGB ` d modm
v�

` JLFGW*B z?gEv ��?BF h@iHW C$>�IKT �KC$>je�
&F4Y�R4�LC9IK^fX;C$R4JL:ng_hH?-i f(x, y)
F_�$:f? AECHW4DBS@:f?�8EW_T4XK?BFhfC

m
3�z|g4hj:�
-gL�Lv�Y�8EWHv�>HDBS@C$R4JL:�F_�$g�hfF��L>@C$i_8;C$t9J9:=W_F I`F�:fD W_F9?

f(x, y) = mx2 +
bxy + cy2 
�CL�$g_h@: D = b2 − 4mc

V@i_7LF4V@T
D ≡ b2 mod m

3 ��?BF�hfC FHWHh@D X;hj>@C �GC 




� ��� ����� � 	�� ��� � � ����
 � ���
� ��� � 	�������� x9x
R_�$C9IK^}h�CLR9J9:Ng4h@?

D ≡ b2 mod m
3¤6 �GC$t�C

m
:fD W_F9?K�$:Z>H? h�h@g$Y�
Ghjg4hj:Oh�F

D
AEF9?

b
:fD WHFL?AEF9?KCE?`V@t4C e4>jh@? CE? 
;T�A$FL?KC$?`V@t9C��$:Z>H? hjhfCED/3*¯ ��hjXK? 
KA$FL?KX;t4J �Gv-WHF J9:Nh@iHWn�$>jC$i48;C$t4JL:=W_i�$F4>@F_h@T4>@i4XGi!:fD WHFL?

D ≡ 0, 1 mod 4

�:}�LC$JL^=WHv�Y IKF�:fD W_F9?

D ≡ b2 mod 4m
3 6¤R_h@g�$>jC �KFHWH~�Y�XGi4JLF9D W_:f?$g4h@?E8G?BF AEe4�LCE? C

c
I`F :fD W_FL?

D = b2 − 4mc
3-z|CUCL�$CED C�J9:�hji�X;:f?B>@ehfC$R�
HXGi4JLF9D W_:f?@g4h@?Hi¤J9C$>��KT

mx2+bxy+cy2 J9:,V@?yF_AE>HD W_CLR9X;F D 
@IKF�F4�L:�? AECHW4DBS@:f?�8EW_T4XK?BFhfC
m
3 ��?BF|h@iHW�C_7LCLAL7LT4>jv�X;i�h@i4Y*F_�$g$Vj:�?B°@i4Y-W_F�XGi4JL:f? ~�XGCLR9J9:,g_hH?HCE?HX;R_W@h@:}7L:ZXuh@^ZY,:�D W_F9?�$>�~&h�C$?4J9:ZhfF4°@t|hfC$R9Y�
_F_�$g1hji_W�XuhH? 8;J9T��LC$R¤C$?

m
A$FL?

D
:�D W_F9?_XGou:}hH? AEe��$>j~&hfCE?/3�sUi_7LF4V@T^ZouC$R9J9:�W_F�AEe_WHC$R9J9:¤J9:1�$>�v&h�F4>@o;? AETUJ9C$>��GT;3��>@C9oEv�>@CLt9J9:1hj~�>@F�Xuh@i�VH?BF_h@t_�Lv�X;i�:=W_g$YN�$CL>HD X;JLF_h�CLY�
uhfC C9�$CED C�:fD W_F9?Ke9J9:ZXGCwXGR�	J9�L^Z>@F9X;JLF�h�CLR�79T9J9JLF_h�CLY¤�$CLRnJLg_7$? Y1F_�$C$V@:fDB°@F4JL:H3

� ª&%�� ��0*� ��¬ ��7 9�fsY3b
n ∈ Z

HU<?B
p ` W[NhB YiYiJL> ` NKn�Y*dG> e d}d ` dGXkdL>$FLW$FGBR<SB N
W*XyY*d n v]��J^Y*WQ�<8W*XI:O<?B

(−n/p) = 1 e <S:}HU<SBK@qJG:id]<�:}d p < ` W*BIHKdG:LXR�3W^Y=<SBU< ` J�@TXR< ` NKb�Y=<ON � BIHy��@pd|N �x� eFGBR<?H*N
XI:id^m?fS<U>
D = −4n

v�
` JLFGW*B z?gEv z|Cn�Lg$>H? X;JLF�:�D W_F9?ue9J9:fX;C�X;R9J4�$^Z>@F4XGJ9FUF_�$gnhfCn�$>@CLi48;C$t4JL:=W_CU79T4JLJLF�F��GC$thfC −4n

