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π1(X, x)
XkJYUml�nLVFUFESU
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Galois
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Riemann
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Riemann
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Riemann

vkZw*?[>Yp;\qQ�H�RYK M*ULVIW X;RYK O���RzJYCI�fn
Riemann
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Riemann
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Galois
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Modular

h:j@e@afC
SL2(Z)
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An expert, is a man who has made all the mistakes, which can be made, in a
very narrow field.
Bohr, Niels Henrik David (1885-1962).|}U RPcfN�¡/K X�j@C�jSU�G¥af�I¡/gFM*R�XkJfgLV�HScfUSH@JfGI³�K{CFM*�=j@U�G�RPcdp;C@X�W{C��kH�USG�RPMSH�ULVF�F¡6gFM*R:j@RJTULViM*nIcLK U���RzJYCI��JfX;�	�*�SH�USGiM�CSK�X;GFVLeFVLJdg@X;Cip6K{CiH�cds4Jdg���U�cfe£JTUSG@O}M*CFESGFHSJfK M*U�nIO�³*s�
cfU�GIOI?�|}U HScds4JYU~M*RP�6eFE@CSK U�Jdg@ODH�CIcfU�nIX;C@ODRPcdp;CIX6W{CIO£CFH�UFJfRzE@RYW�j�W{C¥�6GIX�K{M��¤X;GLVFNP³;RYK{CC@GFJf�IOI?�Qt��U�n£¡6GIjSgL¡/U�nIjSR�M�eIHSU*K{CD^SCIX6K M*eiCFH�UFJfRzESNPX;jSCFJYC�CIHS��JfgLV�¡6Rzy8cLW{C�JPy�VDM*CFESG�
HSJLK M�s�V CFH�RYK M*ULVIW X;RPy�V
�/^SE@NzH�U�GIjSRDX;GFVLUSHSJfK{M�e¤JdgFV U�j@e@afC¤JPy�V

deck transformationsj�W{C@O}M*CFE@GIH@JLK M*�IO�CFH�RYK M*�FVFK X�gIO�HSU�GDH�cfU�NPcf³kRzJYCSKICIHS��jSW�C��
even � adcfe@X;gij�W{CIO}U�jSeIafCIO GX�R�CIGIJd�FV��

G

�M*CIE@nIjSjSCFJYC � ?�h:cLW{�fU�GIjSR�JfgLV�� jSRzJYCL^�CFJLK M*� � afcfeIX�giJfgIO�U�j@e@afCIO π1(X, x)X;JYU£X�nLVFUFESU
p−1(x)

M*C@K@X;G@jIH�RPcfC@W VLU�G@j@R��FJLKSg:U�jSeIafC�JPy�V
deck transformations

jSW{C@OM*CIE@GFHSJLK M*�IO4CFH�RYK M*�FVFK X��IO
p : (Y, y)→ (X, x)

RYW VLCSKFK X;��jSUScf�6g�jSR8JfgLV�U�j@e@afC�JPy�V�C@GFJYU�
jSU�cf�6K X;j@s�V£JfgIOtCLVLJfW X;JdcfU���g@OtRTK M*�LVFCIO
p−1(x)

�*^@ESNzHSUFVLJYCIO�JYU
p−1(x)

X;CFV£N�VFCLV£afRP�LK{�
π1(X, x)


 ³*s8cfU�?�l�GLVFafNPU�GIjSRtJdgFV�jSRzJYCL^�CFJLK M*��afcfeIX�g=JPy�V
deck transformations

XkJYU
p−1(x)

jSR:JfgLV=M*CLVFULVIK M*�IJdgIJYC�JYU�G=M�CIE@GIH@JLK M*U�n�³*s8cfU�G�M*C@K/X�GIj@HSRYcdCSW VFU�GIjSR�HSy8OiCLV�gU�jSeIafC�JPy�V
deck transformations

R�VF��ODM*CFESnIjSj@CIJYU�OtafcfC¥jSRzJYCL^�CFJLK M*e=X;R�M*eL¡/R:�6nFE�
ESUmJdg@O£M*CIE@GFHSJLK M*�IODCFH�RYK M*�FVFK X�gIO��6Jf�FJfR£JYUmM*eIE@GIjSjSC¥RYW VFC@K2N�VFC¤M*CFVLUFVIK M*�
G

 M*eFE@G@j@jSCjSRmJfgLV

G
VFC�RYW VFC@K�K X;��jSUScf�6g�j@R~JYU�G@O

deck transformations
? ��RzESRzJfeIjSR¤X;GFVf¡6��
M*RPO£nFH�CIcf�fgIO�M*CL¡/UFESK{M�U�n�M*CFESnIjSj@CIJYU�OtM*CSK��IE@C�C@GFJfe=p�K{C=VFC=^�cdU�n@j@R:JfgLV�CLVLJfK X;JYU*K ³�W{CH�U�G£GIHSe@cd³;RYKSj@RzJTCI�fnDJPy�V£GIHSU�U�j@e@ady�V:JfgIO�¡/RPjSRzESK s8afU�GIO�USjSeIafC@O�R�VF��O�³*s8cfU�GiM*C@K*JPy�VM*CIE@GIjSjSeFJPy�V�JTUSGD³ks8cdU�GiC@GFJYU�n��F�@HSy8O}RzH*W X;gIO�M*C@K@JPy�VDR�VFaLK{eIjSRPX;y�V:M*CFESGFHSJfK{MSs�V�CIHSRTK 
M*UFVFW X�Rzy�V�H�U�G��F�fUSGFV��£jSRzJYC@�fn�RzVL��OD³*s8cfU�G=M*C@K;JYU�G�M�CF¡6UIESK M*U�niM*CFESnIjSj@CIJd��OtJYU�G	�kjSRJLK OtGIHSU�U�jSeIafRPO}JfgIO

G
p�K{C�N�VFC

G

 M*eFE@G@j@jSCk?4�=K{CFJfGFHSs�VFU�GIjSR�JYU�¡6Rzs8cfg@j@C >I? ´;>�M*CF¡�s8OM*CSK/JYU ¡6RPjSRzE�K s8afRPO�¡6RPs8cdg@j@C¤Jdg@OD¡/Rzy8cLW{CIO

Galois
j@RDJfgLV¥N�VFC¤HScfU�O£N�VFC CLVLJfK X;JYU*K ³�W{CJYy�V=R�VFaLK{e@j@RPX;y�V�X;y8j@eIJPy�V=j�W{C@O

Galois
RzH�NzM�JYC@X;gIOtM*C@K;JPy�V�GIHSU�U�jSeIady�V�JfgIO�U�j@e@afCIO

Galois
�*p�K{C�JYULV=eIjSRPX;U¤X;GIX�³kRzJLK X;jS�¥CIGIJTs�V£JYy�V�afnIU6?

l(JTU afRPnIJdRPcfU¤M�RY��eIE@C@K U=¡/C�afUSn@j@R�HSy8OiN�VFC�CIEIp;R�^�cLK M*�¥CLVLJLK M*RYW{jSR�VFU��6�SH@y8ODU*K/CFE�
p�R�^ScLK M*NPO~M*CIj@HSnIE@RPO jIH�U�cfRYW�VFC JYU,afU�nIjSR X�CLV-NzVLC M*CL¡/CIcfe CLVFCFESGFJLK M*� CFVLJfK M*RYW�j@R�VFU�SHSy8O�RYW VFC@K�U*KkRzH*K{�6eLVFRYK{RPO
Riemann

?8��R�JTC�RPcdp;CIE@RYW�CiJfgIO�CLVFeFESGIX�gIO�M*RPcfaLW{�fU�GIjSR�JfgLVJTU@H*K M*��¡/NPCIX�g¥JYU�G~CLVLJLK M*RYK{jSN�VFUSG¤R�VLs®jSRiJfgLV¤eFE@p;R�^�cdC¥JdgFV¥M�CF¡6UIESK M*���&jIH�U�cdU�n@j@R�VFCafU�GFESN��6USG@j@R�HSeFVfy¬CFH���afK�eI�6UScfC�Xks8jSCFJYC � ?8��RzJfe£CIHS��j�W{CiVLn@�fg�X;JfK O:CLVFCFESGFJLK M*NPO�X;G�
VFC@cTJf�IX�RYK O�CIHS��JfgLV£j�K p�CIaLK M*�iCLVFeIE@GIX�g	�I^@E@NPHSU�GIjSR�JdgFV£jSK p;C@aLK M*�iafUSjS��JPy�V£X;G@jIH�CFpks�VRPH�K{�6CLVFRYK{s�V
Riemann

�;U�cfW��dU�G@j@R:CFH�RYK M*ULVIW X;RTK O:jSRzJYCI�fn=CIGIJTs�V�M�CSK6X;GIj@H�RPcfC@W VFU�GIjSR��IJfKM*eF¡6R~JdNPJYU*K{C-CFVFCFE@GIJfK{M��-CFH�RYK M*�LVIK X;g j@HSU�cfRYW8VLC�RPHSRzM�JYCF¡6RYW¶X;RmN�VFC JYUSHSUIE@UIp�K M*� M�e�
ESGIjSj@C��fH�RzJTs�VLJYC@O��£M*eFH�U*K{C=HSRPHSRPcfC@X;jSN�VFC�X;gIjSRYW{C��&X;g@j@RYW�C¥aLK{CFM�E@e@ady8X;gIO � M*CL¡�s8OiM�CSKJfgLV©RYK M*�FVLC©C@GFJds�V~jSNPXky JfgIO�CFVLCIE@GIJfK M*�@O�CIHSRYK{M��FVIK X�gIOI?¤�©H�UScfRYW���j@y8O�VLC�p�W VFRYK�M*C@KJTU¤CLVLJLW XkJfcdU��6U6?8Q�H��¥jSW�C�M*CIE@GFHSJLK M*�£CFH�RYK M*�FVFK X�g�j@HSU�cfRYWkVFC�H�cfUSM�n���RTK;j�W{C=CLVFCFESGFJLK M*�CIHSRTK M*�LVIK X;gmRzH*K{��CFVFRYK s�V
Riemann

�7H�U�G©RzH*K JfcfNzH�RzJYC@K$VFC©NP³kRYK�X�gIjSRYW{C©aLK{CIMSESeIady8X;g@O � ?
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²�K{C�JYUFV ES�Fp;U CIGIJd�¬jSW�C,JfNzJYU*K{C�CFH�RYK M*�FVFK X�g JdgFV�UFVFUSjSeI�fU�GIjSRmCLVFCFESGFJLK M*�,M*eFESGIjSj@C�&� aLK{CIMSESCIaLK{�f��j@RzVLU � ?£��RzJfe U�afgFp�USn@j@C@XkJfRiXkJTU©HS��cLK X;jSC wk? ±��	�$�SHSU�G¤M�eF¡6R�CLVFeFpky4p�UH�UFESGFs�VFGIjSU
F
afnIU©jSRzJYCL^SE@gIJTs�V¥XkJTULV

C
RzH�eFp�RYK j�W{C¥M*CFESGFHSJfK{M��¤CFH�RYK M*�LVIK X;g��6CIHS�mJYUCIEIp;R�^�cLK M*�¤X;nFVFUFE@UmjSgIafR�VIK X;jSU�n¥JYU�G	�/XkJTU
C
CI�6C@K{cds�VLJYCIO�N�VFC¥H�RzH�RPcfCIX;jSN�VFU~X;nLVFUIE@U6?²$Vfy8cLW{�fUFVfJTCIO£�IJfK$M*CFE@GIH@JLK M*NPO�CFH�RYK M*UFVFW X�RYK ODRzHSeIp;U�GLV�CLVFCFESGFJLK M*NPO�M*C@K

proper
X;GFVLC@c 
Jf�IX�RYK O¤jSRzJYCI�fn

Riemann
RzH�K���CFVLRTK s�V��

f : X → Y
M*C@K�H�C@W{cTVFULVLJYC@O¥JYU

Y
X;CFV�JYU

P1(C)
�k¡6C�U�afgFp;gF¡6U�nIjSR�X�R:j�W{C

f ∈M(X)
�;jSR

X
VFC�RYW VLCSK;j�W{C=X;G@jIH�CFp��IO:RzH�K���eFVLRTK{C

Riemann
JfgIO�CFE@p;R�^�cfK{M��@O}M*CIj@HSnIE@g@O

C
��JYU�G�HSUIE@GFy�VFn@j@U�G

F
?8|}NPE@U�OtjSNPX;y¬j�W{CIO�C�
VFCI�6U�cfeIO�XkJLK O�GIHSRPcT^�CFJLK M*NPO8RzH�RzM�Jde@X;RYK O8^@E@NPHSU�GIjSR8�IJfK@U:^SCF¡6jS�SO�GIHSRPcT^�CFJLK M*�FJfgFJYC@O�JYU�GX;s8j@CIJYU�O�JPy�VijSRPcf�SjSU�cf�;y�V�X�GLVFCIcdJf�IX�Rzy�ViRzH�WSJTUSG

C
K X;U�nFJYCSKSj@R}JfgLV£jSULVFe@adC��SafgIE@CIaf�M*eL¡/R�X;GIj@H�CFp;�@O�M�CSKSX;GLVFRzM�JLK M*��RzH�K���eFVLRTK{C

Riemann
RYW VFCSK�gDRzH�K���eFVLRTK{C

Riemann
jSW�CIOCIEIp;R�^�cLK M*�IO�M*C@jIH�nFESgIOF?��RzJfe=CFH���CIGIJde��SJTU�HScds4JYU¥M�RY��eIE@C@K U�M*C@K;U�K�RzH*K{�6eLVFRYK{RPO

Riemann
RYW VFCSKkafnIU¥CFVFR 
�feIcdJfgFJfRPOiM*CSK CIGIJd�FVLU�jSRPO£jSCL¡/gIjSCFJLK M*NPOiUFVfJf�FJfgFJfRPOI?i|}USGIE@e@³;K XkJYUFV=C@GFJf�¤�FJTCLV¥g¤aLK M*�jSU�G�eIHSU
�6gk?¶l(JfgLV�C@cd³;� ?T?Y?��E@NzH�U�GIjSR�JdgFV£X;G@X;³kNzJLK X;g£Jdg@O�U�j@e@afCIO�JYy�V

deck transformations
R�VF�SOtCLVFCFESGFJLK 
M*U�n¤M*CIE@nIjSjSCFJYU�O � HSU�GmRzH�eFp;RPJYC@K CIHS�©NzVLC JYUSH�UFE@UIp�K M*�~M*eFE@G@j@jSC¥M*CSK2CFVfJLK XkJfcf�S��y8O � �jSR�JdgFV~U�j@e@afC

Galois
JfgIO�RzH�NzM�JYCIX�gIO�JPy�V~CFVLJfW XkJTU�K ³*y�Vmj@RYcd��jSU�cd��y�V©Xky8jSeFJPy�V~M�CSKH�CIcfU�GIX6K{eI�fU�GIjSR}jSW�C�RP�6CIcfjSUFp;��CIGIJd�@O�JfgIO:X;G@³kNzJLK X�gIOtXkJYU¥CFVLJfW XkJfcfU���U=H�cf�I^SE@g@j@C£Jdg@O¡/Rzy8cLW{CIO

Galois
?��8H*W X;gIO�M*eF¡6R�RzH*K{��eFVFRYK{C

Riemann
j@HSU�cfRYW;VFC�JYCI�LK VFU�jSgL¡6RTW�jSRt^Se@X;gJYUFV�M*CF¡6UFE�K M*�¥M*CFESGFHSJfK{M��¥Jdg@Oi³*s8cfU��:h�K6H�K ¡/CLVFU*W�M�CF¡6UIESK M*U*WkM*CIE@GFHSJLK M*U�W�³*s8cfU*K �/X;CLVCIH@ESe¤X;GFVFRzM�JfK M*NPO�RzH*K{��eFVFRYK{RPO�RYW VFC@K2j@�FVLU�JdcfRYK O��

unifornization
¡6RPs8cdg@j@C p�K{C~RzH*K{�6e�
VFRYK{RYO

Riemann � ?�² VLy8cLW{�fULVLJYCIO£JYU�GIO�CIGFJTUSjSU�cf�6K X;jSU�nIO�JPy�V¥M*CF¡6UFE�K M�s�V�M*CIE@GFHSJLK M�s�V³*s8cdy�V�jIH�U�cfUSn@j@R�VFC�^@p;eIE@U�GIjSR�X;G@jIH�NPcfCIX�j@C�p�K�C�JfgLV�RzH�K���eFVLRTK{C�jSCIOI?u�RYcYVFe@j@R:NzJfX�KkX;JYU�JfcLW JTU=M�RY��eIE@C@K U��SHSU�GD¡/C=CIX;³;UFE@gF¡6U�nIjSR}jSR�JLK O
Fuchsian

U�j@e�
afRPO�H�cds4JYU�G:RTW{afUSG@OF?��(W VFC@KSaLK{CIM�cLK JfNPO(GIHSU�U�jSeIafRPO�Jdg@O
SL2(R)

�@HSU�G��FJYCFV:afcfeIX�USGFV:X;JYUH�eLVLy CLVFU*K M�Jd��j�K p;CIaLK M*��g@jSK�RzH�W{HSRPafU
H∗ � HSU�G~JYU�GmNP³kU�GIjSR�HScfU�X*¡/NPX;RYK!JYC

cusps
Jdg@OU�jSeIafCIO � �FJf�FJfR�Ui³*s8cfU�O}HSgIESW M*U�H�U�GtH�cfUSM�nIH@JfRYKIRYW VFC@K@X;G@jIH�CFp;�@OF?�Q�GFJf�ijSCIO}U�afgFp;RTWIX�RX�GIj@HSCIp;RYW O�RzH�K���eFVLRTK{RPO

Riemann
?�Qtcf³;K M*e�^@ESNzH�USG@j@R¶JfK O}JTU@H�UFESUFp�K{M�NYO(U�jSeIafRPO}M*C@KSX�G�
VFRP³kRTW O}afcfeIX�RYK O�j�W{CIO�JYUSH�UFESUFp�K M*�@O(U�jSeIafCIO�H�eLVLy�X;R}N�VFCFV:JYUSH�UFESUFp�K M*�D³*s8cfU6?(h:cLW{�fU�G�
jSR � JYUSHSUIE@UIp�K M*U�nIO � ³*s8cfUSG@O�HSgIESW M*C¥H�U�G¤H�cfU�NPcf³kULVLJYCSK$CFH��©afcfeIX;RTK O�GFH�U�U�j@e@aTy�V¥JfgIOJYUSH�UFESUFp�K M*�@O�U�jSeIafCIO � X;G@jIH�CFp�RYW O��@aLK{CIM*cfK JfNPO � ?�ADeFVFUSG@j@R�JTCI�LK VF��j@g@X;gDJPy�Vip�cdC@j@j�K M�s�VM�E@C@X;jSCFJLK M�s�V-jSRzJYCIX�³kgIjSCFJLK X;j@s�V � M�CSK(JPy�V H*K VFeFM�y�V HSU�G CIGIJYU*W¶CFVLJfK H�cfU�Xky4H�RPnIU�GLV �X�R�GIHSRYcY^�UFE�K M*USn@O��/H�CIcfCL^�UFESK{M�U�n@OiM*C@K!RzEIESRYK HSJfK{M�U�n@OiM*C@K!j@RPE@RzJfeIjSR£JTC~X;JYCL¡/RPcfemJYU�GIOX�gIjSRYW{CiJTC�USH�U�W�C �fM�E@g@cfULVFU�j@U�nLV��:JTU��LVFU�j@C�JYU�G�jSRzJYC@X;³kg@j@CIJfK X�j@U�nDH�U�GiJYC�XkJYCF¡6RPcfU�
H�U*K{RYW ?�|}C�H�CIcfCL^�UFE�K M*e}JYC:ULVFU�j@e@�dU�G@j@R

cusps
M�CSKIRPH�K M*R�VLJfcds�VLU�G@j@R4JTUiR�VFaLK{CI�6NPcfULVtjSCIOX�R�aLK{CFM*cLK JdNYO�GFH�U�USjSeIafRPO�Jdg@O

SL2(R)
M�CSKkK{aLK{CSW JfRPcfCiX;JdgFV

Γ(1) = SL2(Z)
?(h:cLW{�fU�GIjSRj�W{CDJYUSH�UFESUFp�W{C�X;JYULV

H∗ = H∪{cusps} Jdg@O Γ(1)
M*C@K�jSRzESRzJde@j@R�JTU�H�gFE�W M*U

H∗/Γ(1)
�H�U�G�RYW VFCSKFg�X�GIj@HSCIp;NPOI?2�(W{jSCIX;JdR¶H�K�C�X;R8¡6NPX�g�VFCtJYU�Gtads8X�USG@j@R¶JdgFV�jSK p;C@aLK M*��afUSjS�tHSU�G¡/C�JYUDM*eLVFRYK@jSW�C:X�GIj@HSCIp;��RzH*K{��eFVFRYK{C

Riemann
M*C@K@X;GLVFRzHSs8O}j�W{C�CFEIp�R�^ScLK M*��M*C@jIH�nFESgk?��NYX;C=CFH���JfgLV

modular
U�jSeIafC�p*VLy8cfW��dU�G@j@R:JfgLV£¡/RPjSRzESK s8afg�H�RPcLK U@³k��Jdg@O��kCFH��¥�SH�USGj@HSU�cfU�nIjSR}VFC=NP³kU�GIjSR�j�W{C�M*CFES�£p;RPy8j@RzJfcLK M*�i¡/NPCIX�g�Jdg@O

modular
M*CIj@HSnIE@g@O

X(1)
� gUSH�U�W�C RYW VLCSK$gmCFE@p;R�^�cfK{M��¥M�C@jIH�nFESg¥JfgIO�H�CIcfCFH�eLVLy

Riemann
RzH*K{�6eLVFRYK{C@O � ?£u�RPcTVFeIjSRX;JfK O

modular
M*CSK

weakly modular
X;GLVFC@cTJf�IX�RYK O���H�USG£¡6C�jSCIOt^SU�gL¡/�IX�USGFV�VLC�afU�nIjSR�IJfK�g

j

:CFVFCFEIESU*W y4JYU�O�X�GLVFeIcdJfgIX�g©RYW VFC@K�j�W{C

modular
X;GFVFeIcdJdg@X;gmH�U�G©RzHSeIp;RYK!N�VFCLV�&CLVFCFESGFJLK M*� � K X;U�jSUScf�/K X;jS�©JYU�G X(1)

jSR£JTU
P1(C)

?¥ADCIJYCFES�Fp;U�GIjSRiX;JYU
uniforniza-

tion
¡6Rzs8cfg@j@C�p�K{C�RzEIESRYK HSJfK M*NPO�M*C@jIH�nFESRPO��Sj@R�JYU�USHSU*W U�j@H�UScfU�nIjSR�VFC�JYCIGIJfW X;U�G@j@R�JYUFV³*s8cfU�JPy�V~M�ESeIX;RPy�V~K X;U�afGLVFCIj�W{CIO�JPy�VmRzEIESRYK HSJfK{MSs�V¥M*C@jIH�nFE@y�V �&K X;U�afnLVFC@j@RPO�M*CIj@H�n�
ESRPO�CLVLJLK X;JYU*K ³kU�nLV X�R=M�C@jIH�nFESRPO=j@R=JfgLV©W{aLK{C

j

tCFVLCIEIESU�W{y4JYU���X�R�USjS�@¡6RzJTC

latticesjSNPXky®Jdg@O
℘
X;GLVFe@cTJfgIX�gIO � jSR£JTULV H/SL2(Z)

?�|}NzE@U�O�X;GIj@H�RPcfC@W VFU�GIjSRi�FJLK!adRzV RYW VFC@K
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afGFVLCIJd�FViVFC=GFH�eIcf³kRYK;X;GIj@H�CFp;USH�U�W g@X;gDJTUSG�³*s8cfU�G=JPy�V�RzE@E@RYK{H@JLK M�s�VDM�C@jIH�nFE@y�V£³*y8cLW OVFC�X�GIj@HSRPcLK ESeL^�USG@j@R}X�R�CIGFJf�LV�jSW{C�K{aLK{��jSU�cd�6g�M*C@K�X;GLVFRzHSs8O�j@g=RzE@E@RYK{H@JLK M*�iM*CIj@H�nFE@g;?
� �4VFCijSRzp;eIE@U�RPGI³kC@cLK X;JTs�X;JYU�GIO}M*GIcLW U�GIO��:?@��RPJYCI��JdX��DM*C@KSQi?��©H�RzE@gIp�K{eFVdVFg;?�x:C�F¡6RzESC�JfNzESUSO VFC RPGI³;CIcLK XkJf�IXky JYULV ade@XkM*CFES��j@U�G Q�cLK XkJfRYW{afg	��H�USG XkJfeL¡/gFM*R HSeFVfJTCaLW HSE@CDjSU�GiX;R}C@GFJfNPO�JfK O�afg@jSK U�GIcdp�K M*NPO�M*C@K@H�CIcfeFE@E@gIE@C�afn@XkM*UFESRPO}XkJLK p;j@NYO�HSU�G�H�NPcfCIX;CM*CIJdeDJfgLViX�GFpkp;cfC@���;?�|}U=jSRPcfeFMkKSM*C@K�giCIp;eFH�gDp�K{CiJdgFV�afU�GFESRYK{e�JYU�G�¡/C£jSUSG£CI�6�IX;U�GFVJLK O�M*CFE@nIJdRYcdRYO�CLVFC@jFVF�IX�RYK O��*R�VLJfGFHSs8X;RYK OF?

lt? ADCIcfCLVIK M*UIE@�SHSU�GIE@U�O�� l�eIjSU�Ow � �@µk?
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Galois

l(Jf�I³;USODjSCIODRTW VFC@KkVLC���JfeIX;U�G@j@R:XkJfgLV=X;GIX�³kNzJLK X;g=JPy�V�M�CIE@GIH@JLK M�s�V£CFH�RYK M*ULVIW X;RPy�V�j@RJTU�¡6RYj@RzE�K s8afRPOt¡6Rzs8cfg@j@C�JfgIOt¡6Rzy8cLW{C@O
Galois

?l(JTU�H�cTs4JTU�jSNPcfUSO�¡6C©afU�nIjSR£M*eFH�U*K{C ^SC@X�K M*e~X;gIjSRYW{CmJfgIO�¡/Rzy8cLW{CIO=JYy�V M*CFESGFHSJfK M�s�VCIHSRTK M*ULVIW X;Rzy�V*?¶l�CLVi^�eIX�g�NY³kU�GIjSR�H�eIcfRYK;JdgFV�RPcdp;CIX6W{C�JYU�G$# w&% ?l(JTU�afRPnIJdRPcfU�j@NPcfU�O�JYU�G�H�CIcf�LVLJYU�O�M*RP�6CFE@CSW USG�¡6C£adU�n@j@R�X;GFVFU@HSJLK M*e	�FM*eFH�U*K{C�XkJYU*K ³kRYW�CCIHS��JdgFV¤¡/Rzy8cLW{C
Galois

�2p6K{C~VFC©�;JfeIX�USG@j@R�XkJTU�¡/RPj@RPESK s8afRPO�¡6RPs8cdg@j@CmJfgIO�¡/Rzy8cLW{CIO
Galois

? � �8H�RYK JYC ¡6C�RzH�K ³kRTK{cf�IX;U�G@j@R£VFC©CLVFCIafRYW{�fU�GIjSR�JYU�GIO�afRPX�j@U�nIO�CFVFeIjSRPX;C©X;JYU�GIOafn@U¤CIGIJYU�nIOtj@CF¡6gIjSCFJLK M*U�nIOtM�E@eIafU�GIOI?
')(*' +-,/./021436587:9<;>=?1A@B587:C6DFEHG:@B5I;

� htH�U�G�afR�V�CFVFCI�6NPcfULVLJYC@KdX�GFpkM*RzM*cLK{jSN�VFC}XkJYU*K ³kRYW{C�p6K{C�JYU�GIO4³*s8cfU�GIO¶HSU�G�¡/C}HScfCIp;j@CIJdRYG�
JTUSn@j@R�X�R:C@GFJf��JYU¤M�RY��eIE@C@K U �S¡6C�GIHSU@¡6NPJYU�GIjSR��FJLK6RYW VFC@K6afcfU�j@U�X;GFVFRzM�JfK M*U*W;M�CSKkJTU@H*K M*eafcfU�j@U�X�GLVFRzM�JfK{M�U*W ?8x:CDCIcf³;W X�USG@j@R�GIHSR�Vf¡/GIj�W{�fULVLJYCIO�N�VFC�¡/Rzs8cfgIjSCiCFH��iJLK O�M*CFE@GIH@JLK M*NPOCIHSRTK M*ULVIW X;RYK O���M*CL¡6s8O:M�CSK;NzVLC=e@j@RPX�U�H��ScLK X;jSC=CIGIJYU�n:J �
9-.�­=<LK ¨ � �NM �<M2OQP p : (Y, y0)→ (X, x0) R*S P*TVUXWYT[Z
\X]_^`UaWcbdT_] R UaWXe&PfU gihjWYTkUYl Y m PnTYop8q l[rNlfgL\kP R WX^`UsWYefout�v q lfonw!^xe`^ R \X]fy q t R Uzr<U{T R ] S T_] R UsWXe&P&U|gzh

φ : π1(X, x0)→ p−1(x0).

OQP:l
Y R*S P*TVUiT_]}Zzy:gL\kP R WX^`UsWYefod^xe`^ R h φ R*S P*TVU�~&��~jWYTkU R ] S��

��R
p∗
R�VfVFU�U�nIjSR¶JYUFV�RPHSCIp;��j@R�VFUX���SCFH��DJdgFV:M*CIE@GFHSJLK M*��CFH�RYK M*�FVFK X�g:U�jSU�j@U�cf�6K X�j@�6?

«��4<���� ¨ � �<M���M �
i �|� p∗ : π1(Y, y0)→ π1(X, x0) R*S P*TVU m PnTYoArNl&Pxl*r�l q�� U|g�r!efo ��

ii ��� ]fy q t R Uzr S T�~f�8~�WYTVU R ] S T�] R UsWYefP&U|gzh
Φ : π1(X, x0)/H → p−1(x0)

e_]�l`\
H = p∗(π1

(

Y, y0)
) WYTVU

π1(X, x0)/H
p h&Z�v�P R UN^&h�gL\[ZkZil��
b p Rn� U|v�P�gL\��r�]nZiefWV��P�^*l`\

H
gi^xh�P

π1(X, x0).�I��� ���}� �!�n�`�`�}�8  ¡}�8� �B�*¢n�}£c¤�¥[¦[§¨�`�6© ª}«c¬��¨¦`  �}�I�B­*­�®x�[�V­*¯��}¤n�}  ¬f�8�x� °f�&±²}³ ¦[§¨�`�6© ª}«c�`´n� ¬�µ`¶/­&± ·)¬��¨¦`  �¸�4¹�º&±
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Q�H��¥JTU�HScds4JYU�¡6Rzs8cfgIjSC¥K X;U�jSUScf�/K X;j@s�V�H�cdUSM*nFHSJfRYKkRPnIM*UFE@C��FJLK �
π1(Y, y0)/Kerp∗ ∼= Imp∗

M�CSK eIcfC
π1(Y, y0) ∼= p∗(π1

(

Y, y0)
)

= H.
Q}V¤g

H
RTW VFC@KM*CLVFUFVFK{M��:GFH�U�U�j@e@adC�Jdg@O

π1(X, x0)
Jf�FJfR(g

p
ULVFU�j@e@�fRzJYC@KFM*CLVFULVIK M*�:�

Galois
M*CFESGFHSJfK 
M*�¤CIHSRTK M*�LVIK X;g=M*C@K Um³*s8cfU�O

Y
M*CLVFULVIK M*��O£�

Galois
M*CFE@GIH@JLK M*��OD³*s8cfU�OF?Du�cfNzH�RYK6VFCH�CIcfCFJfgIcf�@X;U�GIjSRi�FJLK$gmX�GLVf¡6�IM�g JfgIO�M*CLVFULVIK M*�FJfgFJTCIO£RzVL��O�M*CFESGFHSJfK M*U�n¥³*s8cfU�G	�!RYW VFC@KCFVLRY�de@cdJdgIJdg¥CIHS�~JfgLV¤RzH*K ESUFp;��JTUSG

y ∈ p−1(x0)
?iQ�GIJYU*W U*K$³*s8cfU*K �/¡/C jSCIO�CFH�CIX;³;U�
ES�IX;U�GFV�K{aLK{C@W JfRPcfC£H�CIcfCFM*eIJPy}?

� � ¨�¨ � �<M ¦�� � � ¨(¨ � �!1��4<��:�=�uK�)�ª/<<� ¨ ��1�� M�  gz^}�
p : Y → X

WYT[Z�\X]V^[UsWcb�T�] R UaWXe&PfU|gzhkwLr R p(y0) = x0 �"! y$# R p8q e*rNlfo f : I →
X
r R T q t/b�^*l:gzhXr R*S l x0 m t R U�rNlfPnT p UsWcb$TVPfe q #f��gzh f̃ gi^*l&P Y w�r R T q t/b�^*lQgzhcr R[S l

y0 � %
_ jSULVFCIaLK M*�IJdgIJYC¤JTUSGmCFVLU�cT¡�y8jSN�VFU�G©afcd��jSU�G	�!RTW VFC@K!jSW{C©X�GLVFNzH�RYK{C JYU�G~HSC@cdCIM*eFJPyp;RzVFK{M�RYGIjSN�VFUSG

lifting
ES�IjSj@CIJYU�O �

� � ¨�¨ � �<M ¯ M �  gi^¸�
p : Y → X

WYT[Z
\X]_^`UaWcb T_] R UsWXe&P&U|gzh$WYTkU Z gL\kP R Wc^[UsWXe&o�^*l_]�lIZLl`���UsWYefo)t�v q lfo � �  gz^}� R ] S gihco f̃1, f̃2 : Z → Y
gL\VP R t R[S o T�] R UaWXl&P S g R U|oj^ m ^*l&U R oAv�gz^ R'&

p ◦ f̃1 = p ◦ f̃2 � O:P f̃1(z) = f̃2(z)
��U{T m P*T�gzhXr R*S l z ∈ Z w�^`ex^ R f̃1 = f̃2 �

O�]_e p R U � h & QtcTM*RYW�VFC¥afRYW��dU�G@j@RD�IJfK6JYU~X;nFVFUFE@U XkJYU Z �;p�K�C�JYU~U@H�U*W U¤U*K/CFH�RYK M*ULVIW 
X�RYK ODX;GIjS��y�VLU�nFV=RYW VLCSK/CLVFU*K M�Jd�¥M�CSK�JYU X�GIj@H@ES�Icdy8jSe�JTUSG���X;JYU¤USH�U�W U U�K6CIHSRYK{M�UFVIW X�RYK OaLK{C@�;y�VFU�nLViRYW VFCSK*RzH*W X�gIO�CFVFU�K{MSJf�6?���R�CIGIJd�FVDJYULVDJfcd�SH�U�JYU=X;nLVFUIE@U=�SHSU�G�¡/C£X;G@j@��y�
VFU�nLV �/¡6C~RYW VFCSK/JYU
∅
�7H�cfeFp;jSC~eFJYUSH�U~CIHS�~JfgLV¥GFH��@¡6RPX�g � �¤UIE@�SM�E@gIcfU JYU Z ? � �¶X;JPy

w ∈ {z ∈ Z : f̃1(z) = f̃2(z)}
?��8H*K E@NPpky

N ⊂ X
�6CFVFU�K{MSJf��p;RTK JTULVIK{e�JYU�G

p ◦ f̃i(w)
�jSR

i = 1, 2
g�USHSU*W{C=RYW VFCSK�U�jSCFESe=M�CIE@G@j@jSN�VFg�CIHS�¤JdgFV

p
?�utC@W{cTVLy

p−1(N)
VFC¥RYW VLCSK6g�fN�VFg�N�VLy8X;g�CLVFU*K M�Jds�V

Na
JfNzJYU*K{C�s8XkJfRtp�K{C�M�eF¡6R

a
g
p|Na : Na → N

VLC�RYW VFCSK;N�VFC@OU�jSU�K U�jSUScf�/K X;jS�SOI?tQ�HS�~JfgLV¥X;GFVLNY³kRYK{C�JYy�V�X�GLVFCIcdJf�IX�Rzy�V
f̃1, f̃2

�6¡6C¤HScfNzH�RYK/g RYK M*�LVFCR�VF��O�X;GFVFRzM�JfK M*U�n©X;GFVF�FE@U�G VFC©RYW VFC@K�X�GLVFRzM�JfK{M��-X;nFVLUIE@U�M�CSK2X�GLVFRzHSs8O=¡6CmH�cfNzH�RYK2VLCCIHSRYK{M�UFVIW{�fUSGFV�j�W{C�p;RYK JYUFVIK{e
V
JYU�G

w
X;JYU~W�afK U

Na
?}ADCL¡6s8Oi��jIy8O

p ◦ f̃1 = p ◦ f̃2
��U*K

f̃1,
M�CSK

f̃2
�F¡6C:HScfNzH�RYKLVLC:X;G@j@��y�VFU�nLVtX;JYU

V
? � �8JfX�KIp�K{CtJdG@³kC@W U

w ∈ {f̃1(z) = f̃2(z)}GIHSe@cd³;RYK�CLVFU*K M�Jd�mp;RTK JTULVIK{emJYU�G
V
��jSR

V ⊂ {z ∈ Z : f̃1(z) = f̃2(z)}
M�CSK�NzJfX�K�JYU

{z ∈ Z : f̃1(z) = f̃2(z)}
RYW VLCSK;NzVLC=CFVLU*K M�Jf�¥X;nFVFUFE@U6?

� h:jSU�K�C¤CLV JYU
w ∈ {z ∈ Z : f̃1(z) 6= f̃2(z)}

�$U*K
f̃i
¡6C HScfNzH�RYK6VFC~CFH�RYK M*ULVIW{�fU�GLV¥j�W{CCFVLU*K M�Jf�Dp;RYK JYUFVIW{C�JYU�G	�

V
X�R�aLK{CI�6U�cdRPJfK M*eDM*CSK�X;GLVFRzHSs8O��fN�VFC

Na
? � �8JdX6KS¡6C£HScfNzH�RYK@VFCaLK{C@�;y�VFU�nLV�X;JYU

V
M*C@K�eIcfC�JYU {z ∈ Z : f̃1(z) 6= f̃2(z)}

RYW VFC@K�CLVFU*K M�Jd�6?
♦

9-.�­�<�K ¨ � �<M ° M �  gi^¸�
p : (Y, y) → (X, x)

P*T R*S P*TVU/WYT[Z
\X]_^`UaWcb T_] R UsWXe&P&U|gzh r R
p(y) = x

WkTkU
f, g

p8q e[rNl&UNgi^*l&P
X
r R T q t/b ^*l x WYTVUN^ m ZLl&o:^*l x1 � Ojo�\X]_l(# m gcl`\xr RR ] S gzhcoQe`^`U f̃ , g̃ l&U!TVP�^ S gi^*l&U t R o:TVPxl q #�v�g R U|o�^*l`\konw/l&U�l_]_l S l&U R*S P*TVU p8q e[rNl&UBgz^*lfP Y r RT q t/b�^*l

y � OQP f 'p g
w�^xe`^ R l&U f̃ , g̃ m t)l`\VPQ^[l S p U|l�^ R ZzUsWXejgzhcr R[S l*)¨]_l[\�TVP�bcW R U�gi^*l&P

Y + WYTkU R*S P*TVU p8q l*r�l[�8l*r�l`^*l_]VUaWXl S�� ,
� �¶XkJYy

y1, y2 ∈ Y : p(y1) = p(y2) = x0
?8u�s8ODU*K�RYK M*�LVFRPO:JPy�V=j@UFVFUSjSU�cf�6K X;j@s�V

p∗ : π1(Y, y0)→ π1(X, x0)
M*C@K

p∗ : π1(Y, y1)→ π1(X, x0)

¡/C©jIH�U�cdU�n@X;CLV¤VLCmX�GFpkM*cLK ¡6U�nLV.-��8H*K ESNzpky
[γ]

jSW�C M�ESeIX;gmafcf��jIy�VmXkJYUFV
Y
jSR�C@cf³k�JYUmX�gIjSRYW U

y0
M*C@K/JfNzESUSOiJYU

y1
?£h:cLW{�dy®K X;U�jSUScf�/K X;jS�$/

u : π1(Y, y0) → π1(Y, y1)
j@R

0 ¥[¦[§¨�`�6© ª}«Y¦21[µxµ`�6º&±|¹23�¬��¨¦`  �}�)ª24&±576 � ���98n¤)�n�`¶`�}�8� ¡:86¥[¦[§¨�`�6© ª}«$;V�I£
´:8[µ`�)º&±|¹23�¬��¨¦`  �}�)­&¹*±< �n¦*¦>=2?¸�8�V�98n¤�¥'=*¬(8)®`¦[�8� ¬f�}£c¤)µ`�}¤*�[�`�n�n� £�¤��8�x¢)°&£z´¸�x¢
Y
3&¥[¦[§¨�`�6© ª}«X�x´}� ¬�µ`¶`�!­&± ª@3_¬��¨¦`  �¸�4¹�­&±
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JfnFH�U��
u(a) = [γ̄] ∗ [a] ∗ [γ]

M�CSKkH�C@W�cYVLy¬JYU�H�CIcfCFM*eFJYy j@RPJYCL¡/RzJfK{M���aLK{eIp;cfCIjSj@C�� �
π1(Y, y0)

p∗−→ π1(X, x0)
↓ u ↓ v

π1(Y, y1)
p∗−→ π1(X, x0)

��X�³knIRTK4�FJLK �
v(b) = (p∗[γ])

−1 ∗ [b] ∗ (p∗[γ])
? � h:j@y8O

p∗[γ] = p ◦ [γ]
¡6C-RYW VFC@K�N�VFCM�ESRYK XkJf��j@UFVFU@H�eFJLK$jSR�^Se@X;g JYU

x0
�2M*CSK2X�GLVFRzHSs8O£¡/C©CLVF�FM*RYK2XkJfgLV

π1(X, x0)
? � �8JdX6KU*K/RYK{M��FVFRPO�JPy�V

π1(Y, y0)
M�CSK

π1(Y, y1)
jSNPXky JfgIO

p∗
RYW VFCSK/X;GI�fGIp;RYW O�GFH�USU�jSeIafRPO�JfgIO

π1(X, x0)
?��HSU�cfRYW�M*eL¡/R©GFH�USU�jSeIafC XkJfgLV M�E@eIX�g�X;G@�dGIp�W{C@OmJdg@O�GFH�U�USjSeIafC@O

p∗(π1(Y, y0))
VLCH�cfUSM�n���RTK�X;CLV JfgLV�RYK M*�LVFC

p∗(π1(Y, y1))
jSRmJdgFV RPH�K ESUFp;� R�VF��O©M*CFJfeFE@E@gIE@U�G

y1 ∈
p−1(x0)

-�_ CFH�eLVLJdg@X;g RYW VFC@K���C@K�?£ADeL¡/R£GFH�U�U�j@e@adC¤X;R�CIGFJf�LV�JfgLV¤M�ESeIX;g X;G@�dGIp�W{C@ONY³kRYKFjSU�cf�����
[a−1]∗[p∗(π1(Y, y0))]∗[a]

�Fp�K{C
[a] ∈ π1(X, x0)

?�Q}V
f : I → X

M�E@RYK X;Jd�jSULVFUSH�eFJLK*M*C@K;CLVLJfK{HScf��Xky4H�U�O�JYU�G
a
�*CFH��=JYU=ES�IjSj@C¤>I? ±�GIHSe@cd³;RYK*jSULVFCIaLK M*�£CFVF�ScT¡6y8X;gX�R�afcd��jSU

g : I → Y
jSR�CIcf³k�~JYU

y0
? � �¶XkJYy

y1
VFC©RYW VFC@K2JYU�JfNzESUSO=JTUSG;?¤|}�FJfR�¡6CNY³kU�GIjSRt�IJfK

p∗(π1(Y, y1)) = [a]−1 ∗ [p∗(π1(Y, y0))] ∗ [a].l�GFVFU �/W{�fULVLJYC@Ot¡6C�NP³kU�G@j@R�JYU¥H�CIcfCFM*eIJPy,CFH�UFJfNzE@RYX;jSC
�
9-.�­=<LK ¨ � �<M��BM �  gz^¸�

p : (Y, y) → (X, x)
WkT`Z�\X]V^[UsWcb T_] R UaWXe&PfU gih ��� U�\X]�lfl*r�y p R o

p∗(π1(Y, y))
w���U{T

y ∈ p−1(x)
T_]�l`^ R Zil
	VP2TkW q U �iv�o)r S TjWxZzyYgzh:gL\��[\�� S Tko)T_]�e \X]�lfl*r�y��p R o ^*l`\ π1(X, x) �

� �¶X;JPy
p : (Y, y)→ (X, x)

M*CFE@GIH@JLK M*�DCFH�RYK M*�FVFK X�g	��j@R
y′ ∈ Y ′ M*C@K ϕ : (Y ′, y′)→

(X, x)
VFC¥RYW VLCSK6jSW{C¤X;GLVFRP³;�IOiCIHSRYK{M��FVIK X�gk?�u��IJdRiGIHSe@cf³kRYK

ϕ̃ : (Y ′, y′) → (Y, y)
�6NzJfX�Ks8X;JdR=g

ϕ̃
VFC©CFH�UFJfRzESRYW CLVF��cT¡�y8X�gmJdg@O

ϕ
-¥|}�IJdR�CFM*cLK ^@s8O�JYU�HSC@cdCIM*eFJPy aLK{eIp;cfCIjSj@C¡/C�RYW VFC@K�jSRzJYCL¡/RzJLK M*� �

(Y ′, y′)
ϕ̃−→ (Y, y)

ϕ↘ ↙ p
(X, x)OQPnT&�
WYT S T g�\VP(#YbcWch & Q}V�g ϕ̃ GFH�eIcf³kRTK�Jd�IJdR¥¡6C NP³kU�GIjSR�JYU H�CIcfCIM�eIJPybj@RPJYCL¡/RzJfK{M��aLK{eIp;cfCIjSj@C��*HSU�G�H�cdU�NPcf³kRPJYC@K;CFH���JYU�GIO:RzH�CFp;��jSR�VFUSG@OtU�jSU�j@U�cf�6K X�j@U�nIO �

π1(Y
′, y′)

ϕ̃∗−→ π1(Y, y)
ϕ∗ ↘ ↙ p∗
π1(X, x)

� h:j@y8O�g
p∗
RYW VFC@K�jSULVFU�j@U�cf�/K X�j@��O©M*CSK

π1(Y, y) ∼= p∗
(

π1(Y, y)
) ? � �8JdX6K�g�nFH�CIcf�fgU�jSU�j@U�cf�6K X�j@U�n

ϕ̃∗
HSU�G M*eLVFRYK�JYU aLK{eFp�cdC@j@jSC�jSRzJYCL¡/RzJLK M*���}RYW VLCSK}K X;U�afnLVFCIjSg�j@RmJfgLVX�GLVf¡6�IM*g
�

ϕ∗

(

π1(Y
′, y′)

)

= p∗
(

ϕ̃∗π1(Y
′, y′)

)

⊂ p∗
(

π1(Y, y)
)

.��eFESK X;JYCDH�CIcfCFJfgIcfU�nIjSR(�IJfKkg£X;GFVf¡6�FM*gDp6K{CDJfgLVinFH�CIcf�fgij�W{CIO}JfNzJYU*K{C@O�CLVF��cT¡�y8X�gIO�afR�VRTW VFC@K�j@�FVLU CLVFCFp;M�CSW{C�CFEIESe£RYW VLCSKkM*CSK UsWYT_P_b �
9-.�­=<LK ¨ � �<M » M �  gz^}�

p : (Y, y) → (X, x)
WYT[Z
\X]_^`UaWcb T�] R UsWYefP&U|gzhkw�r R y′ ∈ Y ′ WYTVU

ϕ : (Y ′, y′) → (X, x)
P*T R*S P*TVU<r S T g�\VP R t/b�ojT_] R UsWXe&P&U|gih � � ]fy q t R U�rNl&P*T p UsWcb�TVPfe q �#���gzh

ϕ̃ : (Y ′, y′)→ (Y, y)
w!^xhco

ϕ
T_P�WYTkU
r!e&Pxl&PjTVP

ϕ∗

(

π1(Y
′, y′)

)

⊂ p∗
(

π1(Y, y)
)
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O�]_e p R U � h & Q�cdM*RYW¶VLC afRYW{�fU�GIjSR~�FJLK�K X�³knIRYK¶JYU¬CLVLJfW X;JdcfU���U��-x:C afRYW{�fU�GIjSR X;JdgFVC@cd³;�¤�FJLK CFV�C@GFJf�¤GIHSe@cd³;RYK ��RTW VFC@K jSULVFCIaLK M*�;? � �¶X;JPy
y′1 ∈ Y ′ �$aLK{CFESNzpky afcf�SjSUmC¤CIHS�JYU

y′
XkJYU

y′1
?~u�CSW{cTVfy JYUFV~afcf�SjSU

ϕ ◦ α XkJYUFV X �!M*C@K2JYULVmCLVFU�cY¡6s�VLy X�R�afcd��jSU�pX;JYULV�³*s8cfU
Y
�6jSRDCIcf³k�=JTU X�gIjSRYW U

y
?�Q�V=GIHSe@cf³kRYK6jSW�C�CLVF��cY¡6y8X;g

ϕ̃
JYU�G

ϕ
�6Jd�IJdR:JYU

ϕ̃(y1)
��¡/C�HScfNzH�RYKSVFC�RYW VFC@K�W X�U�j@R�JYU=p � > � �kafgIE@CIaf�£JYU=JdNPE@U�O�JfgIOtp$? � �8JfX�K

ϕ̃ ◦α RYW VFC@Kj�W{C£CFVF�ScT¡6y8X;g�JYU�G
ϕ ◦α �kj@RtCIcf³k�£JYU y M*C@K*U*KkCFVFUScT¡6s8X;RYK O�afcf��jIy�V�RYW VFC@K;j@UFVLC@aLK M*NPO��CIHS��JTU�E@�@j@jSC¤>@?5>@? ±�� g=M*CIJde@XkJYC@X;g�CFH�RYK M*ULVIW{�fRzJYCSK*XkJTU¥X;³k�@j@C~>@?5> � ?

� �¶XkJYy
y′1 ∈ Y ′ �;H�C@W{cTVLy α VFC�RYW VFC@K�U¤afcf��j@U�OiX;JYULV Y ′ CIHS�¤JYU y′ X;JYU y′1 ���SHSy8O�M�CSK
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H�cLK V*?(u�CSW{cTVLy¬JYUFV
ϕ ◦ α XkJTULV X �kM*C@K;JYULV�CLVFU�cT¡�s�VLy X;R�afcd��jSU¥p©XkJTULV�³*s8cfU Y ��j@RC@cd³;��JTU¥X;g@j@RYW U

y
?¶h:cLW{�dy

ϕ̃(y′1) = γ(1).
� T p R*S � � e`^`U2h

ϕ R*S P*TVU)g�\VP R t/b�o�T�] R UsWYefP&U|gzh & � �¶X;JPy
N
p;RYK JYULVIK{e JYU�G

ϕ̃(y′1)
�¡/C©^Scdybp;RTK JTULVIK{e

W
JYU�G

y′1
JfNzJYU*K{Cms8X;JdR

ϕ̃(W ) ⊂ N
? �=K{CFESNzpky

U
p;RTK JTULVIK{e©JYU�G

ϕ(y′1)
?tQ�GFJf��RYW VFCSK/USjSCFESe=M*CFE@G@j@jSN�VFg=CFH��¥JfgLV

p
? � �¶XkJYy

V0
JYU~��nIEIE@U¤JYU�G

p−1(U)
�jSR

ϕ̃(y′1) ∈ V0
M*C@K

p|V0
: V0 → U

VFC¤RYW VLCSK N�VFCIO�U�j@U*K U�j@U�cf�6K X�j@��OF?�u�CSW{cTVFULVLJYCIO��6CFV³kcfRYK�eI�fRzJYCSK �Tj�K M*cf�FJfRPcfRPO�p;RYK JYUFVFK�NPO�jIH�U�cTs~VFC}GFH�U@¡6NPX;y~�IJfK
V0 ⊂ N

?!�=K{CFESNzpky~p;RYK JYUFVFK�e
W
JYU�G

y′1
�6HSU�G¥RYW VLCSK/afcdU�jSU�X;GLVFRzM�JLK M*��M*C@K6CLVF�IM�RTK/XkJYU

ϕ−1(U)
?D¢tHSU�X;Jdg@cfW��Ty Jds8cfC�IJfK

ϕ̃(W ) ⊂ V0
?=²!K{C~p*VLy8XkJf�

y′2 ∈ W
�!RzH�K{E@Nzpky®adcf��j@U

β
X;JYU

W
�!j@R�CIcf³k�~JYU

y′1M*C@K JdNzESU�OiJYU©X�gIjSRYW U
y′2
?iu�CSW{cTVLy JdgFV¤RYK M*�LVFC¤JYU�G¤afcf�SjSU�G X;JYULV¤³ks8cdU

X
j@NYXky JfgIO

ϕ
M*C@K6CLVFU�cT¡�s�VLy XkJYUFV=³ks8cdU

Y
? � �¶XkJYy

δ = p|−1
V0
◦ ϕ ◦ β VFC¥RYW VFCSK�g¤CLVF��cY¡6y8X;g�JTUSGafcf��j@U�G

ϕ ◦ β jSRiCIcf³k� JYUmX;g@j@RTW U ϕ̃(y′1)
?i|}�FJfR

γ(1) = ϕ̃(y′1) = δ(0)
M�CSK X;GFVFRzH@s8OU�cLW{�fRzJYCSK/JYU

γ ∗ δ �$JTU©U@H�U*W U~RTW VFC@K$gmCFVL��cT¡�y8X�g¤JTUSG ϕ ◦ (α ∗ β)
jSR�C@cf³k�¤JTU©X;gIjSRYW U

y
?¬Q�HS�,JYULV�U�cLK X;jS�

ϕ̃(y′2) = (γ ∗ δ)(1) ∈ V0
? � �8JfX�K(p�K{C-JfGI³kCSW U

y2 ∈ W
��NP³*y

ϕ̃(y′2) ∈ V0 =⇒ ϕ̃(W ) ⊂ V0
M�CSK

ϕ̃
RTW VFC@K�X;GLVFRP³;�IO�CFH�RYK M*�LVIK X;g;?

� T p R[S � � e`^`ULh ϕ R*S P*TVUzWkT`Zzy:l q U g
r m P�h & � �¶XkJYy
α, β

�;afcf��j@U*KkX;JYULV
Y ′ �kCFH��=JYU y′X;JYU

y′1
M*C@K

ϕ ◦ α, ϕ ◦ β afcf�SjSU*K;X;JYULV X jSR:CIcf³k��JYU
x
?8Q}V

γ, δ
U�K�CLVFU�cT¡�s8X�RYK OtJTUSG@OX;JYULV

Y
jSR(C@cd³;��JYU

y
�IC@cTM*RYWfVLC�afRYW{�dy �FJLK

γ(1) = δ(1)
? � �¶X;JPy

ε
VFC:RYW VFC@KIgtCFVF�ScT¡6y8X;gJYU�G

ϕ ◦ β̄ jSRiC@cd³;�¤JYU γ(1)
?D|}�FJfRDJYU

γ ∗ ε UScLW{�fRzJTC@K6M*C@K CIHSUIJdRPE@RYW/CFVL��cT¡�y8X�g¤X;JYULV
Y
�SJTUSG£M�E@RYK XkJTUSn£j@UFVLUSH�CFJLK USn

(ϕ ◦α) ∗ (ϕ ◦ β̄) � X;JYULV£³ks8cdU X ?4_ M�E@e@X;g�USjSUFJTU@H*W{C@O
� � ¬�°��*�8�_¶n�}�

ϕ∗(α ∗ β̄) = ϕ ◦ (α ∗ β̄) = (ϕ ◦ α) ∗ (ϕ ◦ β̄)
±
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C@GFJYU�n=JYU�G�M�ESRYK XkJYU�n�jSULVFUSHSCIJfK U�n�RYW VFC@K/g
ϕ∗([α ∗ β̄])

�6H�U�G¥CFH��¥JfgLV¥GIHS�@¡6RYX;g�H�cfNzHSRTKVFC CLVF�FM*RYK/X;JdgFV
p∗(π1(Y, y))

? � �8JfX�K GIHSe@cf³kRYK6M�E@RYK X;Jd�~j@UFVFU@H�eFJLK
ψ ∈ Y j@R�^�eIX�g�JYU

y
NzJfX�K;s8XkJfR��

ϕ∗([α ∗ β̄]) = [p∗(ψ)].
� �8JfX�K4¡6C�HScfNzH�RYK

ε(1) = y
?-u�cfeIp;j@CIJfK8CFH���JYU-¡/Rzs8cfgIjSC,>I?{µ �4CFV©afn@U afcf��j@U*K4X;JYULV

X
RTW VFC@K�afcdU�jSU�
 U�jSUFJYUSH*K M*U�W!M*C@K�CFVLU�cT¡�y�¡/U�nLV©XkJYUFV

Y
jSR�CIcf³k��JYU W�afK U-X;gIjSRYW U�H�cfN 
H�RYK¶CLVFCFpkM*C@XkJLK M*e~VLC NP³kU�GFVmM*CSK�JYU,W{aLK U JdNzESU�OF?�Q��6U�n
ϕ∗([α ∗ β̄]) 'p [p∗(ψ)]

�¶U*KCFVFUScT¡6s8X;RYK O�JYU�GIO
ψ
M*CSK

γ ∗ ε XkJTULV Y �$¡6C HScfNzH�RYK/VFC~NP³kU�GLV¥JTU�W{aLK UmJfNzESUSO��$afgFE@C@af�
γ ∗ ε(1) = y = ε(1)

�7^@E@NPHSRtX;³k�@j@C~>I?{w � ?|�s8cfC�JTU
ε
RYW VFC@K6CLVF��cT¡�y8X�g�JYU�G

ϕ ◦ β̄ j@RDC@cd³;�=JYU γ(1)
M*CSK;JfNzESUSO�JTU

y
? � �8JfX�K6JYU

ε̄¡/C¥RYW VFCSK�CFVF�ScT¡6y8X;g=JYU�G
ϕ ◦ β M*CSKk¡/C�NP³kRYK6C@cd³;�=JYU y M�CSK�JdNzESU�OtJTU¤X;g@j@RTW U γ(1)

?}hafcf��j@U�O
δ
RYW VLCSKSeFEIESg�jSW{C�JfNzJYU*K{C�CFVL��cT¡�y8X�gk?4Q�H���j@UFVLC@aLK M*�FJfgFJYC�CLVF��cT¡�y8X�gIO}afcf�Sj@y�V �NPHSRzJTC@Kk�IJfK
δ = ε̄

M*C@K�eIcfC
γ(1) = δ(1)

?
♦

«��4<���� ¨ � �<M��BM �  gz^}� p : (Y, y)→ (X, x)
WYT[Z
\X]_^`UaWcb�T_] R UaWXe&PfU gihkwN^`ex^ R'&�

i � O:P σ R*S P*TVUzW`Z R U|gz^xeFrNl&Pxl_]fy�^`Ucr R �LyYgzh�^*l x WYTVU σ̃ R*S P*TVUih�rNlfPnT p UsWcbQTVPfe q #f��gzh^*l`\
σ
r R T q t2b ^*l y w�^`ex^ R ^*l σ̃ m t R U/^ m Zilfo ^*l gihXr R*S l y TVP WYTVU�r!e&Pxl&P TVP

[σ] ∈ p∗(π1(Y, y)) ��
ii � O:P σ, σ′ w p8q e[rNl&U�gi^*l&P X r R T q t/b ^*l�gzhcr R[S l x WYTkU�^ m ZilfoQ^*l x′ WkTkU σ̃, σ̃′ l&UTVPxl q #�v�g R U|o:^*l`\ko:g R p8q e*r�l[\ko:gz^[l&P Y r R T q t2b ^*l y ^xe`^ R'& ^nT σ̃, σ̃′ m t)l`\VP ^*lS p U|lj^ m ZilfoFT_P�WYTkUzr!e&Pxl&PjTVP [σ′ ∗ σ̄] ∈ p∗(π1(Y, y)) �

�NM � ���
G-Coverings, Deck Transformations

§ <��7� ¨ �4) �<M �BM��!U T WYy$# R p : Y → X
WYT[Z�\X]V^[UsWcb T_] R UaWXe&PfU gihkw�\X]fy q t R UAl*r�y p T

Aut(Y/X)
h l�]_l S T l&Pxl*r�y � R ^nTkU�l[r�y p T ) R*S PnTkU/l*r�y p T�r R ] q y � h ^xh�P g 	VP(# R gih g�\��P*T q ^&bcg R ��P � + ^¸��P Deck transformations

w�b l*r�y p T:^¸��P
Covering transformations &

Aut(Y/X) = {ϕ : Y → Y : ϕ R*S P*TVULl*rNl&U|l*rNl q
� U g
r!e&oAWYTVU p ◦ ϕ = p} .
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u�UIEIESU�W�X;g@j@CFVLJfK M*U*W*M*CIE@GFHSJLK M*U�Wk³*s8cfU�K6H�cfUSM�nIH@JTUSGFViCFH���JdgFV�afcfeIX�g�jSK{C@O�USjSeIafC@O
G
X;R:N�VFCLV=³*s8cfU

Y
j@R
X
VLC=afgFE@s�VFRYKkJTULV�³ks8cdU¤JPy�V�JfcfUI³;K{s�V£Jdg@O�adcfe@X;gIODC@GFJf�IOI?

§ <���� ¨ �4) �<M ���!M�� q yYgzh r<U TkoAl*r�y p Tko (G, ·) g RFm P*T_P)t�v q l Y )HT_]�e T q U|gz^ R q y +jR*S P*TVUr S TQT_] R UsWXe&P&U|gzh G× Y → Y : (g, y) 7→ g · y wB]�l`\:UsWYT_Pxl_]�l&U R[S ^nTQTkWXe8Zil`\
#_T &�
i � g · (h · y) = (g · h) · y, ∀ g, h ∈ G WYTVU

y ∈ Y,�
ii � idG · y = y, ∀ y ∈ Y,�
iii � � T�] R UaWXe&PfU|gzh y 7→ g(y) = g · y R*S PnTkU m PnTYoFl[rNl&U|l*rNl q
� U|g
r�efod^*l`\ Y, ∀ g ∈ G.

� �8JfX�K$g
G
U�cLW{�fRYK j�W{C¤U�jSeIafC¤CIHS�~U�j@U*K U�j@U�cf�/K X�j@U�n@OiJYU�G¥³*s8cfU�G

Y
?i��n@UmX;gIjSRYW{C

y, y′ ∈ Y ESNPj@R}�IJfKkCLVF�FM*U�GLV�XkJfgLV£W{aLK{CDJfcfUI³;K{e£CLViGFH�eIcf³kRYK
g ∈ G : g(y) = y′.

ADCF¡�s8Og
G
RYW VLCSK6USjSeIafC��;CIGIJd� RYW VFC@K6j�W{C�M�E@e@X;g�K X;U�afGLVFCIj�W{CIOI?(Q�V�X�GIjI^SUIESW Xky

X = Y/G
VFCRYW VLCSK6JYU~X;nLVFUIE@U JPy�V�JdcfUI³�K s�V �6afgFESCIaf�=JYUmX;nFVFUFE@U¤JPy�V�M�E@eIX�Rzy�V¥K X�U�adGFVFCIj�W{CIO��;Jf�FJfRj@HSU�cds VFC~U�cfW X;y JfgLV �6GIX6K M*�¤H�cfUI^�UFES�

p : Y → X
HSU�G~CFH�RYK M*ULVIW{�fRYK M�eF¡6R�XkJYU*K ³kRYW UJYU�G

Y
XkJfgLV£M�E@e@X;g���afgIE@CIaf��JdgFV£JfcdU@³;K{e�HSU�G�JYU=H�RPcLK{NP³kRTK ?¶hb³*s8cfU�O

X
RYW VLCSK;RY��U�aLK{C�
X�j@N�VFU�O£jSRDJfgLV�JYUSH�UFE@UIp�W{C�H�gFESW{M�U �6adgIE@C@ad�¥M�eF¡6R

U ⊂ X,
RYW VFC@K$CLVFU*K M�Jd� JYU�G

X
CLVfVJYU

p−1(U)
RYW VFCSK/CLVFU*K M�Jd�¤JYU�G

Y
?:h X;G@jF^�UFE�K X�j@��O�JfgIOi�6GIX6K M*�IODC@GFJf�IO�H�cdU@^�UFE@�@O�j@RJYU¥p;cfeIjSj@C

p
afR�V�RTW VFC@K;JdG@³kC@W U�OF?4ADeFJYy¬CFH���M*eFH�U*K{RPOtHScfU��FH�U@¡6NPX�RYK O�p6K{C�JYULV=³*s8cfU

YM*C@K;JfgLV�afcfeIX�g�JfgIO�U�jSeIafCIO
G
�;g

p
RYW VFC@K�j�W{C�M�CIE@GIH@JLK M*�iCFH�RYK M*�FVFK X�gk?

§ <���� ¨ �4) �NM �2�<M�� S T�l[r�y p T G p8q T
evenly � gz^*lfP)t�v q l Y w�TVP:WYy
# R gihXr R*S l:^[l[\ Ym t R U<r<U T�� R U ^*lfP&U{y V ^ m ^*l&U{T v�gz^ R g · V WYTVU

h · V R*S PnTkU �Vm P*T ��U{T$WYy
# R p U{T � l q R ^[UsWYy
g, h ∈ G �
� � ¨�¨ � �<M �$��M�OQP r S T�l*r�y p T p8q T evenly

gz^*lfPdt�v q l
Y
w2^xe`^ R h � \kg
UaWcb ] q l �NlIZLb

p : Y → Y/G R[S PnTkUzr S T�WYT[Z
\X]_^`UaWcb�T_] R UaWXe&PfU gih �
O�]_e p R U � h & _ p

RYW VLCSK2j�W{CmX;GFVFRP³k�IO�M*C@K2CLVFU*K M�Jd�~CFH�RYK M*�FVFK X�g¤M*CL¡6s8O�p�K{C~M*eL¡6R
VCFVLU*K M�Jf�©JYU�G

Y
NP³kU�GIjSR��FJLK2JTU

p−1(p(V )) = ∪g∈Gg · V
RTW VFC@K�CLVFU*K M�Jd��JYU�G

Y
X�CLVN�VLy8X�giCLVFU*K M�JTs�V:M*C@KSCFH��iJYUFV�U�cLK X;jS�iJfgIO}CIHSRYK{M��FVIK X�gIO�H�gFESW{M�UiJYU

p(V )
RTW VFC@KSCLVFU*K M�Jd�JYU�G

Y/G
?t|�s8cfC CLV�HSe@cfUSG@j@R�JTU

V
�/�SHSy8O£X;JYULV¥U�cLK X�j@� JfgIO

even
afcfeIX�gIO��6JTC

g · V¡/CiRYW VFC@Kk�dNzVLC£j@RzJTCI�fnDJYU�GIOI?!QtcTM*RYW�VLC£adRTW{�fUSG@j@R}�IJfK*p�K{CDM*eL¡/R�JdNPJYU*K U
V
JYU
p(V )

RTW VFC@KU�jSCFE@e�M*CIE@GIjSjSN�VFUiCFH��iJfgLV
p
��afgFE@C@af�:U�H�RPcLK U�cLK X;jS��O�Jdg@O

p
X;R�M*eL¡/R}N�VFCDCFH��iJYC

g ·VX;JYU
p(V )

RYW VFCSK;N�VFC@O:U�jSU*K U�jSU�cd�/K X;jS��OF?utcdeIp;jSCFJLK}p�K{C
y ∈ V

��adgIE@C@ad�
p(y) ∈ p(V )

GFH�eIcf³kRYK
g · y ∈ g · V NzJfX�K}s8X;JdR

p(g · y) = p(y)
M*C@K*e@cdC�RYW VFCSKkRzH*W ?��8H�W X�gIO:CLV

p(g · y1) = p(g · y2)
GIHSe@cf³kRYK

h ∈ G jSR
h · g · y1 = g · y2

?4Q��6USn�g£afcfeIX�g£RYW VLCSK
even

�SM*C@K*X�GLVFRzHSs8O�RzESRPnL¡/RPcfgDCFH���JTULViU�cfK X�j@�jSCIO���¡6C=H�cdNPHSRYK
h = idG

M�CSK;e@cfC�g��fgFJTUSn@j@RzVLg�CFH�RYK M*�LVIK X;g�RYW VFCSK$> 
 >@?
♦

§ <���� ¨ �4) �<M �/¦!M ! y$# R WkT`Z�\X]V^[UsWcb�T_] R UsWXe&P&U|gzh p : Y → X
w�]_l`\ ] q l m q t R ^nTkU
T_]�edr S T

even
p8q ykgih$r S Tkodl*r�y p Tko G g R m PnTVP/t�v q l Y l&Pxl*r�y � R ^nTkU G �IWYT[Z
\X]_^`UaWcb T_] R UsWXe&P&U|gzhWYTVULl�t�v q lfo

Y G
�IWYT[Z
\X]_^`UaWXefo!t�v q lfo �

� µ`�I´n� ®&�x i¬�¢ 6(6 ´}���_�8  �d�}¤*���_§I´}�}¤}�8�[�<¬��2�*¢n�:1n¤ �98n¤j�}´:=*¬(8Qµ`�)�8�}¤:¶`´}�
properly discontinuous	 1 6 ¤71[¬_� ���*¬�¢}¤n�I°f£
��
¨±
� ¦[§I¡98

discontinuous
¬(8[µx�[  ¤*�8��¶n�}�N�x� �¸´}�*°f� §I�j�8  ¤*�[�<�n� �n®x´n� �:= 	 µ`�A�98n¤�8�`�`�n¦[� 6 � ®�12§ ¤¸¤*�x� �@3_�98*¦[�*�:12�}� ¤�§I°f�`¢}¤/¬(8[µx�8  �6¬�¢*¬�¬�£
´}�I¢*¬(8[�u¬f�8�}¤

Y

 ¢n�`�`¬ �}¤*�n¦[�/�:8[�

Y
±�� ¦[§I¡98

properly
¬(8[µ`�[  ¤*�8�f¶n�}�x®�= ;V�N¬�¢*µ[�`� 6 1�¬ �}¤*�n¦[���¸§Iµ[¤n�8�&µ`¶}¤*���`�¨�`�I´}�*¬�µ`§ ¤*�/�*´n� ;Vµ`¶��n�`¶��}� �Nµ`�¨�8���_�x´¸§I��8�x¢&±�� ¶`´}�`�L¶`µ��
�

properly discontinuous
¬�¢*°`¤2=N�`�*´¸���V´:=2?}�¨�8�[�*®&�[�n¶n�8�}¤N°f´98[¬_� µ`�`�`�x� �8  �8�[�*¬(8[µx�[  ¤*�8�¶n�n�V®@= ;V�u¬(8[µx�8  �4§I°f�8� 6 �8� �8�}¤[� =

V
�`�x¢6¤n�/�¸§Iµ*¤*�8�Xµ`¶}¤*�4�`�¨�`�I´}�*¬�µ`§ ¤*�I�6�8�2�[¦217;V�x�6µ`�¨�8���_�x´¸§I�

g · V
3�8�x¢

V
±��<¤u¬��N�*¢n�91n¤u�:8n¤��I´¸µ'8n¤n�8  ���`´¸�x¬@;V§I¬��`¢*µx���98n¤B¦[§I¡:8�� �¨¦[� � ;V�I´}��� 3��¸¶n�}��8

even
�¸´ =*¬(8�µx�*�73';V�¬(8[µx�[  ¤*�8�

freely and properly discontinuously
±
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«���<!�!#;��<�K��uK �<M � ¯ M/O:P2lNt�v q lfo
Y R[S PnTkU Hausdorff

WYTVUkT_P4h:] R ] R q Tkg�r m P_hco�^`y � hcol[r�y p T
G
p8q T R Z R 	
# R q T g R TY\Y^xe&P`w p h&ZkT p b @ g ∈ G \ {idG} : g(y) = y, ∀ y ∈ Y w ^xe`^ Rh

G
p8q T

evenly
gz^[l&P

Y �
� q y&��rLT�^[U & ²�K{C�p*VLy8XkJf� y ∈ Y � RzH*K ESNzpky �dNzVLRYOip;RYK JYUFVIK{NPO Ug

JYU�G
g · y ∈ Y �/jSW�Cp6K{C:M�eF¡6R(N�VFC

g ∈ G �&gtnIHSC@cd�fg:CIGIJTs�V�RP�fC@X;�6CFESW��dRPJYC@KfCIHS��JfgLV
Hausdorff

X;GLVf¡/�FM*gk? � ?x:NPJPy
V =

⋂

g∈G

g−1 · Ug

jSR
V
CLVFU*K M�Jf��JTUSG

Y
� HSRPHSRPcfC@X;jSN�VFgiJYU�jS�£CLVFU*K M�Jds�V£RYW VFC@K*CFVFU�K{MSJf�=X;nFVLUIE@U � �SVFC£RTW VFC@Kp�RYK JYULVIK{e:JYU�G

y
?�|}�IJdR�p�K{C:M*eL¡/R(aLK{C@��U�cfRzJLK M*e

g1, g2 ∈ G
�F¡/CDNP³*y �FJLKIJTU

g1 ·V ∩g2 ·VK X�USnIJYC@K;j@R �
(

⋂

g∈G\{g1}

g1 ·g−1 ·Ug

)

∩(g1 ·g−1
1 ·Ug1

)∩(g2 ·g−1
2 ·Ug2

)∩
(

⋂

g∈G\{g2}

g2 ·g−1 ·Ug

)

= ∅.

²�K{CFJLW
Ug1
∩ Ug2

= ∅.♦«�<N�2#k���uK �<M � ° M �  gi^¸�
p : (Y, y) → (X, x) G

�IWYT`Z�\X]_^`UsWXb T_] R UaWXe&PfU gih WYTVU Y PnT
R[S PnTkUig�\VP R Wc^[UsWXefo!t�v q lfo ��� ex^ R h G ∼= Aut(Y/X) �O:]�e p R U � h & l(JYCF¡6RPcfUSHSU*K s N�VFC y ∈ Y ?(²�K{C=p*VLy8XkJf� ϕ ∈ Aut(Y/X)

�;JYU
y
M*C@K�JYU

ϕ(y)
¡/C�H�gFp�C@W VFU�GLVijSNPXky Jdg@Ot�6GIX6K M*�IOtHScfU@^SUIE@�@O�XkJfgLV�W�afK�C£JfcfUI³;K{e�H�USG�JYC�HSRYcfK�NP³kRYK ?l�GFVFRzH@s8O£¡6CmGIHSe@cd³;RYK N�VFC

g ∈ G : g · y = g(y) = ϕ(y)
?�|�s8cfC©K X�³knIRTK

p ◦ ϕ(y) =
p ◦ g(y) = p(y)

?8Q�H��¥ES�IjSj@C >I? ´��kU*K
ϕ
M*C@K�g

g
¡6C=X;G@jIH*W HSJYU�GLV*?

♦

§ <��7� ¨ �4) �<M � �BM �  gz^¸�
p1 : (Y1, y1) → (X, x)

WYTVU
p2 : (Y2, y2) → (X, x)

WYT`Z�\��]V^[UsW m ojT_] R UsWXl&P S g R U|o:^*l`\jt�v q l`\ X � �  P*Tko�l*r�l*rNl q
� U|g
r�efo�^*l`\ t�v q l`\
(Y1, y1)

gz^[l&Pt�v q l
(Y2, y2) R*S P*TVUXr S T gL\kP R t/bco)T_] R UaWXe&PfU gih ϕ : Y1 → Y2

^ m ^*l&U{TFv�gz^ R ^*lA]�T q TkWYy�^¸�p U{y&� q T`r�rLT P*T R*S PnTkU
r R ^nT$# R ^`UsWYe &
(Y1, y1)

ϕ−→ (Y2, y2)
p1 ↘ ↙ p2

(X, x)

OQPFh
ϕ R*S P*TVU m PnTYo�l[rNl&U|l*rNl q
� U|g
r�efo6^¸��PF^*l_]�lIZLlf��UsW_v�PNt�v q ��P Y1

WYTVU
Y2
w�^`e`^ R ] q lfW 	��]V^ R U m P*Tko!U|gcl*r�l q�� U|g�r!efo!WYT[Z�\X]V^[UsWVv�Pit�v q ��P ���4R TY\Y^&bcP�^&h�P)] R q S ]_^¸��gih4l&U_WYT[Z
\X]_^`UaWXl St�v q l&U l&Pxl*r�y��}l&P�^*TVUiU gze*rNl q
� lxU )¨b U|gcl p 	VPnTxrNl&U +f�

l�CFV�X;GFVFNzHSRTK{C£JTUSG�ES�IjSj@CIJYU�O£>@? ´���¡6C=NP³*y �
«��4<���� ¨ � �<M � » M �  gz^¸� ϕ1, ϕ0

l*rNl[rNl q
� U|g�r�l S ^[l[\Nt�v q l[\ (Y1, y1)
gz^[l&P�t�v q l

(Y2, y2) �OQP�\X]fy q t R U y ∈ Y1 : ϕ1(y) = ϕ0(y)
w�^xe`^ R ϕ1 = ϕ0 �utcfeFp;jSCFJLK6CLV

ϕ1(y) = ϕ0(y)
��¡6C¥RTW ³;C��IJfK

p2 ◦ ϕ1(y) = p2 ◦ ϕ0(y) = p1(y)
M*C@KJTU¤CFH�UFJfNzESRPX;jSC£NzH�RzJYCSKke@j@RPX�C=CFH���JYU�ES�IjSj@C >I? ´;?

«��4<���� ¨ � �<M � �!M � l[r�y p T�^¸��P
Aut(Y/X)

pIq T R Z R 	�# R q T:gi^*l&P6t�v q l Y �
� �¶X;JPy

p : (Y, y) → (X, x)
M*CFE@GIH@JLK M*�mCFH�RYK M*�LVIK X;g � �¶X;JPy

ϕ ∈ Aut(Y/X)
M*C@K

y ∈ Y jSR
ϕ(y) = y

?�|}�IJdR
p2 ◦ ϕ(y) = p2(y)

M�CSK;e@cfC
ϕ = id

?
� � ¨�¨ � �NM �6�BM �  gz^¸�

(Y1, p1), (Y2, p2)
WYT[Z
\X]_^`UaWXl S t�v q l&U�^*l`\ X WYTVU

yi ∈ Yi
w)r R

{i = 1, 2} w6PnT R*S P*TVU�gzhXr R*S T m ^xg�U v�gz^ R�& p1(y1) = p2(y2) ��� ]fy q t R U<l[rNl*r�l q
� U|g�r!efo
ϕ : (Y1, y1)→ (Y2, y2)

TVP�P
p1∗

(π1(Y1, y1)) ⊂ p2∗
(π1(Y2, y2)) �



� · � �����������
	��
������� �
	��
�
�
� � �
��	 ����� ���
��� � Galois

Q}V=GFH�eIcf³kRYK*JdNzJTU�K U
ϕ
�*¡/C�NY³*y¬�IJfK

p2 ◦ ϕ = p1
�kadgIE@C@ad��g

ϕ
RYW VFCSKkCLVF��cT¡�y8X�g�JfgIO

p1
?8Q�H���JYU�¡6Rzs8cfgIjSCm>I?��£NzHSRPJYC@KkJYU¥�fgFJYU�n@j@R�VFU¥CIHSUIJdNPE@RPX�j@C;?

«��4<���� ¨ � �<M�� �BM � R ^`U|o$] q l��Y]�l(# m g R U o ^*l`\ ] q lfhY��l
	xr R Pxl`\ Z�bXr�riT�^*lfonwj\X]fy q t R Uul`�r�lxU|l*r�l q�� U|g�r!efo
ϕ : (Y1, y1)→ (Y2, y2)

wNTVP�P
p1∗

(π1(Y1, y1)) = p2∗
(π1(Y2, y2)) �x:C=NP³kU�GIjSR:�FJLK �

p2∗
(π1(Y2, y2)) ∼= π1(Y2, y2) ∼= � π1(Y1, y1) ∼= p1∗

(π1(Y1, y1)).l�CFV�jSW�C�RTK{aLK M*��H�RPcLW HSJPy8X;g�CIGIJYU�n	��H�C@W{cTVFU�GIjSR�JYU�H�CIcfCIM�eIJPy CIHSUIJdNzESRPX;jSC
�
«��4<���� ¨ � �<M����<MjOQP (Y, p)

WkT`Z�\X]V^[UsWXe&o!t�v q l&o:^*l`\
X
wNr R y1, y2 ∈ p−1(x)

WYTVU
x ∈

X
w
^xe`^ R \X]�y q t R U ϕ ∈ Aut(Y/X)

r R ϕ(y1) = y2
w�T_P�P

p∗(π1(Y, y1)) = p∗(π1(Y, y2)) �9-.�­�<�K ¨ � �<M��!��M � 	kljWYT[Z
\X]_^`UaWXl S t�v q lxU (Y1, p1)
WYTVU

(Y2, p2)
^[l[\2t�v q l`\

X
w R*S P*TVUU|g
e[rNl q
� l&U TVP�P ��U{T WYy$# R p 	Vl y1 ∈ Y1

WYTVU
y2 ∈ Y2

r R p1(y1) = p2(y2) = x ∈ X lxU\X]_l&l[r�y p R o p1∗
(π1(Y1, y1))

WkTkU
p2∗

(π1(Y2, y2))
T_P_bcWXl[\kPdgi^xh�P S p U{T:W`Ziykgih�gL\��[\�� S Tkogi^*l&P

π1(X, x) �ADCL¡6s8O}U*K@afn@UiM*CFESGFHSJfK M*U*WL³*s8cfU*K�RYW VFCSKSK X��SjSU�cf��U*K �SCFH��DHS��cLK X;jSC�>I?{w �	�F¡6CDNP³*y��IJfK
p1∗

(π1(Y1, y1)) = p2∗
(π1(Y2, y2))

?©|�s8cfC
y1, y2 ∈ p−1(x)

M*CSK2CIHS��¡6Rzs8cfgIjSC�>@? ·��NzH�RzJYCSK*JYU¤�dgIJYU�nIjSR�VFU6?|}U¤¡6Rzs8cfg@j@C j@C@ODE@NPRTK��IJfK$g�M�E@eIX�g�X;G@�dGIp�W{C@ODJPy�V�GFH�USU�jSeIady�V=HSU�G¥CFVLC@��NYcdRPJYC@K6XkJTU¡/Rzs8cfgIjSC >@? ·��*M*CL¡6U�cLW{�fRYK�CFH��FESGFJYCDJTULV�M*CIE@GFHSJLK M*��³ks8cdU
up to isomorphism.� � ¨�¨ � �NM�� ¦!M �  gi^¸� WYT[Z
\X]_^`UaWXl S t�v q l&U (Y1, p1)

WYTVU
(Y2, p2)

^*l`\At�v q l`\
X
WYTVU

ϕm P*TkoFl*r�l*rNl q
� U|g
r�efoFTVP&y`r R g�yQ^*l`\ko � � e`^ R l (Y1, ϕ) R*S P*TVU
WYT[Z
\X]_^`UaWXefo�t�v q lfo ^*l`\ Y2 �O�]_e p R U � h & ADeF¡6R©X�gIjSRYW U x ∈ X
NP³;RYK�jSW�C,afcdU�jSU�X;GLVFRzM�JLK M*��p;RYK JYUFVIK{e

U
��NzJfX�Ks8X;JdR¥VLC RYW VFCSK4U�j@CIE@e©M*CFESGIjSj@NzVLg�M�CSK4CFH�� JfK O~afnIU M*CFE@GIH@JLK M*NPO�CIHSRYK{M�UFVIW X�RYK O
p1, p2JYC@GFJf�I³kcfUFVLC���Q�V

U1
RTW VFC@K/U�j@CIE@e=M*CFESGIjSj@NzVLg�CIHS� JfgLV

p1
M�CSK

U2
U�jSCFESe�M*CFE@G@j@jSN�VFgCIHS��JfgLV

p2
Jf�FJfR�¡/NzJYULVLJYC@O

U = U1 ∩ U2
�*¡6C�H�cfU@M*n���RYK�g=�fgFJYU�nIjSR�VFg�p;RYK JYULVIK{e;?

� T p R*S|� � ex^[U�h ϕ R*S P*TVU R ] S
& Q}V y ∈ Y2
¡/C¤afRYW{�dy �FJLK GIHSe@cd³;RYK

x ∈ Y1 : ϕ(x) = y.�8H*K ESNzpky©^�eIX;g
y1 ∈ Y1

M*C@K
y2 = ϕ(y1)

j@R
p1(y1) = p2(y2) = x

?�utC@W{cTVLy
f : I → Y2jSR¥CIcf³k��JYU

y2
M*C@K�JfNzE@U�O�JTU X�gIjSRYW U

y
? � �¶X;JPy

g = p2 ◦ f
VLC-RYW VFC@K�g-RYK M*�LVFC©JTUSGH�CIcfCFH�eLVLy adcf��jSUSGDjSNPX;y�Jdg@O

p2
X;JYULV�³*s8cfU

X
�@jSR�C@cf³k��JYU£X�gIjSRYW U

x
?�Q�HS��JYU£E@�IjSjSCCFVL��cT¡�y8X�gIO�afcf��jIy�V �4GFH�eIcf³kRYK!jSULVFCIaLK M*�mCLVF��cT¡�y8X;g�X;R=afcd��jSU

h
XkJYUFVm³*s8cfU

Y1
��jSRC@cd³;�£JYU¤X;gIjSRYW U

y1
�*JfNzJYU*K{C�s8XkJfR

p1 ◦ h = g
? � �¶X;JPy¬VLC�NP³kRTKkJfNzE@U�OtJYU�X;g@j@RTW U

x
?(x:CafRYW{�dy �IJfK

ϕ(x) = y.
h�K/afcf�SjSU*K

ϕ ◦ h M�CSK f NY³kU�GLV=JdgFV¥W�afK�C¥CIcf³k���;JYU y2
M*C@K K X;³;nIRYK

p2 ◦ ϕ ◦ h = p1 ◦ h = g = p2 ◦ f =⇒ ϕ ◦ h = f
�2CIHS�©jSULVFCIaLK M*�IJdgIJYC¤CFVL��cT¡�y8X�gIOafcf��jIy�V*? � �8JfX�K

ϕ(x) = y
?

� �8JfX�KfaLK{CIE@Nzp;U�G@j@R�U�j@CIE@e�M*CFE@G@j@jSN�VFg(HSRPcLK UI³;�(JTUSG�JfGI³;C@W U�G
z ∈ Y2

y8O8RP�f�IO � HSCSW{cTVFUSG@j@R
U
CFVFU�K{MSJf�iH�RPcLK UI³k�iJYU�G

x = p2(z)
��g�USHSU*W{C£RYW VFC@K*U�jSCFESeDM*CFE@G@j@jSN�VFgDM*C@KkCFH���JLK O�afnIUM*CFESGFHSJfK{M�NYOtCIHSRYK{M�UFVIW X�RYK O�j@RDJTULV=Jdcf�SHSU H�USG=H�RPcLK p;cfe��6CIjSR�XkJfgLV¥CIcf³k�;?�x:NPJPy

W
�;VFCRYW VLCSK JYU©�6nFE@E@U~JfgIO

p−1
2 (U)

H�USG¤HSRYcfK�NP³kRYK/JTU
z
?£_

W
RTW VFC@K$U�jSCFESe¥M*CFESGIjSj@N�VFg¥CIHS�JfgLV

ϕ
?
♦

� �¶XkJYy
(Y, p)

M*CFESGFHSJfK M*��O4³*s8cfU�O¶JTUSG
X
�Lj@R

Y
CFHSE@e}X�GLVFRzM�JLK M*�:³ks8cdU6?�Q}V

(Y ′, p′)RYW VLCSK$N�VFC JdG@³kC@W U � aLK{CI�6U�cdRPJfK M*�~M*eFESGIjSj@C¤JYU�G
X
� Jf�FJfR£CIHS�mJYUmES�IjSj@C�>I?[>����/GIHSe@cf³kRYKU�jSUSjSU�cf�6K X;jS��O

ϕ
JYU�G

(Y, p)
XkJYUFV

(Y ′, p′)
M*C@K8CIHS� JTU�HSC@cfCFH�eLVLybE@�@j@jSC-U

(Y, ϕ)RYW VLCSK N�VFCIO�M*CFESGFHSJfK M*��Oi³*s8cfU�O�JYU�G
Y ′ ?£QtGFJf�SO�RYW VFCSK UmE@�Ip;U�OiH�USG~N�VFCIO�CFHSE@e X;GLVFR 
M�JLK M*�SOiM�CIE@GIH@JLK M*��O:³ks8cdU�O�ULVFU�j@e@�fRzJYC@K�M*CL¡/UFE�K M*�SO�M*CIE@GFHSJLK M*�SOD³ks8cdU�OI?��8H*W X;gIO£CFH��JYU�¡6Rzs8cfgIjSC~>I?{wIw�M*eL¡/RtafnIU¥M�CF¡6UIESK M*U*W�M*CFESGFHSJfK M*U*W*³*s8cfU*K6RYW VFC@K6K X;��jSUScf�6U*K ?

� § ¤n�*�B�xµ`�&� �`µx�`´ �V� ¬�µ`¶x�!�¨�'= 6 �8�k� ¬��`µ`�x´��k� ¬�µ`¶)� ��¤��Iµ`�[¦[�¨®x¶xµ`� ¤ �c¤ ;V�Iµ`�¨¦`� �
�}£c¤)�`µ�=*����¤x±
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� · o
�NM � º ���qª6<!���BK #
K�) §�¨ ��ª/��) π1(X, x)

��#k0����21�02�!0
p−1(x)

� �¶X;JPy
p : (Y, y)→ (X, x)

M*CIE@GFHSJLK M*��CIHSRTK M*�LVIK X;g	�dU�cfW��Ty-adcfe@X;g}JfgIO(USjSeIafC@O
π1(X, x)X;JYUmX;nFVLUIE@U

p−1(x)
p6K{C¥M*eL¡/R

x ∈ X NzJfX�K6s8X;JdR�g
π1(X, x)

VFC¤afcfC¤CIHS�~afRP�LK{e¥XkJTUX�nLVFUFESU
p−1(x)

?
§ <��7� ¨ �4) �NM�� ¯ M �  gz^}�

(Y, p)
WYT`Z�\X]_^`UsWYefoAt�v q lfo ^*l`\

X
wFr R x ∈ X � �!U{T WYy
# R

y ∈ p−1(x)
WYTVU���U{T Wky$# R [α] ∈ π1(X, x)

wul q S �I� y · [α] ∈ p−1(x)
��o Rn� b�o � O:]�e�^*lZ�bXr�rLT TVPfe q #f��gzh�o p8q e*r���PQWYTVU<^[l # R v q hXrLT ~ ��� w�\X]fy q t R ULrNl&P*T p UsWcb$W`Ziykgih pIq e*r ��P^[l[\

Y
w m gz^}� [α̃]

w�^ m ^[lxU T v�gi^ R p∗([α̃]) = [α]
r R T q t2b ^*ljgzhXr R*S l y � � q S �I� y · [α]

PnT
R[S PnTkUL^*l:^ m Zilfod^xhcoAWxZzyYgzhco p8q e*r���P [α̃]

w p h&ZkT p b
y · [α] := [α̃](1) �

��X�³knIU�GFV£JYC=RP�f�IO �
(y · [α]) · [β] = y([α] · [β])

M*C@K
y · [ex]

J	�
= y.

l�G@jIH�RPcfC@W VLU�G@j@R¥�IJfK¶g
π1(X, x)

CIHS� afRP�LK{e XkJYU�X�nLVFUFESU
p−1(x)

? x:C�afRYW{�fU�GIjSR¤�IJfKg�adcfe@X;g©CIGIJd�mRYW VLCSK�j@RzJTCL^SCIJfK{M����$afgFE@C@af� p6K{CmM*eL¡6R
y1, y0 ∈ p−1(x)

GIHSe@cd³;RYK
[α] ∈

π1(X, x) : y0 · [α] = y1.
u�cfeIp;j@CIJfK M�CF¡�s8O�NP³kU�GIjSRiGIHSU@¡6NYX;RYK �IJfK2U©³*s8cfU�O

Y
RYW VFC@KafcfU�j@U�X�GLVFRzM�JfK{M���O���GFH�eIcf³kRYK(M�E@e@X;g,afcf��jIy�V

[α̃]
CIHS�¬JYU

y0
XkJYU

y1
? x:NzJPy

[α] =
p∗([α̃])

?8|}U
[α]

RYW VFC@K;M�E@e@X;g�MSESRYK XkJds�V�jSULVFUSHSCIJfK s�V�M*C@K
y0 · [α] = y1.l(JfgLV=X;GFVLNY³kRYK{C�¡/C�HSC@cfUSG@X�K{e@X;U�GIjSR�M*eIHSU*K{C�^SC@X�K M*e=CFH�UFJfRzESNPX;jSCFJYC�M*C@K6U�cLK X�j@U�n@OCIHS�¥JdgFVi¡6Rzy8cLW{C�U�jSeIady�V�H�U�Gi¡/C�j@C@Ot^SU�gL¡/�IX;U�GFVDVLC�HSE@g@X�K{e@X;U�GIjSR�JYUFV�XkM*USH��¥j@C@OF?

� htJYCFV¤jSW�C U�jSeIafC
G
afcdC~X;R�N�VFC X�nLVFUFESU

E
CFH��©CIcLK XkJfRPcfe	�/Jf�FJfR£ESNPjSRi�FJLK$U

E
RYW VFC@KNzVLC@O£C@cfK X;JdRPcf��O

G

 ³*s8cfU�OF?tQ�V¥g

G
afcdC j@RPJYCL^�CFJLK M*e�X;JYULV

E
�/Jf�FJfRiU

E
ULVFU�j@e@�fRzJYC@KU�jSUFp;RzVL�@O �

homogeneous � G 
 ³ks8cdU�OI?�Q�HS��JYULV�Jdcf�SHSUtH�USG�U�cLW X;CIjSR�JdgFV�afcfeIX�g}USjSeIafC@O�&X;GFVd¡/�FM*g~± � HScfUSM*nFHSJdRYK$�FJLK$g~CFH�RYK M*�LVIK X;g E → E
H�USG~CFH�RYK M*UFVFW��dRTK

y 7→ g · y RYW VFC@KNzVLC@O�USjSU*K USjSU�cf�6K X;jS��O:JYU�G
E
M*C@K;X;GFVLRPH@s8ODj�K{C=j@RPJdeF¡6RPX�g£JYU�G

E
? � �8JfX�K6NP³kU�GIjSR��

9-.�­=<LK ¨ � �<M�� ° MQO:P
E R*S P*TVU m PnTYo:T q U|gz^ R q e&o G ��t�v q lfo*w/^xe`^ R ��U{T WYy
# R g ∈ G w)hT_] R UaWXe&PfU gih E → E

]�l`\QT�] R UaWXl&P S � R U y 7→ g · y R*S P*TVUzr<U{TQr R ^`y
# R gih ^*l`\ E �
§ <��7� ¨ �4) �NM�� �!M �  gi^¸�

E1, E2
w2PnT R*S P*TVUNT q U|gz^ R q l S G ��t�v q lxU � � S T$T�] R UaWXe&PfU|gzh f :

E1 → E2
l&Pxl[r�y � R ^*TVU
T_] R UaWXe&PfU gih�T q U|gz^ R q v�P G � t�v q ��P )¨b G-equivariant+ T_P

f(g · y) = g · (fy)
��U{T Wky$# R g ∈ G

WYTVU
y ∈ E � � S T�T_] R UsWXe&P&U|gih f T q U gi^ R q v�P G � t�v q ��P�WkT`Z R*S ^nTVUU|gcl*r�l q�� U|g�r!efoQT q U|gi^ R q v�P G ��t�v q ��P`w)T_P h f R*S P*TVU!~&��~ WYTkU R ]VU w�r R ^&hcP�TVP�^ S gz^ q l � b^&hco*wBPnT R[S PnTkUiWYTVUzTY\Y^xb r S TQT�] R UsWYefP&U|gzh T q U|gi^ R q v�P G ��t�v q ��P J}J �

� �¶X;JPy
E
��N�VFCIO=JfGI³kCSW U�O=U�j@UIp;R�VF�IO=C@cfK X;JdRPcf��O

G

 ³ks8cdU�OI?m�=K{CIE@Nzpky

y0 ∈ E
M�CSK¡/NzJPy �

H = {g ∈ G : g · y0 = y0}_
H
RYW VFC@KIGFH�U�USjSeIafC�Jdg@O

G
M*CSKFULVFU�jSeI�fRzJYCSKLGFH�U�USjSeIafC:K X�UFJfcfU@H*W{C@O¶�:XkJYCF¡6RPcfUSHSU*K gIJd�@OJTUSG

y0
?

«���<!�!#;��<�K��uK �<M�� » M ! y
# R l[rNlf� R P_bco G ��t�v q lfo E w R*S PnTkUfU gze*rNl q
� l&oBr R WYy_]�l&U|l G/H ���
 µ`�
[ex]

¬�¢*µ*¥`�n¦`  ?����98n¤6®`¦>=*¬(86�`�`¢6�n�`�n�}�¨¦[�8  �8�[�Y�n�`¶)�8��®`¦[�8� ¬f�:=6µ`�}¤*�[�'=n�n� �)µx�N¥'=*¬(8��8�
x
3x�`�x¢�8  ¤*�[�_�xµ`�n�8�[�&� ®�12µ`�N�8�/�}�¨�¸´n� µxµ`§ ¤*� 3_�98*¦[�*�:1/�8�/¬(8[µx�8  �

x
±�8� ¬f�8�/®&� ��=n¦[�[� �2­ ;V�6�}� �*µ`�!¶n�n�_�}¤6�x�

E1, E2

�8  ¤n�[�_�8�[�`�n¦[� 6 � ®x�& V°f£
´}�x�_®x�[��8
G
µx  ���8�[�`�n¦[� 6 � ®'1�xµ'=*�}�6�`�`¢)�}´}�)¬�¢}¤n�I°f£
�u¬��!�*¢n�8� �*�73_�}¶n�¸��8

f
�8  ¤n�[�V§ ¤n�*��� ¬��`µx�`´ �V� ¬�µ`¶x� 	 �*´n� ¬f�}�I´¸£�¤ 


G
°f£
´ �c¤��}¤�8  ¤*�[�_§ ¤*�*�B�`µx�x� �xµ`�x´��V� ¬�µ`¶`�uµ`�¨�8�*¡ �6� �c¤��8�`�`�n¦[� 6 � ®&£c¤/°f£
´ �c¤&±
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u�CSW{cTVLybJdgFV~CFH�RYK M*�FVFK X�g
G → E

jSR=JfnFH�U
g 7→ g · y0

?©_ CFH�RYK M*�LVIK X;g~RYW VFC@K�RPH�WM*CL¡6s8O¤U
E
RYW VLCSK�U�j@UIp;R�VF�IO

G

 ³*s8cfU�OF? x:NPJPy

H = {g ∈ G : g · y0 = y0}
?�²!K{CVFC�CFH�RYK M*UFVFW��dUFVLJYC@K(afnIU X;JYU*K ³kRYW{C

g1, g2 ∈ G
XkJYU W{aLK U XkJTU�K ³kRTW U,JYU�G

E
¡6C�H�cfNzHSRTK

g1 · y0 = g2 · y0 ⇔ g−1
2 · g1 = y0 ⇔ g−1

2 · g1 ∈ H
?}��gFESCIaf��¡6C=H�cdNPHSRYK;VFC�CLVF�IM�U�GFVX;JYU,W{aLK U X�nIj@H@ESUSM�U JfgIO

H
? � �8JdX6K �(g-CFH�RYK M*�LVIK X;g

G → E
RPHSeIp;RYK�j�W{C > 
 > M*C@K4RzH*WCIHSRYK{M��FVIK X�g

f : G/H → E
?���eFE�K XkJYC g

f
RYW VFC@K2N�VFCIO�K X;U�j@U�cf�/K X�j@��O�CIcLK XkJfRPcds�V

G

³*s8cdy�V=M*C@KkU*K

G/H,E
RTW VFC@K6K X���j@U�cf��U*K�CIcLK XkJfRPcfU*W

G

 ³*s8cfU�K�?

♦|�s8cfC NPXkJPy
G
afcdC-j@RPJYCL^�CFJLK M*e©X;R¤NzVLC-X;nFVLUIE@U

E
CIHS� afRP�LK{e	�4Jf�FJfR¥ESNPjSR��FJLK8U

ERYW VLCSK¶NzVLC@O U�jSUFp;RzVL�@OmadRY�fK��SO
G

 ³*s8cfU�OF? � �¶XkJYy

ϕ : E → E
N�VFC@O~C@GFJYU�jSU�cd�/K X;jS��OJYU�G

E
?m|}�FJfR�p�K{CmM*eL¡/R

y ∈ E JYC©X�gIjSRYW{C
y, ϕ(y)

NP³kU�GLV~JYULV©W{aLK U�XkJTCL¡6RYcdUSH�U*K gFJf�k?Q�VfJLW XkJfcfUS�6CmNPXkJYy
x, y ∈ E HSU�GmNP³kU�GLV¥JTULVmW�afK U©X;JYCL¡/RPcfU@H�U*K gFJf�k?�¢tHSU@¡6NPJYU�GIjSRi�FJLKGIHSe@cd³;RYK

ϕ ∈ Aut(E)
NPJdX6K�s8XkJfR

ϕ(x) = y
?¶h:cfW��dU�G@j@R�JfgLV

ϕ
y8O�RP�f�IOI? � �¶X;JPy

z ∈ E ?|}�IJdR CFH���JfgLV�jSRzJYCF^SCFJLK M*�©afcfeIX;g-JfgIO
G
GFH�eIcf³kRYK

g ∈ G
JdNzJTU�K U s8XkJfR

z = x · g ?��gFESCIaf��HScfNzH�RYK�VFC�NP³;USG@j@R
ϕ(z) = ϕ(x · g) = (ϕx) · g = y · g.

� �8JfX�K U�cLW{�fU�GIjSR
ϕ(z) = y · g ?�utcfNzHSRTK�VLC¤RP�fCIX;�6CFE�W X;U�GIjSRt�IJfK/U~U�cLK X�j@��OiC@GFJf��ODRYW VFC@KCFVLRY�de@cdJdgIJYU�ODCFH��¤JfgLV�RzH*K E@UIp;��JYU�G

g
�/afgFESCIaf��CLV

x · g = x · g′, Jf�FJfR y · g = y · g′ �M*eFJLK;HSU�G�HScfUSM*nFHSJdRYK;CFH���JfgLV�GIHS�@¡6RYX;g=�FJLKkJTC
x, y

NY³kU�GLV£JYUFV�W{aLK U¥XkJTCL¡6RYcdUSH�U*K gFJf�k?
� � ¨�¨ � �<M�� �!M � S T l*r�y p T A T�]_e�TY\Y^*l*r�l q
� U|g�rNl
	ko R P�efo�l*rNl�� R Pxl 	ko G ��t�v q l[\ ER*S P*TVUzlIZiefWxZLh q h h l[r�y p T Aut(E)

TVP�P���U{T�WYy
# R p 	Vldgzhcr R[S T x, y ∈ E ]_l`\ m t/l[\kP�^*l&PS p U|l gi^nT
# R q l_]�l&U h�^&bkw!\X]fy q t R U m PnTYoATY\Y^*l*rNl q
� U g
r!e&o ϕ ∈ A w m ^`g
U�v�gi^ R ϕ(x) = y
J � �

� �¶XkJYy
H
GFH�U�U�j@e@adC�JfgIO

G
Jf�FJfR��

N(H) = {g ∈ G : gHg−1 = H}.
RYW VLCSKSGFH�USU�jSeIafC:Jdg@O

G
HSU�G:H�RPcLK{NP³kRYK@JfgLV

H
M*CSK@UFVFUSjSeI�fRzJTC@KSUiM*CLVFUFVFK{M�USH�U*K gFJf�IO �

nor-
malizer � JfgIO H ?©��W VFC@K4g�jSRzp;CIE@nFJfRPcfgmGFH�U�USjSeIafCmJYU�G G H�U�G©HSRYcfK�NP³kRYK!JfgLV

H
X;CFVM*CLVFUFVFK{M���GFH�U�U�j@e@adC;?�utcfUS�6CLVLs8OiCFV

H B G
Jd�IJdR

N(H) = G
?

9-.�­�<�K ¨ � �NM�� �BM �  gi^¸�
E m P*Tko l[rNlf� R P_bco G ��t�v q lfo:WkTkU m gz^¸� H w�PnT R*S PnTkU l�gi^nT��# R q l_]�l&U h�^&bco R P�e&o y ∈ E � � e`^ R h$l*r�y p TQTY\Y^*l[rNl q
� U|g�rNv�P:^*l`\ E R*S PnTkULU gze*rNl q
� h r R^&h�P�l*r�y p T

N(H)/H � J %
Q�H��-JYCmHSC@cfCFH�eLVLy RTW VFC@K!JTs8cfC��fRzM*eF¡6CIcfU �!�IJfK�JTU-X�nLVFUFESU

p−1(x)
RYW VLCSK!NzVLC@O¥U�
jSUFp;RzVL�@O=adRY�fK��SO

π1(X, x)

 ³*s8cfUSOI? ²�K{CmM*eL¡6R

y ∈ p−1(x)
U-XkJYCF¡6RPcfUSHSU*K gIJd�@O�C@GFJYU�nJYU�G

y
�8RYW VLCSK4g�GIHSU�U�jSeIafC

p∗(π1(Y, y))
JfgIO

π1(X, x)
� HS��cLK X;jSC,>@? � � ? l�GFVFRzH@s8O¥¡6CNP³;USG@j@R¤JYU�X;nFVFUFE@U

p−1(x)
��X�CLV-N�VFC@O U�jSUFp;R�VF�@O afRP�LK{��O

π1(X, x)

 ³*s8cfU�O��(VFC RTW VFC@KK X;��jSU�cd�6U�O�jSR}JfgLViX;GIEIE@UIp;�DX;G@jIHSE@�SM�y�V

π1(X, x)/p∗(π1(Y, y))
�7H�CIcfCIJd�@cdg@X;g�>@? w ��? �M*C@K�U¤C@cLK ¡6jS�SO:JPy�V=��nIEIE@y�V£Jdg@O�M*CFE@GIH@JLK M*�IOtCFH�RYK M*�LVIK X;g@OtK X;U�nIJYC@K;j@R:JYUFV�afRYW M�Jfg�JfgIOGIHSU�U�j@e@afCIO

p∗(π1(Y, y))
?