:�D W_F9?Kh@:}hj>@F48uv-W4? AEgwR_�$g_7LCE? �LC
modp

FHWUA$FL?KJ9g_WHC FHW
(−4n/p) = (−n/p) =

1
3 z|C :Z>j~&hji9J9F �$CLR�IKF J9F9Y�F4�LF9X;ouC479T4XG:f? 
;IKF :fD W_F9?KW_Fw<L>@C$t4JL:O�$>�~&h�CLR9Y�VH?BFL?B>@^}hj:fYh@i4Y,JLC$>��GT9Y

x2+ny2 JL: (x, y) = 1
3���:�hfC1�LF9>jF4�Le_WHv �$g$>H? XGJ9F�
jVj~�XGF4JL:,J$DBF|�$>�~&h@i�F�	�$eHWHhji9X;iNXuh�C�:Z>j~&h@i4JLF1F9R_h@g 
4F��KC$t1IK^}7LCLR9J9:,�L>j~&hfC$R9Y��LC$RO? AEFHW_CL�LCE? C$tHW

(−n/p) = 1

V@i_7LF4V@Tn�L>j~&hfC$R9YN�LC$R�F_�$:f? AEC_W_DySjC_WHhfF9?GF_�$gw�$>jv&hfF4>@o;?BA$^fYOJ9C$>��G^fY VH?BF_AE>HD W_C$R4X;F9Y −4n
3z|CN�$>jg9<L79i4JLF��$CLR��LF9>@CLR9XG?Be9S@:}hfF9?j:fD WHFL?Hg_hH?_^fouC$R4JL:&�LC4747L^ZY�JLCL>��K^ZY�J9:,hji_W�DyV@?yF�VH?BF_AE>HD 	W_C$R4X;F;3-���LC$JL^=WHv�Y¤IKF��L>@C$Xu�$FHI`T4X;C$R9J9:�W_FUF_�$C$Vj:�DB°@CLR9J9:�g_hH?EAEeHI`:�JLCL>��KT�? XGC$VjR_W_F4JL:fDJLFUJ$DBFne_7979i;3��^Zo;>@?&h�~�>@F�JL?B79C$t4XGF4JL:n8;:=W4? AEe�8G?yF�h@:}hj>@F48uv-W4? AE^ZY JLC$>��G^ZY�
,F_7979e�F4�Lg�:ZVj~£AEFL?�$^Z>@FNIKF�F4X;o;C_79i_IKC$t4JL:|JLgHW_CnJ9:|hH? Y|I`:}h@?BA$e�CL>H? X;JL^=W_:ZY�
LCE?ECL�$C$Dy:ZY�^ZouC$R_WNAEFL?E?BVH?BF9D h@:Z>@C:=W_VH?BF��K^Z>@CHWE3��1? CwX;R_8;A$:ZA$>H?BJL^=W_FUF4YNV@CLt9J9:¤hH? YOF_W_i_8;JL^=W_:ZY1J9C$>��G^fY �

reduced forms � 3
¨ %-����0�ª&« �&¬ ± � XR< ` NKb�Y=<ON � BIHy� e Q?W^Y*B\H a d|NPBkfE@quG:�g8Y=W^Y~N
<GDUb�:GB\Hy��@ dlN �x� ax2+bxy+
cy2 e Q�<�H?<^VUW=X YO<SBs<�:�g?D�@TuL:og�<S:

|b| ≤ a < c,
HU<?B

b ≥ 0
�(<^VSVsBknM> |b| = a

�
a = c.� ";�n% �-0�� �&¬ � � a QSW ` Nyb�YO<ON � B\HK� e QSW^Y^B\H a d|NPBkfE@quG:�g&@pd|N �h� e W=XI:=<SB DU:��yfEBj<1B fydLFLt �:=<^@�g(@TW;@TXR<�<�:�g?D�@quG:og�@ dlN �x�Ev

��:}h@e h@iHWUV@?yF_h@t_�Lv�X;i�F9R_hfC$tOh�CLR�IK:Zv�>jT9J9F4hfC$Y�
EJ9�LC$>@C$t4JL:�W_F�AEeHW_C$R4JL:�XGF��KT�VH?BF�	oEv�>H? X;JLg�JL:}hfF4°@t hZv-W :=W@W_CE? ~-Wwh@i4Yn? X;C$V@RHW_F4J$DBF4Y�AEF9?`h@i4YU8EW_T9XG?BF9YU? X;C$V@RHW_F9JLDBF9Y_3 ��?BF�$F4>@e4V@:f? 8;JLF�F9Y�V@C$t4JL:�h@iHW¤�L:Z>HD �LhZv�XGi
3x2±2xy+5y2 gL�LC$R1CE?_V@t4C JLC$>��G^ZY|:�D W_F9?_:�D W_F9?? X;C$V@tHW_F4JL:ZY�
$F4747Le�F��KC$t�:�D W_F9?EAEFL?uCE?;V@t9C�FHW_i_8;JL^=W_:ZY�
Lh�C��L>@C$i_8GCLt9J9:}WHC�I`:}~�>@i4JLFUJLF4Y79^f:f?;g4h@?KV@:=W�:fD W_F9?;8EW_T4XK?BF�? X;C$V@tHW_F4JL:ZY43��&WH~ FHWU^fouC$R4JL:

2x2 ± 2xy + 3y2 
u<97L^}�$CLR9J9:g_hH?9J9g_WHC�i
2x2+2xy+3y2 :fD W_F9?9FHW_i_8GJ9^=W_i�
_F��KCLt a = |b| 3�¯ 6�>@FNCE?4V@t4C�F4R_h@^ZY�JLCL>��K^ZY:fD W_FL?uAEF9?;8EW_T4XK?BF�? X;C$V@tHW_F4JL:ZY_3��>@C9oEv�>@CLt9J9:�h�~�>@F�XG:�J$DBF�h@:}79:fR_hfFLDBF��LF9>@F_h@T4>@i4XGi|i�CL�LCEDBF|IKF�A$7L:fD X;:f?�hfC1�$^Z>@F4X;JLeJLF4Y!X;hji_W�IK:}v�>HDBF hZv-W³hj:Zhj>@F_8;v-W_?BAL~-W JLC$>��;~-WE3 6�Y R_�$C9IK^ZXGCLR9J9: g4h@?�^ZouC$R4JL:�J$DBFFHW_i48;J9^}WHi J9C$>��KT

ax2 + bxy + cy2 JL:wVH?BF_AE>HD W_C$R4XGF D < 0
3Mz|g4hj:�IKF�:fD W_F9?

b2 ≤
a2, a ≤ c


u:}�LC$JL^=WHv�Y
−D = 4ac− b2 ≥ 4a2 − a2 = 3a2 ⇐⇒ a ≤

√

−D/3.



� ��� ����� � 	�� ��� � � ����
 � ���
� ��� � 	�������� x_k
6|W�7LCE? �Lg_W�^ZouC$R4JL: �K?y°je9>@:f? hfC

D
hjg4hj: |b| ≤ a

A$FL? iwXGou^ZXGiw�$C$RwJLg_7L? YOAEF4hfF_7LT4°@F4JL:JLF4Y�79^f:f?4g4h@?L^Zo;CLR9J9:��$:}�$:Z>@F4X;JL^=W_:ZY�:}�E? 79C48;^ZY*8G?BFNhfF
a, b
3����ED X;i9Y�F��GC$t

D = b2−4achfC DBVH? CMIKF ? XGout4:f?,AEF9?*8G?BF�h�C
c
3a¯ ��hjXK?�^ZouC$R4JL: �L:Z�L:Z>@F9X;JL^=W_CM�L79THI`C$Y F_W_i_8;JL^=WHv-WJLCL>��G~-WMJ9: V@C9IK:fD XGFMVH?BF_AE>HD W_C$R4X;F
D
3£Q�t9J��Gv-W_F JL: hfC³I`:}~�>@i4JLFMku352�
�I`FM^ZouC$R4JL:AEF9?G�$:}�L:f>jF9X;JL^=W_C��L79T_IKC$Y1AL7Le4XG:}v-WU8uWHT9XG? v-W�? X;C$V@RHW_F4J$? ~-WE3�6�R_h@gHWnhfC_WnF9>@? I`J9g 
uhfv-WA$79e9X;:}v-W�hZv-W��$>jv&hfF4>@o;?BAL~-W IK:}hH? AEe�C$>@? XGJ9^=WHv-W³J9C$>��G~-W 
¤V@?yF_AE>HD W_CLR9X;F9Y

D
I`F³hfCHWX;R9J_<$C_7$DBS@CLR9J9:�J9:

h(D)
3w¢ CL�$C$D C$Y�XGt4J �;v-W_F JL:�hfC IK:}~�>@i4JLF ku352�
 :fD WHFL? hfC��97LTHIKC$YhZv-W FHW_i48;J9^}W@v-WOJLCL>��G~-WE3*Q�RHW_C � DBS@C_W@h�F4Y�
$J9�LC$>@C$t4JL:,W_F�V@?yF_h@R_�L~�X;C$R4JL:�hfC��$F4>@F4A$e4hZvIK:Z~�>ji9J9F;3� ";�n% �-0�� �&¬ �(7 9$fsY{b J^Y^BPu � d^mi@qW]W ` B VPu{z^W=B D < 0

v � <ONhBRQ�@qJL>
h(D)

Y3b�:�HiV a fyW{b�:BkfydLFLmS:=<^@TXR<U>rY3b�: ` NKb�Y=<ON � BIHSn�: e QSW^Y^BIH a d|NPBkf
@TuL:=bM: @pd|N �En�: e FGBR<UH=N
XI:id^m?f?<?> D e W*XI:O<?B` W ` W[N
<?f
@quG:idL>]HU<SBPBkfydLt?YO<?BE@qW}Y*d ` Vx�yQSdL>�Y3b�:�<S:ogUDo@quG:=b�:�@ dlN �
nM:�FiBj<?H*N
XI:id*m?f?<?> D v
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