�(W VFCSKSHScfeFp�j@CIJfKSeI�LK UiH�cfU�X;UI³;�IO �7M*C@KSCIHSU�cLW{CIO}W Xky8O�- � �FJLKSM*CFJYC@��NYcdC@j@R¶VFCD�;JfeIX�U�G�
jSR�XkJYU¥¡6Rzs8cfgIjSC�CFH��¥�SH�USG=�fRzMkK VF�IX�CIjSR �7^@ESNzHSRtH��ScLK X;jSC~>I?{w � CFE@E@e�j@NYXky aLK{CI�6U�cdRPJfK 
M�s�V¤X;GIEIESUFp�K X;j@s�V*?i²!K{C¤JdgFV¤X;GFVLNY³kRYK{C¥¡6C~adU�n@j@R£JfK X�³kNPX�g~j@H�UScfRYW/VLC~NP³kRTK g U�jSeIafCJPy�V
covering transformations

R�VF��O�M*CFESGFHSJfK{M�U�n�³*s8cfU�G£jSR�JfgLViafcfeIX;g£Jdg@O
π1(X, x)X;JYU

p−1(x)
?

�¨² 6 � ���98n¤)�n�`¶`�}�8� ¡:8(3�¥[¦[§¨�`�!¬f�8�}¤A© ¯}« 3&¬��¨¦`  �¸�6·[ª*ª&±� 076 � ���98n¤)�n�`¶`�}�8� ¡:86¥[¦[§¨�`�!¬��¨¦f±i·[ª*­��8�x¢A© ¯}« ±
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«�<N�2#k���uK �NM ¦ �BM �!U{TFWYy
# R TY\Y^*l*rNl q
� U g
r!e ϕ ∈ Aut(Y/X)
wzWYy
# R gzhXr R*S l y ∈ p−1(x)WYTkU

[α] ∈ π1(X, x) m t)l`\xr R'&
ϕ(y · [α]) = (ϕy) · [α],p h&ZYT p b:WYy
# R ϕ ∈ Aut(Y/X) R ]�y&� R U m P*T_P2TY\Y^[l*rNl q
� U|g
r�e4^*l`\AgL\kPfe8Zil`\ p−1(x)

w ]�T S q �PxlfP�^nTYo ^*l
p−1(x)

gkT_P m P*TVP p Rn� U�e π1(X, x)
� t�v q l �O:]�e p R U � h & Q}VFU�cY¡6s�VFUSG@j@R£JYU [α]

X;RDM�E@e@X;g¥afcf��jIy�V
[α̃]

XkJTULV¥³*s8cfU
Y
� j@R£CIcf³k�JTU~X�gIjSRYW U

y
NPJdX6K/s8XkJfR

p∗([α̃]) = [α]
?D|}�IJdR

y · [α]
¡6C RYW VFC@K JYU~JdNzESU�OiJPy�V¥afcf�Sj@y�V

[α̃]
?�|�s8cfC�HSCSW{cTVFULVLJYCIO:JYU�G@ODadcf��jSUSG@O

ϕ∗([α̃])
XkJTULV

Y
�k¡/C¥NP³kU�GLV=CIcf³k�=JYU

ϕ(y)
M*C@KJfNzESUSO:JYU¤X;gIjSRYW U

ϕ(y · [α])
?�x:C�K X;³;nIRYK;�FJLK �

p∗(ϕ∗([α̃]) = (p ◦ ϕ)∗([α̃])
J , = p∗([α̃]) = [α].

� �8JfX�K�giM�ESeIX;g�afcd��j@y�V
ϕ∗([α̃])

�*CFH�UFJfRzE@U�nFV�CFVL��cT¡�y8X�g£JfgIOtM�E@e@X;gIO
[α]

M*C@K*X�GLVFRzHSs8OCIHS�¤j@UFVLC@aLK M*�FJfgFJYC�CLVF��cT¡�y8X;g@O��*¡/C�HScfNzH�RYKkVLC�JYC@GFJLW{�fULVLJYCSK*j@R:JYU
[α̃]
? � �8JfX�K

y · [α] = (ϕy) · [α] = ϕ(y · [α]). ♦9-.�­=<LK ¨ � �NM ¦4�<M �  gz^¸�
(Y, p)

WYT`Z�\X]_^`UsWYefo!t�v q lfo ^*l`\
X
r R x ∈ X w<^xe`^ R h l*r�y p T

Aut(Y/X) R*S PnTkU!U|g
e*r�l q
� h r R ^&h�P Aut(p−1(x))
wd]�T S q Pxl&P_^nTko�^*l p−1(x)

gVTVP m P*TVPp R}� U e π1(X, x)
��t�v q l �O:]�e p R U � h & Q�V ϕ ∈ Aut(Y/X)

�}Jf�FJfR©U¬H�RPcLK U�cfK X�j@��O
ϕ|p−1(x)

RYW VFC@K�N�VFC@O�CIG�
JTUSjSU�cf�6K X;jS��O�Jdg@O
p−1(x)

��X;CFV N�VFCIO�afRP�LK{��O
π1(X, x)


 ³*s8cfU�O��!CIHS�mJTUmHScfU�gFp;U�n@j@R�VFU¡/Rzs8cfgIjSCk?~�8H*W X�gIO��!M*eL¡/R=CIGFJTUSjSU�cf�6K X;jS��O
ϕ
�4RP�fC@cTJfeFJTC@K$jS�LVFUFV©CIHS��JYULVmHSRYcfK U�cLK X;jS�JTUSG

ϕ|p−1(x)
�;afgFESCIaf��g=CIHSRYK{M��FVIK X�g

k : ϕ→ ϕ|p−1(x)RTW VFC@K�>�
�>I?©utcdeIp;jSCFJLK
Kerk = {ϕ ∈ Aut(Y/X) : k(ϕ) = id} ?�Q�H���JYU-H��ScLK X;jSC>@?5>�� g

ϕ
afcfC~RPE@RPnF¡6RPcfC¥X;JYULV

Y
M*C@K2X;GLVFRzHSs8O

ϕ = id
M*CSK$g

k
RYW VFCSK4>�
�>I?iQtcdM�RTW/VFCafRYW��Ty �FJLK8g

k
RYW VFCSK8RzH*W ?�Q�H�� JYU E@�@j@jSC,>@? w �	�8U*K8C@GFJYU�jSUScf�/K X;jSU�W�H�U�G�RzH�eFp;U�GFV©U*K

Aut(Y/X)
RTW VFC@Kk�IE@g�g=USjSeIafC

Aut(p−1(x))
�6CLVfV£p�K�C�M*eF¡6R

y1, y2 ∈ p−1(x)
j@RtJYU�GIOX;JYCL¡/RPcfUSHSU*K gFJfNPO}C@GFJds�V�JYy�V

yi
VFC£RTW VFC@K*W X;U*K ��afgFE@C@af�

p∗(π1(Y, y1)) = p∗(π1(Y, y2))
�GIHSe@cf³kRYK

ϕ ∈ Aut(Y/X) : ϕ(y1) = y2
?�ADeFJLKIHSU�GDK X;³kn@RYKICIHS�iJYUiH���cfK X�j@C�>I?{w*>@? � �8JfX�K

k(Aut(Y/X)) = Aut(p−1(x))
M*C@K

k
RYW VFC@K�RzH*W ?

♦«��4<���� ¨ � �<M ¦���M �BU{T�WYy
# R x ∈ X WYTVU
y ∈ p−1(x)

w�#_T m tB��ex^[U &
Aut(Y/X) ∼= N [p∗(π1(Y, y))]/p∗(π1(Y, y)),e_]_l[\ l

N [p∗(π1(Y, y))] R[S PnTkU�l WYT_PxlfP&UsWYl_]_lxU h
^xbco�^&hco \X]_lfl*r�y p TYo p∗(π1(Y, y))
^*l`\

π1(X, x) �Q�HS�=JTU�H�cfU�gFp;U�nIjSR�VFU£¡6Rzs8cfgIjSC	�S¡/C�NP³ky �FJLK
Aut(Y/X) ∼= Aut(p−1(x))

?8�¶�6CIc 
jS���fULVLJYCIO�Jds8cfC�JYU=¡6RPs8cdg@j@Cm>@? w �	��H�cdUSM*nFHSJfRYK*JYU¤�dgIJYU�nIjSR�VFU6?
9-.�­=<LK ¨ � �NM ¦2¦BMjO:P (Y, p)

WYT_Pxl&PfUaWXefodWYT[Z
\X]_^`UaWXefo�t�v q lfoj^*l`\
X
w�^`e`^ R'&

Aut(Y/X) ∼= π1(X, x)/p∗(π1(Y, y))��U{T�WYy$# R x ∈ X WYTVU
y ∈ p−1(x) �utcfU@M*nIH@JfRYK*e@j@RPX�C£CIHS��JYU=H���cfK X�j@C¤>I? ±@w�p�K�CFJLWkCI�6U�n

p∗(π1(Y, y)) � π1(X, x)
��¡/CNY³*y �IJfK

N [p∗(π1(Y, y))] = π1(X, x)
?

«��4<���� ¨ � �NM ¦ ¯ M�OQP l
(Y, p) R[S PnTkU�WYT
#klIZiUaWXefoQWkT`Z�\X]V^[UsWXe&o/t�v q lfo ^*l`\ X w #VT m tB�

Aut(Y/X) ∼= π1(X, x)� 5 ¥[¦[§¨�`�
functorial

� �n� ¶n�:8*�¸�I�u� �c¤��¨�x� 6 ¶xµ`� ¤ �c¤/�`µx�`µx�`´ �V� ¬�µ`£�¤4© ª}« 3�¬��¨¦f±|¹�¯&±
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� �¶X;JPy

(Y, p)
M*CFE@GIH@JLK M*��O�³*s8cfUSO£JYU�G

X
?}�8H�RYK{af�¥g

p
RYW VFC@K/j�W{C¥CFVFU�K{MSJf�¥CIHSRYK{M��FVIK X�g	�U

X
NP³;RYK�JdgFV�JYUSHSUIE@UFp6W{C HSgIESW M*U HSU�G,RzH�eFp�RzJYC@K�CIHS�¬JdgFV

p
? � �8JfX�K�jIH�U�cfUSn@j@R~VFCH�eIcfU�GIjSRiJYUFV

X
CIHS�mJTULV

Y
JYC@GFJLW{�fULVLJYCIO�X;GIpkM*RzM*cfK�j@N�VFC~X;g@j@RYW�C
��²!K{C M*eL¡6R

x ∈ X ��IE@C�JYCDX�gIjSRYW{C�JYU�GDX;GFVF�FE@U�G
p−1(x)

�SH�cfNzHSRTKFVFCDJTCIGFJLK XkJYU�nFVtX;R}N�VFCDX�gIjSRYW U�?�_ U�jSeIafC
Aut(Y/X)

�!jSRzJYCL¡/NzJfRYK$�IE@C JYCmX;gIjSRYW{C~JYU�GmX;GFVF�FE@U�G
p−1(x)

��jSRzJYCI�fn JYU�GIOI?=²!R�VIK M*eafR�ViK X;³kn@RYKI�IJfK
Y/Aut(Y/X) ∼= X

?��©H�UScfRYWIVFCiGIHSe@cd³;USGFV
y1, y2 ∈ p−1(x)

M*C@K
@ϕ ∈

Aut(Y/X)
NzJfX�K@s8XkJfR

ϕ(y1) = y2
?4��gFE@C@af�tU*K

Aut(Y/X)
VLC�jSgLV�adcfU�GLV:j@RzJTCL^SCIJfK{M�eX;JYU

p−1(x)
?

� � ¨�¨ � �<M ¦ ° M OQP
(Y, p)

WYT[Z
\X]_^`UaWXefo t�v q lfo ^*l`\
X
w�h�l*r�y p T�TY\Y^[l*rNl q
� U|g
r<v�P

Aut(Y/X)
p8q T r R ^*T �LT�^`UaWYy�gz^*l p−1(x)

w2r R x ∈ X
TVP�P$l

(Y, p) R*S P*TVU!WYT_PxlfP&UsWYefoWYT[Z
\X]_^`UaWXefo!t�v q lfo �O�]_e p R U � h & _ U�jSeIafC
Aut(Y/X)

adcfC jSRzJYCF^SCFJLK M*e X;JYULV
p−1(x)

CFV p�K{C M*eL¡/R
y1, y2 ∈ p−1(x)

GFH�eIcf³kRYK
ϕ
NzJfX�Kfs8X;JdR

ϕ(y1) = y2
?�Q�GFJf� �FCFH���JTUtH���cLK X�j@C£>I?{w*>��dC@GFJf�¡/C�X;GIjI^SCSW VFRYK6CLVfV

p∗(π1(Y, y1)) = p∗(π1(Y, y2))
?}Q�H���¡/Rzs8cfgIjSC©>I? ·	�;U*K6GFH�U�U�j@e@adRYO

p∗(π1(Y, y))
p�K{C

y ∈ p−1(x)
CIHSUIJdRzESU�nLV¥jSW�C¤M�E@e@X;g~X;G@�dGIp�W{C@O�CIHS�©GIHSU�U�j@e@afRPO£JTUSG

π1(X, x)
? � �8JdX6K

p∗(π1(Y, y1)) = [α] ∗ p∗(π1(Y, y2)) ∗ [ᾱ]
?iQ�H��mJfgLV¥M*CLVFULVIK M*�IJdgIJYCJYU�G�M*CFESGFHSJfK M*U�ni³*s8cfU�G�NzH�RzJYCSKk�FJLK

p∗(π1(Y, y1)) = p∗(π1(Y, y2))
?
♦�(W{afC@j@R��FJLK�CLV�JTU

(Y, p)
RTW VFC@K;M�CFVFULVIK M*��O�M*CFESGFHSJfK{M���Ot³*s8cfUSO�JTUSG

X
�*Jf�FJfR��

Y/Aut(Y/X) ∼= X.QtODadU�n@j@RtJTs8cfC�JYU CLVLJfW X;JdcfU���U¥Jdg@OtH�cf�FJYC@X;g@O�>@?5>fµ��
«�<N�2#k���uK �<M ¦ �!M �  gz^}� e`^`U
l

(Y, p) R*S PnTkU�WYT[Z�\X]V^[UsWXefoNt�v q lfoA^*l`\ X � � e`^ R h�l[r�y p T
Aut(Y/X)

w p8q T
evenly

gi^*l&P
Y �  ] S gzh�oAT_PQh Aut(Y/X)

p8q T�r R ^nT��LT�^[UsWYy:g R WYy
# R� 	*ZkZild^xh�o
p
wN^`e`^ R ^*ldWYy`Z�\xr�rLT R*S P*TVU m P*T:WYTVPxl&P&UsWXe G �IWYy[Z
\xr�rLTjr R Aut(Y/X) = G �O�]_e p R U � h & x:C adRTW{�fUSG@j@R©�IJfK�g,afcde@X;g¬RYW VFC@K even

? � �¶XkJPy
y ∈ Y

M*C@K
N
j�K{Cp;RTK JTULVIK{e JYU�G

p(y)
�!g~H�U*W{C RTW VFC@K!USjSCFESe¥M*CFESGIjSj@NzVLg~CFH��mJfgLV

p
?�utC@W{cTVLy NzVLCm�6nFE@E@UJfgIO

p
�
V
jSR

y ∈ V NPJdX6K2s8X;JdR�g
p|V V → N

VFC©RYW VFC@K�N�VFC@O�U�jSU*K U�jSU�cd�/K X;jS��OF? Q�V
ϕ 6= ϕ′ ∈ Aut(Y/X)

�kJf�FJfR
ϕ(V )

M*C@K
ϕ′(V )

��¡6C=H�cfNzHSRTK*VFC¥RYW VLCSK6�dNzVLC��;aLK{CI�6U�cfRzJfK{M�eg
ϕ−1 ◦ ϕ′ ¡6C¥NY³kRYK/N�VFC¥X;JYCL¡/RPcf� X�gIjSRYW U X;JYU V ��H�cfeFp;jSC¥eIJYUSHSU CFH��¥H��ScLK X;jSC©>@?5>��k?

� �8JfX�K
ϕ(V ) ∩ ϕ′(V ) = ϕ · V ∩ ϕ′ · V = ∅

?�|�s8cfC¤CIHS� JYU HScfU�gFp;U�n@j@R�VFU E@�@j@jSC�CLVg�USjSeIafC
Aut(Y/X)

�*afcdC�jSRzJYCL^�CFJLK M*eDXkJYU
p−1(x)

�;U
Y
RYW VFC@K�M*CFVLUFVIK M*�SO�M*CFE@GIH@JLK M*��O³*s8cfU�OF? � QtcfC

Y/Aut(Y/X) ∼= X
M*C@K;HScfU���CFVLs8O

G = Aut(Y/X)
?
♦utCIcfCFJfgIcfU�nIjSR©�FJLK�CFV�g afcfeIX;g¬RYW VFC@K�j@RPJYCL^�CFJLK M*�	��¡6C RYW VFC@K}M�CSK�H*K X;Jd����afgFESCIaf��JYU

ϕ ∈ Aut(Y/X)
��jSR

ϕ(y) = y′
RYW VFCSK¶jSULVFCIaLK M*�6? Q�HS� JYU ¡6RPs8cdg@j@C >@? ±@± M�CSK8JfgLVH�cf�FJYC@X;g >I? ±I·�HSCSW{cTVFUSG@j@R�JYU�H�CIcfCFM*eIJPy,H��ScLK X;jSC
�

«��4<���� ¨ � �NM ¦ » MjO:P (Y, p) R*S P*TVU m PnTYodWkTVPxl&PfUaWXefoAWkT`Z�\X]V^[UsWXe&o�t�v q lfoj^[l[\ X w�^xe`^ R l
Y R*S P*TVU m P*TQWYTVPxl&P&UsWXe G �8Wky`Z�\xr�rLTQWkTkU

G = Aut(Y/X) ∼= π1(X, x)/p∗(π1(Y, y))��U{T�WYy
# R x ∈ X
WYTVU

y ∈ p−1(x) � O:P l Y R[S PnTkU�T_]}Ziy g�\VP R Wc^[UsWXefoAt�v q lfo ^`ex^ R
π1(X) ∼= G = Aut(Y/X) ��(W{afC@j@RD�IJfK6N�VFCIO�M*CIE@GFHSJLK M*�SO:³*s8cfU�O

(Y, p)
JYU�G

X
M*CF¡6U�cLW{�fRzJYC@KkH@ES�Icdy8ODCFH��¥JfgLVM�E@e@X;g~X;G@�dGIp�W{C@O£JfgIO�GFH�U�USjSeIafC@O

p∗(Y, y)
JYU�G

π1(X, x)
?�|}U�RYcTs4JfgIjSC~HSU�G HScfUSM*n�
HSJdRTK RYW VFC@K$�FJLK �tCFV

X
RYW VFC@K$N�VFCIO�JYUSHSUIE@UFp6K M*�SOD³ks8cdU�O�M*C@K CFV¤j@C@O�aLW VFRzJYCSK j�W{C¤M�ESeIX;gX�GI�fGFp�W�CIO£CIHS�©GIHSU�U�jSeIafRPOiJTUSG

π1(X, x)
��GFH�eIcf³kRYK M�CIE@GIH@JLK M*��Oi³*s8cfU�O

(Y, p)
JYU�G

XNzJfX�K;s8XkJfR�g
p∗(Y, y)

VLC=CFVL�IM*RYK;X�RtC@GFJf�LV£JfgLV�MSESeIX�g�X�GI�fGFp�W�CIO�-
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9-.�­=<LK ¨ � �<M ¦ �!M �  gi^¸� X ^*l_]_lIZil���UaWXefo�t�v q lfonw�]�l`\ m t R U
WYT
#klIZzUsWXe4WYT`Z�\X]_^`UsWYeBt�v!�q l � � ex^ R �cU T Wky$# R WxZzyYgzh�gL\��*\�� S TYo)T_]�eA\X]_lfl*r�y p R o6^&hco π1(X, x)
wN\X]�y q t R UYWYT[Z
\X]_^`U �WXefoBt�v q lfo

(Y, p)
^[l[\

X
w m ^xg�Ucv�gi^ R h p∗(π1(Y, y))

PnTQTVP�bcW R Uig R TY\Y^&b�P ^&h�PdWxZzyYgzhg�\��*\�� S TYo �
O:]�e p R U � h & � �(XkJPy

(X̃, q)
UmM*CF¡6UFE�K M*��O£M*CFESGFHSJfK{M���Oi³ks8cdU�O�JYU�G

X
?=_

π1(X, x)afcfC�jSRzJYCF^SCFJLK M*e¤X;JYU�X�nLVFUFESU
q−1(x)

CFH���afRP�LK{e	�!M�CSK$M*CF¡�s8O�U
Y
RTW VFC@K�CFHSE@e~X;GFVLR 
M�JLK M*��O�afcdC�RzE@RYnL¡6RYcdC;?!�¶H�W X;g@O}M*C@K�giU�jSeIafCiC@GFJYU�jSUScf�/K X;j@s�V

Aut(X̃/X) ∼= π1(X, x)afcfC©jSRzJYCL^�CFJLK M*e��7M*eF¡6R�M�CF¡6UIESK M*�~M*eFE@G@j@jSC~RYW VFC@K$M�CSK M*CLVFUFVFK{M�� � CFH��©CIcLK XkJfRPcfe	�!XkJYUX�nLVFUFESU
q−1(x)

?8��K�CFE@NPpky-N�VFC�X;g@j@RTW U
x̃ ∈ q−1(x)

M*C@KIGFH�USU�jSeIafC
G
H�USG�CFVL�IM*RYKFX;JdgFVM�ESeIX;g£X;GI�fGIp�W{CIO�HSU�GijSCIO�aLW VFRzJTC@K ? � �¶XkJYy

H
VFC£RYW VFCSK�GFH�USU�jSeIafC�JPy�V£C@GFJYU�jSUScf�/K X;j@s�V

Aut(X̃/X)
H�U�G©U�cfW��dRPJYC@K!y8O¥RP�f�@O �

ϕ ∈ H CLVfVmGIHSe@cf³kRYK�XkJYU*K ³kRYW U
[α] ∈ G

JfNzJYU*K Us8X;JdR
ϕ(x̃) = x̃ · [α] ∈ q−1(x)

?(l(JYU�afRP�LW*jSNzE@U�O}JfgIO�K X��FJfgFJYC@O}NP³kU�GIjSR�JdgFVDafcfeIX�gDJYU�GC@GFJYU�jSU�cd�/K X;jSU�n
ϕ
XkJfgLV

q−1(x)
R�VLs®X;JYU�CIcLK XkJfRPcf��jSNzE@U�O�Jdg@O�K X��FJfgFJYC@O£JfgLV~adcfe@X;gJTUSG©X;JYU*K ³kRYW U�G¤JfgIO�U�jSeIafCIO

G
XkJYUFV

q−1(x)
?m�(W{afC@j@R=�FJLK ��U�cLK X�j@��Om>@? wF´ � G ∼= HjSNPX;y JfgIO�CFVfJLK XkJYU*K ³;W{C@O

ϕ↔ [α]
�6CLVfV

ϕ(x̃) = x̃ · [α]
?�¶HSRYK�ad�

H ≤ Aut(X̃/X)
�kg

H
afcdC

evenly
XkJYUFV

X̃
? � �¶X;JPy

Y
VFC=afgFEIs�VFRYKkJYULV�³*s8cfUH�gFE�W M*U

X̃/H
�
r : X̃ → Y

�/VFC RYW VLCSK$g~��G@X�K M*�¤HScfU@^SUIE@��M*C@K
p : Y → X

VFC~RYW VFC@K2gCIHSRTK M*�LVIK X;g�H�USGDRPHSeIp;RYK@g
q : X̃ → X

? � �¶³;USG@j@R�JTU�jSRzJYCF¡6RzJLK M*�iaLK{eFp�cdC@j@jSCDNzJfX�K�s8X;JdR
p ◦ r = q

�
(X̃, x̃)

r−→ (Y, y)
q ↘↙ p
(X, x)

� htH�U�G¤U
(X̃, q)

M*CFESGFHSJfK M*��O�³*s8cfU�O£JYU�G
X

� CFH��mGFH��@¡6RPX�g � �/U (X̃, r)
RYW VLCSK/N�VFCIO

H

M*CIE@GFHSJLK M*�SO�³*s8cfU�O�JTUSG

Y
� CIHS�mES�IjSj@C->I?[>dw � M*C@K (Y, p) M*CFESGFHSJfK{M���Oi³ks8cdU�O=JYU�G XCIHS�mJTU©E@�@j@jSC�>@? wI±¥p�K�CFJLW$CFH�UFJfRzESRYW N�VFCLV~USjSU�j@U�cf�/K X�j@��M�CIE@GIH@JLK M�s�V¥³*s8cdy�V�?�QtcTM*RYWVFC-adRTW{�dy �FJLK

G ∼= p∗(π1(Y, y))
? � �¶³*y �FJLK

p : Y = X̃/H → X
RYW VLCSK4j�W{C�M*CFESG�
HSJLK M*�~CIHSRTK M*�LVIK X;g	�$NPJdX6K

p∗(π1(Y, y)) ∼= π1(Y, y)
M*C@K!CFH��mJYU�H���cLK X�j@C->I? ± �¥¡/C~NY³*y

π1(Y, y) ∼= H ∼= G
��NzJdX6K

G ∼= p∗(π1(Y, y))
?
♦

§ <��7� ¨ �4) �NM ¦2�BM �  P*TkoLt�v q lfo X l&Pxl*r�y�� R ^nTVU_^*l_]VUsWky)T_]}Ziy/gL\kP R WX^`UsWYefo�TVP6WYy
# R � R U ^*l`�PfU{y R Pfefo2gihXr R*S l[\�^*l`\�w�] R q U m t R UXrNU{TQ� R U ^*lfP&U{y�^[l[\�gihXr R*S l`\Q]�l`\ R*S PnTkUcT�]nZzy g�\VP R Wc^[UsWcb �
§ <��7� ¨ �4) �<M ¯ �!M �  P*Tko!t�v q lfo X l&Pxl*r�y � R ^nTkU semilocally

T�]nZzyjg�\VP R Wc^`UaWXefo/TVPdWYy$# RgihXr R*S lF^[l[\ m t R Ui� R U ^*l&P&U yj^ m ^[lxU T2v�gi^ R WYy
# R WxZ R U gi^`e2rNl&Pxl_]�yf^`Ucg R TY\Y^&b�PF^xh�P � R U ^*l&P&U yR[S PnTkUzl*r�l`^*l_]VUaWXeAr R ^*l�^ R ^ q U{r�r m Pxl ��� gcl p 	VPnTxrLT�TVPjWky$# R gihXr R*S l x ∈ X m t R U � R U ^*l&PfU{y
V m ^xg�U�v�gz^ R l R ]fT&�Xv�r R Pxlfo�T_]�e ^*l&P R �
W`Z R U|g�r!e l*rNl*r�l q�� U|g�r!efo i∗ : π1(V, x) →
π1(X, x) R*S P*TVU6l rBh p R PfUaWXefonw p h&ZkT p b T_] R UaWXl&P S � R U6WYy
# R gi^*l&U t R[S l ^xhco π1(V, x)

gi^*l^*TY\Y^*l`^`UaWXe WYTVULgL\kP R ]xv�odh i R*S P*TVUzr!h l`\kg�U|v p h�o J /�gL\kP&y q ^&hcgzh )
null-homotopic+��

��W VFC@K}H�cfU���CFVLNYO-�IJfK�CLV N�VFCIO-³*s8cfU�O RTW VFC@K�JYUSH*K M*e CIH@ESe,X;GFVLRPMSJLK M*��O���Jf�FJfR©¡/CRTW VFC@K2M�CSK
semilocally

CFHSE@e~X;GLVFRzM�JLK M*��OF?���HSU�cfU�nIjSR£jSeFESK X;JYC�VFCmafRYW{�fU�GIjSR£�FJLK!N�VFCIOX�GLVFRzM�JLK M*�SO¶M*C@KdJYUSH*K M*e}adcfU�jSUSX�GLVFRzM�JLK M*�SO(³*s8cfU�O¶NP³kRTKfM*CL¡6UIESK M*��M�CIE@GIH@JLK M*��³*s8cfU�CLVfVRTW VFC@K
semilocally

CFHSE@e�X�GLVFRzM�JLK M*�SO J � ?�²�K{C�JYC¥HSC@cdCIM*eFJPy �;GIHSU@¡/NzJYU�GIjSR��FJLK/U~³ks8cdU�O
X
RYW VFCSK8X;GFVFRzM�JfK M*��O��¶JYUSH�K M*e-adcfU�jSUSX�GLVFRzM�JLK M*�SO M*C@K

semilocally
CFHSE@e-X;GFVLRPMSJLK M*��O��NPJdX6K;s8X;JdRtVFC=NP³kRYK;M*CL¡/UFESK{M��=M*CIE@GFHSJLK M*��³ks8cdU6?

� JfeIX�CIjSR¶X;JYULV�X;M�USH��Dj@C@O��LH�U�GtRYW VLCSKdVFC�^�cfUSn@j@R¶JdgFV�CLVLJLK X;JYU*K ³;W{C}H�U�G�GFH�eIcf³kRTKLj@RPJYCI�fnJYy�V-GFH�U�USjSeIady�V©JfgIO¤¡6RPjSRzESK{s8adU�G@O¤U�j@e@afCIO¤RzVL��O~³*s8cfU�G�M*C@K4JPy�V�M*CFE@G@j@jSeFJYy�VmJTUSG
� <�¥[¦[§¨�`�)© ª¸«�¬��¨¦`  �}�6º*¯&±� 
 ¥[¦[§¨�`�)© ¹¨«�¬��¨¦`  �}�4¹9424&±
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�
� � � Galois

³*s8cfU�G¥C@GFJYU�nk?}|}U HSC@cfCFM*eFJPy CFH�UFJfNzESRPX;jSC�¡6C¥RTW VFC@K/j�K{C¥�6GIX�K{M���X�GLVFNzH�RYK{C=JfgIOijSNP³kcLKJds8cfC=HSU�cfRYW{C@OtjSCIO �
9-.�­�<�K ¨ � �NM ¯ �<M )HT + �!U{T�WYy$# R \X]�lfl*r�y p T H ^*l`\

π1(X, x)
\X]�y q t R U m P*T�gL\VP R Wc^`UaWXeWYy[Z
\xr�rLT & pH : (YH , yH) → (X, x)

wAr R yH ∈ p−1(x)
w m ^`g
UBv�gi^ R h R UsWXe&P*T�^[l[\

π1(YH , yH)
gi^xh�P

π1(X, x)
w4r m gk� ^&hco

pH∗

PnT R*S PnTkU�h \X]_l&l[r�y p T H � ! y
# R y[ZkZil^ m ^*l&U|l WYy[Z
\xr�riT ) ��o:] q lfod^xh�P R ]VU ZLlf�zb �Lykgihco + R*S P*TVUiU|g
e*r�l q�� l r R TY\Y^`e �) � + OQP K R*S P*TVU�r S T�y[ZVZ�h \X]�lfl*r�y p T ^*l`\ π1(X, x)
w�]�l`\ ] R q U m t R U/^*l H wQ\X]�y q t R Ur�l&PnT p UaWcb gL\VP R t2bcoAT_] R UsWXe&P&U|gzh pH,K : (YH , yH)→ (YK , yK)

]_l[\ R*S P*TVUzg�\xr �LT�^xb r R^`U|od] q l �NlIZ m oFgz^*lfP X � O:\Y^&b R[S PnTkUzWYT[Z
\X]_^`UaWcb�T_] R UaWXe&PfU gih WYTkU
TVP H �K
w�^xe`^ RFR*S P*TVUm P*T G �IWYy`Z�\xr�rLTQr R G = K/H �

O�]_e p R U � h & �&C � � �¶XkJPy
(X̃, u)

VFCmRYW VFC@K2U©M*CL¡/UFESK{M���O£M�CIE@GIH@JLK M*��Oi³*s8cfU�O�JTUSG
X
?Qt��U�n

H ≤ π1(X, x)
�$CIHS�~JYU ¡6RPs8cdg@j@C�>I? ± � GFH�eIcf³kRYK6M*CFESGFHSJfK{M���OD³*s8cfU�O

(YH , pH)JYU�G
X
��NPJdX6K�s8XkJfR�g

pH∗
(π1(YH , yH)) = H

? � �¶XkJPy
p′H : (YH , y

′
H) → (X, x)j�W{C©eFE@E@g~M*CFESGFHSJfK M*�~CFH�RYK M*�LVIK X;gmjSR

p(yH) = p(yK) = x
M*C@K

p′H∗
(π1(YH , y

′
H)) =

H
? Q�H��¬JYU,H���cfK X�j@C >@? wk> ¡/C,NP³*y �IJfK�U*K�afnIU C@GFJYU*W¶M*CFE@GIH@JLK M*U*W8³*s8cfU*K(¡6C RYW VFC@KK X;��jSU�cd�6U*K4p�K�CFJLW

pH∗
(π1(YH , yH)) = p′H∗

(π1(YH , y
′
H))

�:U
p∗
RYW VFC@K¶CLVFRP�feIcdJfgFJYU�OCIHS��JfgLV�RzH�K{E@UFp��D^Se@X;g@OF? � ?�7^ � � h:j@U*K{C�GFH�eIcf³kRTK

(YK , pK)
M*CIE@GFHSJLK M*�SOt³*s8cfU�O�JYU�G

X
�kNzJdX6K�s8XkJfR

pK∗
(π1(YK , yK)) = K

? � �8JfX�K;¡6C=NP³;USG@j@RtJYU�H�CIcfCIM�eIJPy jSRzJYCF¡6RzJLK M*��aLK{eFp;cfC@j@jSC
�
(X̃, x̃)

rK ↙↘ rH
YK ↓ YH

pK ↘↙ pH

(X, x)

Q�V�Jds8cdC
H ⊂ K

GFH�eIcf³kRYK
pH,K

NzJfX�K�s8XkJfR:JYU¥H�CIcfCIM�eIJPy¬aLK{eIp;cfCIjSj@C�VFC�RYW VFCSK;jSRzJYC�
¡/RzJfK{M����
(YH , yH)

pH,K−→ (YK , yK)
pH ↘ ↙ pK

(X, x)utcdeIp;jSCFJLK �2CFH��©JYU©¡6Rzs8cfgIjSC >I?��¥¡6CmNP³*y �FJLK2GIHSe@cf³kRYK$jSULVFC@afK{M��~CLVF��cT¡�y8X�gmJdg@O
pHjSR

pK ◦ pH,K = pH
CFVfV

H = pH∗
(π1(YH , yH)) ⊂ pK∗

(π1(YK , yK)) = K
?�|�s8cfCC@��U�n=g

pH,K
RYW VFC@K�N�VFCIODU�jSU�j@U�cf�6K X�j@��O�M*CFESGFHSJfK M�s�V�CIHSRTK M*ULVIW X;Rzy�V �kX;n@j@��y�VFC¥jSRtJTUES�IjSj@C >I?{wF±���¡6C=RYW VFC@K�j�W{C�M�CIE@GIH@JLK M*�£CIHSRYK{M��FVIK X�gk?Q�V

H = pH∗
(π1(YH , yH)) � pK∗

(π1(YK , yK)) = K
Jd�IJdRtCFH��£JTU�H�cf�FJYC@X;g¤>I? ±I·DM*C@KJYU�¡6Rzs8cfgIjSC~>I? ±I±��kU¥³*s8cfU�O

(YH , pH,K)
�*¡/C�RYW VFC@K�N�VFCIO

G

 M�CIE@GIH@JLK M*��O�³*s8cfU�ODj@R

G = π1(YK , yK)/pH,K∗
(π1(YH , yH)).

� h:j@y8O
π1(YK , yK) ∼= pK∗

(π1(YK , yK)) = K
�4p�K{CFJLW4g

pK∗

RYW VLCSK4jSULVFU�j@U�cf�6K X�j@��OF?
� h:jSU�K�C

pH,K∗
(π1(YH , yH)) ∼= π1(YH , yH) ∼= H

? � �8JfX�K
G ∼= K/H

?
♦

«��4<���� ¨ � �NM ¯ ��M � ]fy q t R UVr S Td~&��~4WkTkU R ] S TVP�^`U|gz^*l&U t S TAr R ^nT � 	2eIZ
��P4^¸��Pd\X]�lfl*r�y p ��P
H
^&hco

π1(X, x)
WYTVU e8Z���P�^¸��PQWYT`Z�\X]_^`UsW_v�P�WxZzyYg R ��PxJ � [pH : (YH , yH) → (X, x)] �� h&ZYT p b &

H = pH∗
(π1(YH , yH))←→ [pH : (YH , yH)→ (X, x)].� � �98*¦[�*�:1d� �c¤F®x�n¦[¢n�[�n� ®&£c¤d°&£z´���¤4�8�x¢

X
�`�`¢A�}¤n�}� ¬f�8�&� °f� �}¤d¬f�98n¤d¢n�`�`�xµ'=*�}�

H modulo
	 � ¬����µx�`´ �V� ¬�µ`�& �®&�n¦[¢n�[�}� ®x£�¤6°f£
´ �c¤ 
¨±



Z � v � �
�
� � � Galois · Z ]
x:C=NP³;USG@j@R�JdgFV�RP�f�@O:CFVLJfK XkJTU�K ³;W�C
�

(X̃, x̃) ↔ {e} = Aut(X̃/X̃)
↓ ∩ ∧

(YH , yH) ↔ H = Aut(X̃/H)
↓ ∩ ∧

(YK , yK) ↔ K = Aut(X̃/K)
↓ ∩ ∧

(X, x) ↔ G = Aut(X̃/X)

Q�Vig
H
RYW VFC@KSM*CFVLUFVIK M*�DGFH�USU�jSeIafC�JfgIO

K
�IJf�FJfR�U£M*CIE@GFHSJLK M*�SO�³*s8cfU�O

(YH , pH,K)
¡6CRTW VFC@K�N�VFC

K/H

 M*eFESGIjSj@C;?2|}�FJfRt¡6C=NP³kU�GIjSR:�FJLK �
K/H ∼= Aut(X̃/YK)/Aut(X̃/YH) ∼= Aut(YH/YK).

ADeF¡6R~M*eFESGIjSj@C
YH → X

��H�U�G CLVLJfK X;JYU*K ³;RYW¶X;JdgFV
H
��j@H�UScfRYW¶VFC JYC@GFJLK X;JdRTW¶jSR JTU

X̃/H → X
��j@R

H
VFC�RYW VLCSK�jSK�C©GFH�USU�jSeIafC~JPy�V

Aut(X̃/X) ∼= π1(X, x)
��H�USG©afcfCX;JYULV

X̃
?�ADCLVFULVIK M*e�M*CFESnIjSj@CIJYC�JYU�G}³*s8cfUSG

X
CLVLJfK X;JYU*K ³;USnFV�X�R�M�CFVFULVIK M*NPO4GFH�U�U�j@e@adRYO

H
? � �8JfX�K�M*eL¡/R�M�CFVFULVIK M*�©M*eFESGIjSj@C

p : Y → X
��NP³kRYK!JfgLVmj@U�cf���

X̃/H → X
M�CSKRTW VFC@K

G

�M*eFESGIjSj@C��7H�cf�FJYC@X;g~>I? ± �*? � �*j@R

π1(X, x)/H ∼= Aut(Y/X) ∼= G.

��ESNzHSU�G@j@R=�FJLK�U*K�jSK{M�cf�IJdRPcfRPO¤GFH�USU�jSeIafRPO=JfgIO
π1(X, x)

M*C@K�X;GFVFRzH@s8O¤U�K�j�K M*cf�FJfRPcfRPOGIHSU�U�jSeIafRPOtJdg@O
Aut(X̃/X)

�kCLVLJLK X;JYU*K ³kU�nLViX;R�jSRzp;CFESnFJfRPcfC£M*CIE@nIjSjSCFJYC;?
')(�� �>@����)EI,

Galois

� �¶X;JPy
F,K

Xks8jSCFJTC�j@R
K ⊂ F �kJf�FJfR�JTU F RTW VFC@K�jSW{C=RzH�NzM�JYC@X;g�JYU�G

K
?

§ <��7� ¨ �4) �NM ¯ ¦BM �  gz^}� F R ] m Wc^nTkgih ^[l[\�gXv!rLTf^[l&o E � � q S �¸l`\xr R ^&hcP Galois
l*r�y p T^&hco R ] m Wc^nTkgihco4TY\Y^xbcojP*T R*S PnTkU &

Gal(F/K) = {σ ∈ Aut(F ) : σ(k) = k ∀ k ∈ K}.
h:cLW X;C@j@RtJfgLV�U�jSeIafC

Galois
VLC�CIHSUIJdRPE@RYW JYCSK*CFH��¤RzM*RYW VLU�G@OtJTUSG@O�CIGFJTUSjSU�cf�6K X;jSU�nIOJTUSG-Xks8jSCFJYU�O

F
�8HSU�G�C@���FVFUSGFV�X;gIjSRYK{CIM*e�XkJYCF¡6RPcf� JYU Xks8jSC

E
�8j@R

Gal(F/K) ≤
Aut(F )

?²�K{C¥JfgLV¥X�GLVFNP³kRYK�C=¡6C¤HSC@cdU�G@X�K{e@X;U�GIjSR�X;nLVLJYU�jSC�M*eFH�U*K{C�CFH�UFJfRzE@NYX;jSCFJYC=JfgIO�¡/Rzy8cLW{CIO
Galois

jSRt^SeIX�g=JYU�GIOQ# ´_%2M*C@K�# �x% ��jSRDXkM*USHS�=VFC¥��JfeIX;U�G@j@R:XkJYU¤¡6RYj@RzE�K s8afRPO:¡6RPs8cdg@j@CJfgIOmR�V-E@�Fp�U ¡6Rzy8cLW{C@OF? � �8VLC CFVLeIpky4p;U�H�UFESGFs�VFGIjSU
f
ULVFU�jSeI�fRzJYCSK8aLK{CI³ky8cfW X6K{j@U CLVp6K{C,M*eL¡/R�cLW{�fC,JYU�G¬c��tJYU

f ′(ρ) 6= 0
�:afgFE@C@af��CLV afR�V,NP³kRYK�cfW��dRYO�H�UFEIESCFHSE@�IJdgIJYCIOjSRzp;CIE@nIJdRPcfg@O�JfgIO�jSULVFeIafCIOI?

9-.�­=<LK ¨ � �NM ¯2¯ M �  gi^¸� f(x) ∈ F [x] R*S P*TVU m P*T p U T tB� q S g
U{rNld]�l8Z�\�v�PV\xr�l/WYTVU F R[S PnTkUr S T R ] m Wc^nTkgih ^*l`\�gXv!rLTf^*lfo K � OQP F R[S PnTkUL^*l splitting field
^*l`\

f
^`ex^ R'&

|Gal(F/K)| = [F : K].

§ <��7� ¨ �4) �NM ¯�° M �  gz^¸�
F
gXv!riT � O:P G ⊂ Aut(F )

^xe`^ R # m ^*l`\xr R ^*l
FG = {f ∈ F : σ(f) = f ∀σ ∈ G}.

P*T R*S P*TVU�^*l gi^nT
# R q e gXv!rLT ^*l`\ G gz^*lfP
F �
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	�������� ���
	��
�
�
� ���
��	 � ��� �
�
� � � Galois

u�C@cfCFJfgIcfU�nIjSR��FJLK*JYU
FG RYW VFC@K*NzVLC�GFH���Xky8jSCiJYU�G

F
?8h HSC@cdCIHSeFVLy,UScLK X;jS��O�RYW VLCSKX�gIjSCLVLJfK{M���O��FJYCFV¤JYU

G
RYW VFCSK$GFH�U�U�j@e@adC JPy�V

Aut(F )
?�u�C@cdC@j@NzVLRTK$��jIy8O�C@�LK{�FESUFp;U�OCIM���jSC£M*CSK;CFV�RYW VFC@K�N�VFC=CFHSE@�¥GIHSU�X�nLVFUFESU��@^@ESNzH�ULVLJYCIOt�FJLK6CLV

H ⊂ G Jf�FJfR
FG ⊂ FH .

�8H*W X;g@O�CFV
F
RzH�NzM�JYCIX�g¤JTUSG

K
M*C@K

G = Gal(F/K)
��Jd�IJdR

K ⊂ FG ⊂ F
? ADeF¡6RX;s8j@C�CLVFeIjSRPX;CDX;JYU

K
M*C@KSJYU

F
ULVFU�j@e@�fRzJYC@KSR�VFaLK{e@j@RPX�U�X;s8j@C;?¶l(JdgFV:H�RPcLW HSJPy8X;g�H�U�Gg

G
RYW VFC@K�GIHSU�U�j@e@afC¤JfgIO�U�jSeIafCIO=CIGIJYU�j@U�cf�/K X�jIs�V~JYU�G

F
¡/C©NP³kU�GIjSR£JTCmHSC@cdCIM*eFJPyCIHSUIJdRzESNPX;jSCFJTC
�

�
i � Q}V G RYW VFCSK;j�W{C�GFH�U�U�j@e@adC£Jdg@O

Aut(F )
Jd�IJdR

[F : FG] = |G|.
�
ii � Q}V G,H RTW VFC@K¶HSRzH�RPcfCIX�j@NzVLRYO GIHSU�U�j@e@afRPO¥JfgIO

Aut(F )
jSR

FG = FH ��Jd�IJdR
G = H

?
9-.�­�<�K ¨ � �<M ¯ �!M �  gz^¸� F P*T R*S PnTkUXr S T ] R ] R q TYg�r m P_h R ] m Wc^nTkgih�^[l[\ gXv!rLTf^[l&o K r Rl*r�y p T

Galois G = Gal(F/K) � � T Z m r R e`^`U R*S P*TVU�r S T Galois R ] m Wc^nTYgzh TVP:U|g&t 	 R Ur S TQT_]�ej^`U|od]�T q TkWYy�^¸� U|gcl p 	_P*T`r R oAgL\kP(#kb�W R o &�
i � K = FG.

�
ii � ! y
# R T_Pfy&�X� �
l ]�l8Z�\�v�PV\xr�l p(x) ∈ K[x]

w ^*l l�]_l S l m t R U q S � R o$gz^*l F w R*S P*TVUp U T tB� q S g
U{rNl WYTkU m t R ULe8Z R oA^[U|o q S � R o ^*l`\Qgi^*ljgcv�rLT F �
�
iii � � l�gXv!riT F T_]�l`^ R Z R*S ^*l splitting field

WYy�]_lxU|l`\ p U{T tB� q S g�U{r�l[\ ]_lIZ
\���P 	`r�l[\
f(x) ∈ K[x] �

�NM�� ����� 0 9-. ¨ .;����­=ª/.;) 9-.�­=<LK ¨ � #
K�) 9-.��=<�3���) Galois

9-.�­�<�K ¨ � �<M ¯4» � 9-. ¨ .k�4��­�ª/.�) �:.�­�<�K ¨ � #
K�) ��.;�=<�37��)
Galois

� M
�  gz^}�

F
] R ] R q TYg�r m Pxl`\ �LT
#VrNl
	 R ] m Wc^nTYgzh Galois R ] S ^*l`\ K w�r R l*r�y p T Galois^&h�P

G = Gal(F/K)
w
K = FG WkTkU

E R P p U{yxr R gcl�gcv�rLT�w p h&ZkT p b K ⊂ E ⊂ F �
� e`^ R \X]�y q t R Uur S T ~f�8~ T_P_^[U|gi^*l&U t S T r R ^nT � 	 & eIZ
��P ^¸��P R P p U{yxr R gk��P gk��r�y�^¸��P ^&hcoR ] m Wc^nTkgihcoAWYTVU�eIZ
��PQ^}��P�\X]_lfl*r�y p ��P:^&hco G wu]�l`\ p S P R ^nTVUiT�]_e�^&h�P E 7→ Gal(F/E)m ^xg�U
v�gz^ R'&�

i � � g&t R ^`UsWYefo �LT$#_r!efo�^&hco R ] m Wc^nTYgzhco p 	kl R P p U{yxr R gk��P�gk�!r�yf^}��P R*S P*TVU S gclfo r R^*l&P4g&t R ^[UsWXe p R*S Wc^xhQ^¸��P2T_P_^ S gi^*l&U tB��Pd\X]�lfl*r�y p ��P4^xh�o Galois
l*r�y p Tko � � \��
W R �W q U{r m PnT h Gal(F/K)

w m t R U�^[y � h [F : K] �
�
ii � � F R*S P*TVU!r S T Galois R ] m Wc^nTYgzh R ] S WYy$# RQR P p U{yxr R gcl`\ gXv!rLTf^[l&o E w2T[ZVZiy ^*l

E R*S P*TVU Galois R ] m Wc^nTYgzh R ] S ^*l`\ K TVP�P h�TVP�^ S gi^*l&U t/h \X]_lfl*r�y p T Galois &
Gal(F/E) R*S P*TVU
r S T�WYT_PxlfP&UsWXb$\X]�lfl*r�y p T�^&hco G � � � TY\Y^&b�Pd^&hcP�] R q S ]_^¸��gih #_Tm t)l`\xr R'&

Gal(F/K)/Gal(F/E) ∼= Gal(E/K).

_ >�
�>£CLVLJLK X;JYU*K ³;W{C�H�cfU@M*nIH@JfRYK6CLVLJLK X;JYU*K ³*s�VLJYCIOiX�RDM*eL¡/RiR�VFaLK{eIjSRPX;UmX;s8j@C
E
JfgLV

Galois
U�j@e@adC

Gal(F/E) ≤ Gal(F/K)
?OQP�^ S gi^ q l � T & Q}VLJLK X;JYU*K ³*sbX;R=M*eL¡/R�GFH�USU�jSeIafC H JfgIO

Gal(F/K)
JYU XkJTCL¡6RYcd�-JfgIOX;s8j@C�X;JdgFV

F
�;afgFESCIaf�

H 7→ FH ?



Z � v � �
�
� � � Galois · ZL¸

Q�V
L,M

R�VFaLK{e@j@RPX�C Xks8jSCFJYC JfgIO�RzH�NzM�JYCIX�gIO
K ⊂ F

M�CSK
J,H

GIHSU�U�j@e@afRPO�JfgIO
Gal(F/K)

jSR
H ≤ J ��¡6C�NP³*y �
F 7−→ 1 F ←− 1
∪ ∧ ∪ ∧
M 7−→ Gal(F/M) FH ←− H
∪ ∧ ∪ ∧
L 7−→ Gal(F/L) F J ←− J
∪ ∧ ∪ ∧
K 7−→ Gal(F/K) K ←− Gal(F/K)

� � ¨�¨ � �<M ¯ �!M �  gi^¸� F R ] m Wc^nTkgihjgcv�rLT�^*lfo K wzr R6R P p U y`r R gVTdgXv!rLTf^*T L,M � �  gz^¸�
H, J

\X]_lfl*r�y p R oF^&hco Gal(F/K) = G � � e`^ R'&�
i � Gal(F/F ) = 1

WYTVU
Gal(F/K) = G

w
�
ii � F 1 = F

w
�
iii � O:P L ⊂M =⇒ Gal(F/M) < Gal(F/L)

w
�
iv � H < J =⇒ F J ⊂ FH w
�
v � L ⊂ FGal(F/L) WYTkU H < Gal(F/FH)

w
�
vi � Gal(F/L) = Gal(F/FGal(F/L))

WYTVU
FH = FGal(F/F H ) �

�¶EIH*W{�dy �IJfK;JYU�H�CIcfCFM*eIJPy,p;cfeI�6gIjSC�¡6C�CIHSU�X;C@��gFVIW X�RYK�JfGI³k�FV�CIHSU�cLW{RPO �

F 7−→ 1 7−→ F 7−→ 1
∪ ∧ ∪ ∧
M 7−→ Gal(F/M) 7−→ FGal(F/M) 7−→ Gal(F/M)
∪ ∧ ∪ ∧
L 7−→ Gal(F/L) 7−→ FGal(F/L) 7−→ Gal(F/L)
∪ ∧ ∪ ∧
K 7−→ Gal(F/K) 7−→ FG 7−→ G

l�³k�IjSC~>I? ±
�4��W{C=RzH�NzM�JYCIX�g
F
RzH*WkJYU�G

K
HSU�G�afR�V�RYW VLCSK

Galois
?

_ HSC@cdCIHSeFVLy RzH�NzM�JYCIX�g
F
RYW VFCSK

Galois
RzH*W$JTUSG

K
CFVdV

FG = K
? � h:j@U*K{Cmg

FRTW VFC@K�RzHSNPMSJTCIX;g
Galois

RzH�W;JfGI³kCSW U�G�R�VFafK�eIjSRPX;U�G=Xks8jSCFJYU�O
E
�;CFVfV

E = FGal(F/E) ?
§ <��7� ¨ �4) �<M ¯ �BM �  gz^¸� X R P p U{yxr R gcl6gXv!rLTA^&hco R ] m Wc^nTYgzhco K ⊂ F ) b r S TA\X]�lfl*r�y p T^&hco

Galois
l*r�y p Tkoj^&hco R ] m Wc^nTYgzhco*wNT_P_^ S gi^*l&U t�T � +�� � q S �¸l`\xr R ^*l X P*T R*S P*TVU�WxZ R U|gi^`eTVP�P

X = FGal(F/X) )
X = Gal(F/FX +f� +f� � T q T�^&h q l
	`r R e`^`U<h F R[S PnTkUir S T GaloisR ] m Wc^nTYgzh R ] S ^*l`\ K w<T_P�P:^*ljgXv!riT K R*S P*TVULWxZ R U|gi^`e �

� � ¨�¨ � �<M ° �!M �  gz^¸�
F
P*T R[S PnTkU R ] m Wc^nTkgih R Pfefo$gXv!rLTf^[l&o K �-� ]fy q t R UBr S T�~&��~TVP�^`U|gz^*l&U t S T TVP&yxr R gkT$^}��P WxZ R U|gi^nv�P R P p U{y`r R gk��P�gk�!r�yf^¸��P ^xhco R ] m Wc^nTkgihcojWYTkUN^¸��PWxZ R U|gz^*v�P�\X]_l&l[r�y p ��P�^&hcoAl*r�y p TYo Galois

wB]_l[\ p S P R ^nTVUzT�]_e E 7→ Aut(F/E) �
l�R}j�W{C

Galois
RPHSNzM�JYC@X;g��FESC�JYCiR�VFaLK{e@j@RPX�CiXks8jSCFJTCiRYW VFC@K@M�E@RTK X;Jde�M*CSK�XkJfgLV�HSRPcLW 
HSJPy8X�g�HSU�GDgDRzH�NzM�JYCIX�gtRTW VFC@K@HSRPHSRPcfC@X;jSN�VFUSG�^SCF¡6jSU�n	�I�IE@RPO�U*KSGFH�USU�jSeIafRPO�JfgIO}U�j@e@afCIO

Galois
RYW VFCSK;RzH*W X;g@O�M�E@RTK X;JdNYOF?4u�cfeFp�j@CIJfK �



Zd� · � ���'�������
	�������� ���
	��
�
�
� ���
��	 � ��� �
�
� � � Galois

� � ¨�¨ � �<M ° �<MFO:P F R ] m Wc^nTkgih R Pfefo2gcv�rLT�^*lfonw L,M R P p U{yxr R gkT gXv!rLTf^*T r R L ⊂MWYTVU
H, J

\X]�lfl*r�y p R oA^xhcodl[r�y p TYo Gal(F/K) = G
w�r R H < J

w�^xe`^ R'&�
i � O:Pd^[l L R*S P*TVUcWxZ R U|gi^`e4gXv!riT�WkTkU [M : L] <∞ w<^`e`^ R ^[l M R*S P*TVUcWxZ R U|gz^xe2gcv�rLTWkTkU

Gal(F/L)/Gal(F/M) = [M : L],�
ii � O:P H R*S PnTkU�WxZ R U gi^xb�\X]�lfl*r�y p T WYTkU [J : H ] < ∞ wj^`ex^ R h J R*S P*TVU�WxZ R U|gz^&b\X]�lfl*r�y p T�r R

[FH : F J ] = [J : H ],�
iii � O:P F R*S P*TVU�r S T ] R ] R q Tkg�r m P_h R ] m Wc^nTYgzh Galois R ] S ^*l`\ K w)^xe`^ R e8ZkT ^nT R Px�p U y`r R gVTjgcv�rLT�^nTjWYTVU�e8Z R o/l&Ui\X]�lfl*r�y p R o/^&hco2l[r�y p TYo Gal(F/K) R*S P*TVUcWxZ R U|gz^ m or R Gal(F/K) = [F : K].

_ M*CFJfeIX;JYCIX�g£H�RPcLK p;cfeI�6RzJYC@K;XkJYU¥HSC@cdCIM*eFJPy X�³k�IjSCk?

F ←→ 1
∪ ∧
M ←→ Gal(F/M)
∪ ∧
L ←→ Gal(F/L)
∪ ∧
K ←→ G

l�³;�IjSC >@? ´ �4��W{C=RzH�NzM�JYCIX�g
F
RzH�W;JYU�G

K
HSU�G�RYW VFC@K

Galois
?
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� �

� � ��� ��
�� ��� �
Riemann

�4(*' � 1 5����6D4@B5}@!;
Riemann

7:,A5:= D4,)./0436587:9N;�=?1d@B5I7QC�DFEHG:@B5I;
��M � ��� � 3 ��� �t��� #$��),+�1����! �#$�&%('*) �¥ �1���<2#k�4��.6��)
x:C©C@cf³;W X;U�GIjSR�GIHSRzVd¡/GIj�W{�fULVLJYC@O�E�W p;C¤H�cfeFp;jSCFJTC p6K{CmJfK O�CFVLCIE@GIJfK M*NPO � ��UIE@��jSUScf�6RPO��
holomorphic

J � X�GLVFCIcdJf�IX�RYK O ��-W{C�X;GFVFeIcdJdg@X;gmESNzp;RzJYCSK2CFVFCFE@GIJfK{M��~X;R�NzVLC©CFVFU�K{MSJf�
U
��CFV~GIHSe@cd³;RYK�gmHSC@cdeIpky4p;U�OX�R=M*eL¡6R=X�gIjSRYW U�JYU�G

U
?�x:C ESNPjSR��IJfK�RTW VFC@K!CLVFCFESGFJLK M*� X�R�N�VFC©X;gIjSRYW U

z0
�4CFV~RYW VFCSKCFVFCFE@GIJfK{M��¤X;R�jSW{C¤HSRYcfK U@³k�¥JYU�G

z0
?£u�cfNzH�RYK VLC H�CIcfCFJfgIcf�IX�U�GIjSRDNzJdX6K2�IJfK2g CFVFCFE@GIJfK 
M*�IJdgIJYC X;JYU

z0
RTW VFC@K$j�W{C~N�VfVFU�K�C aLK{C@��U�cfRzJLK M*�¥JfgIO�HSC@cdCIpky4p�K X;g@j@�IJdgIJYCIOI?DQ}V

f
RYW VFC@KCFVFCFE@GIJfK{M��:X;R�j�W{C�CLVFU*K M�Jd�

U
�FJf�FJfR�RYW VFC@K@j�W{C�X;GLVFRP³;�IO�X;GFVLe@cdJdg@X;g�XkJYU

U
M*C@K@K X;³kn@USGFVU*K

Cauchy-Riemann
X;GFVf¡6�FM*RPO �(CFV

f(z) = u(x, y) + v(x, y)i
�/jSR

z = x + yi
Jf�FJfR

ux = vy
M*C@K

uy = −vx.
� �4VFC©eIEIE@U ^�CIX�K{M��©CIHSUIJdNPE@RPX�j@C RYW VFC@K!�FJLK$M*eF¡6R£X�GFpkM�E�W VFUSG@X;C~afGLVFCIjSU�X;RYK{cfe~RYW VFC@K!j�W 
C�CLVFCFESGFJLK M*� X�GLVFeIcdJfgIX;gmX;JYU-aLK{e@XkJfgIjSCmX;nFp;MSE�K X;gIO�M*C@K!M*eL¡/R=CLVFCFESGFJLK M*�

f
��X;R�N�VFCCFVFU�K{MSJf��M*C@K�X;GFVFRzM�JfK M*�¥GIHSU�X�nLVFUFESU=JYU�G

C
j@HSU�cfRYWkVLC=JfgLV�HSC@cdC@XkJf�IX�USG@j@Rtj@R�j�W{C�afG�
VFC@j@U�X;RTK{cfe	�}afgFE@C@af��p�K�C M�eF¡6R

z0
XkJYU¬CLVFU*K M�Jd� X;nLVFUIE@U ��GIHSe@cf³kRYK8j�W{C�afGLVFC@j@U�X;RTK{cfe

∑∞
n=0 an(z − z0)n HSU�G©X;GIpkM�ESW VFRYK!XkJTU f(z)

�!p�K{CmM*eL¡/R
z
X;R=jSW�CmHSRPcLK UI³;� JTUSG

z0
�I?Q�V

f(z)
RYW VFC@K!CLVFCIE@GFJLK M*�¤X�R�aLW XkM*U

D = D(z0, R)
��j@R

R > 0
��K X�³knIRTK JYUm¡/Rzs8cfgIjSC

Taylor
�*afgFE@C@af�£p�K�C�M*eF¡6R

z ∈ D ¡6C=NP³;USG@j@R �

f(z) = a0 + a1(z − z0) + a2
(z − z0)2

2
+ · · · jSR an =

f (n)(z0)

n!
(n = 0, 1, . . .).

Q�HS�¤JYC�HSC@cfCFH�eLVLy,H�cdUSM*nFHSJfRYKk�IJfK;JYC=CFM*�FESU�GL¡6C�RYW VFC@K6K X;U�afnLVFCIjSC
�
• z0

RYW VFC@K�cLW{�fC�Jdg@O
f
�

• a0 = 0,

• g f p;cfeI�6RzJYC@K�X;CFV f(z) = (z − z0)g(z)
�;p�K{C=M*eF¡6R

z ∈ D �/j@R g(z) CLVFCFESGFJLK M*�X;GFVFeIcdJdg@X;g=XkJTU
D
?

� �A¶`´}�`���n¦[¶`µ`�x´���84�`´}�`§I´}°f�¨�8�[�c�n�`¶F�98n¤2¬ �}¤ ;V�I¬(8F�8�}¤2¦[§I¡¸� ��¤
	���
���®&�[����
������2®&�[�k�¨�&� ¦[§I°&�98*®&�6 � �:¤n���8�}¤*� ¬f�}�8  8 �`µx�x� ¶n�98*�8���}¤2=*µ`�I¬�� ¬f�}� � �n¦[¶xµ`�x´��_�I�:¬�¢}¤*�*´��:1[¬��8� �:®x�[�<�}� � �n®&§I´¸�[� �I� 	
entire
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v � · � ������� �������
� Riemann

Q�V
f(z)

�I³;K�XkJYCF¡6RPcf�=X;GFVFeIcdJdg@X;g��*Jd�IJdR�¡6C�NP³;USG@j@Rt�FJLK �
f(z)− a0 = a1(z − z0) + a2

(z − z0)2
2

+ · · ·

x:C�HScfNzH�RYK�JYU�GIE@eI³�K X;JYULVmjSW�C�CFH�� JfK O HSC@cfCFpks4p;U�G@O
f (n) VFC-j@gFV�RYW VFC@K4jSgIafN�V �8p6K{CFJLWaLK{C@��U�cfRzJLK M*e�¡6C�RYW ³kCIjSR}CFH���JYU=CLVFeFHSJdGIp;jSC

Taylor
X;RtjSW�CDHSRYcfK U@³k�DJYU�G

z0
�FJLK*g

f(z)¡/C¥�FJYCFV�X;JYCL¡/RPcf�	�kH�cfeFp;jSC¥eFJTU@H�U¥CIHS�¤JdgFV=GIHS�@¡6RYX;��jSCIOF? � �¶XkJYy
(z − z0)k VFC¥RYW VFC@Kg=j�K M*cd�IJdRYcdg=afnLVFC@j@g�JYU�G

(z − z0)
��j@R��I³�K;jSgIafR�VIK M*�¥X�GLVLJdRPE@RPX;Jd�;?�utcdUSM*nFHSJfRYK;�IJfK �

f(z)− a0 = (z − z0)k
[f (k)(z0)

k!
+ (z − z0)

f (k+1)(z0)

(k + 1)!
+ · · ·

] jSR
f (k) 6= 0

x:C=ESNPj@R��IJfK6JYU
k
RYW VFCSK�g¥HSUIEIE@CIH@ES�FJfgFJYC � �¥g�JfeI�fg=JYU�G�X�gIjSRYW USG � j@R�JfgLV�USHSU*W{C=g fH�C@W{cTVFRYK;JdgFV�JLK{jS�
z0
?�Q�H��¤JYC=H�CIcfCIHSeFVfy¬HScfUSM*nFHSJdRTK;�IJfK/CFV�JYU

z0
RYW VFC@K/cLW{�fC�j�W{CIOD�@³;KX;JYCL¡/RPcf�IO

f(z)
�*Jf�FJfR�JYC=CIM��IE@U�GL¡/C£RYW VLCSK�K X�USafnFVLC@j@C��

• _ f(z)
NP³kRTK;cLW{�fC=H�UFEIESCFHSE@�IJdgIJYCIO

k
XkJYU

z0
�

• f ′(z) = f ′(z0) = · · · = fk−1(z0) = 0
M*C@K

fk(z0) 6= 0
�

• f(z) = (z− z0)kg(z)∀ z ∈ D ��j@R g(z) j�W{CiCFVFCFE@GIJfK{M��DX�GLVFeIcdJfgIX�giXkJYUFV D M*C@K
g(z0) 6= 0

?
l�g@j@RYW UmCLVLy8jSCFE�W{CIO

z0
Jdg@O

f
RYW VFC@K2�FJYCFV�g

f
RYW VFCSK$CLVFCIE@GFJLK M*��X;R�M*eL¡/RDp;RYK JYUFVFK�e¥JYU�G

z0
� CIEIE@e¤adRzV¤RYW VFC@K CFVFCFE@GIJfK{M���X;JYU

z0
?D��RPjSULVLy8jSN�VFU©X;g@j@RYW U~CLVLy8jSCFESW�CIO£RTW VFC@K �IJYCLV �RzH*K HSE@NPUFV¥GFH�eIcf³kRYK/M*eIHSU*K{C �fJfcdGIHSg@j@NzVLg
�=p;RTK JTULVIK{e¥JTUSG

z0 : 0 < |z − z0| < R
�!NzJdX6Ks8X;JdR�g

f
VFC¤RYW VLCSK/CLVFCFESGFJLK M*�k?�²�K{C¥H�CIcfe@adRTK p�j@C=JYU

z = 0
RYW VFC@K jSRPjSULVLy8jSN�VFU©X;gIjSRYW UCFVfy8jSCFE�W{CIOtp�K{C�JfgLV

1/z
?

� �8JfX�K �S�FJYCFVtg
f
RYW VLCSKFH�CIcfCIpky4p�W X;g@j@g:XkJYUFV:CFVLU*K M�Jf�iaLW XkM*U

D(z0, R)\{z0}
�IGIHSe@cd³;USGFVX;JYCL¡/RPcfNPO �

ai, bi ∈ C : i = (0, . . . , n)
p6K{C�M*eL¡/R

z ∈ D(z0, R) \ {z0}
NzJfX�K$s8XkJfR�VFCK X;³;nIRYKkJYU�¡/Rzs8cfgIjSC

Laurent
�kafgIE@CIaf��g

f
VFC�NY³kRYK�X;RYK{cfe

Laurent
jSR��

f(z) =

∞
∑

n=0

an(z − z0)n +

∞
∑

n=1

bn
(z − z0)n

²�K{C£M*eF¡6R
z ∈ R1 < |z − z0| < R2

���@H�U�G�g
f
RTW VFC@K�CLVFCFESGFJLK M*�k?!|}U¥HScds4JYU¥eF¡6cfU*K X;jSCUFVLU�jSeI�fRzJYCSK6M*CLVFULVIK M*�mj@NYcdU�O�Jdg@O

f
M*C@K$CLVLJfK{HScfU�Xky4H�RPnIRTK/jSW{C CLVFCFESGFJLK M*��X;GFVLe@cdJdg@X;g	�R�VLs JYU¥afRPnIJdRPcfU�M*n@cfK U�jSNPcfU�OF? � htHSU�G��

an =

∫

c

f(z)

(z − z0)n+1
dz/2πi

p�K{C
n ≥ 0, bn =

∫

c

f(z)

(z − z0)−n+1
dz/2πi

p�K{C
n ≥ 1.

��R
c
VFC�RYW VFC@K�jSW�C�u£? Q£? A

.
|}C

ai, bi
��H�cdUSM*nFHSJYU�GLV�CIHS�,JYULV ²2R�VIK M*RPG@j@N�VFU htESU@M�ESg�
cdy4JLK M*�¬|}nIHSU¬JYU�G

Cauchy
H�U�G K X;³kn@RYK(p�K{C,j�W{C�H�CIcfCFp;y4p�W X;gIjSg

f(z)
XkJYU

I(c) % ∪W ³�VFUSO:JfgIO
c
jSR
z0 ∈ I(c)

M*CSK
c
VFCiRYW VLCSK�jSW�Ciui? Qi? A � u�UIE@nDQ�H@ES�DADCIj@HSnIE@g � �IafgFESCIaf�M�E@RTK X;Jd���FCFHSE@���T¡/RzJLK M*etH�cfU�X;CLVFCIJYUFE�K X�j@NzVLg�M�CSKFJTU

I(c)∪ W ³�VFUSO�JfgIO(M*CIj@HSnIE@gIO8VFC:RTW VFC@KN�VFC�M*GIcdJf��X;nLVFUIE@U , ?8²!K�C n = 1
¡6C=NP³;USG@j@R:�FJLK

b12πi =
∫

c
f(z)dz

jSR
b1
VFC=RYW VFC@K;JYUUIE@USM�E@gIcdy4JLK M*�=GFH��FE@U*K H�U�Jdg@O

f(z)
X;JYU

z0
M*C@K�X;G@jF^�UFESW��dRPJYC@K*jSR

Res(f, z0).�=K{CIM�cLW VFU�GIjSR�JfcfRYK O:HSRPcLK HSJds8X;RYK O �
0 µ`�

I(c)
¬�¢*µ[¥`�n¦`  ?}�`¢*µx�!�8�/�I¬ �
�¸�I´n� ®&¶/�98[�B®x�*µ[� �n¦28[�

c
±5 �/�c� ¤*� ®x�I¢*µx§ ¤n�x� ��¦[�[®`¦28[´ ���n� ®&¶`��� �n�`�x�B�8�`¢

Cauchy
3kµx�*�B¦[§I�8�Y¶n�}� 6 � �

f, c
3V¶[���
�B�x�*´¸�n�'=}¤ � 3;V�6§I°f�`¢*µx�!¶n�}���

f(n)(z0) = n!
2πi

∫

c
f(z)

(z−z0)n+1 dz
±
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• Q}V©�FESC¤JTC bi RYW VFC@K!jSgIafN�V �2Jf�FJfR=g f H�CIcfU�GIX�K�eI�fRYK$CSK{cf��j@R�VFg �}�©RzH�U�GIX�K{s8adg �CLVLy8jSCFE�W{C�X;JYU
z0
?(h:cLW{�fUFVfJTCIO

f(z0) = a0
Jd�IJdR:g=CLVLy8jSCFESW�C�CSW{cfRzJYC@K �

• Q}VDeFH�RYK{cfC bi RTW VFC@KSaLK{eI�6U�cdC�JTUSGDjSgIafR�VF��O��IJd�IJdR}NP³;USG@j@R�U�GIX6K s8afgDCLVLy8j@CIESW{C�X;JYU
z0
�

• Q}VmH�RzHSRYcdC@X;jSN�VFC bi RYW VFC@K!aLK{eI�6U�cfCmJYU�G~jSgIafR�VF��O��!Jd�IJdR�p�K�CmM�eIHSU*K U k ∈ N
¡6CNP³kU�G@j@R

bk 6= 0
RzVfs

bk+1 = bk+2 = . . . = 0
?(|}�FJfRtESNPjSR:�IJfK�g

f(z)
NP³kRYK;HS�IE@UjSRtH�UFE@E@CIH@ES�FJfgFJYC�� Jde@�dg@O � k XkJYU z0 M*CSK limz→z0

f(z) =∞.Q�HS� JYC H�CIcfCFH�eLVLy H�cfUSM�nIH@JfRYK¶�FJLK(U*K�cLW{�fRPOmJfgIO
f(z)

RYW VFC@K�U*K(HS�IE@U*K4JfgIO
f(ζ)

M*C@KJTU©CLVLJfW X;JdcfU���UmRP�6CIcfjS���dUFVLJYCIO£JYULV¤jSRzJYC@X;³kg@j@CIJfK X;jS�
ζ = 1/z

�6R�VLs U*K/Jde@�fRYK O£aLK{CFJfg�
cfU�nLVLJYCSK ? � �8JfX�K(jIH�U�cfUSn@j@R¥VFC�H�U�nIjSR¤�FJLK4JTC-CIM��IE@U�GL¡/C�RYW VFCSK¶K X;U�afnLVFCIjSC�p6K{C-j�W{C
fCFVFCFE@GIJfK{M���XkJYU

D(z0, R) \ {z0}
�

• _ f(z)
NY³kRYK;HS�IE@U�jSRtH�UFE@E@CIH@ES�FJfgFJYC

k
XkJYU

z0
�

• f(z) = h(z)
(z−z0)k

�kp�K�C�M*eIHSU*K{C
h(z)

CLVFCIE@GFJLK M*�£X;JYU
D(z0, R)

M*C@K
h(z) 6= 0

�
• JYU¥��cLK U limz→z0

f(z)(z − z0)k GIHSe@cf³kRYK*M*CSK;RYW VLCSK;aLK{e@��U�cfU�JYU�G=jSgIafR�VF��OF?
��M � º � ¹ �!'�"�0$1�#k��),#$��)���"4���}�!1�./��.;)

Riemann�-W{C�X;GFVLRPMSJLK M*��RzH*K{�6eLVFRYK{C
Riemann X

RYW VFCSK�j�W{C=ESRYW{C�w 
 HSUIEIESCFHSE@�FJfgFJTC	�@jSCI�LW6jSR:j�W{Cj�K p;CIaLK M*�=CLVFCIE@GFJLK M*�£afU�jS��X;JYULV
X
�

• �(W VFCSKFj�W{C R ]_U � yVP R U{T �LafgFESCIaf��N�VFC@O Hausdorff
JYUSH�UFESUFp�K M*��O�JYUSH�UFE@UIp�K M*��O8³*s8cfU�O

X
j@RDj�W{C¥C@cLK ¡6jS�IX�K�j@g�^Se@X;g�NzJfX�K6s8X;JdR �(p�K�C=M�eF¡6R

x ∈ X VLC¤GFH�eIcf³kRYK6CLVFU*K M�Jf�H�RPcLK U@³k�¥JTUSG
Ux
�2j@R

Ux
VFC RTW VFC@K!USjSU*K USjSU�cf�6K M*� j@R�N�VFC

V
� HSU�G~RYW VFC@K2CLVFU*K M�Jd�JYU�G

R2 ∼= C
?

• h X
RTW VFC@KSRP�6USaLK{C@X;jSN�VFU�O�j@R}NzVLCD�fRPnIp;U�O

(Uα, ϕα)
���SHSU�G

Uα
RYW VFC@K�NzVLCDCFVFU�K{MSJf�GFH�U�X;nFVLUIE@UmJYU�G

C
M�CSK

ϕα
jSW{CmX�GFEIESUFp;�~CFH���U�jSU�K U�jSUScf�/K X;jSUSn@O �

ϕα : Uα →
ϕα(Uα) ⊂ X,

p�K�C�M*eL¡/R¥afRYW M�Jdg
α ∈ I

�&U
ϕα

RYW VFC@K4j�W{C-RPj@�6nFJfRPG@X;g�JTUSG
UαXkJTULV

X
? � ?�|}gFV�X�GFEIESUFp;� {ϕα : α ∈ I} JdgFV�ULVFU�jSeI�fU�GIjSR:³;eIcdJdg�� chart, coor-

dinate chart � M*C@K/JYUm�fRPnIp;U�O (Uα, ϕα)
X;GFVfJfRzJYCIp;jSR�VIK M*��HSRYcfK U@³k���

coordinate
neighborhood

? � ?��8H*W X;g@O �
• h JTU@H�UFESUFp�K{M���O£JYUSHSUIE@UFp6K M*�SO£³*s8cfUSO X M*CFE@nIH@JfRzJYCSK/CFH���CIGIJdNYO£JLK O�H�RPcLK UI³kNYO��afgFESCIaf��K X�³knIRYK

X = ∪ϕα(Uα)
�;jSR

α ∈ N.
|}NzE@U�O �

• Q}V Uαβ = ϕ−1
α (ϕα(Uα) ∩ ϕβ(Uβ))

�2U�cLW{�fUSG@j@R£JfK O�CFH�RYK M*ULVIW X;RYK OiCIEIESCFp;�@ODX;G�
VLJdRPJYCFp;jSN�VLy�V£VFC=RYW VFCSK �
ϕβα = ϕ−1

β ◦ ϕα : Uαβ → Uβα
�

ϕβα = ϕ−1
β ◦ ϕα : ϕ−1

α (Uα ∩ Uβ)→ ϕ−1
β (Uα ∩ Uβ)jSR

Uαβ
∼= Uβα

M*C@K(CFH�C@K JYU�nIjSR=VFC RYW VFC@K
C∞ M�CSK¶CFVFCFE@GIJfK{M�NYO ��U{T WYy
# R afRYW 
M�JdRYO

α, β
� CFVm�IJYCLVmj@�FVLU

C∞ ¡6C�RYW ³kCIjSR=jSW{CmESRYW{C �&��aLK{CI�6U�cfW X6K{j@g � jSK p;C@aLK M*�RzH*K{�6eLVFRYK{C;? � ?�h�K (Uα, ϕα), (Uβ , ϕβ)
� UFVLU�jSeI�fULVLJYCSK CLVFCIE@GFJLK M*e¥K X;U�afnLVFCIjSRPOiX�G�
VLJdRPJYCFp;jSR�VIK M*NPOtHSRYcfK U@³kNPOF?

�-W{C¬eIEIESg U*K M*UFp;NzVLRTK{C,X;GFVLJdRzJTCFp;jSR�VIK M�s�V,HSRYcfK U@³*s�V�� {ψα′ : Uα′ → X} RYW VFC@K�C�
VFCIE@GFJLK M*e�K X;U�afnLVFCIjSg j@RmJfgLV {ϕα : Uα → X} CFV e8Z R o U*K�CFH�RYK M*ULVIW X;RYK O~CFE@E@CFp��IOX�GLVLJfRzJYCFp�j@N�VLy�V CIHS�~JfgLV¤j�W{C~X;GLVLJfRzJYCIp;j@RzVFK{M��¥HSRPcLK UI³;�¤XkJfgLV¤eIEIESg¤RYW VFCSK
C∞ M*CSK C�
VFCIE@GFJLK M*NPOI?t|}�FJfRDESNPj@RD�IJfK$U�K$adn@UmU�K{M�UIp;N�VFRYK{RYODX;GLVLJfRzJYCIp;j@RzVFK{MSs�V�H�RPcLK UI³*s�V¥U�cLW{�fUSGFVJfgLV�W{aLK{C=RzH*K{��eFVFRYK{C

Riemann
?
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â
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l�³;�IjSC=wk?5>��4��W{C=RzH*K{��eFVFRYK{C
Riemann

?

«���<2��#;��<�K��uK ��M �<M � gcl p 	_P*T`rLT$WYy�]_lxU|l&U gL\��L� q T � R*S o / l q S �¸l`\VP�r S T$gL\VP_^ R ^nT&�_r R PfUaWcb] R q U|l t/b�gi^*l&P X PnT R*S P*TVU l*r�lxU|l*r�l q�� U|g�r!efo ϕ : U → V
r R U TVPxl&UaWc^xe�^*l`\

X
WYTVU

VTVPxl&UaWc^xe:^*l`\
C � � ex^ R p 	kl�g�\VP_^ R ^nT&�_r R P&UsW m od] R q U|l t m o ϕi : Ui → Vi i = 1, 2

#_T R*S P*TVUTVPnT`Z�\Y^`UaWYy:U|gcl p 	VP*T`r R o4TVP &
ϕ2 ◦ ϕ−1

1 : ϕ1(U1 ∩ U2)→ ϕ2(U1 ∩ U2)

R*S P*TVU2r S T T`r � U|l8Zie*r�l q
� h gL\VPfy q ^&hcgzh ) l&Pxl[r�y � R ^*TVU/WYTVU4T_P*T[Z
\Y^[UsWXe&o U|gcl*rNl q
� U|g
r�efo + wp h&ZYT p b�l&ULgL\VP*T q ^&bcg R U|o ϕ2 ◦ϕ−1
1 , ϕ1 ◦ϕ−1

2

P*T R*S PnTkU�TVPnT`Z�\Y^`UaW m onw�] q y&�_rLT�]_l`\�U|g&t 	 R UWYTVU�r R ^[l&P$]fT q T_]fyVP*� l q U|g�r!e`w/WkT$#fv�o R W R*S T�]�TVU ^&bcgkT`r R h ϕβα
w2P*T R*S PnTkU<TVPnT`Z�\Y^`UaWcb��U{T Wky$# R α, β WYTVUug�\VP R ]&v�o WYTVU�h ϕαβ

PnT R*S P*TVUBr S T T_P*T[Z
\Y^[UsWcb g�\VP&y q ^xhcgih � � U|lWYy�^¸� #_Tdt q hcg�U rNl_]�l&U|l
	`r R WYTkUN^*l`\ko p 	VlQTY\Y^[l 	kodU|gcl p 	VP*T`r�l[\ko�l q U|g�rNl
	kojTVP&y`Zilf��T r R^&h�PQ] R q S gz^nTYgzh �
§ <���� ¨ �4) ��M���M � S T R ]VU � y_P R U{T Riemann R*S P*TVU m P*T � R 	f�
lfo (X,Σ)

wzr R X P*T R[S PnTkUVr S Tg�\VP R Wc^[UsWcb��k�¸]�l8ZVZYT�]nZie`^&h�^nT WYTVU Σ r S Tjr<U ��T p UaWcb p l*rBb gz^*l&P X w e_]x��o4TY\Y^xb�l q S gz^&hcW R]�T q T�]�y_P*� �
x:C¥p�cde@��U�G@j@R

X
CFVfJLW/p�K�C

(X,Σ)
M*C@K�¡/C¤CFVLC@��RYcd��jSCIX;JdRDX�RiN�VFCLV¥CLVLJLK H�cd��X;y4HSUJfgIO�U*K M*UFp;NzVLRTK{CIO�JPy�V�X�GLVLJdRPJYCFp;jSR�VIK M�s�V£H�RPcLK UI³*s�V*?

� T q T p R*S ��rLT�^nT R ]VU � TVP R U v�P Riemann &�
i � |}U�jSK p;C@afK{M�� RzH*W H�RPafU C

�¶H�C@W{cTVFULVLJYC@O¥X;CFV-³keIcdJfg�JfgLV�JYC@GFJYUIJfK{M���CFH�RYK M*�LVIK X;g��
idC : C→ C

?
�
ii � Q}V X RTW VFC@KFj�W{CtRzH�K���eFVLRTK{C

Riemann
�LHSCSW{cTVLy

Y ⊂ X �FjSR Y VFCtRYW VLCSKLN�VFCIO¶Jd�SH�U�O�
domain � �6afgIE@CIaf�=N�VFC�CLVFU*K M�Jf�¥M*C@K6X;GFVFRzM�JfK M*� GFH�USX�nLVFUFESU=JYU�G X ?�h Y

NY³kRYKjSW{C~�6GIX�K{M��~afU�j@� HSU�G¤JYUmM*eLVFRYK$RPH�K{�6eLVFRYK�C
Riemann

?��©HSU�cfU�nIjSRDVFC HSe@cdU�G@j@RX;CLV,X�GLVLJdRPJYCFp;jSR�VIK M*NPOmH�RPcLK UI³kNPOm�IE@RPO�RPM�RTW VFRPOmJfK O�X�GLVLJfRzJYCFp�j@R�VIK M*NPOmH�RPcLK UI³kNYOJYU�G
X
�

(U,ϕ)
j@R

ϕ : U → ϕ(U) ⊂ X,
jSR

U ⊂ Y
? ��eFESK X;JYC¤M*eF¡6R�Jd�SH�U�O

Y ⊂ C
RTW VFC@K�jSW{C=RzH*K{�6eLVFRYK{C

Riemann
?

< 6 � ���`�*´:=*�}�8� 6 µ`�2¬f�8�}¤F© �}« ±
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�
iii � _ X;�6C@W{cfC S2 �*HSU�G�JdgFViJYCIGIJfW��dU�G@j@R�jSRtJdgFV£HScfU@^SUIESK M*��RPGL¡/RYW{CiH�eLVLy CFH��=JYU C

�afgFESCIaf�mJYU
P1(C) = C ∪ {∞} �4�SH�USG ∞ /∈ C

?��(��U�aLK{eI�fU�GIjSR=JYULV
P1(C)

jSRJfgLV©CFM*�FESUSGF¡6g~JYUSH�UFE@UIp�W{C��DJYC�CLVFU*K M�JfemJYU�G
P1(C)

RYW VFC@K�JTC�X;GFVL�F¡6g©CFVLU*K M�Jfe
U ⊂ C

�/j@C@�LW/j@RDJTC�X;nLVFUIE@C=JfgIOijSU�cd�6�IO
V ∪ {∞} ���SH�U�G V ⊂ C

��VFC¥RYW VFC@K6JTUX;G@jIHSE@�@cdy8j@C�R�VF��OtX�GIj@HSCIp;U�nIO
K ⊂ C

?(h
P1(C)

CFH�UFJfRzESRYW�JfgLV�X�GIj@HSCIp;USHSU*W g�
X;g � RzVL��O�X;gIjSRYW U�G��
one point compactification � JYU�G C

?ih
P1(C)

RYW VFC@K NPJdX6KN�VFCIO�X�GIj@HSCIp;�IO
Hausdorff

JYUSH�UFESUFp�K M*��O�³ks8cdU�OI?(x:NzJYU�GIjSR��
U1 := P1(C) \ {∞} = C

M*CSK
U2 := P1(C) \ {0} = C∗ ∪ {∞}.

h:cLW{�fU�GIjSR
ϕi : Ui → C

�;jSR
i = 1, 2.

NzJfX�K�s8XkJfR
ϕ1 = id

M*CSK

ϕ2(z) =

{

1/z,
p�K{C�M*eL¡6R

z ∈ C∗

0,
p�K{C

z =∞.
h�KFCIHSRTK M*ULVIW X;RYK O¶RTW VFC@KFU�jSU*K U�jSU�cd�/K X;jSU*WLM*C@KFJYU

P1(C)
RYW VFC@KIjSW{CDw�
�H�UFE@E@CFHSE@�IJdgIJYCk?�8H�RYK{af�

Ui
RYW VFC@KfX�GLVFRzM�JfK{M�e�jSR

U1∩U2 6= ∅
�dU

P1(C)
RYW VFCSKfX;GLVFRzM�JLK M*��O �&g�N�VLy8X;gX;GFVFRzM�JfK M�s�VmX;GLVF�IEIy�V jSR=�I³;K!M*R�VF�~JYU�j@�mRYW VFCSK2N�VFC©X�GLVFRzM�JfK{M���X;nLVFUIE@U � ^@ESNzH�R# µf% �2¡/Rzs8cfgIjSC >I? ±~X�RzESW�adC >T´ �;? � ?¤_ j�K p�CIaLK M*� afU�jS�©XkJYUFV

P1(C)
U�cLW{�fRzJYCSK2CIHS�JLK O�X;GFVLJdRzJTCFp;jSR�VIK M*NPOiH�RPcLK UI³kNYO

(ϕi, Ui)
NzJdX6K$s8X;JdR

ϕi : Ui → C
�$j@R

i = 1, 2
?Q�cdM*RYW@VFCDafRYW{�fU�GIjSR��FJLK�RYW VFC@KSCLVFCIE@GFJLK M*e�K X�U�adnFVFCIjSRPO ��u�cfeFp;jSCFJLK

ϕ1(U1∩U2) =
C∗ = ϕ2(U1 ∩ U2)

M�CSKkg
ϕ2 ◦ ϕ−1

1 : C∗ → C∗

jSRtJfnFH�U
ϕ(z) = 1/z

RTW VFC@K�CIjS�6K UFES��j@U�cf��g;?
«���<!�!#;��<�K��uK ��M ¦BM � l_]VUsWky6r S T R ]VU � yVP R U{T RiemannX R*S P*TVU m P*T)T_Pxl&UsWc^`e)\X]�lfg 	VPxlIZLl^[l[\�r<U ��T p UaWXl
	 R ] S ] R p l`\ � O:P (ϕα, Uα) R[S PnTkU<r S T�gL\kP�^ R ^*T&��r R PfUaWcb ] R q U l t2b gz^*l&P XWYy$# R gzhcr R[S l�^*l`\�wA] R q U m t R ^nTVUBg R ]_lIZkZil
	Vo p U{T � l q R ^`UaWXl
	VoAt6y q ^ R o ]_l`\ WkTVP m PnTYo�T_]�eTY\Y^[l 	ko p R P r!]�l q R*S P*T p U{T tB� q U|gi^ R*S T_]�e�^*l`\ko y`ZVZil`\ko � O:\Y^xefo R*S P*TVU/l ZLef�
lfo ]�l`\gi^[U|o R ]VU � y_P R U R o Riemann

W q Tf^`y`r R ^[U|o U p m[R o T_]�e ^xh�P r<U �cT p UaWcb�TVP&y`Z�\kgih ]_l[\ p R PRn� T q ^*v�P_^nTVU�T�]_e ^&hcP R ]VU ZLlf�zb ^¸��P gL\kP�^ R ^*T&��r R PfUaWVv�P ] R q U|l t�v�P �  ] S gihco p R P R[S PnTkU]�y_P_^nT p \VP*Tf^&b h 	X]fT q � h r S Tko ^ m ^*l&U{TYo�r<U ��T p UaWcbco p l[r!b�o g R r S T ^�\�t�T S T R ]VU � y_P R U T �� T�] q m ] R Uuh R ]VU � y_P R U T PnT R*S P*TVU�] q lfgVTVPnT�^*l8ZzU|g�r m P_h � OQ\Y^`e R[S PnTkU!U gcl p 	VPnTxrNl r R ^*lP*T�T_]fTVU ^xbcgcl`\xr R l&U6l q S �}l[\kg R o ^*l`\ � TkWV� �<U{T_Pxl
	 ] S P*TkWYT�^¸��P T�] R UaWXl&P S g R ��P�T[ZkZkT&�zbcog�\VP_^ R ^nT&�_r m P*��P PnT R*S P*TVU!eIZ R o*# R ^`UaW m onw)WYyf^`U�]�l`\ U|g&t 	 R U!T_]�e$^[U|o Cauchy-Riemanng�\VP #kbcW R o � OQP ]�y[ZiU2h R ]VU � yVP R U{T R*S P*TVU4gL\xr!]fT&�zbconw R}� TYg � T[Z S � R ^*TVU2h 	Y]fT q � h ^xhcoTVP*T[Z�\Y^`UsWXb�o�r<U ��T p UaWcbco p l*rBbco � �  ^xg�U6��U{T Wky$# R�� ZLlf��UsWXb�� R ]VU � y_P R U{T ]_l`\�r!]�l q l
	xr RP*T gzW R � ^*l
	`r R:R Wc^`efoQT_]�e ^[l�r�]_l`\kWky`ZzU�^*l`\ Klein
WYTVU!^*l

P2(R)
w6r!]�l q l
	`r R PnT ^&h�PR � l p U{ykgcl`\xr R r R ^&h�P R P/Zie��X� rNU ��T p UsWXb p l*rBb �

��M � � � +-"�./�&%(021435��.6��)�� .;#k��� �
Riemann

��"4���}�!1�.6��­�1 %(�8�	�Lª$� �2#
K�#/.;),#k0� �)

Q�V
X
RYW VLCSKkj�W{C£RPH�K{�6eLVFRYK�C

Riemann
��U�cLW{�fU�GIjSR�j�W{C

f : X → C
VFC�RTW VFC@K*CFVLCIE@GIJfK 
M*�~CLV��}p�K{C M*eL¡/RiX;GFVfJfRzJYCIp;jSR�VIK M*��HSRYcfK U@³k�

ϕα : Uα → X
�/g X�nLVf¡6RYX;g

f ◦ ϕα
RTW VFC@Kj�W{CiCFVFCFE@GIJfK{M��:X;GFVFeIcdJdg@X;gDX;JYU�CFVFU�K{MSJf�

Uα ⊂ C
?4|}U£X�nLVFUFESU£�IEIy�V�JPy�V�CFVFCFE@GIJfK{MSs�VX�GLVFCIcdJf�IX�Rzy�V¤XkJYUFV

X
JYUmX�GIjI^SUFE�W{�fU�GIjSRDj@R O(X)

?£²2RzVFK{M��IJdRYcdC¤CLV
X,Y

RYW VFCSK$RzH*K 
�6eLVFRYK�RPO
Riemann

�6j�W{C CFH�RYK M*�LVIK X;g
f : X → Y

RYW VFCSK CLVFCFESGFJLK M*�=X;RiN�VFC
P ∈ X �/CLV


 ¥[¦[§¨�`�)© º¸«�¬��¨¦`  �}�4¹94*­&±



vF  · � ������� �������
� Riemann

GIHSe@cd³;USGFV£X;GFVfJfRzJYCIp;jSR�VIK M*NPO�H�RPcLK UI³kNYO �
ϕ : U → X

M*C@K
ψ : V → Y

H�U�G�CIHSRTK M*ULVIW{�fU�
VLJYCSK@X�R�p;RYK JYUFVFK�NPO�JYU�G
P
M�CSKSJYU�G

f(P )
CFVfJLW XkJYU*K ³kC��INzJfX�KSs8XkJfR

f(ϕ(U)) ⊂ ψ(V )
��M*C@Kg�X;nFVd¡/RPX;g

ψ−1 ◦ f ◦ ϕ VFC�RYW VFC@K�jSW�C�CFVLCIE@GIJfK M*�iCIHSRTK M*�LVIK X;giCIHS�=JYU U XkJTU
V
��^@ESNzH�RX�³k�IjSC�w*?{w � ?x:C�X;GFVLRY³;W X;U�GIjSR�GFH�R�Vf¡6G@jSW��dUFVLJYCIO�afn@U�¡6Rzy8cf�IjSCFJTCiJfgIO�j�K p;CIaLK M*�@O�CLVFeFESGIX�gIO}M*C@K*JfK O

X

ö

ö

f

ø

o

-1

foø
U

Y

V

ø V

f ö U

( )

( )o

l�³k�@j@C�wk? w
��Q�VFCFE@GIJfK{M���CFH�RYK M*�FVFK X�g£jSRzJYCI�fn�RzH*K{��CFVFRYK s�V
Riemann

?

CFVfJLW XkJYU*K ³kRPO}RY��C@cdjSUFp�NPO�H�U�GiNP³kU�GLViX;JfK O�RPH�K{�6eLVFRYK�RPO
Riemann

?�QtGFJfeD¡/C£jSCIO}^�U�gL¡6��
X�USGFV�XkJYUtVFC}^�cdU�n@j@R�M*eFH�U*K{RPO8K{aLK{CSW JdRPcfRPO(K{aLK{�FJfgFJfRPO4H�U�G�³kCIcfCIMSJfgIcLW{�fU�GLV�JLK O(CLVFCFESGFJLK M*NPOCIHSRYK{M�UFVIW X�RYK O�jSRzJYC@�dn�JPy�V=RzH�K���CFVLRTK s�V
Riemann

?
9-.�­�<�K ¨ � ��M ¯ � 9-.�­=<LK ¨ � #k0� Riemann

�t��� # �7),�8��<<� ¨ .*1�.�),�!1�� ¨ �!�43�.�) � MO:PQr S T�gL\kP&y q ^&hcgzh f R*S P*TVU �_q T&�_r m P_h$WkTkULT_P*T[Z
\Y^[UsWcb g R r S T � ^ q \X]_hcr m P�h � � R U �^*lfP&U{y R Pfefo gihXr R*S l`\ z0 wF^`ex^ R h f R[S PnTkU!T_P*T[Z
\Y^[UsWcb�gz^*l z0 R*S ^ R ^*l z0 R*S PnTkUBgzhXr R*S lTkU q e*r R P�hcoFTVP*��rLT`Z S TYo �_�
��X;U�afnLVFC@j@C=j@HSU�cfU�nIjSR�VFC�HSU�n@j@R:�FJLK �

9-.�­�<�K ¨ � ��M ° M O:P U R*S PnTkU m P*TQT_Pxl&UsWX^xe:\X]_l&g 	VPxlIZilFr S TYo R ]VU � yVP R U{Tko Riemann
WkTkU

z0 ∈ U
w/r R f TVPnT`Z�\Y^`UaWcb WYTVU �_q T&��r m P_h�gz^[l U \ {z0} w4^xe`^ R r!]�l q R*S PnT R ] R WX^*T
# R[Sr�l&PnT p UaWYy�g R r S T f̃ ∈ O(U) �

�8H*W X;gIOtNP³kU�GIjSR�JYU�JYC@GFJYUIJfK M*�i¡6Rzs8cfgIjSC£�i¡6Rzs8cfg@j@C£Jdg@O�jSULVFCIaLK M*�FJfgFJTCIO}XkJTU�RPXky�
JfRPcLK M*� � p6K{C�Jd�SH�USG@O�XkJYUFV C
�

9-.�­�<�K ¨ � ��M��BM �  gz^¸� f1(z), f2(z) p 	kl6T_P*T[Z
\Y^[UsW m o�g�\VP*T q ^xb�g R U|o�l q U|g�r m P R o6g R ^xe_]�l
X
wN]�l`\jgL\&r�] S ]_^*l`\VP4g R g 	VPxlIZLl A ⊂ X r R z0 PnT R*S PnTkU m P*T�gzhcr R[S lFgL\kgzgXv q R \kgzhco4WYTVU

z0 ∈ X � � e`^ R l&U f1(z) WkTkU f2(z) #VTQg�\xr�] S ]_^[l[\kPdg R e8Zilj^*lfP:^`e_]�l X ���X;U�afnLVFC@j@C�p�K{C�JLK O:CIHSRTK M*ULVIW X;RYK O�jSRzJYC@�fn
Riemann

RPH�K{�6CLVFRYK{s�Vi¡6C�NP³;USG@j@R �
9-.�­�<�K ¨ � ��M » � � �� �#k0!#$�&%�� 9-.�­=<LK ¨ � � M�  gz^}�

X,Y R ]_U � yVP R U R o Riemann
WkTkU

f1(z), f2(z) : X → Y
p 	Vl�TVPnT`Z�\Y^`UaW m o�T�] R U �WXl&P S g R U o/]_l[\ gL\&r�] S ]_^*l`\VP2g R)m P*T g 	VPxl8Zil A ⊂ X w m t/l&P�^*Tko m P*T gzhcr R[S l4gL\kgzgXv q R \kgzhco

z0 ∈ X � � e`^ R l&U f1(z), f2(z) #_T R*S P*TVU�^nTY\Y^*l`^`UsWky S g R o �
� 6 � ���98n¤)�n�`¶`�}�8� ¡:86¥[¦[§¨�`�6© ¹ �}« 3@;V�I£
´:8[µ`�F¹23�¬��¨¦`  �}�)­ � �x±
�76 � ���98n¤)�n�`¶`�}�8� ¡:8/�*¢n�8� ��¥[¦[§¨�x�6© 4}« 3�;V�I£z´98[µx�F¹��x±|¹23f¬��¨¦`  �¸�)­*¯ �&±



v �[Z � ������� �������
� Riemann 	 ��� � �����'�����
	��
����� ���
	������ � � �
� · v ]
O:]�e p R U � h & x:NPJPy G

VLC~RYW VFCSK$JYU©X�nLVFUFESU©�FE@y�V¥JPy�V~X�gIjSRYW y�V
x ∈ X H�USG~NP³kU�GFVj�W{C,CFVFU�K{MSJf��p;RTK JTULVIK{e

W
JYU�G

X
NzJfX�K�s8X;JdR

f1|W = f2|W ⇒ W ⊂ G
? |}U

GRTW VFC@K(N�VFC CFVFU�K{MSJf��X;nFVFUFE@U�CIHS� JfgLV HSC@cfCFH�eLVLy GFH��@¡6RPX�gk? x:C-afRYW{�dy �FJLK¶RTW VFC@K¶M�CSKM�ESRYK XkJf��? � �¶XkJYy
b ∈ ∂G �$Jf�FJfR f1(b) = f2(b)

CIHS�mJfgLV~X;GLVFNP³;RYK{C JPy�V
fi
?=�8H*K E@Nzp;yX�GLVLJfRzJYCFp�j@R�VIK M*NPO8HSRPcLK UI³;NPO

ϕ : U → X
M*C@K

ψ : U ′ → Y
j@R
b ∈ ϕ(U)

M*CSK
fi(ϕ(U)) ⊂

ψ(U ′)
?8¢tH�U@¡6NzJYy,RzH�W X�gIO��IJfK;U

U
M�CSK�X;GFVLRPH@s8OtJYU

ϕ(U)
�kRYW VFC@K*X�GLVFRzM�JLK M*ei³*y8cLW{Ck?¶h�KCIHSRTK M*ULVIW X;RYK O

gi = ψ−1 ◦ fi ◦ ϕ : U → U ′ ⊂ CRTW VFC@K�CLVFCFESGFJLK M*NPOF? ADCL¡6s8O
ϕ(U) ∩ G 6= ∅

¡6C�NP³*y CFH���JYU�¡6Rzs8cfgIjSC,w*? ·	���FJLK�U�K
g1, g2

¡6C~RYW VFC@K JYCIGIJYUFJLK M*e¤W X;RPO£M*C@K
f1|ϕ(U) = f2|ϕ(U)

? � �8JfX�K
b ∈ G M*CSK/JYU

G
RYW VLCSKM�ESRYK XkJf�

�
?8ADCL¡�s8O�U

X
RYW VLCSK;X�GLVFRzM�JLK M*�SOtJYC=jS�LVFC�CLVFU*K M�Jde�M*C@KkMSESRYK XkJfe£JTCIGFJf�I³;cdUFVFCGIHSU�X�nLVFUFESeiJYU�G£¡6C�RYW VFC@K;JYU

∅
M*CSK;UIE@�SM�E@gIcfU�O�U

X
?4² VLy8cLW{�fULVLJYC@O��FJLK*M*eL¡/R�M�E@RTK X;Jd�X�nLVFUFESU � HSRPcLK{NY³kRYK JTC X�gIjSRYW{C~X;GIX�Xks8cfRPG@X;gIO�JYU�G��/¡6CmNP³kU�GIjSR£�IJfK

z0 ∈ G
M�CSK$NzJfX�K!gH�cds4Jdg=H�RPcLW HSJPy8X;g�CFH�USM�E@RYW{RPJYC@K ?

♦�-W{C£H*K U=p;R�VIK M*RPG@j@N�VFg£MSESeIX�g£X;GFVFCIcdJd�@X;Rzy�V �kRYW VLCSKkC@GFJf�iJPy�V�jSRPcf��j@U�cf��y�V��
mero-

morphic
J	� � X�GLVFCIcdJf�IX;RPy�V�?4��RtCIGIJd�FV�JTULV£��cfU�RzVdVFU�U�nIjSR�X;GFVFCIcdJd�@X;RYK O�HSU�G£j@H�UScfU�nLVVFC�CLVFCFH�CIcfCIX;JYCL¡/U�nLV:X�CLVDJYU�M�E@eIX�j@C£adn@U=CFM*NPcfC@K y�VDX;GFVFCIcdJd�@X;Rzy�V*?�u�cfU���CFVLs8O�M*eL¡/R

CIM*NPcfC@K{C�X�GLVFeIcdJfgIX�g
f(z)

RYW VLCSK4jSRPcf�SjSU�cf��g f(z)
1

�¶CFE@E@e©JTU CFVLJfW XkJfcfU���U�afR�V�K X;³kn@RYK ?²�K{C-HSC@cde@afRYK p;j@C�NP³kU�GIjSR¥JfgLV 1
z

H�U�G-RYW VLCSK8jSRPcf��j@U�cf��g CFE@E@e��@³;K8CIM*NPcfC@K{C �&afR�V-NP³kRTKH�CIcfeIpky4p;U¤X;JYU
z = 0

? � ?(|}C�CIH@ESU�nIXkJfRPcfC�j@NzESg�JPy�V�jSRPcf��j@U�cf�;y�V�X;GFVFCIcdJd�@X;Rzy�V�HSU�GafR�ViRYW VLCSK�CFM*NPcfC@K�RPO�X;GLVFC@cTJf�IX�RYK O��SRYW VFC@K�U*K�cfgFJfNPO�X�GLVFCIcdJf�IX;RTK O��IafgFESCIaf�DjSW�CiX;GFVLe@cdJdg@X;gH�U�G=RYW VFC@K;JYU�M�E@e@X;jSC
�

f(z) =
P (z)

Q(z)
=
a0 + a1z + · · ·+ amz

m

b0 + b1z + · · ·+ bnzn
(am 6= 0, bn 6= 0),

afn@U¥H�UFE@GIy�VFnIj@y�V£HSU�G=afR�V�NY³kU�GLV£M*U*K VFNPODcLW{�fRPOF?(_
f(z)

¡/C�HSCSW{cTVLRTKkJfgLV�JfK{jS� ∞ XkJLK OcLW{�fRPO�JTUSG
Q(z)

?�²!K�C�JYUFV�E@�Ip;UiC@GFJf�:¡6C:HScfNzH�RYKLVLCt¡/Rzy8cfgL¡6RTWIX�CLV:X�GLVFeIcdJfgIX�gtjSR¶JLK{jSNPOX;JYU=RzM�JdRPJYCIjSN�VFU£RzH*W H�RPafU
P1(C)

?4|}NzESU�O}CLViU*K@^SCL¡/j@U*W@JPy�VDH�UFE@GIy�VFnIj@y�V:RYW VFCSK*W X�U*K�j@RJfgLV=j@UFVFeIafC	�kg=cfgFJf�=X;GLVFe@cTJfgIX�g=RYW VFC@K;p;cfCIjSjSK{M���M*C@KkHSCSW{cTVFRYKkJfgLV�j@U�cf�����
f(z) =

a1z + a0

b1z + b0
,
j@R
a1b0 − a0b1 6= 0.

h�VFU�jSeI�fRzJYCSK�M�ESCIX;jSCFJLK M*��O p;cfCIjSjSK{M���O,jSRzJYC@X;³kg@j@CIJfK X�j@��O,� jSRzJYC@X;³kg@j@CIJfK X�j@��O JYU�G
Möbius

M*C@K$¡6CmJYUFV~afU�nIjSR�RPMSJfR�VFNPX;JdRPcfCmXkJTU�JfcfW JYU�M�RY��eIE@C@K U6?�Q�O=p;G@cLW X�U�GIjSRiH*W X;yX;JfK ODRzH*K{�6eLVFRYK{RYO
Riemann

?
§ <��7� ¨ �4) ��M��!M �  gz^¸� X R ]VU � yVP R U{T Riemann �<� f R[S PnTkU_r S T2r R q e*r�l q
� hjgL\kP&y q ^&hcgzhgi^*l&P

X
TVP
f : X \ S → C

r R S ⊂ X R[S PnTkU�r S T TVPnT`Z�\Y^`UaWcb$gL\kP&y q ^&hcgih m ^xg�ULv�gi^ RU|gft 	Vl`\kP:^nTQTkWXeIZLl[\
#VT &�
i � � l S PnT R*S P*TVU m P*T p U{TYW q U ^`e$g 	_Pxl8Zil`w p hfZkT p b P*T ] R q U m t R U!r!e&Pxl r R rNl&P*�!r m PnTgzhcr R[S T & TVP p ∈ S wB\X]�y q t R U D(p,R), R > 0 m ^xg�U
v�gz^ R D(p,R) ∩ S = {p}.�
ii � �!U TQWYy$# R p ∈ S m tB�

lim
x→p
|f(x)| =∞

� �¸�8  ¡}�*µ`�6¶n�}�
∂G ⊂ G

3Y§¨�¸¬_�
G0 ∪ ∂G = G ⊂ G

®x�[� 6 ¤ �
´n  ?}�`¢*µx��¶n�n�
G ⊂ G

3Xµx�u�n�`�n�}§¨¦[�I¬�µ`�
G = G

±��
 86¦[§I¡98)µ`�I´}¶`µx�`´ � 8(3_�`´}�`§I´}°f�¨�8�[�V�n�`¶/�98n¤�¬ �}¤ ;V�I¬(8)� �c¤�¦[§I¡¸� ��¤ � � ��
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M*C@K4JYU�X;nFVLUIE@U JPy�V-jSRPcf��j@U�cf��y�VX�GLVFCIcdJf�IX;RPy�V�XkJYUFV

X
X;G@jF^�UFESW��dRPJYC@K*jSR M(X)

?Q�V
n ≥ 1

��¡/C�NP³*y �FJLK�M�eF¡6R
f ∈ C[z]

U�cLW{�fRYK6jSW{C=CFVLCIE@GIJfK M*��X;GLVFe@cTJfgIX�g
f : C→ C

?utC@W{cTVFULVLJYC@O¶JYU
C
X;CFVtGFH�U�X;nLVFUIE@UtJYU�G

P1(C)
�IJd�IJdR

limx→p |f(x)| =∞ M�CSKLX;GFVFRzH@s8O
f ∈M(P1(C)).

��X�USafnFVLC@j@C�jIH�U�cdU�n@j@R�VFC��6CLVLJYC@XkJYU�n@j@R�JLK O(j@RYcd��jSU�cd�6RPO(CFH�RYK M*ULVIW X;RYK O
f
XkJYUFV�³*s8cfU

X
�kX;CLV=CLVFCFESGFJLK M*NPO�CIHSRTK M*ULVIW X;RYK O�X;JdgFV�X;�6C@W�cdC

f : X → S2 �
9-.�­�<�K ¨ � ��M �BM �  gz^¸� X R ]VU � yVP R U{T Riemann

WYTkU
f ∈M(X) � �!U{TQWYy
# R ]�eIZLl ^xh�o

f
l q S �I� f(P ) := ∞ � � e`^ R h f : X → P1(C) R*S P*TVU!r S T T_P*T[Z
\Y^[UsWcb gL\VPfy q ^&hcgzh �OQP�^ S gi^ q l � T�TVP h f : X → P1(C) R*S P*TVU�T_P*T[Z
\Y^[UsWcb ^xe`^ R R*S ^ R R*S P*TVU6gz^*T
# R q b WYTVU^nTY\Y^[l`^[UsWYy S gzh r R ^*l ∞ w R[S ^ R ^*l f−1(∞)

T�]_l`^ R Z R*S ^nTkU�T�]_eQr R rNl&P*�!r m PnT gzhXr R*S T WYTVUh
f : X \ f−1(∞)→ C R*S PnTkUzr S TQr R q e*r�l q
� h gL\kP&y q ^&hcgih gi^*l&P X �O�]_e p R U � h & � �¶X;JPy

f ∈ M(X)
M*C@K

P
VFC�RYW VFC@K¶JYU,X�nLVFUFESU�JPy�V-H��FE@y�V�Jdg@O

f
?|}�IJdR g

f
RzHSeIp;RYK4j�W{C X;GFVLRY³k�-CIHSRTK M*�LVIK X;g

f : X → P1(C)
? � �(XkJPy

ϕ : U → XM*C@K
ψ : U ′ → P1(C)

VFC RYW VLCSK X;GFVLJdRzJTCFp;jSR�VIK M*NPOiH�RPcLK UI³kNYOiXkJYUFV
X,

M*C@K;XkJYUFV
P1(C)CFVfJLW XkJYU*K ³kC���jSR

f(ϕ(U)) ⊂ ψ(U ′)
?8u�cfNzH�RYK*VFC�afRYW{�dy �FJLK�g

g = ψ−1 ◦ f ◦ ϕ : U → U ′

RYW VLCSKkj�W{C�CLVFCFESGFJLK M*�DX;GLVFe@cTJfgIX�gk?4_
f
RYW VFCSK*CLVFCFESGFJLK M*�iXkJTULV

X \ P M*C@K;X;GLVFRzHSs8O:g
g¡/C�RYW VLCSKkCFVLCIE@GIJfK M*�iX;JYU

U \ϕ−1(P )
?8Q�H��=JYU�¡/Rzs8cfgIjSC�wk? µ	��g

g
¡6C�RYW VFC@K;CLVFCFESGFJLK M*�X�R:�IE@U=JYU

U
?8|}U¥CLVLJLW XkJfcdU��6U¤NzH�RzJYCSK*CFH���JYU�¡6Rzs8cfgIjSC¥w*?���?

♦9-.�­�<�K ¨ � ��M � � � � 0�"4�&%8� �¤ ¨ "�.;<����}04<2�b#k��1 +�1����2 �#$�&%(­�1 �¤ �1���<2#k�4��.���1�� M
�  gz^}�

X,Y R ]_U � yVP R U R o Riemann
WYTkU

f : X → Y
r S T$e t6U�gz^nT$# R q b�TVP*T[Z�\Y^`UsWXbT_] R UsWXe&P&U|gih r R ^nT � 	 TY\Y^nv�P�^¸��P R ]VU � TVP R U v�P � �  gi^¸�

a ∈ X
WYTVU

b := f(a) � � e`^ R\X]�y q t R U k ∈ Z
r R k ≥ 1

WYTVUBgL\kP�^ R ^nT&�_r R P&UsW m o ] R q U|l t m o & ϕ : U → ϕ(U) ⊂ X
w

ψ : U ′ → ψ(U ′) ⊂ Y m ^xg�U
v�gz^ R�&�
i � a ∈ ϕ(U) ∼= U,ϕ−1(a) = 0

WYTkU
b ∈ U ′, ψ−1(b) = 0,�

ii � f(ϕ(U)) ⊂ ψ(U ′),�
iii � h h := ψ−1 ◦ f ◦ ϕ : U → U ′ m t R U�^ 	Y]_l h(z) = zk wB��U{T�Wky$# R z ∈ U �O�]_e p R U � h & _ CIHS��afRYK{�fg�RYW VFCSK;JfRP³�VIK M*�=M*C@K;¡/C�p�W VFRYK6M*CFJTCIXkM*RPG@eI�fULVLJYC@Otj�W{C�JfNzJYU*K{CX�GLVFeIcdJfgIX;g

h
? ¢tH�eIcf³kU�GLV X;GLVLJfRzJYCIp;j@RzVFK{M�NYO¤H�RPcLK UI³kNPO

(ϕ1, U1), (ψ,U
′)
JPy�V

X,YCFVfJLW XkJYU*K ³kC NzJfX�K(s8XkJfR~VFC,K X�³knIU�GFV�JYC afnIU,H�cds4JYC	��CLV CLVLJLK M*CFJYC@XkJf�IXky JYU �fRPnIp;U�O
(ϕ,U)

jSR�JTU
(ϕ1, U1)

?4|�s8cfC�CIHS��JYU�¡6RPs8cdg@j@C�w*?��
��g
f1 := ψ−1 ◦ f ◦ϕ1 : U1 → U ′RYW VLCSK!JYCIGIJYUFJLK M*e©W X�g©j@R=JfgLV

f
M�CSK�X;GLVFRzHSs8O¥afR�V©RYW VFC@K�X;JYCL¡/RPcf�©X;GFVLe@cdJdg@X;gk? � h:jIy8O

f1(0) = 0
M*C@K$e@cfC~GIHSe@cf³kRYK

k ≥ 1
NPJdX6K$s8X;JdR

f1(z) = zkg(z)
�!j@R

g(z)
CLVFCIE@GFJLK M*�X;JYU

U1
M�CSK

g(0) 6= 0
? �¶H�W X;g@O���GIHSe@cf³kRYK}j�W{C,p�RYK JYULVIK{e�JTUSG �	��NYXkJPy

U2
M*C@K}j�W{CCFVLCIE@GIJfK M*�

p(z)
X;R�CIGIJd�FViJdgFV�p;RTK JTULVIK{e�NzJdX6K�s8XkJfR

pk(z) = g(z)
?¶utcfeFp;jSCFJLK*¡/C�NP³*y

g(z) =
∑∞

n=0 an+kz
n ?�u�CSW{cTVLUFVLJYCIOiNzVLCFV=j�K M*cf�FJfRPcfUmafW X;M�U~jSRDM*N�VLJdcfU JdgFV�C@cf³k�=¡6CNP³ky�p�K{CiH�CIcfe@adRTK p�j@CDJfgLV

g(z)/ak
VFC�CFH�RYK M*ULVIW{�fRYK@JYU �£X;JYU~>�M*C@KkX;GLVFRzHSs8O�j@H�UScds VFCJfgLV�X�GLVf¡6NYXky j@R:N�VFCLV�MSESeIafU�JfgIO:E@UIp;CIcLK ¡/jSK M*�@O�X;GFVFeIcdJdg@X;g@O

log(z) = −
∞
∑

n=1

1

n
(1− z)n p�K{C |z − 1| < 1,

¡/NzJYULVLJYC@O�j@RzJfe
p(z) = α · exp

(1

k
log(g(z))/ak)

)
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 U�X;Jd��cLW{�fC�Jdg@O¤jSULVFeIafCIO¥M�CSK�¡6C-NP³*y

pk(z) = g(z)
?-_ CLVLJLK X;JYU*K ³;W{C

z 7→ zp(z)
CFH�UFJfRzE@RTW2j�W{C©CIjS�/K UIE@��jSUScf�6g©X;GFVLe@cdJdg@X;g

α : U2 → U
��j@R

U2
CFVFU�K{MSJf�p�RYK JYULVIK{e�JYU�G ��jSR

U2 ⊂ U1
M*CSK

U
j�W{C}CFVLU*K M�Jf��p;RYK JYUFVFK�e�JYU�G �k?�x:NzJYy

ϕ(U) := ϕ1(U2)�&U�GIX�K�CIXkJLK M*eiH�C@W�cYVLy,JfgLV£RYj@�6nFJfRPGIX�giJYU�G
U2
XkJYUFV

U1
M*C@KS¡/C�NP³ky JfgLV

ϕ1|U2
: U2 →

ϕ1|U2
(U2)

�8VLC-RYW VFC@K�NzVLC@O¤U�jSU�K U�jSUScf�/K X;jS�SO � M*C@K�CFVLJfK M*CF¡/K XkJdsbJdgFV (ϕ1, U1)
jSR�JdgFV

(ϕ,U)
���SHSU�G

ϕ = ϕ1 ◦ α−1.
� �8JfX�K(CFH�� JdgFV�M�CIJYCIX;M*RPGI��jSCIO��¶g CFH�RYK M*�LVIK X;g

h :=
ψ−1 ◦ f ◦ ϕ : U → U ′ K M*CLVFUSH�U�K�RYW*JfgLV h(z) = zk ? ♦
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# R � R U ^*l&PfU{y Ua

^*l`\
a
\X]fy q t R UN� R U ^*l&PfU{y U ⊂ Ua

WYTVU
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«��4<���� ¨ � ��M � ��M �  gz^}�
X,Y R ]VU � y_P R U R o Riemann

WYTVU
f R*S PnTkU�r S T�e t)U6gi^nT
# R q bTVP*T[Z�\Y^`UsWXb T_] R UaWXe&PfU gih�r R ^*T � 	QTY\Y^nv�P:^¸��P R ]VU � T_P R U v�P � � e`^ R h f R*S P*TVUir S T�T_Pxl&UsWc^xbT_] R UaWXe&PfU gih �

utC@W{cTVFULVLJYC@O
ϕ(Uα)

jSW{C CFVLU*K M�Jf��H�RPcLK UI³k��JYU�G
α ∈ X

��CFH�� JYULV UScLK X;jS��JfgIO
f¡/C¤NP³ky �FJLK

f(ϕ(Uα))
¡/C¥RYW VFCSK jSW�C¥CLVFU*K M�Jd�¥HSRPcLK UI³;�=JYU�G

f(α)
? � �8JfX�K2g

f
RYW VFCSK/jSW{CCFVFU�K{MSJf�=CFH�RYK M*�LVIK X;g;?

9-.�­=<LK ¨ � ��M �/¦!M �  gz^}� X,Y R ]VU � y_P R U R o Riemann
r R X P*T R[S PnTkU
gL\xr!]fT&�zbco/WYTkU fR[S PnTkUir S T�e t)U gz^nT$# R q b TVPnT`Z�\Y^`UaWcb T_] R UsWXe&P&U|gzh r R ^nT � 	�TY\Y^*v�P:^¸��P R ]VU � TVP R U v�P � � e`^ Rl

Y R*S P*TVUzg�\xr�]�T&�zbcoAWkTkULh f R ] S��
O:]�e p R U � h & Q�H��=wk?5>fwDJYU f(X)

¡/C£RYW VFCSK*N�VFC�CFVFU�K{MSJf��JYU�G
Y
? � h:j@y8Otg�RYK M*�LVFC�X;G�
j@H�CFp;U�nIOtj@NYXky¬X�GLVFRP³k�@O�X�GLVFeIcdJfgIX;g@O�RYW VLCSK*X;G@jIH�CFp�NPO�X�nLVFUFESU�M*CSK*X;GFVLRPH@s8OtM�E@RYK XkJf�6?ADCF¡�s8O=U

Y
RYW VFC@K2X;GLVFRzM�JLK M*��O��/JYC~j@�FVLC~CLVFU*K M�Jfe¥M*C@K$MSESRYK XkJfe¤GIHSU�X;nFVFUFE@e¥JYU�G¤RYW VFCSKJTU¥M*R�VF��M*C@K�U
Y
? � �8JfX�K

f(X) = Y
j@R
f
RPH�W;M*C@K

Y
X�GIj@HSCIp;�IOI?

♦

«��4<���� ¨ � ��M � ¯ M ! y$# R TVPnT`Z�\Y^`UaWcb�g�\VP&y q ^xhcgih g R gL\xr!]fT&�zb R ]VU � yVP R U{T RiemannR[S PnTkUigi^nT
# R q b �
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X
�8RYW VFC@K8CIHS� JYUFV-U�cLK X�j@��j�W{C

f :
X → C

M*C@K8U
C
adRzV-RYW VFC@K8X;GIj@H�CFp;�@OF?,Q�H�� JYU H�cfUSgIp;U�nIjSR�VFU�H���cLK X�j@C NzH�RzJYCSK�JYU�fgFJTUSn@j@RzVLU6?

«��4<���� ¨ � ��M � ° M ! y
# R r R q e[rNl q
� h�gL\kP&y q ^&hcgih f gz^*lfP P1(C)
w p h&ZkT p b�WYy
# R TVP*T[Z�\��^`UaWcb

f : S2 → S2 R[S PnTkU�r S T q h�^&b g�\VPfy q ^xh�gzh�WYTkU
WYy
# R TVP*T[Z�\Y^`UsWXb�gz^*l&P P1(C) R*S PnTkUgi^nT
# R q b �
O�]_e p R U � h & _ f NP³kRYKdH�RzH�RPcfCIX�j@N�VFUtCIcLK ¡6jS��H��FE@y�V*?2Q}V�RYW ³kR4eIHSRYK�cdU�G@O!H��FESU�GIO��TJd�IJdRJYU©X�nLVFUFESU©�FE@y�V¥JPy�V¤H��FEIy�V¤¡6C~RYW ³kR£N�VFC~X;g@j@RYW U©X�GIX;X;s8cfRPGIX�gIO � CIHS�mJfgLV K{aLK{�IJdgIJYC

Bolzano-Weierstrass � ?¤Q�HS�-JYU w*?��~g f ¡/C��FJTCLVmW X�g�j@R=JfgLV©XkJTCL¡6RYcd�©CIHSRTK M*�LVIK X;g
z =∞ ?¶¢tH�UI¡/NzJYU�GIjSR��FJLK�JYU ∞ afR�ViRYW VFCSK�HS�IE@U�O�JfgIO

f
�&afK�CI�6UScfRzJLK M*eiRzH*K ESNzp;U�GIjSR¶JfgLV

1/f � ? � �¶XkJYy
a1, a2, . . . , an ∈ C

VLC=RYW VLCSK;U*K;HS�IE@U*K*JfgIO
f
M*C@K

hν(z) =
−1
∑

j=−kν

cνj(z − aν)j ,

VFC�RYW VFCSK�JYU,M*nIcLK U jSNPcfU�OmJdg@O
f
XkJYUFV H��FESU

aν
��j@R

ν = 1, . . . , n
? _ X;GFVLe@cdJdg@X;g

g := f − (h1 + · · ·+ hn)
RYW VLCSK6jSW{C�CFVFCFE@GIJfK{M���X;GFVFeIcdJdg@X;g�X;JYULV

P1(C)
J}J �6j@R

P1(C)X�GIj@HSCIp;�DRzH*K{��eFVFRYK{C
Riemann

?�Q�H���JYU£H�cfU�gFp;U�nIjSR�VFUDH���cfK X�j@CDg
g
RTW VFC@KSjSW�CiXkJYCF¡6RPcf�X�GLVFeIcdJfgIX;g�M*C@K;g

f
RYW VLCSK;cfgIJd�;?

♦
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Y,X R ]_U � yVP R U R o Riemann

WkTkU
f R*S PnTkU)r S T e t6U4gz^nT$# R q bTVPnT`Z�\Y^`UaWcb T_] R UsWXe&P&U|gih r R ^nT � 	$TY\Y^*v�P ^¸��P R ]VU � T_P R U|v�P f : Y → X � �  PnT gzhXr R*S l
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i � � �(XkJPy

k ∈ N\{1} M*C@K pk : C→ C
VLCDRTW VFC@KSgiCFH�RYK M*�FVFK X�gtjSR�JdnIHSU

pk(z) = zk ?|}�FJfR=JYU
0 ∈ C

RYW VFC@K�X;g@j@RTW U-aLK{CFM�E@e@ady8X;gIO�JfgIO
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M*C@K�g©CFH�RYK M*�LVIK X;g

pk|C∗ :
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k

 ��nIEIE@y�V�?
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ii � � �(XkJPy

f : Y → X
j�W{Ci�I³�K*XkJYCF¡6RPcf�DCFVLCIE@GIJfK M*�DX�GLVFeIcdJfgIX;gDjSRzJYC@�fniRzH*K{��CFVFRYK s�V

Riemann
�¶jSR

y ∈ Y
M*C@K

x = f(y)
? |}�FJfR�JYU

y
RYW VFC@K8X;gIjSRYW U afK�CFM�E@e@aTy8X�gIOJdg@O

f
� CFM*cLK ^Ss8Oi�FJYCFV¥g

f
H�C@W{cTVFRYK6JfgLV�JfK�j@�

y
j@RDH�UFE@E@CIH@ES�FJfgFJYC�j@RPp;CFESnFJfRPcfgIOJdg@O:jSULVFe@adC@OF?4Q�H���JYU�¡/Rzs8cfgIjSC�w*?[> ��g�X�GIj@HSRPcLK{�6U�cfe�JfgIO

f
M*UFVfJfe�XkJYU

y
RTW VFC@KCFM*cLK ^@s8O:g�W{aLK{C�jSR�JfgLV£X;G@jIH�RPcLK{�6U�cde£Jdg@O

pk
CIHS��JYU=H�cds4JYU=HSC@cfeIafRYK p;jSC	�IM*UFVfJfeXkJYU j@g@adNzV�?

��M � ª ��� 0�"�02�!02�t�&%(� � ��� � ¨(¨ ��#k�l�R�CIGIJd��JYU£X;gIjSRYW UDH�cfNzHSRTKfVFCt¡6GIjSgL¡/U�nIjSR(�IJfKIp�K{C�N�VFCLVtJYUSH�K M*e:X;G@jIH�CFp;�:³*s8cfU
X
XkJYU

x ∈ X GFH�eIcf³kRYK;X;GIj@H�CFp;��GFH�U�X;nLVFUIE@�=JYU�G
C
H�USG�H�RPcLK{NP³kRTKkj�W{C�p;RYK JYULVIK{e�JYU�G

x
?¶Q�V�U

X
RYW VFCSK;JTU@H*K M*e=X;G@jIH�CFp;�@ODX;R�M*eL¡/R:JYU�G�X;gIjSRYW U¥Jf�FJfRDULVFU�jSeI�fRzJYCSKkJYUSH*K M*e=X;GIj@H�CFp;�@OF?utcdU��6CLVLs8ODg=X;G@jIH�eFp;RTK{C�X�GLVFRzH�eFp;RTK*JfgLV�JTU@H*K M*��X;GIj@H�eFp;RYK�Ck?

§ <���� ¨ �4) ��M � » M � S T g�\VP R t2bco g�\VPfy q ^xh�gzh f : X → Y
r R ^nT � 	 p 	Vl ^*l_]VUaWYy gL\��r!]fT&�Xv�P�t�v q ��P`w�l&Pxl*r�y�� R ^nTVU proper TVPQ��U{T�Wky$# R gL\xr!]fT&�zb K ^*l`\

Y
w�h T_P_^ S gi^ q l � hR UsWXe&P*T�^[l[\�r m gk��^&hco f w f−1(K) R*S P*TVUigL\xr!]fT&�zbco ���� �8��= ;V´¸�&� ¬�µ`�6®&�[�f�8� 6 � ¤n¶xµ`� ¤*�2�}¤*�n¦[¢n�}� ®x£�¤)¬�¢}¤*�*´¸�91[¬�� �c¤/�8  ¤*�[�_�}¤*�n¦[¢n�}� ®'1/¬�¢}¤2=*´��:8[¬(8f±
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	��
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� · v o
²�K{C,H�CIcfe@adRTK p�j@C���C@GFJf� X;GIjI^SCSW VFRYK�H�eLVLJYC,�IJYCLV,U JYUSHSUIE@UIp�K M*��O©³*s8cfUSO

X
RYW VFCSKX�GIj@HSCIp;�IO �:CIHS�mJfgLV~X;GLVFNP³;RYK{C Jdg@O

f
JYU

f−1(K)
¡/C~RTW VFC@K M�ESRYK XkJf�©GFH�USX�nLVFUFESUmX;G�
j@H�CFp;U�nIO�M*CSK�X�GLVFRzHSs8OiN�VFC�X;G@jIH�CFp�NPODX;nFVLUIE@U6?��8H�W X�gIODj�W{C

proper
X;GFVFeIcdJdg@X;g�RYW VLCSKM�ESRYK XkJf� �&U�K6RYK{M��FVFRPO:MSESRYK XkJds�V�jSNPXky Jdg@O

f
RYW VFCSKkM�E@RTK X;Jde�X;nFVFUFE@C;? � ?

§ <��7� ¨ �4) ��M � �!M � S TQT_] R UsWXe&P&U|gzh f : Y → X
r R Y,X P*T R*S P*TVUi^[l�]_lIZLlf��UaWXl S t�v q l&U wlfPxl*r�y�� R ^nTVU p U TkW q U ^&b�TVP ^*l f−1(x) R[S PnTkU m P*T p U{TYW q U ^`e$\X]�lfg 	VPxlIZLl�^*l`\ Y w)��U{T�WYy
# R

x ∈ X �� � ¨�¨ � ��M �6�BM �  gi^¸�
X,Y

^*l_]_UsWYy gL\&r�]fT&� R*S o$WYTVU f : Y → X
r S T proper

WYTVUp U{TYW q U ^&b T_] R UaWXe&PfU gih � � g&t 	Vl`\VP:^nTQTYWYe8Zil`\
#_T &�
i � �!U TQWYy$# R x ∈ X ^*ljg 	VPxlIZil

f−1({x}) R*S PnTkUL] R ] R q TYg�r m Pxl`w�
ii � O:P x ∈ X WYTVU

V
r S T � R U ^*l&PfU{y ^*l`\ f−1(x)

wB^xe`^ R \X]fy q t R Uir S T � R U ^*l&PfU{y U ^*l`\
x m ^xg�Uzv�gz^ R f−1(U) ⊂ V �O:]�e p R U � h & ²�K{CDJYU�H�cds4JYU=j@NPcfU�O�¡/C£NP³*y,�IJfK*JYU f−1({x}) ¡6C�RYW VFC@K�X�GIj@HSCIp;� �&g fRTW VFC@K
proper � M*C@K6aLK{CFM*cLK Jd�~GFH�U�X;nFVLUIE@U�JTUSG Y JYCIGIJd�@³kcfULVFC	�6X;GFVLRPH@s8ODH�RzH�RPcfCIX�j@N�VFU6?²�K{CiJTU�adRYnFJfRPcfU��@¡6C�NP³*y �IJfKkp�K{C£M�eF¡6R

V
VFC�RYW VLCSK*j�W{Cip;RTK JTULVIK{eDJYU�G

f−1(x)
JYU
Y \V¡/CtRTW VFC@KLM�ESRYK XkJf��JYU�G

Y
M*C@KLM�CF¡�s8O�g

f
RYW VLCSK

proper
X;GFVLe@cdJdg@X;g	�d¡/CtRYW VLCSKLM�E@RTK X;Jd��M�CSKJTU

f(Y \V ) := A
¡6CiRTW VFC@K@M�E@RYK XkJf�DJYU�G

X
jSR
x /∈ A ? � �¶X;JPy

U = X \A VLC£RYW VFC@KSj�W{CCFVFU�K{MSJf��p;RYK JYUFVIK{e�JYU�G
x
?4|}�FJfR�¡6C£NP³*y

f−1(U) = Y \f−1(A)
M�CSK

f−1(f(Y \V )) ⊃
Y \ V J ��M*CSK;X�GLVFRzHSs8O�¡/C�NP³*y �FJLK f−1(U) = Y \ f−1(f(Y \ V )) ⊂ V. ♦9-.�­=<LK ¨ � ��M�� �!M �  gi^¸� X,Y R ]VU � yVP R U R o Riemann

WYTkU
p : Y → X

r S TAe t6UYgz^nT$# R q bTVP*T[Z�\Y^`UsWXb�T�] R UaWXe&PfU|gzh � O:\Y^&b p R P m t R U
gihXr R*S T p U TkWxZzy p ��gihco/TVP�P R*S PnTkU m P*Tko4^[l�]VUsWXe&ol[rNl&U|l*rNl q
� U|g
r�efo �  ]VUa] q lfg�# m ^¸��o4TVP Y g�\xr�]�T&�
b�o ) U gft 	 R UiWYTkU
r R TYg # R P m gz^ R q h�gL\kP`�#YbcWchkw�e`^*T_P
X,Y R*S P*TVU�^*l_]_UsWYy�gL\xr!]fT&� R*S o�t�v q l&U�r R p proper

T�] R UaWXe&PfU|gzh + w�^`ex^ R h pR[S PnTkUzr S T�WYT[Z
\X]_^`UaWcb�T_] R UaWXe&PfU gih �O:]�e p R U � h & � �¶X;JPy,�FJLK�g
p
afR�VDNP³kRYK�X�gIjSRYW{CDaLK{CIMSESeIady8X;g@O�M*C@K

y
JfGI³kCSW UiX;g@j@RYW U£JYU�G

Y
?(¢tHSe@cf³kRYK*j�W{C=CLVFU*K M�Jd�£p;RYK JYUFVFK�e£JYU�G

Y
NPJdX6Kks8X;JdR:g

p|V
VFC=RYW VFCSKkj�W{C¤> 
 >@?4ADCL¡�s8Og

p
X;GFVLRY³k�IO�M*C@K CFVFU�K{MSJf� � CFH��mJYUmH���cfK X�j@Cmw*?[>dw � ¡/C~CIHSRTK M*ULVIW{�fRYK U�jSU�K U�jSUScf�/K M*e¥JYUCFVFU�K{MSJf�

V
XkJYU~CLVFU*K M�Jf�

U = p(V )
?�Q�VLJfW XkJfcfU���C¥CFV=g

p
RYW VFC@K6N�VFC@ODJYUSH�K{M���O�U�j@U*K U�
jSU�cf�6K X;jS��O��6Jd�IJdR:p�K�C=M�eF¡6R

y ∈ Y GFH�eIcf³kRYK�CLVFU*K M�Jd��H�RPcLK UI³k��JYU�G
y
�;NPX;JPy

V
HSU�G�¡6CCIHSRTK M*ULVIW{�fRzJYCSKFU�j@U*K U�j@U�cf�/K M*e:X�R�N�VFCDCLVFU*K M�Jd�DJTUSG

X
? � �8JfX�KSg

p|V
¡6CDRTW VFC@K;>�
�>�jSR�X;G�
VFNzH�RYK{C�JYU

y
VFC=j@gFV£RYW VFC@K;X;g@j@RYW U�aLK{CIMSESeIady8X;g@OF?�|�s8cfC�CIHS��JYU�¡6Rzs8cfgIjSC=w*?[>T±£g

p
RzH�WM*CSKFU

X
X�GIj@HSCIp;�IOI?!Q�cdM*RYWLVLC:afRYW{�fU�GIjSR8�FJLKLM*eF¡6R¶X�gIjSRYW U

x ∈ X NP³kRYKFp;RYK JYULVIK{e
U ⊂ XH�U�G�RYW VFC@K6U�jSCFE@e�M*CFESGIjSj@NzVLg=CIHS�¤JdgFV

p
?�u�cfeIp;j@CIJfK�¡/NzJPy

p−1(x) = {y1, . . . , yn}
jSR

yi 6= yj ∀ i 6= j
?=ADCF¡�s8O�g

p
RYW VFC@K!N�VFCIO�JYUSH*K M*��O�U�jSU�K U�jSUScf�/K X;jS�SO�¡/C©NP³*y®�IJfK!p�K�CM*eF¡6R

j = 1, . . . , n
GIHSe@cd³;RYK�jSW�C�CLVFU*K M�Jf�©p;RYK JYUFVFK�e

Wj
JYU�G

yj
M*C@K�j�W{C-CLVFU*K M�Jd�

UjJTUSG
x
NzJfX�K6s8X;JdRig

p|Wj
: Wj → Uj

VFC¥RYW VFC@K/NzVLC@ODU�j@U*K U�j@U�cf�6K X�j@��OF?���HSU�cfU�nIjSR�VFCGIHSU@¡/NPX;U�GIjSRD�FJLK/JYC
Wj

RYW VFC@K �fN�VFC CLVFe¥afnIU6? � h:j@y8OiM*CSK g
W1 ∪ · · · ∪Wn

RYW VFC@K$jSW{CCFVFU�K{MSJf��H�RPcLK U@³k�:JYU�G
p−1(x)

?8_
p
RYW VFC@K

proper
X�GLVFeIcdJfgIX;g�M*CF¡�s8O�U

Y
RYW VFCSK@X�GIj@HSC�
p��IOtJYUSHSUIE@UFp6K M*�SO�³*s8cfU�OtM�CSK*aLK{CFM*cLK Jd���!CFVDafR�V£�IJYCLV�p�K{C£M*eFH�U�K U

α ∈ X �@Jf�FJfR�CIHS��JYU¡/Rzs8cfgIjSC£w*?��
�F¡6Ci�IJYCLV:JYCIGIJYUFJLK M*e:W X�gDj@R�JfgLVDXkJYCF¡6RPcf�DCFH�RYK M*�FVFK X�g
p(x) = α

�SH�cdeIp;jSCeIJYUSHSU CFH���JfgLV�GIHS�@¡6RYX;�©jSCIOF?-�©HSU�cfU�nIjSR�JTs8cfC©VFC�RY��C@cdjS��X;U�GIjSR=JYU E@�@j@jSC�w*?[>����CIHS�¤�@H�U�G=GFH�eIcf³kRYK�CLVFU*K M�Jd��H�RPcLK U@³k�
U ⊂ U1 ∩ · · · ∩ Un

�&U*K;JTUSjSNPO�aLK M*C@K UFESUFp;U�nFVfJTC@K �p6K{CFJLW/RzH*K E@Nzp;y¬JfgLV¥j�K M*cd�IJdRYcdg¥JdNzJTU�K�C=HSRPcLK UI³;� � JYU�G x jSR p−1(U) ⊂ W1 ∪ · · · ∪Wn
?x:NPJYULVLJYC@O

Vj = Wj ∩ p−1(U)
�*¡/C�NP³*y �FJLK;JTC

Vj
¡6C=RYW VFCSK;�fN�VFC�jSR

p−1(U) = V1 ∪ · · · ∪ Vn� ² ��� ��®�= ;V�
f : A→ B

µx�
A0 ⊂ A

� ¬�°��*�8�
f−1(f(A0)) ⊃ A0

±
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M*C@K
p|Vj

: Vj → U
VLC=RYW VLCSK;NzVLC@O�USjSU*K USjSU�cf�6K X;jS��O:p�K{C�M*eL¡6R

j = 1, . . . , n
?
♦|�s8cfC NYXkJPy

f : X → Y,
RYW VFC@K j�W{C¥CFVFCFE@GIJfK{M����

proper
�6�@³;K X;JYCL¡/RPcf�¥CFH�RYK M*�LVIK X;gjSRzJYC@�dn�RzH*K{�6CLVFRYK s�V

Riemann X,Y
?4|}U¥X;nFVFUFE@U=JYy�V�X;g@j@RYW{y�V£afK�CFM�E@e@aTy8X�gIO

R
RYW VFC@KM�E@RTK X;Jd� JTUSG

X
�7p6K{C M�eF¡6R

p ∈ R
GFH�eIcf³kRYK¶p;RYK JYUFVFK�e�JYU�G

p
�
Up

jSR
Up ∩ R 6= ∅CIHS�©JfgLV~HSC@cfCFJf�IcfgIX�gmwk?5>@>I? � M*C@K!afK�CFM*cLK Jf� �!afgFESCIaf�~M*eL¡6R p ∈ R RYW VFC@K!jSRPj@UFVLy8j@N�VFU�&CIcdM*RYW VFC©afRYW{�fU�GIjSR��FJLK$p�K�CmM�eF¡6R

p ∈ R GFH�eIcf³kRTK
Up

jSR
Up ∩ R = {p} ?�Q�HS��JdgFVW{aLK{C�H�CIcfCIJd�@cdg@X;g��FjSK M*cfC@W VLUFVLJYCIO�JLK O}CFVFU�K{MSJfNPO�H�RPcLK U@³kNPO

U
JYU�G

p
�@j@H�UScds-VFC�M�CIJYCFES�I�dyX;JdgFV��fgFJYU�n@j@R�VFg�HSRYcfK U@³k�k? � ?4|�s8cfC=M*CL¡�s8O f proper

JYU
f(R) := S

¡6C�RTW VFC@K;MSESRYK XkJf�M*C@K�aLK{CIM*cfK Jf�-GIHSU�X�nLVFUFESU�JYU�G
Y
?�h�VFU�jSeI�fU�GIjSR=JYU

S
X;nFVLUIE@U-JPy�V©M*cfW X6K{jIy�V�JLK{j@s�VJfgIO

f
?�Q�V¤U�cfW X;y

Y ′ = Y \ S M*C@K X ′ = X \ f−1(S) ⊂ X \ R Jf�FJfR£�SH@y8O�RYW{afCIjSR��H�C@W{cTVFU�GIjSRtj�W{C¥CFVFCFE@GIJfK{M���M*CFESGFHSJfK M*��CFH�RYK M*�LVIK X;g
p n


 ��nIEIE@y�V�?�ADeL¡/R:JfK{jS�
c ∈ Y ′ g

p
JfgLViH�C@W{cTVFRYKkCIM*cfK ^@s8O

n
��U�cfNPOI?�²�K{C£VLC=RzH�RzM�JfRYW VFU�GIjSR}JYU¥X�GIj@HSNPcfC@X;jSC£CIGIJd�=M*CSK*p�K{CJLK OtM*cLW X�K{jSRPO:JLK{j@NYO

s ∈ S H�cdNPHSRYK*VFC�ESeL^�USG@j@RtGFH��
�6K V�M�CSKkJfgLV�HSUIEIE@CIH@ES�FJfgFJYC��9-.�­�<�K ¨ � ��M����<M �  gi^¸� X,Y R ]VU � yVP R U R o Riemann
WkTkU

f : X → Y
r S T proper

e t)Ugi^nT
# R q bdTVPnT`Z�\Y^`UaWcbjT�] R UaWXe&PfU|gzh �A� ]fy q t R U m P*Tko � \kg�UsWYefo6T q U #_r!efo n m ^xg�UVv�gz^ R h f PnT]�T S q P R U
WYy
# R ^`U{rBb c ∈ Y TYW q U �zv�o
n
� l q m o*w�] q lfg�r R ^ q v�P_^nTkoAWYTVUL^[U|od]�l8ZVZkT_]}ZLe`^&h�^ R o �O�]_e p R U � h & � �¶X;JPy

n
U�CIcLK ¡6jS��O£JYy�V~�6nFEIE@y�V¥Jdg@O�M�CIE@GIH@JLK M*�IOiCIHSRTK M*�LVIK X;gIO

p :=
f |X′ : X ′ → Y ′ ? � �¶X;JPy

s ∈ S j�W{C�M*cLW X6K{jSg¥JLK{j@�¥Jdg@O f M*C@K f−1(s) = {x1, . . . , xr}M*C@K;U�cfW��Ty
kj
VFC=RYW VFC@K;g�H�UFE@E@CIH@ES�FJfgFJYC:JfgIO

f
XkJTU¥X;g@j@RYW U

xj
?4Q�H���JdgFV£H�CIcfCFJf�IcfgIX�gwk?5>@>�¡/C©GFH�eIcf³kU�GLV

Uj
CLVFU*K M�JdNPO�H�RPcLK UI³kNPO�JPy�V

xj
M*C@K

Vj
CFVFU�K{MSJfNPO�H�RPcLK U@³kNPO�JYU�G

sNzJfX�K8s8XkJfR¤p6K{C�M*eF¡6R
c ∈ Vj \ {s}

�8JYU�X�nLVFUFESU
f−1(c) ∩ Uj

VFC HSRYcfK�NP³kRYK4CIM*cfK ^@s8O
kj
X;JYU*K ³;RYW{C	�$jSR

j = 1, . . . , r
?�|�s8cdCmCIHS�mJYUmES�IjSj@Cmw*?[>��~j@HSU�cfU�nIjSR�VFC¤^�cfUSn@j@R�jSW�CCFVLU*K M�Jf�DH�RPcLK U@³k�

V ⊂ V1 ∩ · · · ∩Vr
JYU�G

s
NzJfX�K�s8X;JdR

f−1(V ) ⊂ U1 ∪ · · · ∪Ur
?�|}�IJdRp�K�C�M*eF¡6R�X;g@j@RYW U

c ∈ V ∩ Y ′ �;¡6C�NP³kU�G@j@R:�FJLK�JYU f−1(c) ∈ f−1(V )
CIHSUIJdRzESRYW JYC@K�CIHS�

k1 + · · · + kr
X;gIjSRYW{C;? � h:jIy8O�JYU

c ∈ Y ′ M*C@K/X;GFVFRzH@s8O f−1(c) = p−1(c) = n.
� �¶JdX6K

n = k1 + · · ·+ kr. ♦|�s8cfC�CFV
f
RYW VFC@K�j�W{C©CFVLCIE@GIJfK M*�mCFH�RYK M*�FVFK X�g~jSRzJYC@�fnmJPy�VmRPH�K{�6CLVFRYK{s�V

Riemann
X,Y

�4¡/NzJPy
h = ψ−1 ◦ f ◦ ϕ ��j@R h CFVFCFE@GIJfK{M��©X�GLVFeIcdJfgIX�g�M*C@K¶X;GLVFRzHSs8O h(z) =

∑∞
n=1 an(z − z0)

n ?�_ X;GFVd¡/�FM*g�C@GFJf��RYW VFCSK4CLVFRP�feIcdJfgFJfg�CFH�� JdgFV�RzH*K E@UIp;�©X;GFVfJfR 
JYCIp;jSR�VIK M�s�VmH�RPcLK UI³*s�V
(ϕ,U)

M*C@K
(ψ, V )

?,��K�CFE@NPp;U�GIjSR�p6K{C�CIH@ESUSn@XkJfRPGIX�gmJYC
U, VVFC RYW VFC@K(aLW XkM*U*K8jSR M*N�VLJfcfU�JYU

(0, 0)
��j@R

ϕ(0) = P
M*C@K

ψ(0) = f(P )
CLVLJfW X;JYU*K 
³kC;?£h jSK M*cf�FJfRPcfU�O�CIM*NPcfC@K U�O

e
HSU�G¤jSgIafR�VIW{�fRYK JdgFV

h
jSR
ae 6= 0

ULVFU�j@e@�dRPJYC@K afRYW{MSJfgIOaLK{CIMSESeIady8X;g@O��
ramification index � JfgIO f XkJTU X�gIjSRYW U P M*C@K6afR�V¥RYW VFCSK/JfW{HSUIJYC�eFE@E@UH�NPcfC�CFH�� JdgFV©HSUIEIE@CIH@ES�FJfgFJYC JfgIO

f
X;JYU X;g@j@RYW U

P
? |}U�X�GIjI^SUFE�W{�fU�GIjSR�jSR

ef (P )
?l�n@j@��y�VFC�jSRtJYU�H�CIcfeIafRYK p;jSC�w	�*HSU�G�CFM*UFESUSGF¡6RYWSJTUSG�U�cLK X�j@U�n�w*?[>T·��*N�VFC�X�gIjSRYW U

P
¡6CRYW VLCSK6X;gIjSRYW U¥aLK{CIMSESeIady8X;g@O�CLVfV

ef (P ) > 1
?���Nz^SC@K�C�CFV�g

f
RYW VFC@K�XkJTCL¡6RYcd���;g

h
RTW VFC@KW X;g�JYC@GFJYUIJfK{M�e�jSRtJTU � J % M*C@K�Jf�FJfR ef (P ) =∞ ?���R�V£¡/C�CIX�³kUFESgL¡6U�n@j@R:j@R�C@GFJf��JfgLVH�RPcLW HSJPy8X;g;?iu�CIcfCIJdg@cdU�n@j@Ri�IJfK2RYW JdR£g

f
NY³kRYK H��FESUmRYW JdRicLW{�fC Jde@�fgIO

e
�$X;JYU

z0
�$C@GFJf�j@HSU�cfRYWkVFC�p�cdC@�;JfRYW6XkJfgLV�j@U�cf�����

f(z) = k(z)(z − z0)e jSR e ∈ Z
M*C@K

k(z)
CLVFCIE@GFJLK M*�	�

k(z0) 6= 0.

rty8cfW O¶^@ESeL^Sg�JfgIO¶p;R�VIK M*�FJfgFJTCIO4j@HSU�cfU�nIjSR4JYU
z0
VFC�JTU:jSRzJYC@��NYcdU�G@j@R4X;JdgFV}C@cf³k��JPy�V�C�
�f�LVLy�V �INzJfX�KFs8XkJfR

f(z) = k(z)ze �IjSR k(0) 6= 0
?�ADCL¡6s8O¶g

k(z)
CFVLCIE@GIJfK M*��¡/CtNP³;USG@j@R

k(z) =
∑∞

n=0 an+ez
n.
��cfW X;MSy �k�SHSy8O:HScLK V=CLVFCFESGFJLK M*�

p(z)
NzJfX�K;s8XkJfR

k(z) = p(z)eM*C@KSX�GLVFRzHSs8O}jIH�U�cTs VFCDp;cfe��;y
h(z) = (zp(z))e ?���cLW X;M*ULVLJYCIO�VFNPRYO}X;GLVLJfRzJYCIp;j@RzVFK{M�NYOH�RPcLK UI³kNPO

ϕ̃ : U ′ → X
jSR
U ′ ⊂ U M�CSK ϕ̃(z) = ϕ(zp(z))

�@¡6CDNP³kU�G@j@R��FJLKSg
ψ−1 ◦f ◦ ϕ̃VFC�RYW VLCSKdJYUSH�K{M�e}g�CFH�RYK M*�LVIK X;g

z 7→ ze ?!²$VLy8cfW��dU�G@j@R4�IJfKfC@GFJf��g�CFH�RYK M*�FVFK X�g�CIHSRTK M*ULVIW{�fRYK
� 0 �`´¸�`® �n�[�}�8�V�n�x¶/�8�)�8�)�8�*¢n�8�n�n� ®&¶�;V�I£z´98[µx�@3�®x� ;V£
��;V���x´¸§¨�`�8�

h(0) = 0
±
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JTU �=XkJYU �=RzM�Jd��O:Jdg@O�CIcf³k�IO�RYW VLCSK;j�W{C
e-fold

M�CIE@GIH@JLK M*�£CIHSRYK{M��FVIK X�gk?8l�GLVFU
�6W��dUFVLJYCIO¡/C�NP³kU�GIjSRtJYC£H�CIcfCIM�eIJPy X�gIjSCLVLJfK{M��¤CFH�UFJfNzE@RPX�j@C��
«�<N�2#k���uK ��M��2��M �  gz^¸�

f : X → Y
r S T e t6UBgi^nT
# R q b TVP*T[Z�\Y^`UsWXb T_] R UaWXe&PfU gih WkTkU

X,Y
PnT R[S PnTkUig�\xr�]�T&� R[S o R ]VU � y_P R U R o Riemann � � e`^ R'&�

i � |R| < ∞ r R R ⊂ X
^*l�g 	VPxlIZLl�^¸��P:gihXr R*S ��P p U{TkWxZzy p ��gzhcodWYTVU S = f(R) ⊂

Y ��
ii � � T�] R UsWYefP&U|gzh X\f−1(S)→ Y \S R*S P*TVU_r S TFWkT`Z�\X]V^[UsWcbAT�] R UsWYefP&U|gzh n � � 	*ZVZ
��P �

� Pxl*r�y��}l`\xr R ^*lfP)TYW m q TVU|l n ��T
#_r!e )
degree + ^xhco�TVPnT`Z�\Y^`UaWcbco f WYTkUY^*l/g�\xr �NlIZ S ��¸l`\xr R r R n := degf � OQ\Y^`efo R*S P*TVUX^*l)y
# q l&U|g�rLT ^*l`\j]nZLb.#kl[\ko6^¸��P/T_P_^ S gz^ q l � ��PR UsWXe&P*��P R PfefoF�XP*��gz^[l 	 q ∈ Y r R ^ q hcr m P�hco2^&hco4]_lIZkZkT_]}Ziex^xh�^*Tko)^xh�o f g R WYy$# Rm P*T�T�]_edTY\Y^`yQ^nT�gihXr R*S T�w p h&ZYT p b &�

iii � �!U TQWYy$# R q ∈ Y U|gft 	 R U &
∑

P∈f−1(q)

ef (P ) = n.

��ESNzHSU�G@j@Ri�IJfK$M*eL¡6R�CLVFCIE@GFJLK M*�¥CIHSRYK{M��FVIK X�g¤jSRzJYC@�dn X;G@jIH�CFpks�V
Riemann

RzH�K���C�
VFRYK{s�V
��jIH�U�cdRTW�VFC=RzHSRPMSJTCL¡6RTW*X;R:N�VFC�JYUSHSUIE@UFp6K M*�£M*eFESGIjSj@C
n

 �6nFE@EIy�V*?4Q�GIJd��O�RYW VFC@K;UES�Fp;U�O}H�U�G£j�W{CDJfNzJYU*K{CiCFVFCFE@GIJfK{M���CIHSRYK{M��FVIK X�g�JdgFViULVFU�j@e@�dU�G@j@R}CFVLCIE@GIJfK M*��M*CFESGFHSJfK{M��CIHSRTK M*�LVIK X;gk?�u�cfNzH�RYK�VFC�H�cdU�X�NP�fUSG@j@R��IJfK�p�K{C¤CLVFCFESGFJLK M*e£M*CFESnIjSj@CIJYC	�kRTW VFC@K6RzH*K JfcfRzHSJd�VFCDH�RPcLK{NP³;USGFVtX;g@j@RTW{CDaLK{CFM�E@e@ady8X;gIO�M*eFJLK@HSU�GDafR�ViK X;³kn@RYK@p�K{C�JYUSH�UFE@UIp�K M*e�M*CIE@nIjSjSCFJYC;?Q�V

f ∈ M(X)
�6j@R

X
RzH*K{�6eLVFRYK{C

Riemann
��Jf�FJfRt¡6C¥NP³;USG@j@R

f : X \ S → C
jSR

S
VFC©RYW VFCSK!aLK{CIM*cfK Jf�©GFH�U�X;nLVFUIE@UmJYU�G

X
?¤��cLW XkM*ULVLJYC@O�j�W{CmX;GFVLJdRzJTCFp;jSR�VIK M*�~HSRPcLK UI³;�

ϕ : U → X
p6K{C�M�eF¡6R

P ∈ X NzJdX6Kks8X;JdR
ϕ(0) = P

�kg
h = f ◦ ϕ(z)

RYW VFC@K�CLVFCIE@GFJLK M*�X;JYU
U \{P} M�CSKIX�GLVFRzHSs8O�JdgFVtp;cfe@�;y��SH@y8O�M*CSKFH�cLK V�X�CLV h = f ◦ϕ(z) = zk ·g(z) j@R

g
VLC=RYW VLCSK;CFVFCFE@GIJfK{M��£M*C@K

g(z) 6= 0 ∀ z ∈ U �kRzH*K JfcfNzH�ULVLJYCIO�JTs8cfC�X;JYU k VLC�H�eIcfRYK;M*C@KC@cTVLgIJfK{M�NYO�JLK{j@NYOF?¶x:C£NP³;USG@j@R}NPJdX6Kk�FJLKkCFVigiH�UFEIESCFHSE@�IJdgIJYC:Jdg@O
f
XkJTU�X;gIjSRYW U

P ∈ XRTW VFC@K
k
Jf�FJfR��

• Q}V k > 0
g
f
¡/C�NP³;RYK8cLW{�fC j@R¤HSUIEIE@CIH@ES�FJfgFJYC

k
X;JYU

P
jSR

f(P ) = 0
M*C@K

k = ef (P )
�

• Q}V k < 0
g
f
¡/C©NP³kRYK2H��FE@U�j@R�HSUIEIESCFHSE@�FJfgFJTC

k
X;JYU

P
j@R

f(P ) = ∞ M*C@K
k = −ef (P )

�
• �=K{CI�6U�cfRzJfK{M�e k = 0

�
• Q}V-JYU�X;g@j@RYW U P RYW VLCSK4H��FESUSO �-cLW{�fC��(afgFESCIaf��CFV

k 6= 0
Jf�FJfR E@NPjSR¥�FJLK(g

fH�CIcfU�GIX�K�eI�fRYKkCFVLy8j@CIESW{C�XkJYU
P
?

� � ¨�¨ � ��M��$¦!M �!U{TdWYy
# R g�\xr�]�T&�zb R ]_U � yVP R U{T Riemann X
WYTVU
��U{T WYy
# R e t)U�gz^nT$# R q br R q e*r�l q�� hjg�\VP&y q ^xhcgih f ∈M(X)

wil6T q U #_r!efo�^}��P q U �xv�P4^xhco�U|gcl
	k^nTkU_r R ^*l&P)T q U #_r!e^}��PQ]_eIZ���P�^xh�onw!] q lfg�r R ^ q v�P�^*Tkod^[U|o ]�l8ZVZYT�]nZie`^&h�^ R o &
∑

P∈X

ef (P ) = 0.

x:C=NP³ky �
∑

P∈X

ef (P ) =
∑

P∈f−1(0)

ef (P ) +
∑

P∈f−1(∞)

ef (P ).
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� Riemann

� h:j@y8ODCFH��=JYC�HSC@cdCIHSeFVLy�¡6C�NP³ky �
∑

P∈X

ef (P ) =
∑

P∈f−1(0)

ef (P )−
∑

P∈f−1(0)

ef (P ).

M*C@K�CFH��=JYU=¡/Rzs8cfgIjSC¥w*?{w*>t¡6C=NP³*y �FJLK
∑

P∈X

ef (P ) = n− n = 0.♦

��M � . ��� ���!%(�!��ª$���L� ¨ .k1�� � �!� � ¨�¨ ��#k�x:C�afRYW��dU�G@j@R�JYU:CLVLJLW X;JdcfU��6UtJfgIO8HScf�FJTCIX;g@O8w*?{wIw	�Y^SE@NzH�ULVLJYC@O!HSs8O¶CIHS�tN�VFC}JYUSH�UFE@UIp�K M*�M*eFESGIjSj@CtjIH�U�cfRYWfVFCtHScfUSM*n��6RYKFN�VFC:CLVFCFESGFJLK M*�:M�eIE@G@j@jSC�jSRzJYCI�fn:RzH*K{��CFVFRYK s�V
Riemann

?
«�<N�2#k���uK ��M�� ¯ M �  gz^¸�

Y R ]VU � yVP R U{T Riemann
w
S m P*T ] R ] R q Tkg�r m Pxl \X]_lfg 	VPxlIZLl^*l`\

Y
WYTVU

p : X ′ → Y \ S r S T WYT[Z�\X]V^[UsWcb T_] R UaWXe&PfU gih e � 	[ZVZ
��P r R X ′ PnT R[S PnTkUg�\VP R Wc^[UsWXefo � � ]�l q l
	xr R P*T R r � \Y^ R 	Vgcl`\xr R ^[l&P X ′ gVTVP m PnT:TVPxlxUsWc^`eQ\X]�lfg 	VPxlIZLlFr S TkoR ]VU � yVP R U{Tko Riemann X & X ′ ↪→ X
r R X = X ′∪ m P*T ] R ] R q TYg�r m Pxl g 	VPxlIZil m ^xg�Uv�gi^ R h p P*T r�]�l q R*S PnT R ] R WX^*T
# R[S g R r S T proper

wdT_P*T[Z
\Y^[UsWcb gL\kP&y q ^&hcgih�r R ^nT � 	R ]VU � TVP R U v�P Riemann f : X → Y �
O�]_e p R U � h & |}U=H�cf�I^SE@g@j@CDj@HSU�cfU�nIjSR�VFCiJYU�afU�nIjSR}JYUSH*K M*eiXkJTULV£³*s8cfU Y ��H�cfUSX;HSC�
¡6s�VfJTCIO=VFC �Lp;RPj�W X�U�GIjSR ��JTC�X;g@j@RYW�CmHSU�GmE@RTW HSU�GFV�?~u�CSW{cTVfy JfgLV©X;GFVL�F¡6gmM*CFESGFHSJfK{M��CIHSRYK{M��FVIK X�g

pe : Do → Do, z 7→ ze

jSR
D = {z ∈ C : |z| < 1} ��M*CSK Do = D \ {0} ?�²$VLy8cfW��dUFVLJYCIO��FJLK π1(S

1) = Z
M*C@K�IJfK/U

S1 RYW VLCSK6N�VFC strong deformation retract
J , JYU�G Do �;¡6C�H�cfNzH�RYK6U Rzp;MSESRYK X;jS��O

j : S1 → Do VLC£RzHSeIp;RYKSN�VFCLViK X;U�jSUScf�/K X;jS�£JPy�VDRPj@H@ESRzM*��j@R�VLy�Vt¡6RPjSRzESK{y8aTs�ViU�jSeIady�V*?
� �8JfX�K

π1(D
o) = Z

M*C@K6X;GFVLRPH@s8ODM*eF¡6RDX;GFVFRzM�JfK M*��O�M*CFESGFHSJfK M*��OtJYUSHSUIE@UFp6K M*�SO�³*s8cfU�OJYU�GijSR�H�RzHSRYcdC@X;jSN�VFCD��nIEIESC	�F¡/CiH�cfNzHSRTKFVFC�CLVLJfK X;JYU*K ³;RYWSX;R�H�RzHSRYcdC@X;jSN�VFRPO�U�jSeIafRPO}JYU�G
Z
? ��C�CIGIJdNYO¤RYW VFCSK8U*K

eZ
j@R

e ∈ N
j@R CLVLJfW X;JYU*K ³;RPO�M*CFESGFHSJfK M*NPO�CIHSRTK M*ULVIW X;RYK O�JLK O

pe
H�USG~CLVFC@��NPcfC@j@RL?�Q�GIJd�©X�gIjSC@W VFRYK2�FJLK2U*K2M�CIE@GIH@JLK M*U*W/³*s8cfU�K2JYU�G

Do ¡6C~RYW VFC@K�W X;U*K
modulo

JYU�GIO�K X�U�j@U�cf�6K X�j@U�nIO£M*CFE@GIH@JLK M�s�V�³ks8cTy�V*?Du�cfeIp;j@CIJfK$CLV
p : Eo → Do jSW{CM*CFESGFHSJfK{M��tCFH�RYK M*�LVIK X;g

e
�6nFE@EIy�V �ICFH���JYUi¡6Rzs8cfgIjSC�>I?{wIwtU*K@afn@UDM*CFE@GIH@JLK M*U*WL³*s8cfU*KI¡6CRYW VLCSK2K X;��jSU�cd�6U*K$CFVdV~U�K2afnIU©GFH�U�U�j@e@adRYO

p∗(π1(E
o)), pe∗

(π1(D
o))

JYU�G
π1(D

o) ∼= ZCFVL�IM*USGFV=X;JdgFV¤W{aLK{C�M�E@e@X;g¥X�GI�fGFp�W�CIOF? � h:jIy8O�RzHSRTK{af�¥g
Z
RYW VLCSK CL^�RzESK�CLVF��U�j@e@adC¥M�eIJfKJfNzJYU*K U�¡/C�X�GIjI^SC@W VLRTK�CLVfV�CLVLJfK X;JYU*K ³;USnFVmX;JdgFV�W{aLK{C�GFH�U�U�j@e@adC�JYU�G

Z
? utcfeFp;jSC�H�U�GX�GIjI^SC@W VLRTK2M*CF¡�s8O¥C@��U�n©RYW VFCSK

e-fold
M*CIE@GFHSJLK M*U�W2³*s8cfU*K�¡6C©H�cfNzH�RYK2VLC�CLVLJfK X;JYU*K ³;USnFVX;JdgFV=GIHSU�U�j@e@afC

eZ
? � �8JfX�K/CLV

p : Eo → Do RYW VLCSK�M�CIE@GIH@JLK M*�=CFH�RYK M*�LVIK X;g e 
 �6nFE@EIy�V �GIHSe@cd³;RYK/U�j@U*K U�j@U�cf�6K X�j@��OiJYy�V¥M�CIE@GIH@JLK M�s�V=³ks8cTy�V
ψ : Do → Eo jSR p ◦ ψ = pe

�$UUSH�U�W U�O�RP�fCIcdJdeIJYC@KFCFH���JdgFVtRzH*K E@UIp;�}^�eIX;g@OF?���eFE�K X;JYC�NY³kU�GIjSR(CIM�cLK ^Ss8O
e
RzH�K{E@UFp�NPO8p�K�CJYUFV�USjSU*K USjSU�cf�6K X;jS�

ψ
�LH�U�G�CLVLJLK X;JYU*K ³kU�nLV�X;JYC

e
X;g@j@RTW{C�JYU�G

Eo p�K�C�j�K{C�X�GFpkM*RzM*cLK{jSN�VFg^�eIX;g;?£h�K GFH��FESU�K{HSRPODRPH�K ESUFp;NYODp�K{C¤JYU
ψ
NY³kU�GLV�JdgFV¤j@U�cf�6�

z 7→ ψ(exp(2πk/e) · z)jSR
exp(2πik/e)

VLC£RYW VFC@K�j�W{CDCFH���Jdg@O
e

 U�XkJfNPO�cLW{�fRPO}JfgIO�jSULVFe@adC@O�M*C@K

k ∈ [1, e−1]
J /|�s8cfC RYW VFC@K¶X;CI�6NPO~HSy8O¥¡/C �Lp;RPj�W X;U�GIjSR �mJTULV�M*CFESGFHSJfK M*� ³*s8cfU

Eo ? h:cLW{�fU�GIjSR
E = Eo ∪ {p} jSR p /∈ Eo M�CSK8aLW VFU�GIjSR X;JYULV E afU�j@� RzH*K{�6eLVFRYK{C@O

Riemann
NzJfX�K

� 5 ¥[¦[§¨�`�6© ª}«X¬��¨¦`  �}�I�B­24 � ·f¹*±� <�� � ;V£
� �&�<°f£
´}�x�
Do

®x�[�
Eo

�8  ¤n�[��� ¬��`� �}¤*�*µ`�x�<®x�n¦[¢n�`�}� ®x�x �°f£
´}�x� 3�¥[¦[§¨�`� �`´n� ¬�µx¶�¹*±|¹�¯@3";V��`´}§¨�`�8�i�x�
®x�n¦[¢n�`�}� ®x§I�F�n�`�8� ®&�}¤*  ¬��8� �
p, pe

¤n� �8  ¤*�[�z� ¬�¶`µ`�x´��V�I�n±���´:= 6 µx�n�}�
p = pe ◦ ψ−1

µ`�6� �n�`�
z 7→ ψ−1(z) 7→ (ψ−1(z))e

®&�[�
z 7→ exp(2πik/e) · z 7→ ze.
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pD
o

D
e

o

D

p

EE
o

0p

y

p

y =~ =~^

l�³k�@j@C=w*? ´��

s8X;JdR ��g�RzH�NzM�JYCIX�g�JfgIO
ψ
CFH�� JYU

Do XkJYU D VFC�CIHSRYK{M�UFVIW{�fRYK4JYU � X;JYU
p
M*C@K¶JYURYXky4JfRPcLK M*��JYU�G

D
U�jSU�K U�jSUScf�/K M*emXkJYU RPXky4JfRPcLK M*�-JYU�G

E
M�CSK�X;GLVFRzHSs8O�VFC�CFH�UFJfRzESRYW

NzVLCFV�U�jSU�K U�jSUScf�/K X;jS���
ψ̂
�kj@R

ψ̂(D) ∼= E
?�¶H�K XkJfcfNP�6ULVLJYCIO�XkJfgLV¥M*CFESGFHSJfK{M���CIHSRTK M*�LVIK X;g

p : X ′ → Y \ S JYU�G¥¡6Rzy8cf�IjSCFJTUSO��p6K{C
Q ∈ S j@HSU�cds VFC¥^�cdy X;GFVfJfRzJYCIp;jSR�VIK M*��HSRYcfK U@³k� ϕ : D → ϕ(D) := U ⊂ Y

jSR
ϕ(0) = Q

�fNPJdX6KLs8XkJfR
U∩S = {Q} M*C@KLjSR Uo VFC�X;G@jF^�UFE�W{�dy~JTU U \{Q} ?4x:C�NP³*y��IJfKM*eF¡6R}JfNzJYU*K U

Uo ¡6CiRTW VFC@K�U�j@CIE@eDM*CIE@GIjSjSN�VFU��SafgFE@C@af�
� p−1(Uo) = ∪m
n=1V

o
n

j@R�JTC
V o

nVFC�RYW VFC@K��fN�VFC�p�K{CDM*eF¡6R
n = 1, . . . ,m

M*C@K
p|V o

i
(V o

i ) ∼= Uo ?4|�s8cfC�U�H�RPcLK U�cLK X;jS��O}Jdg@OM*CIE@GFHSJLK M*�IO£CIHSRTK M*�LVIK X;gIO£X;R�M�eF¡6R�N�VFC CIHS�mJTC
V o

i

RYW VFC@K2jSW{C~M*CFESGFHSJfK{M��¤CFH�RYK M*�LVIK X;g��NYXkJPy
ei
�6nFEIE@y�V �LJYU�G

Uo ?�Q�HS��JYCtH�CIcfCFH�eLVLy©jIH�U�cfUSn@j@R8VFC�^�cdU�n@j@R8U�jSU*K U�jSU�cd�/K X;jSU�nIO
ψi : Do → V o

i

�*NzJdX6K�s8XkJfR}JYU�H�CIcfCFM*eIJPy aLK{eIp;cfCIjSj@CDVLC�RYW VFC@K�jSRzJYCF¡6RzJLK M*���!afgFESCIaf��VFCK X�³knIRYK
p(ψi(z)) = ϕ(zei)

?8utcdU�Xk¡6NzJPy¬N�VFC£X;g@j@RTW U�p�K{C£M*eL¡6R
V o

i

NPJdX6K*s8XkJfR
V o

i ↪→ ViM*CSK;M*eF¡6R
ψi
VFC�RzHSRPMSJfRYW VFRzJTC@KkX�R�N�VFCLV�U�jSU*K U�jSU�cd�/K X;jS�¥CFH��¥JTU

D → Vi
?(u�CSW{cTVFULVLJYCIO
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l�³k�@j@C=w*?{µ��

C@GFJfNPO�JLK O�RzHSRPMSJfeIX�RYK O�p�K{CiX�GLVLJdRPJYCFp;jSR�VIK M*NPO�H�RPcLK UI³kNPO(¡/CiNP³*y�JfgLVD�fN�VFgiN�VLy8X;giC@GFJds�VJYy�V
Vi
VFC�j@U�G=aLW VFRYK;j�W{C=RzH*K{�6eLVFRYK{C

Riemann
?8_bCIHSRTK M*�LVIK X;g

V o
i → Uo RPHSRzM�JfRYW VFRzJYCSKX�R¶j�W{C:CLVFCFESGFJLK M*�}CFH�RYK M*�LVIK X;g�CIHS�:JYU

Vi → U
NzJdX6Kfs8XkJfR¶VLCtNP³kRYKIafRYW M�JdgtaLK{CFM�E@e@ady8X;gIO

ei
XkJYU�X�gIjSRYW U£H�U�GiH�cfUSXk¡6NPX�CIjSRL?�Q}V�C@GFJf�£p�W VLRTK�p�K{C£M�eF¡6R�X�gIjSRYW U�JYU�G

S
��HSCSW{cTVLy�JYULV
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� Riemann

³*s8cfU
X
VLC©RTW VFC@K

X = Xo ∪ S jSR=JYU S VFC©RYW VFCSK2H�RzH�RPcfCIX�j@N�VFU6? QtGFJYU*W�U*K�³keIcdJfRPOaLW VFU�GLV¥XkJTULV
X
afUSjS�¥RzH*K{�6eLVFRYK{C@O

Riemann
�&j@RiJdgFV=H�cfU��FH��I¡/RPX;g��IJfK$U�K/³;eIcdJdRYODHSU�GH�cfUSXk¡6NPX�CIjSRmRYW VFC@K�X;G@jF^�CFJYU*W�jSR~C@GFJYU�n@O JTUSG
Xo � �}M*C@K�g�M*CIE@GFHSJLK M*�-CIHSRYK{M��FVIK X�g pRzH�RzM�JfRYW VFRzJYCSK*X;R�j�W{C=CLVFCFESGFJLK M*�

f : X → Y
?
♦

�4(�� � 1d5����)D4@B5¸@!;
Riemann

7:,A5:=?.�� @�� �6587:9N; +-,��A1��6.4@!;
� �¶X;JPy

F (z, w)
�I³;K2XkJYCF¡6RPcf�©H�UFESGFs�VFGIjSU©afnIU©jSRzJYCF^@E@gIJTs�V¤jSR�jSK p;C@afK{M�U�n@O�X�GLVLJdRPE@R 
X;JdNPOI?8|}U¥X;nFVFUFE@U¥JPy�V�cLK{�ds�V�JTUSG��

C = {(z, w) ∈ C2 : F (z, w) = 0}
UFVLU�jSeI�fRzJYCSK��Lj�K p;CIaLK M*�}CI�/K VIK M*��M*C@jIH�nFESg}XkJYU�RzH*W H�RPafU �*?2|}CIGIJfW��dUFVLJYCIO4JTU

C2 j@R¶JYU R4 �¡/C¤NP³*y JYU
C
VLC U�cfW��dRPJYC@K/CIHS�~afnIU~HScfCIp;j@CIJfK{M�NYOiRP�LK Xks8X;RTK O �}CIGFJfNPODH�U�G¤jSgIafR�VIW{�fU�GLVJYU�H�cfCFp;jSCFJLK M*�£M*CSK�CIGFJfNPO}H�U�G£jSgIafR�VIW{�fU�GLV�JYU=��CFVLJYCIX;JfK M*�=jSNPcfUSO�JYU�G

F (z, w)
? � �8JdX6KH�RPcLK{jSN�VFUSG@j@R JYU

C
VLC RYW VFC@K�j�W{C�RzH*K{��eFVFRYK{C M*C@K¶¡6C�NY³kU�GIjSR~aLW MkK U �}RzM�Jd��O��IJfK��SH@y8OM*C@K�X;JfK O�M*C@jIH�nFESRPO=NzJdX6K�M*C@K�XkJTU

C
j@H�UScfRYW!VFC�GIHSe@cf³kU�GLV M*eIHSU*K{RPO�CFVLy8j@CIESW{RPOI?�x:C³kcfg@X�K{jSUSHSU*K{�@X;U�GIjSR£JTC�RPcdp;CFESRYW{C~JfgIO�H�cfUSgIp;U�nIjSR�VFgIO=R�VF�FJfgFJTCIO=p�K{C©VLC�CI�6C@K{cfNPX�USG@j@RJLK O¤CLVLy8jSCFE�W{RPO�M*C@K�VLC�HScfU�X*¡/NPX;U�G@j@R�M*eIHSU*K{C�X�gIjSRYW{C-X;R¥C@GFJfe©M*C@K4X;JYU�eFH�RYK{cfU NzJdX6Ks8X;JdR�VFC~HSe@cfUSG@j@R�j�W{C©X;G@jIH�CFp;�mRzH*K{�6eLVFRYK{C

Riemann
? ��eIESK XkJYC~CLV~JYU

F
afR�VmRTW VFC@KCFVLeIpky4p;U�Jf�FJfR�g�RzH�K���eFVLRTK{CDH�USGi¡6C�HSe@cfUSG@j@R}¡6C£RTW VFC@Kkg��fN�VFg�N�VLy8X�g�RzH*K{�6CLVFRYK s�VDH�U�G¡/C=HScfU�NPcf³kULVLJYCSK6CFH��¥JYU�GIO�CFVLeIpky4p;U�GIO�H�CIcfeIp;ULVLJfRPO�Jdg@O

F
? � �8JfX�K/GIHSU@¡/NzJYU�GIjSR�H�cfUSOJYU¥HSC@cd�FV��FJLK�JYU�H�UFESGFs�VFGIjSU

F
RYW VLCSK;CFVFeFpky4p;U6?8²!cde@��U�G@j@R

F (Z,W ) = a0(Z)Wn + a1(Z)Wn−1 + · · ·+ an−1(Z)W + an(Z),

jSR
ai(Z)

H�UFESGFs�VFGIjSC~y8O¥H�cdU�O�JTU
Z
M�CSK

a0(Z) 6= 0
�4j@R

n > 0
M*CL¡�s8O CLV

n = 0
F = bZ + c

M*C@K�X�GLVFRzHSs8O
C ∼= C

?-x:NzJYU�G@j@R
Fw = ∂F/∂W

�!JYU USHSU*W U�RTW VFC@K�N�VFCH�UFESGFs�VFGIjSU=y8O�HScfU�O
W
jSR
degFw = n− 1

�

Fw =
∂F

∂W
= n · a0(Z)Wn−1 + (n− 1) · a1(Z)Wn−2 + · · ·+ an−1(Z).

� � ¨�¨ � ��M�� ° M � ]fy q t)l`\VP:]_lIZ�\�v�PV\&riT B(Z,W ), C(Z,W ), d(Z)
wNr R d(Z) 6= 0 m ^xg�Uv�gi^ R'&

B(Z,W ) · F (Z,W ) + C(Z,W ) · Fw(Z,W ) = d(Z).
O�]_e p R U � h & ADeFVFUSG@j@Rt³kcf�IX�g�JTUSG�ES�IjSj@CIJYU�O Gauss

�
� � ¨�¨ � ��M�� ��� � � ¨�¨ � #k0� Gauss

� MO:P
F R[S PnTkU m PnT ]_lIZ�\�v�PV\&rNl gi^*l&P K[X,Y ]

w/^xe`^ R TVP$^*l F R*S P*TVU�TVP&y&�X� �
l gi^*l&P
K(X)[Y ]

w"#_T R*S P*TVUiT_Pfy&�X� �
ljgz^[l&P K[X,Y ] �
O�]_e p R U � h�ZLbXr�rLTf^[l&o Gauss & � �¶XkJYy

F ∈ K[X,Y ]
��jSR

F = a0(X) + a1(X)Y +
· · ·+ an(X)Y n M*C@K ai(X) ∈ K[X ], i = 0, . . . , n

?¶h jSNzp�K XkJYU�O�M�U*K VF��O:afK�C@K{cfNzJfgIO�JPy�V
a0(X), . . . , an(X)

UFVFUSjSeI�fRzJYCSK
content

JYU�G¥H�UFE@GIy�VFnIjSUSG
F
M*C@K/JTULV X�GIjI^SUFE�W{�fU�GIjSRjSR

c(F )
?�l�G@jIH�RPcfC@W VLU�G@j@Rt�FJLKkJYU

F
RYW VLCSKkH�cdy4Jd�Ip;ULVFU¥CFVfV

c(F ) = 1
?²!K�C:C@cf³k�t¡6CDafRYW{�fU�GIjSR(�IJfKIJYU£p�K VF��j@R�VFU�adn@UDH�cTy4Jf�Fp�ULVLy�VtH�UFESGFy�VFnIj@y�VtRYW VFCSKFH�cdy�
Jf�Fp;UFVFU�?�u�cfeFp�j@CIJfKLNYXkJPy

F = a0+a1Y +· · ·+anY
n M*C@K G = b0+b1Y +· · ·+bmY mVFC�RYW VFC@KIH�cTy4Jf�Fp�ULVFCk? � �(XkJPy�RzH*W X;gIO

p = p(X)
N�VFC��I³;K@XkJYCF¡6RPcf�DH�UFESGFs�VFGIjSU:HSU�G:aLK{C@K 
cfRYWS�FESU�GIO�JYU�GIO}X�GLVLJdRPE@RPX;JdNPO�JYU�G

F ·G ?�u�C@W�cYVLy JYCDj�K M*cf�FJfRPcfCDadGFVFCFJfe i, j NzJfX�K@s8X;JdRJYU
p
VFC=jSgLV�aLK{CSK{cfRYW*JTU

ai
M�CSKkJTU

bj
?8_bnFH�CIcf�fg£JfNzJYU*K y�V�adRTK M�JTs�V�RY�dC@X;�6CFE�W{�fRzJYC@KkM*C�
¡6s8O

c(F ) = 1 = c(G)
M�CSKkX�GLVFRzHSs8O

p - c(F )
M*CSK

p - c(G)
? � �8JfX�K6GIHSe@cd³;USGFV

i, j ∈ Z
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� · � ]
JfNzJYU*K{C s8XkJfR

p | as
jSR

i < s
M*C@K

p - bi
M*C@K

p | at
jSR

j < t
M�CSK

p - bj
CLVLJLW XkJYU*K ³kCk?|}�IJdR�U¥X�GLVLJfRzE@RPX;Jd�@O:JYU�G

Y i+j XkJTU F ·G ¡/C�NP³kRYK�j@U�cf�6�
�
aibj + ai+1bj−1 + · · ·+ ai+jb0 + ai−1bj+1 + · · ·+ a0bi+j

Jf�FJfR:¡6C�NY³kU�GIjSRt�IE@U�GIO:JYU�GIO���cfU�GIO�RzM�Jd��ODCIHS��JTULV=HScds4JYU¥VLC�aLK{CSK{cfU�nLVLJYC@K;CFH���JYU
p
�M*CF¡�s8O¤CFV

p | aibj ⇒ p | ai
�
p | bj

��HSU�G�RTW VFC@K�eFJTU@H�U�CIHS�-JfgLV©GFH��I¡/RPX;��j@C@O¥j@RX�GLVFNzH�RYK{C JdgFV CFH���afRYK{�fg¥JYU�G©K X;³kG@cLK X�j@U�n;?=l�GIj@H�RPcfC@W VFU�GIjSRDE@U*K H��LV¤�IJfK2p�K{C M*eL¡/R�afnIUH�UFESGFs�VFGIjSC
F,G ∈ K[X,Y ]

¡/C�NY³*y
c(F ·G) = c(F ) · c(G)

utcfeFp;jSCFJLK
F = c(F ) · F1

M*C@K
G = c(G) · G1

jSR
F1, G1

HScdy4Jf�Fp;UFVFC J � ? |}�IJdR
F · G = c(F ) · c(G) · F1 · G1

M*C@K!CFH��mJYC~HSC@cdCIHSeFVLy JYU©H�UFESGFs�VFGIjSU
F1 · G1

RTW VFC@KH�cdy4Jd�Ip;ULVFU �;NzJfX�Kk¡6C�NY³*y
c(F ·G) = c(F ) · c(G).

²�K{C~p*VLy8XkJf�
G ∈ K(X)[Y ]

�I³;K2j@g@adRzVFK{M�� �$j@HSU�cfU�nIjSRiVFC p;cfe��6U�GIjSR
G = g · G1

jSR
g ∈ K(X)

M*C@K
G1

HScdy4Jf�Fp;UFVFU¤XkJTULV
K[X,Y ]

?
� �¶X;JPy

F
CLVFeIpky4p;UmXkJYUFV

K[X,Y ]
M*C@K

F
VFC�H�CIcfCFp;UFVLJYUSHSU*K{RYW JYCSKkX;JYULV

K(X)[Y ]jSR
F = G · H jSR

G,H
H�UFESGFs�VFGIjSC�y8O�HScfU�O

Y
M*C@K

deg(G,H) > 0
?�²2cfeI��y

G =
g ·G1, H = h ·H1

jSR
G1, H1

H�cdy4Jd�Ip;ULVFC:M*C@K
g = p/q, h = r/s

j@R
p, q, r, s ∈ K[X ]

?|}�IJdR
q ·s·F = p·r ·G1 ·H1 ∈ K[X,Y ] ∼= K[X ][Y ].

� �¶JdX6K
q ·s·c(F )

J � = p·r ⇒ F =
c(F ) ·G1 ·H1

jSR
G1 ·H1

HScdy4Jf�Fp;UFVLU¤M*C@K�JYU
F
H�CIcfCFp;UFVLJYUSHSU*K{RYW JYCSK*XkJTULV

K[X,Y ]
?utcfeFp;jSC�eFJYUSH�U=M*CL¡�s8O:JYU

F
RYW VLCSK;CFVFeFpky4p;U¤XkJYUFV

K[X,Y ]. ♦�¶H�K XkJfcfNP�6ULVLJYCIO�XkJfgLV¥CIcf³;K{M��¤CFH��SafRYK��dg¤RYW VFC@K6Jds8cfC �6CLVFRPcf�~H@y8O�CLV
F
RYW VFCSK CLVFe�
p;y4p;U XkJYU

C[Z,W ]
Jd�IJdR=JYU

F
¡6C�RTW VFC@K�CLVFeIpky4p;U�X;JYU

C(Z)[W ]
?©�¶�6CIcfj@���dybJYUFV�(GFM�E@RYW�adRTK UmCIEIp;��cLK ¡6jSU �/aLK{CSK{cds�VLJYCIO£JYU

F
jSRiJYU

Fw
M*C@K2CI�6USn �LaLK s8�dy �¤JYU�GIO£HSC@cdU�
VFU�jSCIXkJfNPO:¡/C�NY³*y

b0 · F = Q1 · Fw +R1,�SH�U�G
b0 ∈ C[Z]

M*C@K
R1

RYW VLCSKkN�VFC�H�UFE@GIs�VFGIjSU�y8O:H�cfUSO
W
jSR
degR1 < n− 1

?8Q�V�U^�CL¡/j@��O:JYU�G
R1

RYW VLCSK*¡/RzJLK M*�SO�aLK{CSK{cds¬jSR
Fw

H�C@W�cYVFUFVfJTCIOtJdgFV�RP�LW Xky8X;g��
b1 · Fw = Q2 · Fw +R2,

X�GLVFRP³;W��dUFVLJYCIOtX;GLVFRP³�W{�fULVLJYCIO��I^�cLW X;M�y RP�LK Xks8X;RTK O
bi ·Ri−1 = Qi+1 ·Ri +Ri+1

��jSNP³kcLKp6K{C�M�eIHSU*K U
k
�*JYU�H�UFESGFs�VFGIjSU

Rk+1
RYW VFC@K;j@g@afR�VIK M*USn£^SCF¡6jSU�n£y8O:H�cdU�OtJYU

W
?8utCIcfC�
JfgIcfU�nIjSRD�FJLK/JYU

Rk+1 6= 0
p�K�CFJLW�aLK{C@��U�cfRzJLK M*e�JYU

Rk
¡6C¥aLK{CSK{cfU�nIX;R�JTU

Rk−1
�/NzHSRTK JTCJTU

Rk−2
�5?T?Y? �*M�CSKkJfRzE�K M*e£JYU

Fw
M�CSK*JYU

F
H�cfeFp;jSC=eFJYUSH�U�CFH���JdgFV�GFH��@¡6RPX��=j@C@OF?x:NPJYU�GIjSR

d(Z) = Rk+1
?�|}U

d(Z)
RYW VLCSK/JYU©K{afRzs8afRPO�XkJYU

C[Z,W ]
H�USG¥p;R�VfVFeFJYCSKCIHS�¥JYU

F
M�CSKkJTU

Fw
?
♦utC@W{cTVFULVLJYC@O£JTC

B,C
M*C@K

d
JYU�G¤ES�IjSj@CIJYU�O£jSRiJfNzJYU*K ULV¥Jfcd�SH�Ums8XkJfRiVFC~j@gFV aLK{C@K 
cfU�nLVLJYCSK;�IE@C=CFH��¥N�VFC=jSg�XkJYCF¡6RPcf��H�UFESGFs�VFGIjSU=y8O�HScfU�O

Z
Jf�FJfRtJTU

d
RYW VFCSK;jSULVFCIaLK M*�

modulo
JYULV¤H�UFE@E@CIH@ESCIX�K�CIX;jS�¤jSR�jSW{C~XkJTCL¡6RYcde M*C@K2ULVFU�j@e@�dRPJYC@K p U{TYW q S Pxl`\kgkT JTUSG Fy8O£HScfU�O�JYU

W
?�Qt�LW{�fRYK�VFC=HSC@cdCIJdg@cf�IX;U�G@j@R:�FJLK�JYU

d(Z)
RYW VFCSK�U~��? A=? � JPy�V

F, Fw
�afgIE@CIaf�

d(Z) = (F, Fw)
M*C@K�g�aLK{CIaLK M*CIX6W{C�HSU�G�^ScLW XkM*U�GIjSR�JYC=H�UFESGFs�VFGIjSC

B,C
RYW VFC@Kg�W{aLK{CiaLK{CIaLK M*C@X�W{C:H�USG£RP��C@cfj@���fU�GIjSR(p6K{CDJfgLVDRPnIcfRPX�g�JPy�ViCFM*RPcfC@W y�V:p�K{C�VFCDp�cde���U�G@j@R

� 
 � = ;V���`�n¦[¢*£c¤*¢*µ`�
F,G

µ[�x�`´}�8 f¤*� 6   ¤*�8�f�`´ ���¸¶ 6 �}¤*� 3k�n� �[� ´}£c¤n�8�*�!�8�/µx�<�8�
c(F )

®x�[�
c(G)

�}¤n�}  �¬f�8�&� °f�&±� � �Y¤ �z´}  ?¸�x¢*µ`�!¶n�n�V�}¤
a ∈ K

®x�[�
f ∈ K[X] ⇒ c(a · f) = a · c(f)

±
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� Riemann

X�CLV�p;cfCIjSjSK{M��~X;GFVFadG@CIX�j@� JYULV¥aLK{CSK{cfNzJdg¥M�CSK6JYULV�aLK{C@K�cdRPJdNPU~jSRDJYULV¥��? A=?{� �/RP�6CIcfjS��
�fULVLJYC@O:JdgFV�CLVLJLW X;JdcfU��6g�afK�CIaLK M*CIX6W{CiJYU�G��¶GIMSESRYW{afRYK U�G£CIEIp;��cLK ¡6jSU�Gk?
� T q T p R*S ��rLT�^nT &�

i � ²!K{C F = W 2 + b(Z)W + c(Z)
¡/C©HSe@cdy aLK{CSK{cds�VLJYCIO¥jSR

Fw = 2W + b(Z)HSgIESW M*U
W/2

M*C@K!GFH��FESU�K{HSU
b(Z)W/2 + c(Z)

�!aLK{C@K�cTs�VLJYC@O��fCFVLe~JYU
Fw

j@R�JYUVLNYU¬GIHS�IE@U*K H�U��(HSCSW{cTVLy H�gFE�W M*U
4/b(Z)

M*C@K�GIHS�IE@U*K H�U −4c(Z)/b(Z) + b(Z)
?�¶��C@cfj@���fULVLJYC@O8JYUFV��(GFM�E@RYW�adRTK U�CFEIp��ScLK ¡/j@UtXkJfgLV}JdRPE@RPGIJYC@W{C�aLK{CSW{cfRPX;g}NP³ky

2W+
b(Z) =

(

b(Z)W/2+c(Z)
)

4/b(Z)−4c(Z)/b(Z)+b(Z)
? utUFEIESCFHSE@C@X�K{e@�dUFVLJYCIO

j@R −b(Z)
¡6CiNY³*y

(−b(Z))
(

2W + b(Z)
)

= (−4)
(

b(Z)W/2+ c(Z)
)

+ b(Z)−
4c(Z)

jSR
R2 = d(Z) = b(Z)− 4c(Z)VLC�RYW VFCSK*g£aLK{CIM�cLW VFU�GIX�CDJYU�G
F
?4|�s8cfC

b(Z)− 4c(Z) = (2W + b(Z))(−b(Z) +
4(b(Z)W/2 + c(Z))

? � h:j@y8O JTU GIHS�IE@U*K H�U�CIHS� JfgLV�H�cTs4Jfg�aLK{CSW{cfRPX;g K X;U�nFJYCSKj@R (

W 2 + b(Z)W + c(Z)
)

−
(

2W + b(Z)
)

(W/2)
M*C@KkCFVLJfK M*CF¡/K XkJds�VLJYCIOtXkJfgLVHScfU�gFp;U�n@j@R�VFg�X;³kNYX;g=H�C@W{cTVLy JYU¤�dgIJYU�nIjSR�VFU¥CFH�UFJfNzESRPX;jSC
�

d(Z) =
(

2W − b(Z)
)(

−2− b(Z)
)

+ 4
(

W 2 + b(Z)W + c(Z)
)

,

�@H�U�G
B(Z,W ) = 4

M*CSK
C(Z,W ) =

(

−2W − b(Z)
) ?

�
ii � � h:jSU*K{CiCFV

F = W 3 + b(Z)W + c(Z)
H�cdUSM*nFHSJfRYKI�IJfK�g£afK�CFM*cLW VFUSG@X;CiK X;U�nIJYC@K@j@R �

d(Z) = Fw ·
(

4b(Z)2 + 6b(Z)W 2 + 9c(Z)b(Z)
)

− F ·
(

18b(Z)W + 27c(Z)
)

,

HSU�G=RYW VFC@K6W X;U¥jSR
4b(Z)3 + 27c(Z)2

?
|�s8cfC�¡/Rzy8cfU�nIjSR�JdgFV=H�cds4Jdg¥HScfU@^SUIE@�

π1 : C → C
jSR
π1(z, w) = z

?:x:C¥afU�nIjSRD�FJLKC@��CSK{cds�VfJTCIO�M*eFH�U�K U�H�RzH�RPcfCIX;jSN�VFUDCIcLK ¡/j@�iX�gIjSRYW y�V:Jd�IJdR�g
π1
p6W VFRzJYC@K@j�W{C:JYUSHSUIE@UFp6K M*�M*CFESGFHSJfK{M���CFH�RYK M*�LVIK X;g;?

� � ¨�¨ � ��M�� » M � ]�y q t R U m P*Tkoj] R ] R q TYg�r m PxlfoFT q U #Vr!e&odgihXr R*S ��P S ⊂ C m ^`g
U
v�gi^ R h] q l �<l8ZLb
p : C \ π−1

1 (S) → C \ S P*T R*S PnTkU�r S T$] R ] R q TYg�r m P*��P � 	*ZVZ
��P�WYT[Z�\X]V^[UsWcbT_] R UsWXe&P&U|gih �
O�]_e p R U � h & Q�HS� JYU~HScfU�gFp�USn@j@RzVLU¤E@�@j@jSC�^@ESNzHSU�G@j@R:�FJLK CLV z ∈ C

M*C@K
d(Z) 6= 0

�Jf�FJfR�afR�V GIHSe@cd³;RYK
w
JfNzJYU*K U s8XkJfR

F (z, w) = 0
M*CSK

Fw(z, w) = 0
? ��gFE@C@af� gRP�LW Xky8X�g

F (z,W )
afR�V¥NP³;RYK/cLW{�fRPO£jSR�HSUIEIESCFHSE@�FJfgFJTC£jSRzp;CFESnFJfRPcfgIO�JfgIOijSULVFe@adC@OF?�Q�VRzH*K H�cfUSXk¡6NzJYy8O(H�eIcfU�GIjSR(JYU

a0(z) 6= 0
�FJf�FJfR}g:HSC@cdCIHSeFVLy-RP�LW Xky8X�g:¡6CDNP³kRTK

n
CFM*cLK ^Ss8OaLK{C@��U�cfRzJLK M*NPOtcLW{�fRPOI?4�8H*K E@Nzp�USG@j@R�JYU¥X�nLVFUFESU

S
VFC�RYW VLCSKkJTU

S = {z ∈ C : a0(z) · d(z) = 0}.
utC@W{cTVFU�GIjSR

z0 /∈ S
M*C@Kk¡6NzJTUSG@j@R

w1, . . . , wn
VFC�RTW VFC@K�U�K6cLW{�fRPO:JfgIO�RP�LW Xky8X;g@O

f(z0,W ) = 0
?4l(M*USH��SO(j@C@O(RTW VFC@KfVFC�^ScfU�nIjSR8CLVFCIE@GFJLK M*NPO8X�GLVFCIcdJf�IX�RYK O

g1, . . . , gn
HSU�GVFC}RYW VFCSKfUScLK X;jSN�VFRPO4X�R4jSW{C�p�RYK JYULVIK{e�JYU�G

z0
NzJfX�Kds8X;JdR

gi(z0) = wi
M*C@K

F (z, gi(z)) = 0
?utC@W{cTVFU�GIjSR�j�K M*cfU�nIO��@M�E@RYK XkJTUSn@O�M�CSK��fN�VFUSG@O�aLW XkM*U�GIO�p;n@cTy�CIHS��CIGIJde�JYC

n
X�gIjSRYW{CDM*C@K¡/NzJYU�GIjSR

γi
VFC�RTW VFC@KLu£? Q£? A p�nIcdy�CFH��tJYU�X;nLVFU�cfUDCIGIJTs�V}JPy�V�aLW XkM�y�V�H�USG�HSRYcfK{MSESRYW U�GLVJYC

wi
?Q�OtafRYW{�fU�GIjSR�X;JdgFViCIcf³k�D�FJLK�JYU�E@UIp;CIcLK ¡/jSK M*�iUIE@USM�E@g@cTy4JLK M*�iGIHS�IE@U*K H�U�Jdg@O

F
�Safg�
ESCIaf�DJYU ∂

∂W (logF (z,W )) = Fw

F

�*X;R�j�W{C£cLW{�fC£Jdg@O
wi
K X�USnIJYC@K�jSR}JfgLVDH�UFEIESCFHSE@�IJdgIJYCJfgIO�cLW{�fC@O�CIGIJd�@OF?!utcfeFp;jSCFJLK�CLVDg

F
NP³kRYK�cLW{�fC

w
jSR�H�UFEIESCFHSE@�IJdgIJYC

k
Jf�FJfR�X;R�M*eIHSU*K{C
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p�RYK JYULVIK{eDJTUSG
w
¡/C£RYW ³kC

F = (W −w)k ·G j@R
G(W ) 6= 0

M*CSK
G
CLVFCFESGFJLK M*�DXkJfgLViR�VES�Fp;U¤p;RYK JYUFVFK�ek?¶|}�IJdR

Fw = (W − w)k ·GW + k(W − w)k1 ·G ?��=K{CSK{cds�VLJYCIO:M*CFJfejSNzESg£JLK O
Fw, F

¡/C�NY³*y � Fw

F = k
(W−w) + Gw

G

j@R Gw

G

VFC�RYW VLCSKkCFVLCIE@GIJfK M*�;? � �8JfX�K�g Fw

FNY³kRYK�XkJYU
w
CIH@ES�=HS�IE@U¥jSR

Res(Fw

F ) = k
M*C@K;JYU¥�fgIJYU�nIjSR�VFU�CFH�USafRYW ³�¡/gFM*RL?

Q�HS�¥JYU~x:Rzs8cfg@j@C�htE@USM�E@g@cTy4JLK M*U�n�¢tH�UFESU�W{HSU�G�¡/C�NP³kU�GIjSR��IJfK �
1

2πi

∫

γ

Fw

F
dw = RF ,

�SH�U�G
RF

U£C@cLK ¡6jS�SO�JYy�V:cLK{�ds�VDHSU�Gt^ScLW XkM*ULVLJYCSKIRzVfJf��O�Jdg@O}ui? Qi? A
γ
�@jSRzJfcfgIjSN�VFgIO�JfgIOH�UFE@E@CIH@ES�FJfgFJYC@ODJYU�GIOI?=²!R�VIK M*RPnIUFVLJYCIO�p�K{C©j�W{Cmj@RYcd��jSU�cd�6g

F
j@H�UScfU�nIjSR£VLCmM*eFVLU�G@j@RJTULV�W{aLK U:GIHSUIE@UIp�K X;jS��^Se@�dUFVLJYCIO4N�VFCtj@RYW UFV�X;JdgFV�H�UFE@E@CIH@ES�FJfgFJYC(JYU�G}M*eL¡/R�HS�IE@U�Gk? � �8JfX�K¡/C�NP³kU�GIjSR

1

2πi

∫

γ

Fw

F
dw = RF − PF ,

�SH�U�G
RF , PF

U*K2C@cfK ¡/j@U*W2JPy�V~cLK{�ds�VmM*C@K2JPy�V H��FE@y�V CLVLJLW X;JYU*K ³kC jSR=j@RPJdcfgIjSN�VFg~JdgFVH�UFE@E@CIH@ES�FJfgFJYC��IH�USG�CLVF�IM�U�GFV�XkJYU¤RPXky4JfRPcLK M*��JfgIO�ui? Qi? A
γ
?

��K{aLK M*RPnIUFVfJTCIO:JYC=H�CIcfCFH�eLVLy¬X�GIj@HSRYcde@X;jSCFJYC=X;JdgFV�H�RPcLW HSJPy8X;�=jSCIO�¡/C�NP³kU�GIjSR��FJLKp6K{C�M�eF¡6R
z
M*ULVLJde�X;JYU

z0
M*C@Kkp�K{C

wi ∈ I(γi)
¡6C=NP³kU�G@j@R��

1

2πi

∫

γi

Fw

F
dw = 1

M*CF¡�s8O¥JTU UIE@USM�E@�@cTy8jSC�K X;U�nFJTC@K�j@R¥JdgFV©jSULVFe@adC�p�K{C
z = z0

M*CSK�g�JLK{j@��JYU�G�jSRzJYC�
^�eFE@E@RzJYCSK p�K�C©M*eL¡6R=eIEIE@U
z
��afgFE@C@af�~GIHSe@cf³kRYK�CFM*cLK ^@s8O�j�W{C©cLW{�fC©JfgIO

F (z,W )
jSNPX�CX�R¥M*eL¡/R¥j�W{C

γi
?�|�s8cfC CFH���JYU�j�K p;CIaLK M*� CLVFeFESUFp;U-JYU�G©¡/Rzy8cf�IjSCFJYU�O�H�RzHSE@Rzp�j@N�VFg@OX�GLVFeIcdJfgIX�gIO�� ��^@ESNzH�R�#5>I>*%�X;RzE�W{afC¥wF±Sw£p6K{C=JYU¤RTK{aLK M*�=¡6Rzs8cfg@j@C�H�RzHSE@Rzp�j@N�VFg@O�H�cfCFp;jSC�
JLK M*�IO=X�GLVFeIcdJfgIX;g@O � ¡6CmGIHSe@cd³;RYK2jSULVFC@afK{M��~X;GFVFeIcdJdg@X;g g jSR g(z) = w

JfNzJYU*K{C~s8XkJfR
F (z, g(z)) = 0

?iQ�H��mJYC¤H�CIcfCIHSeFVfy ¡/C NY³*y®�IJfK2g
gi(z)

Fw

F

¡6CmNP³kRYK$UFE@USM�E@g@cdy4JfK M*�GIHS�IE@U*K H�U¤W X;U j@R�JYU
kgi(z0)

?�Q�V�Jds8cfC�H�RPcLK U�cLK XkJds X�R�M*eL¡6R:M*nFM�ESU
γi
JYU
k = 1

M�CSKX�GLVFRzHSs8ODCI�6�LVFULVLJYC@O�JTU
z
VFC�j@RzJTCL^SeIEIESRzJYC@KI¡/C�NP³*y �

1

2πi

∫

γi

w
Fw

F
dw = gi(z) = wi = F−1(z, 0).

utC@W{cTVFULVLJYC@O
U
VFC RTW VFC@K4U,aLW XkM*U�O p;nIcfU�CFH�� JYU

z0
�@H�U�G��IE@RPO U�K8HSC@cfCFH�eLVLy

gi(z)U�cLW{�fULVLJYCSK ��¡6NPJPy
Vi = {(z, gi(z)) : z ∈ U} ?8ADCF¡�s8O:JYC=X;g@j@RTW{C�C@GFJfe�aLW VFU�GLV=�FESRPO:JfK OH*K ¡6CFVFNPODcLW{�fRPODJfgIO
F (z,W ) = 0

j@R
z ∈ U �k^SE@NzH�U�GIjSR��FJLK6JYU π−1

1 (U)
RYW VFC@K/g�NzVfy8X�gCFVFU�K{MSJds�V

Vi
M*CSK�g

π1
CIHSRYK{M�UFVIW{�fRYK�U�j@U*K U�j@U�cf�6K{M�e�M�eF¡6R

Vi
XkJYU

U
�(j@R¥CFVLJfW XkJfcfU���gRTK M*�LVFC�HSU�G=aLW VFRzJYC@K�CFH��=JYUFV�JfnFH�U

z 7→ (z, gi(z)). ♦
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	k^nTkULr R ^*l&P:T q U #_r!eQ^¸��P q U �xv�P:r R*S l&P�^*l&P�T q U #_r!eQ^¸��P ]�e8Z���P`w!r R �^ q hXr m P�h�o:^&hco�]�lIZkZkT_]}ZLe`^xh
^nTko*wNr�]_l q l 	xr R P*T � ^`ykgcl`\xr R�R U|g�y&�
l&P�^*Tkoj^&h�P m P�Pxl&U{T$^*l`\
winding number � OQP F r S T r R q e*rNl q
� hQgL\kP&y q ^&hcgih:r R q S � R o ai

WYTkU�]_eIZLl[\ko
bk
w ^xe`^ R

1

2πi

∫

γ

Fw

F
dw =

∑

i

w(γ, ai)−
∑

k

w(γ, bk)
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��U{T WYy$# R γ ]�l`\ R*S P*TVU�y
# q l&U|g�rLT WxZ R U|gi^nv�P rNl&Pxl_]�Tf^`U v�P J � e t6U!T_]fT q T S ^&h�^nT�T_]}ZLb WYT��r!] 	*Z�hkw6]�l`\ p R P p U m q t R ^nTkU<T_]�e�WYT`r S T T_]�e ^*l`\ko ]�T q T�]�y_P*��]�eIZLl`\ko�WYTVU q S � R o � � � ]�l`\
w(γ, ai) R*S PnTkUBh ]�l8ZVZkT_]}ZLe`^&h�^nT ^xh�o F gz^`U|o q S � R o ai

WkTkU
w(γ, bk)

h ]_lIZVZYT�]nZie`^&h�^nT^&hco
F
gz^*lfP Wky$# R ]�e8Zil�TVP�^ S gz^*l&U t�T � � l w(γ, ai)

lfPxl*r�y�� R ^nTVU winding number
WYTVUU|gcl
	k^nTkU
r R

w(γ, a) =
1

2πi

∫

γ

dw

w − a .
� TYoBZ m[R Ui]_efg R o � l q m o � ^�\[Z S � R ^*TVU �Q^*ljWky$# R WxZ R U|gz^xeArNl&Pxl_]fy�^`U γ � 	 q ldT_]�e ^&h�P WYy
# Rq S �¸T��¸]�eIZLl � � U lATY\kgi^xh q y�T_P_^[Us] q lfgk�6] R 	 R Uz^[l&PATYW m q TVU|lFT q U #Vr�e ) TkW m q TVU|l ]�l8ZVZkT_]}Ziykg
U l^*l`\

2πi+ ]_l[\�] q lfW 	Y]V^ R U�T_]�e ^&h�P p U{T � l q y�^xhcoFT q t/bco4r R ^*l�^ m ZLlfo R yVPdT_Pxl q #fv�gcl`\xr Rgi^*l&P
R

)I]�l`\ R[S PnTkU�l WYT
#klIZiUaWXefo WYT`Z�\X]_^`UsWYefoAt�v q lfo ^*l`\ S1 + ^*l W`Z R U|gz^xe$rNl&Pxl_]�yf^`U
γ � O:\Y^&b R*S PnTkUNWYTVU�h � R �!r R ^ q UaWcb riT�^`U{y�]�y_P*�?gz^&hcP ]_lIZVZYT�]nZie`^&h�^nT ^xhcoQWYy
# R q S ��TYo�¸]�e8Zil`\Q^&hco

F �
|�s8cfC£X;M�RY�;Jf��j@C@XkJfR(JTU

C
X;CFV�GIHSU�X�nLVFUFESUDJYU�G

S2 = C∪{∞} M*C@KSjSRzp;CFE@s�VFUSG@j@RJYUmX�nLVFUFESU
S
H�cfU�X*¡6NPJYULVLJYC@OiN�VFC¤X�gIjSRYW U X;JYUmeFH�RYK{cfU6?�Q�H��~JYU~HSC@cdCIHSeFVLy ES�IjSj@C�¡6CNP³;USG@j@RDj�W{C¤M�CIE@GIH@JLK M*�=CFH�RYK M*�LVIK X;g

Xo → S2 \ S � �SH�USG Xo = {(z, w) : F (z, w) =
0
jSR
z /∈ S} ?(Q�HS�¤JdgFV�H�cf�FJYC@X;g�w*?{wL´��*¡6C�NY³kU�GIjSR:C@GFJf�LV�JdgFV�M*CFESGFHSJfK M*��CFH�RYK M*�LVIK X;gVFC�aLW VFRYK4afU�jS��RzH*K{��eFVFRYK{CIO

Riemann
XkJTULV

Xo ?-Q�cdM*RYW�VFC�afRYW{�fU�GIjSR��FJLK4U Xo RYW VFCSKX�GLVFRzM�JfK{M���O:³*s8cfU�OF?
� � ¨�¨ � ��M�� �BM:OQP�^[l F (Z,W ) R*S PnTkU TVP&y&�X� �
l ]�l8Z�\�v�PV\xr�l[w�^xe`^ R l Xo R*S PnTkU<gL\kP R �Wc^`UaWXefo �

O�]_e p R U � h & � �¶X;JPy
Y o VFC�RYW VLCSK�jSW�C�X;GFVFRzM�JfK M*��X�GLVIK XkJds8X;C�JYU�G Xo M*CSK Xo �I³�KX�GLVFRzM�JfK{M���OI?�Q}V�H�RPcLK U�cLW X;U�GIjSR:JdgFV�M�CIE@GIH@JLK M*�=CFH�RYK M*�LVIK X;g

n

 ��nIEIE@y�V

Xo → S2 \ SX;JdgFV X;GFVLRPMSJLK M*�¤X�GLVIK XkJds8X;C
Y o ¡6C~H�eIcfU�GIjSRij�W{C¤M*CIE@GFHSJLK M*�¥CFH�RYK M*�LVIK X;g¤j@R m < n�6nFE@E@Ck?�(W VFCSK4p*VLy8XkJf� H@s8O jIH�U�cfUSn@j@R�VFC�p;cfe��6USG@j@R¥M�eF¡6R=H�UFESGFs�VFGIjSU�X�GLVFCIcdJf�IX;RTK�JPy�VcLK{�ds�V�JTUSG � JdnIHSU*K;JYU�G

Vieta
J
� � ?8��E@NzH�ULVLJYC@O�JTU F (Z,W )

X;CFV�N�VFC�H�UFE@GIs�VFGIjSU�XkJYUFV
C[Z][W ]

RYW VLCSK X;C@��NYO��IJfK U*K$HSC@cdCIHSeFVLy cLW{�fRPO£¡6C~RYW VFCSK X;GFVLC@cdJd�@X;RYK ODJYU�G
Z
?i²!R�VIK M*eCFV

K
RTW VFC@K6Xks8jSC=M*C@K

K[x1, . . . , xn]
Q�M*NPcfC@K�C�utRPcLK UI³k����¡6C�NP³kU�G@j@RtJfK O

ei
VFC=RYW VFC@K6U*Kgi^*l&U t R U v p R U|ojgL\&r�r R ^ q UsW m o�gL\kPnT q ^&bcg R U|o XkJLK O�j@RPJYCL^SE@gFJfNPO x1, . . . , xn

RzH�W JYU�G
K
�6VFCRYW VLCSK;U*K�X;GFVfJfRzESRPXkJfNPO:y8O�HScfU�O

y
JYU�G�HSUIE@GIy�VLn@j@U�G

g(y) ∈ K[x1, . . . , xn][y]
�k�@H�U�G

g(y) = (y − x1)(y − x2) . . . (y − xn)

= yn − f1yn−1 + f2y
n−2 − · · ·+ (−1)n−1fn−1y + (−1)nfn

= yn +

n
∑

ν=1

(−1)νfνy
n−ν .

� �¶X;JPy
z /∈ S M�CSK e1(z), . . . , em(z)

VFC�RYW VLCSKLU*KfXkJYU*K ³kRYK{s8adRTK O¶X;GIjSjSRzJdcLK M*NPO¶X;GLVFC@cTJf�IX�RYK OX;JfK O
m
JLK{j@NYO�JTUSG

w
��XkJTC©X;gIjSRYW{C

π−1
1 (z) ∩ Y o ?¤ADCL¡6s8O F ∈ M(X)

�2¡6CmNP³*y �FJLK
e1(z), . . . , em(z) ∈M(X)

?(x:NzJYy
G = Wm − e1(Z)Wm−1 + · · ·+ (−1)mem(Z) ∈ C(Z)[W ],� � 8F�n®&´}� ¥>1[�/�n� �n� �n� �
¬(8d�8  ¤n�[�
¶n�}� 8

γ
�`´}§¨�`�8�c¤*�F�8  ¤*�[��§ ¤*�*�6® �n®x¦[�`�73z�`�`¢A¬(8[µ`�[  ¤*�8�c¶n�}�
�8  ¤n�[�
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K X;U�nFJYCSK�j@R JYU jSgIafN�V�M*C@K8NzJdX6K4M*eL¡/R¤RzH�NzM�JYC@X;gJTUSG©¡6C�RYW VLCSK�CFHSE@�;?©l�GFVLRPH@s8O¥g�RzHSNPMSJTCIX;g
C(z, w, w0) : C(z)

H�CIcfeIp;RzJYCSK2CIHS� N�VFCX;JYU*K ³kRYW U
t
�kJfNzJYU*K U=s8XkJfR

C(z, w, w0) = C(z, t).
� h:j@y8O�¡6C:H�cfNzHSRTK

[C(z, w, w0) : C(z, w0)] = 1
p�K{CIJfW@CLV

[C(z, w, w0) : C(z, w0)] > 1
�Jf�FJfRiCIHS� JdgFV�wk?5>i¡6C¤RTW ³;C��FJLK

[C(z, t) : C(z)] > [C(z, w0) : C(z)]
�/H�cfeFp;jSC�eFJYUSH�UCIHS�¥JdgFV�GFH��@¡6RPX�g�jSCIOI? � �¶JdX6K

w ∈ C(z, w0)
M*C@KkX�GLVFRzHSs8O M(X) = C(z, w0). ♦

� �8JfX�K6JTU M(X)
RYW VFC@K6j�W{C=HSRPHSRPcfC@X;jSN�VFC�H�CIcfCIp;��j@R�VFg=RzH�NzM�JYCIX�g�JYU�G

C
��jSR

X
VFCRTW VFC@K@jSW{C�X�GIj@HSCIp;�IO�RzH*K{��eFVFRYK{C

Riemann
�FH�U�G�NP³kRYKL^SCL¡/j@�£GFH�RPcT^SCFJLK M*�FJfgFJTCIO}>}RzH*WLJYU�G

C
� � ? |}NzJYU*K{RYO�RzHSRPMSJfeIX�RYK O���j@y8O¥U�afgFp;U�nLVmX;R=CFE@p;R�^�cfK{M�NYO£M*CIj@H�nFE@RYO

C
?mu�cfeIp;j@CIJfK �p6K{C¤JfGI³;C@W{RPO£j@RPcf��jSUScf�6RPO�X;GLVFC@cTJf�IX�RYK O

f, g
XkJTULV

X
GIHSe@cd³;RYK jSg¤jSgIafR�VIK M*�mCLVFeFpky4p�UH�UFESGFs�VFGIjSU

Φ(Z,W ) ∈ C[Z,W ]
NPJdX6Kks8X;JdR

Φ(f, g) = 0,

jSR
C
VFC=RYW VFC@K;g=CFEIp�R�^ScLK M*�iM*C@jIH�nFESgiJYU�G�HSUIE@GFy�VFn@j@U�G

Φ
?4Q�H���JYU¥HS��cLK X;jSC�wk? ±��£M*C@KJTU�¡6RPs8cdg@j@C�wk? ±@·i¡/C�NP³kU�GIjSR�NzJfX�K�JYU¤RP�f�IO:HSUIE@n�X;g@j@CFVfJLK M*��CFH�UFJfNzESRPX;jSCk?

«��4<���� ¨ � ��M ¦ » M ! y
# R gL\xr!]fT&�zbco:WYTVUNg�\VP R Wc^`UaWcb R ]_U � yVP R U{T Riemann R*S P*TVU�h R ]VU �� yVP R U{T Riemann
r S TYo4T`Zf� R � q UsWcbcoAWYT`r�] 	*Z�hco �

� �¶X;JPy
X
VLC�RTW VFC@K�jSW{C�X�GIj@HSCIp;�IO�RzH*K{�6eLVFRYK{C

Riemann
jSR
K :=M(X)

JTU¤Xks8jSCJYy�V jSRPcf�SjSU�cf�;y�V�X;GFVLC@cdJd�@X;Rzy�V�JTULV
X
M*C@K

Φ[T ] ∈ K[T ]
VLC RYW VLCSK¶NzVLC CFVLeIpky4p;UjSULVIK M*��H�UFESGFs�VFGIjSU£^SCL¡/j@U�n

n
?8|}�FJfR�GFH�eIcf³kRTK*jSW�C£RzH*K{�6eLVFRYK{C

Riemann Y
N�VFC

n


foldaLK{CIM�E@CIaLK{�f��jSR�VFU

proper
CFVFCFE@GIJfK{M��-M*eFESGIjSj@Ck� � π : Y → X

M*C@K8j�W{C
F ∈ L

NzJfX�Ks8X;JdR£VFC¤jSgIafR�VIW{�fRYK/JTU
(π∗Φ)(F ) = (Φ ◦ π)(F )

?�l�GIjI^SUIESW{�fU�GIjSR:JdgFV=JfcLK HSE@NzJYC¤CIGFJf�jSR
(Y, π, F )

HSU�G-adgIEIs�VFRYK�JfgLV�CIEIp;Rz^ScLK M*�mM*CIj@HSnIE@g
Φ(T )

?¬x:NzJYU�G@j@R
L = M(Y )

?|}�IJdR¤¡6C NP³;USG@j@R¤JYULV RzHSCIpks8jSR�VFU�j@UFVLU�cf�/K X�j@�
π∗ : K → L

M*C@K4^@E@NPHSU�GIjSR�JYU
KX�CLV�GFH���Xky8jSC JYU�G

L
? _ RzH�NzM�JYCIX�g

L/K
RYW VFCSK(�SHSy8O�RYW{afC@j@RmCFE@p;R�^�cfK{M����8^�CL¡6jSU�n

n
? �8H�W X�gIO

L ∼= K[T ]/〈P 〉 ?��©HSU�cfRYW4VLC CFH�U�afRYK ³�¡6RYW �8j@NPX;y JYU�G�¡6Rzy8cf�IjSCFJTUSOmw*?{µ ��IJfK$M*eL¡6R
covering tranformation

XkJYUmJTU@H�UFESUFp�K{M�� M*eFESGIjSj@C¥RPHSeIp;RYK N�VFCFV
covering

tranformation
XkJYUiCFVFCFE@GIJfK{M��:M*eFESGIjSj@Ck� � ?4��eFE�K XkJYCtjIH�U�cdU�n@j@R¶VFC:��JfeIX;U�G@j@R�X;R�N�VFC^�CL¡/nFJfRPcfU¥CFH�UFJfNzE@RYX;jSCV�

�
�

² < ¥[¦[§¨�`�)© �¸« 3@;V�I£
´:8[µ`� 4&± ª@3�¬��¨¦`  �}�)º��&±² 
 � ¬��`� �}¤*�*µ`�6�8�2¬�£zµ`�
M(X)

�8  ¤n�[�V§ ¤n�6¬�£
µx�6¬�¢}¤n�*´¸�91[¬�� ��¤2¬���µ&  ��µ`�¨�8�}¥[¦28*�:12�¨�x _�8�`¢
C
±² � ®x� ;V£z�B�

X
�8  ¤*�[��¬�¢*µ[�x� 6 1[�u®x�[�(8

π proper
3(;V�6§I°f�`¢*µx��¶n�n�_®&�[���

Y
�8  ¤*�[�_¬�¢*µ[�x� 6 1[�*±² �¸¥[¦[§¨�`�)© �¸« ;V�I£
´:8[µ`� 4&± º@3_¬��¨¦`  �}�6º*ª&±² � 6 � ���98n¤)�n�`¶x�¸�8� ¡98(3f¥[¦[§¨�`�6© �}« 3@;V�I£
´:8[µ`� 4&±|¹�ª@3�¬��¨¦`� �¸�)º �x±



 �v · � ������� �������
� Riemann

9-.�­�<�K ¨ � ��M ¦ �!M �  gi^¸� f ∈ L � ! y
# R T_P*T[Z
\Y^[UsWXefo deck transformation σ : Y → Y^*l`\
Y R ] S ^*l`\ X R ]�y&� R U m PnTVPdTY\Y^*l*rNl q
� U g
r!e f 7→ σf := f ◦ σ−1 ^*l`\ L w<]_l[\:T � bcP R Ugi^nT
# R q ej^*l gcv�rLT K r R ^&h�P T�] R UaWXe&PfU|gzh &

Aut(Y/X)→ Gal(L/K),

e_]x��o TY\Y^&b l q S gi^xh�W R wjP*T R*S P*TVU m P*Tko U gcl[rNl q
� U|g�r!efo l*r�y p ��P � �Bm ZLlfo l�WYT[Z
\X]_^`UaWXefot�v q lfo R*S P*TVU WYTVPxl&P&UsWXefonw!r R ^&h�P m P�Pxl&U{T e`^[U�^*l�^*l_]�lIZLlf��UsWYe�WYy[Z�\&r�rLT ]_l`\ R ]fy&� R ULT_]�e^&h�PQ] q e`^nTYgzh � � � � R*S PnTkUiWYTVPxl&P&UsWXe`wNT_P�h R ] m Wc^nTkgih R*S P*TVU Galois �
u�cfeIp;j@CIJfK;M*CL¡6s8O:U

σ
RYW VLCSK;NzVLC@O�CLVFCFESGFJLK M*�SO

covering tranformation
��JYU�H�CIcfC�
M*eFJYy¬aLK{eFp�cdC@j@jSC�¡6C=RYW VFCSK;jSRzJYCF¡6RzJLK M*���

Y
σ−→ Y

π ↘ ↙ π
X

NzJfX�KSs8X;JdR}VLC�K X;³kn@RYK
π ◦σ = π

��p�K{CDM*eF¡6R}CLVFCIE@GFJLK M*�
π
j@RPJYCI�fn

Riemann
RzH�K���CFVLRTK s�V

X,Y
?��8H*K E@Nzp�ULVLJYCIO�j�W{C

k ∈M(X)
�@¡6CDGIHSe@cd³;RYKSjSW{C

k′ ∈ M(Y ),
H�U�GDRzH�eFp;RzJTC@K@CFH��JfgLV

pull-back π∗ NzJdX6K�s8XkJfR
X

k−→ P1(C)
π ↘ ↗ k′

YM*C@K
k′ ◦ π = π∗(k′) = k

?8utCIcfCFJfgIcfU�nIjSR��IJfK�U¤C@GFJYU�jSUScf�/K X;jS�SOtJYU�G
L

f 7→ f ◦ σ−1,
j@R
f ∈ L,

C@���FVLRTK XkJYCF¡6RPcf�mJYU©X;s8j@C
K = M(X)

� M*CL¡�s8O�p�K{C
k ∈ K ¡/C NP³ky®�FJLK

k ◦ σ−1 =
k′ ◦ π ◦ σ−1 = k′ ◦ π ◦ σ ◦ σ−1 = k

?
��M�� º�� � 37� .;�}��< ¨ 0$��� ��#k0b�!1!#$3 ��#/<204�}0 "�<<�!º���K ¨ � #
K�) �:.;�=<�3���) #k0� 

Ga-

lois
M

|}U¥CFVLJfW XkJfcfU���U=H�cf�I^SE@g@j@C£Jdg@O�¡/Rzy8cLW{CIO:JYU�G
Galois

¡6C�j@HSU�cfU�nIX;R�VFC�X�GLVFU
�6K X;JdRYWky8ORP�f�@O �¥�=W VFRzJYC@K8jSW{C�HSRPHSRPcfC@X;jSN�VFg©USjSeIafC
G
M�CSK�N�VFC�X;s8j@C

K
jIH�U�cfUSn@j@R�VLC�^ScfU�nIjSRj�W{C

Galois
RzHSNPMSJTCIX;g

L/K
jSR�U�j@e@adC

Galois
JfgLV

G
-�Q�GFJf�¥RYW VLCSK6N�VFC�H�UFESn=adn@XkM*UFESUH�cf�I^SE@g@j@C�CLV�JTU¥Xks8jSC

K
RYW VFC@K;JYU¥X;s8j@C=JPy�V=cfgFJds�V�CIcLK ¡/jIs�V*?l(JYC�H�CIcfCIM�eIJPy¬¡6C¤CIHSU�afRYW{�fU�GIjSR��FJLK6JYUmCLVLJLW X;JdcfU��6U¤H�cf�I^SE@g@j@C=JfgIO�¡/Rzy8cLW{CIOiJYU�G

Galois
NP³kRYK;E@n@X;g=CLV

K = C(t)
RTW VFC@K�JYU¥X;s8j@C=JPy�V=cfgFJds�V�X;GFVFCIcdJd�@X;Rzy�V=RzH*WkJYU�G

C
?O:]�e p R U � h & � RzMkK VFeIjSR£jSRijSK�C¥H�RzHSRYcdC@X;jSN�VFg¥U�j@e@afC

G
?DQ�GIJd� adNY³kRzJYCSK/jSW{C¤HSC@cde@XkJYC@X;gX�R�p;RzVdVF�IJYU�cdRYO�M*C@K;X;³kNYX;RYK O

G = 〈Γ : Σ〉 jSR G = Fn/R
�*�@H�U�G

Fn
RYW VFC@K;g�RPE@RPnF¡6RPcfgU�jSeIafCmJYU�G

Γ
X;R

n
JYU�HSE@�F¡6U�O=XkJYU*K ³kRYW�C M*CSK

R
gmM*CFVLUFVIK M*�©GFH�USU�jSeIafC JYU�G

Fn
H�U�Gp;RzVdVFeIJYC@K;CFH���JYULV

Σ % � ?u�C@cfCFJfgIcfU�nIjSR��IJfKkg
Fn
RTW VFC@K�g�¡/RPj@RPESK s8afgIO}U�jSeIafCDJfgIO�X���CSW{cfCIO}JTUSG

Riemann
CLVCIHS�¥C@GFJf�LV£C@��CSK{cfNPX;U�GIjSR

n+ 1
JTU�H@ES�L¡/USO:X;g@j@RTW{C	�kafgFESCIaf��JYU�G

X = P1(C)\{P1, . . . , Pn+1},� p*VLy8cfW��dU�G@j@R �FJLK4U ³*s8cfUSO H�USG�CFH�UFJfRzE@RYW JYCSK2CIHS�
n
M*nFM�ESUSG@O�j@R N�VFC�M*U*K VF� X;gIjSRYW U �

n


leafed rose

�!NP³;RYK$p6K{C~¡6RPjSRzE�K s8afg©USjSeIafC©j�W{C©RzESRPnL¡/RPcfg U�jSeIafC©j@R
n
p;R�VfVF�FJTUScfRPO � ?0 
 ¥[¦[§¨�`�6© �¸« 3f¬��¨¦`  �}��¯ �x±



v �{v � ������� �������
� Riemann 	 ����� ��� ��� ��� 	������ � � �������
� ·  @�

ADCIJYCIX;M*RPGIe@�dU�G@j@R~JYUFV,M�CF¡6UIESK M*�,M*CIE@GFHSJLK M*�¬³*s8cfU
X̃
JTUSG

X
��M*CSK(¡6Rzy8cfU�nIjSR�JYUFVRzVLaLK{e@j@RYX;U¥³*s8cfU

X̃/R
�

X̃
↘

↓ X̃/R → Y → M(Y )
↙ ↓ ↓

X = P1(C) \ {Pi} → P1(C) → M(P1(C))

x:C:NP³kU�G@j@R(�FJLKFRzH�RYK{af�:U
X̃
RYW VFCSKLM*CL¡/UFESK{M��:M*C@KIX;GFVLRPH@s8O(M*CLVFULVIK M*��M*eFESGIjSj@C�JYU�G

X
�FU

X̃
RYW VLCSK;NzVLC

G′ 
 M�eIE@G@j@jSC�jSR G′ = Aut(X̃/X) ∼= π1(X) = Fn
�;CFH���JfgLV�M�CIJYCIX;M*RPGI�jSCIO��;afgFESCIaf��U

X̃
CIHSUIJdRzESRYW*N�VFC

Fn

�M*eIE@GIjSjSC£jSR

X = X̃/Fn
?4�8H�W X�gIO:U

X̃
CFH�UFJfRzE@RYWNzVLC

R

 M*eFE@G@j@jSC-JYU�G

X̃/R
��jSR

R ∼= Aut(X̃/X̃/R)
? |�s8cfC�M*CL¡�s8O

R � Fn
CFH��JTU-H���cLK X�j@C >@? ´�>¥M*C@K!JYC�X�GIj@HSRYcde@X;jSCFJYCmH�U�G©JYU CFM*UFESU�GL¡6U�nFV
�2¡6C�NY³*y �FJLK�U

X̃/R¡/C¬RTW VFC@K�NzVLC
Fn/R


�M*eFESGIjSj@C JTUSG
X
jSR

Fn/R = Aut(X̃/X)/Aut(X̃/X̃/R) ∼=
Aut(X̃/R/X).Q�HS� JfgLV�H�cf�FJYC@X;g-wk? wF´�j@HSU�cfU�nIjSR�VLC RzH�RzM�JdRTW VFUSG@j@R=JTU

Fn/R

 M*eFE@G@j@jSC~JYU�G

XX�R=N�VFC~CFVFCFE@GIJfK{M�� �&j@R=X�gIjSRYW{C~afK�CFM�E@e@aTy8X�gIO�JYC
P1, . . . , Pn+1 � � proper

M*eIE@GIjSjSC
fjSRzJYC@�fnmJPy�V

Riemann
RzH*K{�6CLVFRYK s�V

Y
M*C@K

P1(C)
� U
Y
X�GIj@HSCIp;�IO=M*CL¡6s8O�g

f
RYW VFC@K

proper � ? utC@W{cTVFULVLJYC@O�p6K{C M(Y )
JTU Xks8jSC¬JYy�V j@RPcf��jSUScf��y�V¬X;GFVFCIcdJd�@X;Rzy�V,JTUSG

Y
��j@H�UScds VLC RP�6CIcfjS�SX;y JTU ¡6Rzs8cfg@j@C w*? ± �-M*C@K�¡/C NP³*y �IJfK

Gal(M(Y )/C(t)) =
Aut(X̃/R/X) = Fn/R = G

��adgIE@C@ad��JYU �dgIJYU�nIjSR�VFU6?
♦





� �������	��

� �

Fuchsian � 	 ��� � � � ��� ��� �
�  �� � � �

Q�HS�~JYU~H�cds4JYU~M�RY��eIE@C@K U�M*CSK/JYU¤¡6RPjSRzESK{s8adRYOD¡6RPs8cdg@j@C¥Jdg@OD¡6RPy8cfW�CIO
Galois

�/X;G@jIH�R 
cfCSW VFUSG@j@R��FJLKIM�eF¡6R�RzH*K{��eFVFRYK{C
Riemann X

RYW VLCSK@K X��SjSU�cf��g�jSR(N�VFC:H�gFESW{M�U
X̃/G

�I�SHSU�G
X̃
VFCmRYW VFC@K!U©M*CL¡/UFESK{M���O£M�CIE@GIH@JLK M*��O£³*s8cfU�O=JYU�G

X
M*C@K

G
�!M*eFH�U�K�C¤GFH�U�U�j@e@adC JPy�VC@GFJYU�jSU�cd�/K X;j@s�V�JYU�G

X̃
�/HSU�G¥RTW VFC@K$K X;��jSU�cd�6g¤jSRDJfgLV=¡6RYj@RzE�K s8afg¤U�jSeIafC

π1(X)
� CIHS�JTU©HS��cLK X;jSC�>@? ± �
�/¡/C~NY³kU�GIjSR��IJfK

π1(X) ∼= G = Aut(X̃/X)
? � ?=�©H�UScfU�nIjSR£VLC~afRYW 
�fU�GIjSR¥�IJfK4g-U�j@e@adC-CIGIJd��afcfC

evenly
XkJYUFV

X̃
M*C@K�X�GLVFRzHSs8O�^SE@NzH�U�GIjSR�JTULV

X̃
X;CFVNzVLC

G

�M*eFESGIjSj@C�JYU�G

X
�;jSR

X = X̃/G
?�|�s8cdC¥p�K{C�j�K{C�RzH*K{��eFVFRYK{C

Riemann
�6g=JYCI�LK 
VF��jSgIX;g¥JPy�V�H�K ¡/CLVLs�V�M*CIE@GFHSJLK M�s�V�³*s8cdy�V¤RYW VFCSK�CIH@ES�	��M�CF¡�s8OiGIHSe@cf³kU�GLV�jS�LVFU~JfcdRTK OaLK{C@��U�cfRzJLK M*NPO:H�K ¡/CLVF�FJfgFJfRPO �

9-.�­=<LK ¨ � ¦BM � �
Uniformization

�:.�­=<LK ¨ � �t��� .k"8���}�21�.6��.�) Riemann
� M

� WkT$#Vl8ZzUsWYefo�WkT`Z�\X]V^[UsWXe&o�t�v q lfo
X̃
w�rNU{Tko R ]VU � yVP R U{TYo Riemann X

w R[S PnTkU ) g 	`rN�r�l q�� lfo +4R[S ^ R l C
w R*S ^ R h:g � T S q Td^[l[\ Riemann

w R*S ^ R l)r�l&P*T p U{T S lfo�T_Pxl&UsWc^`efo�r<U �cT p UaWXefop S g
WXlfo D J �
²$VLy8cfW��dU�G@j@R:��jIy8Ox�D�FJLK�g=CIHSRYK{M��FVIK X�g

λ : H→ D
j@R:JfnFH�U

z 7→ z − i
z + i

,

RTW VFC@K�N�VFCIO�U�jSU*K U�jSU�cd�/K X;jS��O=JYU�G©jSK p;C@afK{M�U�nmaLW XkM*U�G©j@R�JYU jSK p;C@aLK M*��eLVLybgIj�K{RzH*W H�RPafU
H = {z ∈ C : Im(z) > 0}, jSRtCIHSUIJdNzESRPX;jSC£g�JfcfW Jfg£H�RPcLW HSJPy8X;g£VFC�JYCIGIJfW{�fRzJTC@K�jSR�JYU
H
? |�s8cfC�U*K�CIGFJTUSjSU�cf�6K X;jSU*W*JPy�V�HSC@cfCFH�eLVLy,JfcfK{s�V�RzH*K{�6CLVFRYK s�V�RTW VFC@K;p*VLy8XkJYU*W �
• Aut(C) = {z 7→ az + b : a, b ∈ C},

• Aut(P1(C)) = PSL2(C) = { j@RPJYCIX�³kgIjSCFJLK X;jSUSn@O�JTUSG Möbius},

• Aut(H) = PSL2(R).

Q�V
X̃ = P1(C),

Jf�FJfR
X = P1(C)

?Q�V
X̃ = C

��Jf�FJfR�g
G
¡/C,H�cfNzHSRTK(VLC RYW VFC@K}j�W{C,aLK{CIM*cfK Jf�,U�j@e@afC,CFH��¬jSRzJYC@��U�cfNPO��

�¨¥[¦[§¨�`�B¬f�:8n¤��I´ 6 �*¬_  �6�8�`¢F© ¹94}« 3�¶[�`�x¢6®x�[�f�x´¸�x¬ �_§I´¸�}¤n�8�[�Y�¸´}�8� �B�n� ���_�`´}�¨�}� ®x§I�B�n�x�`�}�8  ¡}�8� �n±² ¬f�98n¤�¥x� ¥[¦`� � 6 ´}���V  �)�}¤n���V§I´¸�¨�8�[�Y¬��}¤
unit disk upper half plane equivalence theorem.



 S� · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
K X;��jSU�cd�6g�j@RtJYU

0
�£JfgLV

SL2(Z)
�=N�VFC

lattice Λ
j@RtX;GLVFNzH�RYK{C�U

X
VFC�RYW VFC@K;U

C
��U

C/Z
�=M*eFH�U�K U�O�Jf��cfUSO

C/Λ
?l(JfgLViH�RPcLW HSJPy8X;g�HSU�G

X̃ = D
��¡6C�NP³kU�GIjSR��IJfKkM*eL¡6RtRzH*K{��eFVFRYK{C

Riemann
CFVLJfK XkJTU�K ³kRTWX�R©jSW{C�GIHSU�U�jSeIafC JYU�G

PSL2(R)
��H�U�G�afcdC

evenly
XkJYUFV

D
? QtGFJfNPO©ULVFU�jSeI�fULVLJYCSK

Fuchsian
h:jSeIafRPOF?

�F(*'
Transformation Groups

7Q,F5��
	��6Cd5���
).FE 7:,
l�R}C@GFJf�DJdgFV:H�CIcfeIp;cfCI�6U��@^SC@X�K X;jSN�VFU*KSXkJYUFV�#5>dwf%�¡/C£afU�nIjSR�M�eIHSU*K{RYO}CFH��£JLK O�K{aLK{�FJfgFJfRPOj�W{CIO£USjSeIafC@Oij@RPJYCIX�³kgIjSCFJLK X;j@s�V �

transformation group � H�U�G¥afcfC¤X;R£N�VFCLV=JYUSHSUIE@U�
p�K{M��¤³*s8cfU�?4�(aTs �IE@U*KkU*K�JYUSHSUIE@UIp�K M*U*W�³*s8cfU�K6RYW VLCSK
Hausdorff

?
§ <���� ¨ �4) ¦!M���M � S T�^[l�]_lIZLlf��UaWcb l*r�y p T )¨b continuous group+ (G,m, τ) R*S P*TVU m P*Tko^*l_]_lIZil���UaWXefoLt�v q lfo

(G, τ)
]_l`\ m t R U p l*rBbjl*r�y p Tko (G,m)

wLr R G P*T R*S PnTkU m P*Tdg 	VPxlIZLl`w
τ
w/r S T ^*l_]�l8Zil�� S T WkTkU m P*T p h&Z�v�P R UB^xh�P )I]�lIZkZkT_]}ZYTkg�U Tkgz^`UsWXb + ] q y � h�^xh�o�l*r�y p Tkonwm ^xg�U
v�gz^ R l&U�gL\kPnT q ^xbcg R U o &

G×G→ G
r R ^ 	X]�l x× y 7→ x · y

G→ G,
r R ^ 	Y]_l x 7→ x−1,P*T R[S PnTkUNgL\kP R t R*S ojg�\VP*T q ^xb�g R U|o � � S T�^ R ZiUaWcb ] q l��Y]_e@# R gzh R*S P*TVU�^*l�rNlfPxl&g 	VPxlIZil�]_l[\] R q U m t R U4^*l�^nTY\Y^*l`^`UsWYe gz^[lxU t R*S l�^&hco l[r�y p TYo {idG}

w P*T R*S PnTkU/WxZ R U|gz^xe`w m ^xg�U/v�gz^ R
G \ {idG} ∈ τ.Q�H�� RPads M�CSK�XkJYU RP�f�IO��IJYCLV ¡6C jSK ESeIjSR~p�K{C�j�W{C�JYUSH�UFE@UIp�K M*� USjSeIafC���CLVLJfW¶VFCCFVLC@��RYcd��jSCIX;JdR�XkJfgLV�JfcfK{H@ESNzJYC

(G,m, τ)
�I¡/CDJfgLVDCLVFCI�6NPcfU�GIjSR¶p�K�C�E@�Fp�USG@O}X;GFVfJTUSj�W{C@OX�CLV

G
?

� �¶XkJYy¬Jds8cfC
G
VFC=RYW VFC@K;jSW�C�JTU@H�UFESUFp�K{M��£USjSeIafC�M*C@K

S
N�VFCIO:JYUSH�UFESUFp�K M*��O�³*s8cfU�OF?_

G
E@NPjSRi�IJfK p8q T$gL\VP R t�v�o�gi^*l&P S �¤�IJfK g G RYW VFCSK r S T l*r�y p T r R ^nTYg&t2hXrLTf^`U|g�rNv�PX;JYULV
S
CFV�GFH�eIcf³kRYK�j�W{C=X;GLVFRP³;�IO:CFH�RYK M*�LVIK X;g

G× S → S
jSR:JdnIHSU

S 3 (g, s) 7→ g · s ∈ S,
NzJfX�K;s8XkJfRtVFC¥K M*CLVFUSHSU*K U�nLVLJYC@KSJTC�RY�d�@O �
�
i � (ab)s = a(bs)

p�K{C
a, b ∈ G M*C@K

s ∈ S ��
ii � idGs = s ∀s ∈ S ?

Q�HS�=JYC£HSC@cfCFH�eLVLy HSC@cdCIJdg@cfUSn@j@R}�IJfK;g
G
afcfC�XkJfgLV

S
�&CFH���C@cLK X;JdRYcde � ��j@R�JdgFV£X;GFVLg�
¡ K X�j@NzVLg�NzVdVFU*K{C=afcfeIX;g@ODU�j@e@adC@O�X;R�X;nFVLUIE@U % ?(�8H�W X�gIO:p�K{C=M*eL¡/R g ∈ G g�CFH�RYK M*�FVFK X�g

S 3 s 7→ gs ∈ S RYW VFC@KfN�VFC@O¶U�j@U*K U�j@U�cf�/K X�j@��O4JTUSG S j@R4JTULV�RPCIGIJd�tJYU�G}H�U�G�ULVFU�j@e@�fRzJYC@K�&CIcLK XkJfRPcf� � j@RPJYCI�6U�cde;?�l�G@jF^�UFESW��dU�G@j@R8jSR g(s) JYU gs ?�²�K{C:M�eF¡6R s ∈ S �IX;G@jF^�UFE�W{�fUSG@j@RjSR
Gs = {gs : g ∈ G} M�CSKSJYU�M*CFE@U�n@j@R��@�@HSy8O�M*CSK�XkJYU�HScds4JYU�M*RP�6eFESC@K U �FJdcfU@³;K{eDJYU�G

s
j@NPX;y Jdg@O

G
�6�=H�K U¥CIH@ESe�JdgFV

G

 JdcfUI³�K{e�JYU�G

s
?���G@U¤X�gIjSRYW{C=j@R:JfgLV¥W{aLK{C

G

�JfcfUI³;K�eUFVLU�jSeI�fULVLJYCSK

G

�K X;U�afnLVFCIjSCk?l�GIjI^SUIESW{�fU�GIjSR£jSR

S/G
JYU�X�nLVFUFESU��IEIy�V JYy�V

G

�JfcfUI³;K{s�V~JPy�VmX;g@j@RYW{y�V~JYU�G

S ,M*C@K2j@R
π : S → S/G

JdgFV �6GIX�K{M��~H�cfUI^�UFES�¤jSR£JfnFH�U
π(s) = Gs

? � �4VFC©GFH�U�X;nLVFUIE@U
0 � ¬��`� �}¤n�*µx�Aµ[�`�x´¸� �*µ`��¤n�4�`� �*µ`��¶n�}�c�A�8�`�`�n¦[� 6 � ®&¶`�/°f£
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S
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G
� °f£
´}�`�23¥[¦[§¨�`���x´¸£
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G
¬f�8�}¤�8�`�`�n¦[� 6 � ®&¶)°&£z´¸�

S
®x�[�&§¨�}¬_�f¬�¢*µ*¥`�n¦`  ?¸�8��µx�

G \S
�:8n¤u�}� �*µ`§I´n� ¬(8�¬��N�*´}� ¬f�¸�I´ =�¬ �*µ`�[¦[�[®&�&±��i�¸£:�8�}¤�n�`� �_� � 6 �`¢*µx�B¬�¢}¤n�8� �:8*�:=6®x�[�_®x�n�8���_� � 6 �x¢*µ`�u¬���§ ¤*�}¤��x� � 6 ¤n£z´}� µ`�/¬����Iµ�=*�B¬�¢*µ*¥`�n¦`� ¬�µx¶�±
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X ⊂ S/G
RYW VFC@K2CLVFU*K M�Jd�mJTUSG

S/G
CLV¥M*C@K2j@�FVLUFV CLV¥JTU

π−1(X)
RTW VFC@K$CFVFU�K{MSJf�mJYU�G

S
? � �8JfX�K!j@R���G@X�K UFESUFp�K M*�~Jfcd�SH�U©U�cfW��dU�G@j@RDJfgLV JYUSHSUIE@UFp6W{C=HSgIESW M*UmXkJTULV

S/G
?£_

πp6W VFRzJYC@K!Jf�FJfR=jSW{CmX�GLVFRP³k�@O�X�GLVFeIcdJfgIX�g M*CSK!CFVFU�K{MSJf�k?�utcdeIp;jSCFJLK!CFV
Y ⊂ S

CLVFU*K M�Jd�JTUSG
S
Jf�FJfR�JYU��

π−1(π(Y )) =
⋃

g∈G

g(Y ),

RTW VFC@K CFVLU*K M�Jf� ��X;CFV¥N�VLy8X;g¤CFVFU�K{MSJds�V�X;GLVF�IEIy�V�� g¥jSRzJYC@��U�cfe¥RYW VLCSK/N�VFCIOiU�jSU*K U�jSU�cd�/K 
X�j@��O£JYU�G
S
M*C@K6X;GFVLRPH@s8Oij�W{C¥CFVFU�K{MSJf��CFH�RYK M*�FVFK X�gk? � ?�u�cfNzH�RYK�VFC�HScfU�X;NY�dU�G@j@R��FJLK/JYU

G/S
afR�V�RYW VFC@K�CFVLCIpkM*CIX;JfK M*e

Hausdorff
CFM*��jSC©M*C@K�CLV©JYU

S
RYW VLCSK�N�VFCIO

HausdorffJTU@H�UFESUFp�K{M���Ot³*s8cfUSOI?
� T q y p R U �_riT & � �¶X;JPy¬U

R
j@R�JdgFV£JYUSH�UFE@UIp�W{C�H�U�G�RzH�eFp�RYK*g=X;GFVL�F¡6g@O�jSRzJdcLK M*��� RPGIM�E@RYW 
afRYK�C � M*CSK Q ⊂ R.

|}�FJfR}U�JYUSHSUIE@UIp�K M*��O�³ks8cdU�O
R/Q

afR�ViRYW VLCSK
Hausdorff

�SM�CF¡�s8O�p�K{CJfGI³;C@W{C�CLVFU*K M�Jde=aLK{C@XkJf�IjSCFJYC�g�JTUSjS��JYU�GIO�¡6C�RYW VLCSK;aLK{e@��U�cfg�JYU�G£M*R�VFU�nk?¶x:C�H�RPcLK{NP³kRYKJTU
0 ≡ p/q, j@R p, q ∈ Z

p�K{CFJLW*M*eF¡6R:afK�eIXkJfgIjSC�HSRYcfK�NP³kRYK;eFH�RYK{cfU�GIO:cdgIJYU�nIOI?
� �¶X;JPy

K
jSW{C£M�E@RYK XkJf� �&j@R�JdgFViJYUSHSUIE@UFp6K M*�:NzVdVFU*K{C � GFH�U�U�j@e@adCiJYU�G G VFC£afcfC�CIHS�afRP�LK{e�X;JdgFV
G
�}jSRmHScfe@�dg JYUFV X�GLVF�L¡/g HSUIEIE@CIH@ESCIX6K{CIX�j@�6? |}�FJfR©g

K

�JfcfUI³;K�e-R�VF��OX;JYU*K ³kRYW U�G

g ∈ G RTW VFC@K*N�VFC�CIcLK XkJfRPcf��X�nIj@H@ESU@M*U
gK

? � �¶³kU�G@j@R}JfgLVDJYUSH�UFESUFp�W{C:H�gFE�W M*U
G→ G/K

?
«�<N�2#k���uK ¦!M ¦!M � WxZ R U|gz^xe`^&h�^nTd^*l`\ K R}� Tkg � T`Z S � R UY^&h�P/g�\VP #kbcWch Hausdorff

��U{T ^*l&P^[l�]_lIZLlf��UaWXe�t�v q l
G/K �

O:]�e p R U � h & NPXkJYy aK 6= bK
�4jSR

aK, bK ∈ G/K
? Q�H�� K�afK��FJfgFJfRPO¥X;G@jIHSE@�SM�y�V¡/C NP³ky �FJLK

a−1b /∈ K
? h:cLW{�dy X;GLVFRP³;�,X;GFVLe@cdJdg@X;g

f : G × G → G
j@RmJfnFH�U

f(x, y) = x−1y
�/g�USHSU*W{C�RYW VLCSK/X;GFVLRY³k�IO�p�K�CFJLW/jIH�U�cdRTWkVFC�H�cfUSM�n���RTK �¶H�C@W{cTVFULVLJYC@O�JdgFVH�cfU@^SUFES�}XkJfgLV}H�cTs4Jfg�X�GLVLJfRzJYCFp�j@N�VFg}M*CSKfX;GLVf¡/NzJYULVLJfeIO4JfgLV�jSR4JfgLV�X;GFVLRY³k��X�GLVFeIcdJfgIX;gJTUSG=U�cLK X;jSUSn=±;? w

fa : G×G π1→ G→ G
j@RtJdnIHSU

(x, y) 7→ x 7→ x−1,

M*CSK/XkJfgLV�X;GLVFNP³;RYK{C=H�C@W{cTVFULVLJYC@O�JdgFV�H�cfUI^�UFES��X;JdgFV¥adRYnFJfRPcfg�X;GLVLJfRzJYCIp;j@NzVLg
fb : G ×

G
π2→ G

¡6C¬NP³*y �IJfK�g X;GFVFeIcdJdg@X;g
f = (fa, fb) : G × G → G × G

j@R�JdnIHSU
(x, y) 7→ (x−1, y)

¡6C}RYW VLCSKdX;GLVFRP³;�IO / ?�l�GFVf¡6NzJYUFVLJYCIO�JfNzE@U�O4jSR�JdgFV�X;GFVFRP³k��X�GLVFeIcdJfgIX;gJTUSG,HSUIEIE@CIH@ESCIX6K{CIX�j@U�n�H�cfUSM�nIH@JfRYK�g,�fgFJTUSn@j@RzVLg�X�GLVFRP³k�@O���X�CLV,X;nFVd¡/RPX;g X;GLVFRP³ks�VX�GLVFCIcdJf�IX�Rzy�V �
f
?�|}�FJfR

(a, b) /∈ f−1(K)
p�K{CFJLW

f(a, b) = a−1b
?¥ADCL¡6s8O=g

f
RYW VFC@KX�GLVFRP³k�@O8X;GFVFeIcdJdg@X;g}JTU

f−1(K)
¡6CtRYW VFC@KdM�E@RTK X;Jd��JYU�G

G×G ?8x:C�GIHSe@cd³;USGFV�CFVLU*K M�JfNPOH�RPcLK UI³kNYO
U, V

JPy�V
a
M*C@K

b
CLVLJLW X;JYU*K ³kC�JfNzJYU*K{RPO s8XkJfR

(U × V ) ∩ f−1(K) = ∅
� ?utC@W{cTVFULVLJYC@O�JfgLVi�6GIX�K{M��£HScfU@^SUIE@�

h : G→ G/K
�SHSU�GiRYW VLCSK*j�W{C£CFVLU*K M�Jf�iCFH�RYK M*�FVFK X�g	�¡/CtNY³*y

h(U)∩h(V ) = ∅
M*CSKfX;GLVFRzHSs8O¶U

G/K
VLCtRYW VFC@KFN�VFCIO

Hausdorff
JYUSH�UFESUFp�K M*��O³ks8cdU�OI?

♦|�s8cfC���NYXkJPyb�FJLK
K � G

NzJfX�K�s8X;JdR¥g©afcfeIX�g©JfgIO
G
XkJYUFV

G/K
VFC�RYW VFC@K�M*CIE@eU�cLK X;jSN�VFg � �tjSR g(xK) = gxK

��j@R
g ∈ G, x ∈ G

? _ CIHSRTK M*�LVIK X;g
(g, xK) 7→

<}¬�¢ 6 ®x�¨®x´n� µ`§ ¤*�u�n�`¶��8�}¤)© º}«�¬f�8� ;V�I£
´:8[µ`� �x± ·(3`¬��¨¦`  �}�6¹ � �!§I°f�`¢*µ`�<¶n�}�'8
f : A → X×Y

µ`�L� �n�`�
f(a) = (f1(a), f2(a))

�8  ¤*�[�f¬�¢}¤*�I°�1[���}¤B®&�[�xµx¶}¤n�}¤��}¤u�x�&¬�¢}¤n�*´¸�91[¬��8� ��¬�¢}¤n�¸�¨�8� 6 µx§ ¤ ��¤
f1 : A → X®&�[�

f2 : A → Y
�8  ¤n�[�X¬�¢}¤*�I°f�8  �)¬�¢}¤*�*´��:1[¬��8� �n± � �u�*¢n�¸¶}¤F�8�}¤2�¸´}¶[�x� µ[�`�x´¸� �*µ`�u¤n�4�¸£z¬��`¢*µx��§ ¤*�}¤=n¦*¦[�F� ¬��`� �}¤*�*µ`�2�x´}� ¬�µ`¶ 6 � ���n� ���8�[�x�n¦[� 6 � ®x§I���`µ�=*�¸�I� 	 ¥[¦[§¨�`�)© º}« 3 =*¬f®'8[¬(8/ª@3�¬��¨¦`  �}�4¹8·*·f± 
 �

�
G
�8  ¤n�[�kµx  ���8�[�`�n¦[� 6 � ®'1F�`µ'=*�}�)�}¤ 8)�n�`�8� ®&¶}¤*� ¬(84�n�`¶2�8�

G×G → G
µx�N� �n�`�

(x, y) 7→ x−1 · y�8  ¤*�[�_¬�¢}¤*�I°@1[�B®x�[���8�2�}¤n�}  ¬f�}´¸� �_��±
 6 ¤ �z´}  ?¸�x¢*µ`�F¶n�}�i�}¤
a /∈ K

µx�
K
®`¦[�8� ¬f�}¶ 3��¸¶n�}�2¢n�'=*´}°f�8�L�}¤n�&� ®x�91 6 �8� �8�}¤*� =j�8�x¢

a
3�§I¬f� �

U
3�}§¨�8�x� �)£
¬f�}�

U ∩K = ∅
±

� �98*¦[�*�:12�}¤
x1x

−1
2 ∈ K,

�¸¶n�}�
(gx1)(gx2)−1 ∈ K.
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gxK : G× (G/K)→ G/K
RTW VFC@K�jSW{C=X�GLVFRP³k�@O:CIHSRTK M*�LVIK X;g�M�CSKkg�afcfeIX�g�JfgIO

G
RYW VFC@KjSRzJYCF^SCFJLK M*�k?

� �¶XkJYy
S
NzVLC@O

Hausdorff
JTU@H�UFESUFp�K{M���O}³*s8cfU�O:XkJYUFV£U@H�U*W U�g

G
afcfC�X�GLVFRP³*s8OtM*C@Kr R ^nT��LT�^[UsWYy ? l(JYCF¡6RPcfUSHSU*K s N�VFC t ∈ S

M�CSK4¡/NzJPy
K = {g ∈ G : gt = t} ?®_U�jSeIafC

K
RYW VFC@K�g�GFH�U�USjSeIafC=K X;UFJfcfUSH�W{C@O:Jdg@O

G
XkJTU

t
��U¤XkJTCL¡6RYcdUSH�U*K gFJf�IO�JTUSG

t
M*C@KRYW VLCSK/jSW�C�M�E@RYK XkJf��GFH�U�U�j@e@adC=JfgIO

G
?:¢tHSe@cf³kRYK6jSW�C¥��G@X�K M*�¥NzVLC¥HScfU�OiN�VFC¤CIHSRYK{M��FVIK X�g

λ : G/K → S
�kjSRtJfnFH�U

λ(gK) = gt.
²!K{C�M*eL¡/RtGIHSU�X�nLVFUFESU

X ⊂ S NY³kU�GIjSR
λ−1(X) = {gK ∈ G/K : gt ∈ X} = h({g ∈ G : gt ∈ X})

jSR
h : G → G/K

VLC¬RYW VFC@K�g,��G@X�K M*� HScfU@^SUIE@�k? u�CIcfCIJdg@cdU�n@j@Rm�FJLK}JTU
λ−1(X)RYW VLCSK�CLVFU*K M�Jd�-CLVmJYU

X
RYW VFCSK!CFVFU�K{MSJf��M*CSK!NPJdX6K�g

λ
RYW VLCSK�jSW{C©X�GLVFRP³k�@O�X;GFVLe@cdJdg@X;gk?�8H*K H�cf�SXk¡6RzJTC£¡/C=NP³kU�GIjSRt�IJfK �

9-.�­�<�K ¨ � ¦BM ¯ M � T_] R UsWXe&P&U|gih λ : G/K → S
w R[S PnTkU m PnTYo l*r�lxU|l*r�l q�� U|g�r!efodTVP G,SR*S P*TVU2^[l�]VUsWYy gL\&r�]fT&� R*S o ^*l_]_lIZil���UaWXl S t�v q lxUFWYTVU4h G m t R U/r S T T q U #Vr!b�g�U{rBh �LyYgzhTVPxl&UaWc^*v�P4g�\VPfe8Z���P�) bjU gcl p 	VPnTxrLTdh

G R*S PnTkU m PnTYo p R 	Y^ R q lfo�T q U #_rBbcg�U rNlfo�^[l�]_lIZLlf��UaWXefot�v q lfo +f� �
O�]_e p R U � h & � �¶X;JPy

U
CLVFU*K M�Jf� JYU�G

G
M�CSK

g ∈ U
? ² VLy8cLW{�fULVLJYC@Om�FJLK¶g

λ
RYW VLCSK> 
 >tM�CSKkRzH*WkC@cdM�RTWSVFC�afRYW��Ty¬�FJLK;X;JdgFV£HSRYcfW{H@JPy8X�giJYU�G£¡6Rzy8cf�@j@CIJYU�O�g=CFH�RYK M*�LVIK X;g£RYW VFC@KCFVLU*K M�Jf�	�/afgFE@C@af��CIcdM*RYW6VFC¤afRYW{�dy �IJfK/JTU

gt
RYW VFC@K$N�VFC¥RPXky4JfRPcLK M*�mX;g@j@RYW U~JYU�G

Ut
M*CSKX�GLVFRzHSs8O:GIHSe@cf³kRYKkCFVFU�K{MSJf��HSRYcfK U@³k�

A
JfNzJYU*K{C�s8XkJfR

gt ∈ A ⊂ Ut ?²2RzVFK{M�e�CLV�g
G
RYW VFCSKfjSW{C�JYUSHSUIE@UIp�K M*�(U�jSeIafC}M*C@K

A,B ⊂ G �LJf�FJfR�¡/C�X;G@jF^�UFESW��dU�G@j@RjSR
AB = {ab : a ∈ A M*C@K b ∈ B} � A−1 = {a−1 : a ∈ A} ?4�8H*W X;gIO�j�W{C�p;RYK JYUFVFK�e VJYU�G
idG

ULVFU�jSeI�fRzJYCSK gL\&r�r R ^ q UsWcb CFV V = V −1 ?8��eFE�K XkJYC=K X;³kn@RYKk�IJfK6CLV U RTW VFC@K�jSW{Cp;RTK JTULVIK{e�JYU�G
idG

j�W{CIO�JYUSH�UFESUFp�K M*�@O!U�jSeIafCIO
G
�fJd�IJdR4GIHSe@cf³kRYKTjSW{C}X�GIjSj@RPJdcLK M*��p;RYK JYUFVIK{e

V
JYU�G

idG
NPJdX6K2s8X;JdR

V V = V V −1 ⊂ U �
?m|}NzE@U�O�M*eFJLK$H�U�G~¡6C©³kcfgIX6K{jSU@H�U*K USn@j@RH�UFESn�X;G@³�VFe J � RYW VFC@K¶�FJLK¶CFV

X
RYW VFCSK8N�VFCIO

Hausdorff
³ks8cdU�O~Jf�FJfR¥¡/C-RYW VLCSK4JYUSH*K M*eX�GIj@HSCIp;�IOmXkJTU¬X�gIjSRYW U

x
CFV M*C@K�jS�LVFULV�CLV p�K{C M*eF¡6R~p;RYK JYUFVFK�e

U
JTUSG

x
��GFH�eIcf³kRYKp;RTK JTULVIK{e

Vx
JYU�G

x
�;JdNzJTU�K�C£s8X;JdR

V̄
RYW VFCSK;X�GIj@HSCIp;�IOtM*C@K

V̄ ⊂ U ?�8H*K XkJfcdNY��UFVfJTCIODXkJfgLV�CFH��SafRYK��dg���p�K{C
g ∈ G ¡6C�NY³kU�GIjSR��

G→ G/K → S → S

g
h7→ gK

λ7→ gt
∼=7→ t.�8H*K ESNzpky

V
VLC�RTW VFC@K(jSW{C�X�GIj@HSCIp;�IO p;RYK JYUFVIK{e JYU�G

idG
�}NzJfX�K(s8XkJfR

V = V −1 M*C@K
gV 2 ⊂ U ?�Q�HS�£JdgFV�GIHS�@¡/RPX;g:H�USG�M*eFVLC@j@R(JYU G �@RYW VLCSKSgiN�VLy8X;g ∪ngnV

CIcLK ¡6jS�IX6K{jIy�VJYU�H@ES�L¡/USO {gn} ⊂ G
?~|�s8cfC©JTU

gnV
RYW VLCSK�X;GIj@H�CFp;�mM*C@K�g©RYK{M��FVFC JTUSG©jSNPX;y JfgIOX�GLVFRP³k�@O

λ
H�U�G©RYW VFC@K�JTU

gnV t
RTW VFC@K�X;G@jIH�CFp��IO�GFH��I³ky8cdU�O=JYU�G

S
?-h

S
RYW VLCSK�N�VFCIO

Hausdorff
JYUSH�UFE@UIp�K M*��O�³*s8cfUSO�M*C@K�NzJfX�KSJYU

gnV t
RYW VFC@KSM�ESRYK XkJf�iJYU�G

S
?¶l�n@j@��y�VFCij@RJYU=ES�IjSj@C�H�USG�CFM*UFESU�GL¡6RTW�N�VFC£JYU�GIE@eI³�K X;JYULV

gnV t
HScfNzH�RYK*VLC�H�RPcLK{NP³kRYKkN�VFC�RYXky4JfRPcLK M*�X�gIjSRYW U�? � h:j@y8O~g-CFH�RYK M*�LVIK X;g

S 3 t 7→ gnt ∈ S
RTW VFC@K8NzVLC@O¤U�jSU�K U�jSUScf�/K X;jS�SO¤HSU�GCIHSRYK{M�UFVIW{�fRYK�M*eL¡/R

V t
XkJYU

gnV t
M*C@K;X;GFVLRPH@s8O:JYU

V t
NP³kRYK;RPXky4JfRPcLK M*�¥X�gIjSRYW U��*afgFESCIaf�GIHSe@cd³;RYK

vt ∈ V t M*C@K A CLVFU*K M�Jd�=JYU�G
S
JfNzJYU*K U�s8X;JdR

vt ∈ A ⊂ V t ? � h:j@y8O �
gt = gv−1 · vt ∈ gv−1A ⊂ gV 2t ⊂ Ut.
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� �[Z
Transformation Groups 	 � ��� �
����� �����$�
	 � ·   o

� �8JfX�K8JYU
gt
RYW VFCSK4RPXky4JfRPcLK M*� X;g@j@RYW U-JYU�G

Ut
? |�s8cdC

S = ∪ngnV t
p�K{CFJLW4g

G
afcfCjSRzJYCF^SCIJfK M*e�XkJfgLV

S
M*C@K�CIcdM*RYWkVLC=CIHSU�afRYW{�fU�GIjSR�JYUFV�K X;³kG@cLK X�j@�¤j@C@O �

� � ¨�¨ � ¦!M ° M �  gz^¸�
S 6= ∅

^*l_]VUaWYy$gL\xr!]fT&�zbco
Hausdorff

^[l�]_lIZLlf��UaWXefo)t�v q lfo�WYTVU
V1, . . . , Vn, . . .

T q U #VrBbcg�U{rLT�^*lQ]}ZLb #VlfodWxZ R U|gz^`y \X]�lfg 	VPxl8ZkT�^*l`\ S w!^ m ^*l&U{T�v�gz^ R S =
∪∞n=1Vn. �

e`^ R ^[l[\[Ziy t6U|gz^[l&PjWky_]�l&U|lAT_]�ej^nT Vn m t R U m PnT R gk��^ R q UaWXejgihXr R*S l �
O:]�e p R U � h & ²!K{C©C@cd³;�m¡6C-adU�n@j@R��IJfK�M*eL¡/R=JYUSH�K{M�e©X�GIj@HSCIp;�IO=M*CSK Hausdorff

JYU�
H�UFESUFp�K{M���O©³*s8cfU�O�RYW VLCSK�M*CLVFULVIK M*��O���afgFESCIaf� p�K{C M*eF¡6R
x /∈ F

jSR
F
M�E@RYK X;Jd� JYU�GH�CIcfCIHSeFVfy ³*s8cfU�G	�}Jf�FJfR©GFH�eIcf³kU�GLV

Ux, VF
CLVFU*K M�Jfe-JTUSG JTU@H�UFESUFp�K{M�U�n ³*s8cfU�G,j@R

x ∈ Ux, F ⊂ VF
�*JdNPJYU*K{C�s8XkJfR

Ux ∩ VF = ∅
?QtGFJf��H�cdUSM*nFHSJfRYK�p�K{CIJfW;N�VFCIO

Hausdorff
JYUSH�UFESUFp�K M*��O�³*s8cfU�O��kRTW VFC@K*JTU@H*K M*e�X;GIj@H�CFp;�@OCFV-M*C@K¶j@�FVFULV CFV g X;G@jIH�CFp�U@H�U*W gIX�g©JYU�G R�VF�SOmX�gIjSRYW USG-JYU�G R�V�ES�Fpky ³*s8cfUSG�RTW VFC@KNzVLC@O

Hausdorff
JYUSH�UFESUFp�K M*��O�³ks8cdU�O J}J ?¶²$VLy8cfW��dUFVLJYCIO�Jds8cfC��FJLK;M*eF¡6R:X;GIj@H�CFp;�@OtM*CSK

Hausdorff
JYUSH�UFE@UIp�K M*��Ot³ks8cdU�OiRTW VFC@K

T3
J ����NzJfX�K�M*C@K�M*eL¡/R:GIHS�@³*y8cfU�ODCIGFJTUSn�JYU�G�JYU�
H�UFESUFp�K{M�U�n�³*s8cfUSG�¡/C=RYW VFC@K

T3
?

QtO RPH�K XkJfcfN��6USG@j@R�X;JdgFV�CFH���adRTK{�fgk? � �(XkJPy Jds8cfC-�IJfK8M*CLVFN�VFC�CFH�� JYC
Vn

JfgIO G�
H��@¡6RPX�gIOiafR�V¥NP³;RYK/RPXky4JfRPcLK M*e�X;g@j@RTW{C�� GIHSU@¡/NzJYU�GIjSRtafgIE@CIaf���IJfK
V o

n = ∅
� K X;U�afnLVFCIjSC�IJfK$JYC

Vn
afR�V¥H�RPcLK{NP³kU�GFV�M*CLVFN�VFC¥CFVFU�K{MSJf�~JYU�G

S
RPMSJf��OiJYU�G

∅
? � ?Du�CSW{cTVLy W1 6= ∅CFVFU�K{MSJf��JYU�G

S
�SjSR

W1 ⊂ W̄1
M*C@K

W̄1
VFCiRYW VLCSK�X;G@jIH�CFp;�;?�h:cLW{�dy,jSR}CIGFJf�LV:JYULV�Jfcd�SH�U

W2,W3, . . .
NPJdX6K$s8X;JdR

Wn 6= ∅
M*CSK

Wn+1 ⊂ W̄n+1 ⊂ Wn \ Vn
jSR

Wn \ Vn
� VFCRTW VFC@K�CLVFU*K M�Jf��JYU�G

S
?©_ JfRzE@RYGFJYCSW{C X�³kNPX�g�RzpkM�E@RTK X�j@U�n~H�cdUSM*nFHSJfRYK!y8O¥RP�f�IO ��jSR=JYUVFC-RYW VFC@K�U JYUSH�UFE@UIp�K M*��O=³*s8cfUSO

S
M*CLVFULVIK M*��O��4K X;U�afGLVFCIjSRYW�jSR=JYU-VFC�K X;³kn@RYK��FJLK�p�K{CM*eF¡6R

x ∈ S M*C@K;p�K{C�M*eL¡/RtCFVLU*K M�Jf�£H�RPcLK UI³k� Ux
JYU�G

x
�*VFC=GFH�eIcf³kRTKkCLVFU*K M�Jf�

Wn ⊂ SJfNzJYU*K U¥s8X;JdR
x ∈ W ⊂ W̄n ⊂ Ux

?�Q}VLJLK M*CL¡ K X;JTs�VLJYC@O�JYU
Ux

jSR
Wn \ Vn

HScfUSM*nFHSJdRTKJTU��fgFJYU�n@j@R�VFUmM*CL¡6s8O=CLV
x ∈ Vn

�!Jd�IJdR=CLVFCIpkM*CIXkJLK M*e
x ∈ V o

n

�!HScfeIp;j@CmeIJYUSHSU©CIHS�JfgLV=GFH��@¡6RPX���jSCIOI? � �¶JdX6K;JTC
W̄n

CFH�UFJfRzE@U�nLV£j�W{C=�;¡/W VFU�GIX�C�CFM*UFESUSGF¡/W{C�j@g�M*R�VLs�V�M*CSKX�GIj@HSCIpks�V�X;GFVL�IEIy�V �4H�USG�NP³kRYK4X�CLV�CFH�UFJfNzESRPX;jSC J % �FJLK ∩nW̄n 6= ∅.
utcfeFp;jSC�eIJYU�
H�U-p�K{CFJLW�XkJYCF¡6RPcfUSH�U�K{s�VfJTCIO�N�VFC

Wn
M�CSK�M*eLVFULVLJYC@O�³kcf�IX;gmJYy�V~VF��j@y�V

De Morgan^�cLW X;M*USG@j@R:�FJLK �
∩nW̄n ⊂ ∩n(Wn \ Vn) = ∅.♦

«�<N�2#k���uK ¦!M��BM �  gz^¸�
G
^*l_]�lIZLlf��UsWXb l*r�y p T ]�l`\ p8q T gL\kP R t�v�o g R m P*T_P ^*l_]VUsWkyg�\xr�]�T&�zb

Hausdorff
t�v q l

S � � e`^ R l S/G R*S P*TVUXgL\xr!]fT&�zbco�T_P4WYTkUkr!e&Pxl&PFT_Pd\X]�y q t R Um PnT�g�\xr�]�T&� m o \X]�lfg 	VPxl8Zil C ^*l`\
S
^ m ^*l&U lAv�gz^ R GC = S �

O:]�e p R U � h & � �¶XkJPy
π : S → S/G

? Q}V
G · C = S

Jf�FJfR
π(C) = S/G

?¤ADCL¡6s8Og
π
RYW VFCSK4X;GFVLRY³k�IO CFH�RYK M*�LVIK X;gmM*C@K8U

C
X;GIj@H�CFp;NPO¤GFH�USX�nLVFUFESU�JYU�G

S
�8U

S/G
��¡6CRTW VFC@K/X;G@jIH�CFp��IOF?�Q}VLJLW XkJfcdU��6C	�/CLV�U

S/G
RYW VFC@K6X�GIj@HSCIp;�IO�Jf�FJfR

S/G = ∪iπ(Ui)
�/j@RH�RzH�RPcfCIX�j@N�VFU©C@cfK ¡/j@�©CFVFU�K{MSJds�V

Ui
�$H�U�G jSNPXky JfgIO�CLVFU*K M�Jd�@O

π
j@C@O�aLW VFU�GLV HSRzH�RPcfC�
X�j@NzVLC~CLVFU*K M�Jfe

π(Ui)
� JPy�V¤USHSU*W y�V¤U*K/M�ESRYK XkJf�FJfgFJfRPO

Ūi
RYW VFCSK$X;G@jIH�CFp��¥GFH�U�X;nLVFUIE@C	�CIHS��JfgLVDJYUSH*K M*�iX;G@jIH�eFp;RTK{CDJYU�Gi³*s8cfU�G

S
? � �¶JdX6K

S = G · (∪iŪi)
M*C@KSpkVfy8cLW{�fU�GIjSR��IJfKH�RzH�RPcfCIX�j@N�VFRPO�R�VLs8X�RYK O:X�GIj@HSCIpks�V�jSCIO�aLW VFU�GLV�X�GIj@HSCIp;NPO:X;nFVLUIE@U6?
♦

� �¶X;JPy
G
VFC¤RTW VFC@K j�W{C¥JTU@H�UFESUFp�K{M��=U�jSeIafCk? � �8VLC

M ⊂ G
j@HSU�cfRYW6VFC NP³kRYK/X�gIjSRYW{CX�GIX�Xks8cfRPGIX�gIO~XkJYUFV

G
CFM*��jSC�M*C@K4CFV�g�RzH�CFpks8jSR�VFg�CIHS� JYU

M
JYUSH�UFESUFp�W{C©RTW VFC@K4gaLK{CIM*cfK Jf�k?�Q}ViJds8cfC£JYU

M
JfGI³;C@W VFRYK@VFC�RYW VFC@K�M*CSK�GFH�USU�jSeIafCDJYU�G

G
Jd�IJdR�g

M
¡6C�RYW VFC@K
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(T1)

±Q��� �A�:8n¤j�n®x´n  ¥`�8� � 6 ¤ �
´n  ?}�`¢*µx�2¶n�n�i®�= ;V�/¬�¢*µ`�`� 6 1[�®&�[�
Hausdorff

�8�[�`�n¦[� 6 � ®x¶`�j°&£z´¸�x�A�8  ¤*�[�
T4

	 �_¢*¬_� �n¦[� 6 � ®&¶`�A®&�[�
T1


�®x�[�L¶n�n�
T4 ⇒ T3

± ³ ¦[§¨�x��n� �*° �z´}� ¬f�}� ®�=)�*¡n� £zµ`�n�8�6�8�[�x�n¦[� 6 � ®x£�¤6°f£z´���¤x±� 0 ¥[¦[§¨�`�)© º¸« 3�¬��¨¦`  �}�)ª �x¹*±



] � · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
j�W{CiJTU@H�UFESUFp�K{M���U�jSeIafCYJ , jSR}JYUSH�UFESUFp�W{C�JfgLViX�³kRzJLK M*�iJYUSH�UFE@UIp�W{CDX�CLViN�VFC£GIHSU�X;nFVFUFE@UJYU�G

G
�kadgIE@C@ad�

τM = {M ∩A : A ∈ τG}
?¶h�VFU�j@e@�fUSG@j@R�JdgFV

M
p U{TYW q U ^&b$\X]_l&l[r�y p TJfgIO

G
CLVig�RzHSCIpks8jSR�VFgiCFH���JdgFV

M
JTU@H�UFESUFp�W�C:RTW VFC@Kkg�aLK{CFM*cLK Jd�;?2�8H*W X;gIO�¡6C�NP³kU�GIjSR��

«�<N�2#k���uK ¦!M » M �  gi^¸�
Γ
\X]�lfl*r�y p T$^&hco

G � O o \X]�l(# m gcl`\xr R:R ] S gihco�ex^[UBh R ]fT&�Xv!�r R P_h�^*l_]�lIZLlf� S T ^&hco Γ R*S P*TVUB^*l_]VUsWky g�\xr�]�T&�zbco � � e`^ R h Γ R*S P*TVU!WxZ R U gi^xb gi^xh�P G � U p UsWXe`^ R q T T_P h Γ R*S P*TVU p U{TkW q U ^xb \X]�lfl*r�y p T ^xh�o G w�^`ex^ R h Γ R*S P*TVU<WxZ R U|gz^&b ^xh�o GWYTVU p R P m t R ULgzhcr R[S ljgL\kg
gcv q R \kgihcodgz^&h�P G �
O�]_e p R U � h & � �¶XkJYy,�FJLK*g

Γ
NP³;RYK�jSW�CDX;GIj@H�CFp;��p;RTK JTULVIK{e

C
JYU�G

idG
?�utC@W{cTVFU�GIjSR�jSW{CCFVLU*K M�Jf�=p;RYK JYUFVFK�e�JTUSG

idG
��NYXkJPy

U
XkJTU

G
JdNPJYU*K{C=s8XkJfR

U ∩ Γ ⊂ C
? � �¶XkJYy

x ∈ Γ̄
�¡/C-afRYW{�fU�GIjSR¥�IJfK

x ∈ Γ
?¬��cLW XkM�y p�RYK JYULVIK{e

V
JYU�G

x
JfNzJYU*K{C©s8X;JdR

V −1 · V ⊂ U
?|}�IJdR

((V ∩ Γ)−1) · (V ∩ Γ) ⊂ C
�(jSR

V ∩ Γ 6= ∅
�¶CI�6U�n

x ∈ Γ̄
? � �8JdX6K8H�C@W�cYVLy

y ∈ V ∩ Γ ⇒ y−1 ∈ (V ∩ Γ) ⊂ C ⇒ (V ∩ Γ) ⊂ yC
?(|}�IJdR�M*eF¡6R:p;RYK JYUFVFK�e

Wx
JYU�G

x
¡/C©NP³*y

(Wx ∩ V ) ∩ Γ 6= ∅
M�CSK2e@cfC

x ∈ (V ∩ Γ).
� h:j@y8O¥U

yC
RTW VFC@K�X;G@jIH�CFp;�GIHSU�X;nFVFUFE@U

Hausdorff
³*s8cfUSG�M*C@KLe@cdC�MSESRYK XkJf� �fjSR8X�GLVFNzH�RYK{C

V ∩Γ ⊂ yC ⇒ V ∩ Γ ⊂
yC ⇒ x ∈ yC ⊂ Γ

M*C@K
Γ
M�E@RTK X;Jd�£GFH�USU�jSeIafCiJTUSG

G
?8|}NzESUSOtRzH�RYK{af�

Γ′ ⊂ Γ
¡/C=NP³*y�IJfK;M*eL¡6R:X;g@j@RTW U¥Jdg@O

Γ
VFC�RYW VFCSK;jSRPjSULVLy8j@NzVLU6?

♦

«�<N�2#k���uK ¦!M��!M �  gz^¸�
�
i � G P*T R*S P*TVUir S T�^[l�]VUsWYy:g�\xr�]�T&�
b�oA^[l�]_lIZLlf��UaWcb l*r�y p TQWYTVU�
ii � K PnT R*S P*TVUir S T�gL\xr!]fT&�zbcoj\X]�lfl*r�y p T:^&hco G �

� m ^[l&P�^nTYo S = G/K
WYTkU

h : G → S
P*T R*S P*TVU)h � \kg�UsWXb ] q l �NlIZ�bkw #_T m tB� e`^`UTVP

A R[S PnTkU m PnT gL\xr!]fT&� m o \X]�lfg 	VPxlIZLl ^*l`\ S w4^xe`^ R ^*l h−1(A) R*S PnTkU m PnT gL\xr!]fT&� m o\X]_l&g 	VPxlIZil ^[l[\
G � �  ^xg�U h h � S P R ^nTkU
r S T proper

gL\VPfy q ^&hcgzh �
O�]_e p R U � h & �8H*K E@Nzp;y N�VFC CFVFU�K{MSJf�~M*eFE@G@j@jSC {Vi : Vi ∈ τG, i ∈ I}

JYU�G
G
NPJdX6Ks8X;JdR�M*eL¡/R£jSNzE@U�O�JYU�G¤VFCmNP³kRTK$X;G@jIH�CFp��¤M�E@RTK X;Jd�IJdgIJYC¥M*CSK H�C@W{cTVLy JLK O�RTK M*�LVFRPO�JYU�GIOX;JYULV�³*s8cfU

S
j@NYXky JfgIO CLVFU*K M�Jd�@O

h
?,ADCL¡6s8O¤JYU

A
X;G@jIH�CFp;NYO¤GFH�U�X;nFVLUIE@U-JYU�G

S¡/C K X�³knIRYK
A ⊂ ∪ih(Vi)

jSR |I | < ∞ M*C@K
V̄i
X�GIj@HSCIp;�-p�K{C-M�eF¡6R~afRYW M�Jdg

i
? � �8JfX�K

h−1(A) ⊂ ∪iViK ⊂ ∪iV̄iK
j@R
V̄iK

X�GIj@HSCIp;��p�K{C�M*eL¡6R:H�RzH�RPcfCIX;jSN�VFU
i
� M*eL¡6R

V̄iKRYW VLCSK�g�RYK M*�FVLC�R�VF�SO¤X;GIj@H�CFp;U�nIO�X�GLVF�FESU�G
(V̄i,K)

jSNPX;ybJdg@O¥X;GFVLRY³k�IO¥X�GLVFeIcdJfgIX�gIOJYU�G H�UFEIESCFHSE@C@X�K{C@X;jSUSn�� · : G × G → G
? � ? l�GLVFRzHSs8O JTU h−1(A)

RTW VFC@K¶MSESRYK XkJf� �M*CL¡6s8O�g
h
RYW VFC@K�X;GFVLRY³k�IO�X;GFVFeIcdJdg@X;g��kGFH�USX�nLVFUFESU=X;GIj@H�CFp;U�nIOtM*C@K�eIcfC=X;G@jIH�CFp;NYOF?

♦

«�<N�2#k���uK ¦!M �BM �  gi^¸�
G,K, S, h

e�]&��oj^&hcP�] q l�hk�
l
	`r R P_h ] q e`^*Tkgzh � � T�TYWYe8Zil`\
#_TR*S P*TVUiU|gcl p 	VP*T`rLT &�
i � � Γ R*S PnTkUzr S T p U{TkW q U ^xb \X]�lfl*r�y p T�^xhco G w�
ii � �cU TFWYy
# R p \kl6gL\&r�]fT&�zb�\X]_lfg 	VPxlIZYT A,B ^*l`\

S
^[l)g 	VPxlIZLl {g ∈ Γ : g(A)∩B 6=

∅} R*S P*TVU ] R ] R q Tkg
r m Pxl �
O�]_e p R U � h & x:NzJPy C = h−1(A), D = h−1(B)

HSU�G�RTW VFC@KLX�GIj@HSCIp;��GFH�U�X;nFVLUIE@C�JYU�G
G
CIHS�£JdgFV�H�cf�FJYC@X;gD±;? �DM*CSK�RzH�K{E@Nzpky N�VFC

g ∈ Γ
?4Q}V

g(A)∩B 6= ∅
Jf�FJfR�N�VFCiX;g@j@RTW UJYU�G�X�GLVF�FESU�G�CIGIJYU�nm¡6C-RYW VFC@K�JTU

g(a) = b,
j@R
a ∈ A, b ∈ B

M*C@K4RP�6CIcfjS���dUFVLJYCIOJfgLV
h−1 � H�C@W�cYVLy gh−1(a) = h−1(b)

? � �8JfX�K ¡6C~NP³kU�GIjSR
gC ∩ D 6= ∅

M*C@K X�GLVFRzHSs8O
g ∈ Γ∩ (DC−1)

? � h:jIy8O:M*CL¡6s8O�JTU
(DC−1)

RYW VFCSKkX;G@jIH�CFp��IO�M*CSKkg�JYU�j@��JYU�G�jSR�NzVLCaLK{CIM�cLK Jf��X;nLVFUIE@U=¡/C�H�cfNzH�RYK*VFC=jSCIO�ads8X;RYK6N�VFC�HSRPHSRPcfC@X;jSN�VFU�X;nLVFUIE@U6?
� 5 ¥[¦[§¨�`�6© ¹�­}« 3&�8� ;V�I£
´:8[µ`�)¬f�98n¤6¬��¨¦`  �}�F¹*¹�­&±



� �[Z
Transformation Groups 	 � ��� �
����� �����$�
	 � · ] Z

Q�VLJfW XkJfcfU���C��*HSCSW{cTVfy
V
VLC=RYW VLCSKkN�VFC=j�W{C�X�GIj@HSCIp;�IOtp;RYK JYUFVIK{eiJYU�G

idG
XkJYU

G
M*C@K¡/NzJPy

t = h(idG)
?�|}�IJdR

Γ ∩ V ⊂ {g ∈ Γ : gt ∈ h(V )} �/j@R A := {t}, B := h(V )X�GIj@HSCIp;�k? � �8JfX�K�JYU
Γ ∩ V H�RzHSRYcdC@X;jSN�VFU=M*C@K�g

Γ
RTW VFC@K�afK�CFM*cLK Jf�k?

♦

«���<!�!#;��<�K��uK ¦!M ���!M � R*S|� T`r R e`^`U h Γ
p8q T

properly discontiously
J / gz^[l&P

S �
«��4<���� ¨ � ¦!M �2�NM � T S q Pxl&P�^*Tko ^nT G,K, S, h e_]x��o gi^xh�P ] q e`^nTYgzh�� � � WYTkUu^*l Γ

PnT
R[S PnTkU�r S T p U{TYW q U ^&b \X]�lfl*r�y p T�^&hco G w #VT m t)l`\xr R e`^`U���U{T WYy
# R z ∈ S

^*l {g ∈ Γ :
gz = z} R*S P*TVU m PnT ] R ] R q TYg�r m Pxl$g 	VPxlIZLl � � q y&�_riT�^`U�WYT
#�v�o h h WYyf^¸� T�]_e$TY\Y^ m o^`U|o ] q l �X]�l(# m g R U|o R*S P*TVU6r S T proper

T�] R UaWXe&PfU|gzhkw #_T m t)l`\xr R e`^`U2^*l h−1({z}) R*S PnTkUg�\xr�]�T&� m o6WYTVU m ^xg�U�^*l2g 	VPxlIZil h−1({z})∩Γ = {g ∈ Γ : gz = z} R*S P*TVUc] R ] R q Tkg�r m Pxl �
Q�HS��RPads®M*C@K!XkJTU�RP�f�IO=Nzy8O�JYU©JfNzESUSO�JfgIO�H�CIcfCFp;cfe@��U�G	� JTC

G,K, S, h
¡6CmRYW VLCSK�SHSy8ODXkJfgLV£H�cf�FJYC@X;g=±k? �=R�VLs¬JTU

Γ
¡6C�RYW VFCSK;j�W{C=aLK{CFM*cLK Jd��GFH�U�USjSeIafC�Jdg@O

G
?

«�<N�2#k���uK ¦!M � ��M �BU{T WYy
# R z ∈ S
w�\X]fy q t R U�r S T � R U ^*l&PfU{y U ^*l`\

z
^ m ^*l&U{T v�gz^ R

{g ∈ Γ : g(U) ∩ U 6= ∅} = {g ∈ Γ : g(z) = z}.
O:]�e p R U � h & � �¶X;JPy

V
VFCtRYW VLCSKFj�W{C:X;GIj@H�CFp;��p;RYK JYULVIK{e�JYU�G

z
?!Q�HS��JfgLV�H�cf�FJYC@X;g:±k? �	�JTU~X�nLVFUFESU {g ∈ Γ : g(V ) ∩ V 6= ∅} ¡6C¥RYW VLCSK/H�RzHSRYcdC@X;jSN�VFU ��NPX;JPy VFC¥CFH�UFJfRzESRYW JYC@KCIHS� {g1, . . . , gr}

XkJTU�K ³kRTW{Ck?�Q�OtRYW VFC@KSJYC {g1, . . . , gs}
C@GFJfe�HSU�GDX;JYCL¡/RPcfU@H�U*K USnFVtJYU

z
�afgIE@CIaf�

gi(z) = z
p�K�C£M*eL¡/R

1 ≤ i ≤ s ?8²!K�C£M*eL¡/R�afRYW M�Jfg i > s
RPH�K ESNzpky

Vi
p;RYK JYUFVIK{NPOJTUSG

z
M*C@K

Wi
p;RYK JYUFVFK�NPO�JTUSG

gi(z)
�*JdNPJYU*K{RPO:s8XkJfR

Vi ∩Wi = ∅ ∀ i > s
?(x:NzJYy

U = V ∩ (∩i>s(Vi ∩ g−1
i Wi)).

|}�IJdR�p6K{C
i > s

¡6C¥NP³ky �IJfK
giU ⊂ Wi

j@R
Wi ∩ Vi = ∅

p�K{C=M*eL¡/R:afRYW{MSJfg
i
�
U ⊂ ViM*CSK

gi(U) ∩ U = ∅. ♦

«�<N�2#k���uK ¦!M �/¦!MFO:P p 	Vl4gzhXr R*S T ^*l`\ S w z, w p R P R*S P*TVU Γ �IU gcl p 	VPnTxrLT�wL^xe`^ R \X]fy q t)l`\kP] R q U|l t m o Uz, Vw
^}��P

z
WYTVU

w
TVP�^ S gz^*l&U t�T�w�^ m ^*l&U R o2v�gz^ R g(Uz) ∩ Vw = ∅ ∀g ∈ Γ �

O:]�e p R U � h & � �¶XkJYy
X,Y

X;G@jIH�CFp�RYW O�p;RTK JTULVIK{NPO:JPy�V
z
M*C@K

w
CLVLJfW X;JYU*K ³;Ck?¶Q�HS�¤JdgFVH�cf�FJYC@X;g ±k? ��¡/C-NY³*y �IJfK¶JYU {g ∈ Γ : g(X) ∩ Y 6= ∅} RYW VLCSK8N�VFC H�RzHSRYcdC@X;jSN�VFUX�nLVFUFESU ��NYXkJPy {g1, . . . , gr}

?�ADCF¡�s8O�JYC
z, w

afR�V£CFVF�FM*U�GLViXkJfgLV£W{aLK{C�JdcfU@³;K{e	�@¡6C�NP³*y�IJfK
gi(z) 6= w ∀i ∈ [1, r]

? � �8JfX�K8GFH�eIcf³kU�GLV~p;RYK JYULVIK{NYO
Ui
JYU�G

gi(z)
M�CSK

Vi
JYU�G

wJfNzJYU*K{RYOts8X;JdR
Ui ∩ Vi = ∅

� U
S
RYW VFC@K

Hausdorff � ?¶x:NzJYUFVLJYCIO
U = X ∩ g−1(U1) ∩ . . . ∩ g−1

r (Ur)
M*C@K

V = Y ∩ V1 ∩ . . . ∩ Vr,

H�cfUSM�nIH@JfRYK�JYU �fgFJTUSn@j@RzVLU ��M*CL¡6s8O
gU ⊂ Ui, V ⊂ Vi

M�CSK
Ui ∩ Vi = ∅

p�K{C�M�eF¡6RafRYW{MSJfg
i
?
♦|�s8cfC�NPX;JPy

S/Γ
VLC=afgFE@s�VFRYKkJTU¥X;nFVLUIE@U¥�IEIy�V£JYy�V

Γ

 JfcdU@³;K s�V£JYy�V�X;g@j@RTW y�V£JYU�G

S
?8Q�H���JdgFV�H�cfUSgIp;U�nIjSR�VFg£H�cf�FJYC@X;g£¡6C=NP³kU�G@j@R:�FJLK;U ³*s8cfU�O

S/Γ
�kRY��U�aLK{CIX�j@NzVLU�O�jSRJfgLV JYUSHSUIE@UFp6W{C�H�gFESW{M�U ��¡6CmRYW VFCSK$N�VFCIO

Hausdorff
JYUSH�UFESUFp�K M*��OD³*s8cfU�OF? � �¶³kU�GIjSRiJYUH�CIcfCIM�eIJPy jSRzJYCF¡6RzJLK M*�¥aLK{eFp�cdC@j@jSC
�

G −→ S = G/K
↓ ↓

G/Γ −→ S/Γ

X;JYU¤USH�U*W U��IE@RPO:U*K6CFH�RYK M*ULVIW X;RYK OtRYW VFC@K�X;GFVLRY³kRYW O�M*CSK;CFVLU*K M�JfNPOF?
� < ¥[¦[§¨�`�!�`´}£��8�/®x� ��=n¦[�[� �2�98[�!�x�*´¸� �*¬��*�B�I´ 6 �*¬_  �*�n±



] v · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
��GIU¬GFH�USU�jSeIafRPO

Γ,Γ′ JfgIO G ULVFU�j@e@�dUFVLJYC@K
commensurable

CFV U¬adRTW M�Jdg@O¤JfgIOJYU�jS�IO:JYU�GIO��
Γ ∩ Γ′ XkJfgLV Γ

M�CSK
Γ′ RYW VFCSKkH�RzH�RPcfCIX;jSN�VFU�OF?

� �4VFCIO¤p;cfCIjSjSK M*��O�M�E@C@X;jSCFJLK M*��O�j@RzJTCIX;³;gIjSCFJLK X�j@��O���aLK{C@��U�cfRzJLK M*e�jSRzJYCIX�³kgIjSCFJLK 
X�j@��ODJYU�G
Möbius

RYW VFCSK/jSW{C�>�
�>DM�CSK6RzH�W6CIHSRYK{M��FVIK X�g�Jdg@OiX;�6C@W{cfC@ODJYU�G
Riemann

H�USGaLW VFRzJYCSK;CIHS�=JTULV�JfnFH�U��

f(z) =







az+b
cz+d ,

p6K{C�M�eF¡6R
z 6= −d/c,∞,

a
c ,

p6K{C
z =∞,

∞, p6K{C
z = −d/c.

� htH�USG
a, b, c, d ∈ C

M*C@K
ad−bc 6= 0.

�©H�U�cfRYWTVFC�afRYK ³�¡6RYWf�IJfKfU*Kdp;cfC@j@j�K M*U*WdMSESCIX�j@CIJfK M*U*WjSRzJYC@X;³kg@j@CIJfK X;jSU*WFX�³kgIjSCFJLW{�fU�GLV:U�jSeIafCDjSR(H�cfeI�fg�JfgLV:X�nLVf¡6RYX;giX�GLVFCIcdJf�IX;RPy�V J � ?�Q�H��p;RPy8j@RzJfcLK M*��X;M�USH*K{e	�4g-USjSeIafC�JPy�V©MSESCIX�j@CIJfK M�s�V�jSRzJYCIX�³kgIjSCFJLK X;j@s�VmRTW VFC@K4g-USjSeIafCJPy�V � CFVLCIE@GIJfK M�s�V � J � CIGIJYU�j@U�cf�6K X�jIs�V£JfgIO�X���CSW{cfCIO:JYU�G Riemann
?

�F(�� ��,���5aD�� � 
4G 
�� ��,�� �:587 	 D + .4,FG ��,)3)5I7 	 D�� @N3!,FG	� 
 �j,/365IG ��	 D
QtO�afU�nIjSRip�K�C C@cd³;�¤JYU�G@Oip;cfCIjSj�K M*USn@OiM�E@C@X;jSCFJLK M*U�nIOijSRzJYC@X;³kg@j@CIJfK X;jSU�nIOiX;JYULV

C ∪
{∞} ? � �¶X;JPy

σ =

[

a b
c d

]

∈ GL2(C)
M*CSK

z ∈ C ∪ {∞} ?¶x:NzJYU�G@j@R

σ(z) =
az + b

cz + d
.

� �¶X;JPy®�IJfK2UmHSC@cdCIHSeFVLy adRzV RYW VFC@K$U©JYCIGIJYUFJLK M*��OijSRzJYCIX�³kgIjSCFJLK X;jS��O��/GFH�UI¡/NzJYU�GIjSRiafg�
ESCIaf�m�FJLK
σ 6= α · I2×2

�!jSR
α ∈ C

?¤Q�HS��JdgFV¤¡6RPy8cfW�CmJPy�V M*CLVFUFVFK{MSs�Vmj@U�cf��s�V~JYU�G
Jordan

�fH�C@W{cTVFU�GIjSR8�FJLKFU�H*W VFCFM*CIO
σ
¡6C�RYW VLCSKLX;G@�fGFp;�@O¶jSR(j�W{C�CIHS�:JLK O(CIM��IE@U�GL¡/RPO8jSU�c 
�6NPO�CLVFeFESUFp;C��6jSRiJYU©CFV¤NP³kRYK$jSW{CmK{aLK UFJLK{jS�¥H�UFEIESCFHSE@�IJdgIJYCIO�afnIU � � afn@U©afK�CI�6UScfRzJLK M*NPOK{aLK UFJLK{jSNPO �

(i)

[

λ 1
0 λ

]

, (ii)

[

λ 0
0 µ

]

,
jSR
λ 6= µ.

²�K;e@GFJf�LV£JYUFV�ES�Fp;U�U j@RzJTCIX;³;gIjSCFJLK X�j@��OtRYW VFC@K�N�VFCIO�CFH���JYU�G@O:afn@U �
(i) z 7→ z + λ−1, (ii) z 7→ cz, c 6= 1.

l(JfgLV�HScds4Jfg=HSRPcLW HSJPy8X�g=M�CIE@U�nIjSR�JTU
σ
]fT q T��NlIZzUsWXe ?�l(JdgFV�afRPnIJdRPcfg�H�RPcLW H@JYy8X;g=JYU

σUFVLU�jSeI�fRzJYCSK R ZkZ R Us]_^`UaWXe CLV |c| = 1
M*CSK \X] R q �<l8ZzUsWXe CFV c ∈ R+ ?��=K{C@��U�cfRzJLK M*e¤JTU σM*CFESRYW JYC@K Zil � l p l[r<UsWYe ? h U�cLK X�j@��O¥C@GFJf��O¥K X�³knIRTK�Jd��X;U-p�K{CmJTUSG@O¥jSRzJYCIX�³kgIjSCFJLK X;jSU�nIO��X;U M*C@K¶p�K{C JYU�GIO~H*W VFCFM*RPOI? h JTCIGFJTUFJLK M*�SO~jSRzJYCIX�³kgIjSCFJLK X;jS��O~afR�V HSRYcfK{E@CIjI^SeFVFRzJYC@KX;JdgFV�H�CIcfCFH�eLVLy,JYC@�LK VF�SjSgIX�gk?

u�C@cfCFJfgIcfU�nIjSR¤�FJLK(U�CIcLK ¡6jS��O JYy�V-XkJYCF¡6RPcds�V-X�gIjSRYW y�V�JTUSG
σ
RYW VFC@K¶N�VFCIO~� afn@UCFVLeIE@UIp;CijSR}JYU�CLVig

σ
RYW VFCSK*N�VFCIO�HSC@cdCF^SUIESK M*��O�j@RzJTCIX;³;gIjSCFJLK X�j@��O����I³�K ?�Q�V�RzH*K H�cd��
Xk¡6RzJYC�^�eFESUSG@j@RtJfgLV�X�GLVf¡6�IM*g

det(σ) = 1
Jf�FJfR�g�JYCI�LK VF��jSgIX;g�j@H�UScfRYW;VFC=p�W VFRYK/jSR:JYUW ³�VFU�O:JYU�G�H*W VFCFM*C

σ
�
tr(σ)

�
«�<N�2#k���uK ¦!M � ¯ M �  gi^¸�

σ ∈ SL2(C)
w�r R σ 6= ±I2×2 � � e`^ R #VT m t)l`\xr R'&�

i � ^*l σ R*S P*TVU ]fT q T��<l8ZzUsWXe4TVP�WYTVUir!e&Pxl&PjTVP:^*l tr(σ) = ±2
w

� 
}¥[¦[§¨�`�6© 4}« 3f¬��¨¦`  �}�2¹�¯24&±� � ¬f�98n¤ 6 ¦[£
¬�¬��4�98[�6µx� 6 �*�n� ®'1[���}¤7=n¦[¢*¬(8[�73��&�X�`µ`�&� �`µx�`´ �V� ¬�µx�x X�8  ¤n�[�Y�&�X¬ �*µ`µ`�x´��V�I� 	
conformall


�n�`�8� ®x�}¤[  ¬��8� �23�¥[¦[§¨�`�6© ¹ �}«X¬��¨¦`  �}�)ª24*º&±



� �{v�� ��������	�� � � ��� ��� � � �
	��
�*���
� ��� � � �
	 �
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�
ii � ^*l σ R[S PnTkU R ZkZ R Us]_^`UaWXe6TVP4WkTkUXr�efPxl&P2T_PF^[l tr(σ) R[S PnTkUc] q T&�_rLT�^[UsWXe4WYTVU |tr(σ)| <

2
w

�
iii � ^*l σ R[S PnTkUY\X] R q �NlIZiUaWXe�T_P/WYTVU_r!e&Pxl&P6T_P2^*l tr(σ) R*S P*TVUY] q T&��rLT�^[UsWXe6WkTkU |tr(σ)| >

2
w

�
iv � ^*l σ R*S P*TVUVZil � l p8q l[r<UsWYe�TVP�WkTkU
r!e&Pxl&PjTVP:^*l tr(σ)

p R P R*S P*TVU ] q T&�_riT�^`UaWXe �
O:]�e p R U � h & ADCL¡6s8O det(σ) = 1

g¥M*CLVFUFVFK{M��
Jordan

jSU�cf���¤JYU�G
σ
�/¡6C RYW VFC@K

σ =
[

±1 1
0 ±1

] �
σ =

[

λ 0
0 λ−1

] jSR
λ 6= ±1

?�|�s8cdC=M*CF¡�s8OiU*K/K{aLK UFJLK{j@NYO�HScfNzH�RYKkVLC
RPHSCIE@gL¡/RPnIU�GFV:JfgLV£RP�LW Xky8X�g

λ2 − tr(σ) · λ+ det(σ) = 0⇒ λ2 − tr(σ) · λ+ 1 = 0
�*gH�cds4Jdg¥HSRPcLW HSJPy8X�g=HScfUSM*nFHSJdRYK�CLV�g¥aLK{CIM�cLW VFU�GIX�C=y8ODH�cdU�O

λ
RYW VFC@K W X�g�j@R�JYU~jSgIafN�V ��gafRPnIJdRYcdg��IJYCLV�RYW VFCSK�j�K M*cf�FJfRPcfg�JYU�G�jSgIafR�VF��O�M�CSK/g=JdcLW Jfg��FJYCFV=RYW VLCSK6j@Rzp�CFE@nIJdRYcdg;?(Q�V

Jds8cfC
σ =

[

λ 0
0 λ−1

] M*CSK
tr(σ) = λ + λ−1 ∈ R

� ¡/CmNP³*y �FJLK �DCLV
λ ∈ R ⇒ JYU

σ
H�cfNzH�RYK2VLC�RYW VFC@K�GIHSRPcT^�UFESK{M�U�n JdnIHSU�G;?~Q�V

λ ∈ C ⇒ JYU
λ
�8�SHSy8O�M*C@K�g�X;G@�fGFp;�@OK�afK UIJfK{jS��JYU�G

λ̄
�6HScfNzH�RYK�VFC¥RYW VFCSK6E@nIX�RYK O�Jdg@O

λ2 − tr(σ) · λ + 1 = 0
M*CSK�X�GLVFRzHSs8OD¡/CH�cfNzH�RYK

λ · λ̄ = 1
? � �8JfX�K;JYU

σ
RYW VLCSK*RzE@E@RYK HSJLK M*��?4l�GIj@HSRYcdC@X;jSCFJLK M*eDJYU

σ
afR�V£j@H�UScfRYW�VLCRTW VFC@K;E@U��fUSafcfU�jSK{M��¤CLV

tr(σ) ∈ R. ♦QtO�H�RPcLK U�cfK X;JYU�nIjSR}XkJYU�GIO:jSRzJYCIX�³kgIjSCFJLK X;jSU�nIO�jSR�H�cfCFp;jSCFJLK M*U�nIO}H*W VFCFM*RPOI?�²�K{C
z ∈

C
M*C@K

α =

[

p q
r s

]

∈ GL2(R)
�k¡6NzJPy
j(α, z) = rz + s.

� ±k?[> �
Q�V

w = α(z) = pz+q
rz+s

�*Jf�FJfRt¡6C=NP³kU�G@j@R��
α

[

z
1

]

=

[

az + b
cz + d

]

=

[

w
1

]

· j(α, z).

�¶H�W X;g@O�CLV
w′ = α(z′)

�
α ·

[

z z′

1 1

]

=

[

w w′

1 1

]

=

[

j(α, z) 0
0 j(α, z′)

]

.
�&±k?{w �

Q�VLJfK M*CF¡/K XkJds�VLJYCIO�jSR
z̄
M*CSK

w̄
JYC
z′
M*CSK

w′ CFVLJfW XkJTU�K ³kC�M*CSKSHSCSW{cTVLUFVLJYCIO�JfgLVDU�cfW��dU�G@X;C¡/C�NP³*y �
det(α) · Im(z) = Im(α(z)) · |j(α, z)|2. �&±k? ± �

� �¶X;JPy JTs8cfC
H = {z ∈ C : Im(z) > 0},VFC afgFEIs�VFRYK�JTU j�K p;CIaLK M*� eLVLy g@jSK{RPH�W H�RPafU �&XkJfgLV©^*K ^@E�K UIp;cfCI�/W{CmCLVFCI�6NPcfRzJYCSK�M*C@K4X�CLV

Poincarè upper half plane
? � ?4�8H�W X�gIOt¡6NzJYy �

GL+
2 = {α ∈ GL2(R) : det(α) > 0}.

Q�V
α ∈ GL+

2 (R),
Jf�FJfR£CIHS�~JfgLV¤±;? ±��6JTU

α
CFH�RYK M*ULVIW{�fRYK6JYU

H
XkJYUFV¤RPCIGIJd�~JYU�Gk?i��RC@GFJf�LV£JTULV�Jfcf�SHSU�H�cfUSM�nIH@JfRYK;�FJLK

GL+
2 (R) ∼= Aut(H)

?¢tH�eIcf³kRTKkj�W{C=adcfe@X;g=JfgIO
SL2(R)

XkJYUFV
H
�

SL2(R)×H→ H,
jSR�JfnFH�U

(α, z) 7→ α(z).



]   · Fuchsian � � ��� �
� ����� ��� � � ��� � ���

��R
z ∈ H

M*C@K
α =

[

p q
r s

]

∈ SL2(R).
|�s8cdC�CIHS��JfgLVt±;? ±�¡6C�NP³;USG@j@R(�FJLKFp6K{C�M*eF¡6R

z ∈ H
�IJYU

α(z) ∈ H
�SM�CF¡�s8OtCLV

Im(z) > 0⇒ Im(α(z)) > 0
? � htJYCLVDads8X;U�GIjSR}XkJfgLV

H
M�CSK

SL2(R)
JLK OD��G@X�K M*NPO:JYUSH�UFESUFp�W{RYO}JYU�GIO��kg�H�CIcfCIHSeFVfy¬adcfe@X;g�RYW VFCSK;X�GLVFRP³k�@OF?

Q�H��¥JfgLV�±k?{wi¡/C=NP³kU�GIjSR��
j(αβ, z) = j(α, β(z))j(β, z).

� ±;? ´ �
utcdeIp;jSCFJLK �DCLV

β =

[

a b
c d

]

,
M*C@K

α =

[

p q
r s

] Jd�IJdR
j(αβ, z) = (ar + sc)z +

rb + sd
M*CSK

j(α, β(z))j(β, z) = (rβ(z) + s) · (cz + d) = (r az+b
cz+d + s)(cz + d) =

(r(az+ b)+ s(cz+d)) = (ar+ sc)z+ rb+ sd
?��8H�W X�gIO}CLVLJLK M*CL¡ K X;JTs�VLJYC@O�JYU

z+dz
�jSR

z′
X;JdgFV�±k?{w�M�CSKkH�C@W�cYVFUFVfJTCIOtJdgFV�U�cfW��dU�G@X;C	��¡/C�NP³kU�GIjSR��

d

dz
α(z) = det(α) · j(α, z)−2.

� ±;? µ �
²�K{C

α =

[

p q
r s

]

∈ SL2(R)
M*CSKkp�K�C

i =
√
−1

Jd�IJdR:H�CIcfCFJfgIcfU�nIjSR��IJfK
α(i) = i⇔

pi+q
ri+s = i

CFViM*C@KkjS�LVFUFV�CLV
pi+ q = −r+ is ⇔ p = s

M*C@K
q = −r M*CSK det(α) = 1

?
� �8JfX�K6g

SO2(R) = {α ∈ SL2(R) : αT · α = I2×2},RYW VLCSK�giGFH�U�U�j@e@adCiK X�UFJfcdUSH*W{CIO�JYU�G
SL2(R)

X;JYU
i
?4_®adcfe@X;gDJfgIO

SL2(R)
X;JYULV

H
H�USGH�RPcLK p;cfe��6CIjSR�H�CIcfCFH�eLVLy RYW VLCSK;jSRzJYCF^SCIJfK M*���

� q y&�_rLTf^`U & ²!K�C¥JfGI³kCSW U z ∈ H
C@cTM*RYW/VLC afRYW{�dy �FJLK$GIHSe@cd³;RYK

α ∈ SL2(R)
� JfNzJYU*K U

s8X;JdR
α(i) = z.

u�CSW{cTVFULVLJYCIO
z = x + yi

��jSR
y > 0

M�CSK�RzH*K E@Nzp�ULVLJYCIO
α := y−

1
2 ·

[

y x
0 1

]

∈ SL2(R)
�@¡6CiNP³ky

α(i) = z
?��8H*K E@NPp;ULVLJYC@O�JTs8cfCiN�VFC

z′ 6= z
�@¡6C£GFH�eIcf³kRYK

X�nIjS�;y�VFC�j@R�JYCiH�CIcfCFH�eLVLy,N�VFC
α′ ∈ SL2(R)

JfNzJYU*K U£s8X;JdR
α′(i) = z′

? � �8JfX�K�afRYW{�fCIjSR�IJfKFp�K{C:M*eL¡6R
z, z′ ∈ H

GFH�eIcf³kRTKFXkJTU�K ³kRTW U:JYU�G
SL2(R)

�@JYU
α′ ·α−1 j@R α′ ·α−1(z) = z′M*C@K�eIcfC�g�afcde@X;g=RYW VFCSK;jSRzJYCF^SCFJLK M*�k?

Q�H���JYU�¡6Rzs8cfgIjSC ±k? ´��(HScfUSM*nFHSJdRYK8�FJLK8JYU
SL2(R)/SO2(R) ∼= H,

jSR JdnIHSU
α ·

SO2(R) 7→ α(i).
l�GFp;M�RzVfJfcds�VFULVLJYCIO=JTCmHSC@cdCIHSeFVLy jIH�U�cfUSn@j@R�VFC©NP³kU�G@j@R�JdgFV~RP�f�@OH�cf�FJYC@X;g
�

«�<N�2#k���uK ¦!M � ° M �
i �|� l*r�y p T

SL2(R)
p8q T r R ^nT��LT�^[UsWYy gi^*l&P H m ^xg�U�v�gz^ R �cU TWky$# R z, z′ ∈ H

\X]�y q t R U m P*T α ∈ SL2(R),
^ m ^*l&U|lFv�gi^ R α(z) = z′

w
�
ii � � pIq yYgzh$^*l`\

SL2(R)
gz^*l&P�t�v q l

H R ]�y&� R U m P*T_PjU|gcl*r�l q�� U|g�r!e &
SL2(R)/± I2×2 → Aut(H),

r R Aut(H)
PnT p h&Z
v�Pxl`\kP$eIZLl`\ko�^*l`\ko�T_P*T[Z
\Y^[UsWXl
	VoQU|gcl*rNl q
� U g
rNl
	VoQT_]�e$^*l

Hgz^*l&P R TY\Y^xej^*l`\�w�
iii � ljgz^*T
# R q l_]�l&U h�^&bcod^*l`\ i R*S P*TVU�h l*r�y p T SO2(R)

w
�
iv � ^ m ZLl&odh T_] R UsWXe&P&U|gzh

SL2(R)/SO2(R)→ H,
r R ^ 	Y]_l α · SO2(R) 7→ α(i) R*S P*TVU m PnTYoAl*rNl&U|l*rNl q
� U g
r!e&o �
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O:]�e p R U � h & (ii)

²!K{CDC@cd³;��¡6C�adRTW{�fUSG@j@R��IJfK*g£CFH�RYK M*�LVIK X;gDRYW VLCSK6>�
�>��IafRYW ³�VFUFVfJTCIO��IJfK
jS�LVFU=JYU ±I2×2

afcfC�jSR}JfRzJdcLK{jSjSN�VFU=Jdcf�SHSU=X;JYULV
H
?4u�cfeFp�j@CIJfK*CFV

α(z) =

[

p q
r s

]

·

z = z ⇒ pz+q
rz+s = z ⇒ rz2 +z(s−p)−q = 0.

Q}VDCIGIJd��K X�³knIRTKIp6K{C:M�eF¡6R
z ∈ H

Jf�FJfR
q = r = 0

M*CSK
s = p

? � �8JfX�K
α =

[

p 0
0 p

] ? Q�GFJf��O=U�H*W VFCFM*CIO=NP³kRTK2aLK{CIM�cLW VFU�GIX�C
W X�g�j@R�JfgLV�j@UFVFeIafC�CLV�M�CSK6j@�FVLUFV=CFV

p = ±1
M*C@K6NzJfX�K/afRYW{�fC@j@R:JYU �dgIJYU�nIjSR�VFU6?�l(JfgLVX�GLVFNP³kRTK{C	�*¡/C�afRYW{�fU�GIjSR:�IJfK6RYW VLCSK6RzH�W6utC@W{cTVFULVLJYC@O:NzVLC

γ ∈ Aut(H)
��p*VLy8cfW��dU�G@j@RDCIHS�JTU

(i)
���FJLK2GIHSe@cd³;RYK

α ∈ SL2(R)
�2JfNzJYU*K Ums8XkJfR

α(i) = γ(i)
?�Q}VLJLK M*CL¡ K X;JTs�VLJYC@O£JTU

γ
�$jSR

α−1 ◦ γ �/¡6C~NP³kU�GIjSRi�IJfK γ(i) = i
� p;Rzp;UFVF�SO�H�U�G K X;U�afGLVFCIjSRYW CIHS�~JYU

(iii)
�$jSR

γ ∈ SO2(R) ⊂ SL2(R). ♦l�RmC@GFJf� JYU X�gIjSRYW U��¶¡6C�jSRzE@RPJd�@X;U�GIjSR¥M*CFESnFJfRPcfC�JTUSG@O jSRzJYC@X;³kg@j@CIJfK X�j@U�nIO H�USGH�cfU�NPcf³kULVLJYCSK$CFH��mJYC XkJYU*K ³kRYW{C¤JYU�G
SL2(R)

?�Q�HS�mJfgLV HScf�FJTCIX;g ±k?[>Y´��$NP³kU�GIjSRi�FJLK!g
SL2(R)

adRzV�HSRYcfK�NP³kRYKFE@U��fUSafcfU�jSK{M�U�n@O¶jSRzJYCIX�³kgIjSCFJLK X;jSU�nIOF?2�¶�fC@K JfW�CIO(Jdg@O�jSRzJYCF^SCIJfK M*�@OafcfeIX�gIO���p6K{CmM*eL¡6R
z ∈ H

jIH�U�cfUSn@j@R�VFCm^�cdU�n@j@R
τ ∈ SL2(R)

�4jSR
τ(i) = z

?©|}�FJfRH�cfUSM�nIH@JfRYKkJYU¥jSRzJYCL¡/RzJLK M*�¥aLK{eFp;cfC@j@jSC
�
i

τ−→ z
SO2(R) ↓ ↓ α

i
τ−→ z

,

H�U�G=j@C@O:U�afgFp�RYW;X;JYU��
τ · SO2(R) · τ−1 = {α ∈ SL2(R) : α(z) = z}.

ADeF¡6R:XkJYU*K ³kRYW U=JYU�G
SO2(R)

NP³kRYK6K{aLK UFJLK{j@NYOtCIHS�IE@GFJfgIO�JfK�j@�@O�W X�gIO�j@R:JfgLV�jSULVFe@adC��4CLVJTU
λ
RYW VFC@K�j�W{C�K�afK UIJfK{jS��M�CSK

v
JYU¥CFVfJLW XkJYU*K ³kU�K{aLK U�afK�eLVFGIX�j@e£Jdg@O���¡6C=NP³ky¬�FJLK*p6K{C�M�eF¡6R

α ∈ SO2(R)
VFC¥K X;³kn@RYK

α · v = λ · v �;afgFESCIaf� λ2(v, v) = (λv, λv) = (α · v, α · v) =
(v, αT · α · v) = (v, v) ⇒ λ2 = 1 ⇒ |λ| = 1

? � �8JdX6K�M*eL¡6R=X;JYU*K ³;RYW U©JYU�G
SL2(R)jSR�JTUSGIE@e@³;K XkJYUFV:N�VFC�XkJYCF¡6RPcf�=X;g@j@RYW U�XkJYUFV

H
��HScfNzH�RYK@VFC�RTW VFC@K*RYW JfR�JYU ±I2×2

RYW JdR�VFCRTW VFC@K�RzEIESRYK HSJfK M*�6?²�K{C�M*eL¡6R
s ∈ R ∪ {∞} ?�¡/NzJPy �

F (s) = {α ∈ SL2(R) : α(s) = s},
P (s) = {α ∈ F (s) : α

VFC=RYW VFCSKkH�CIcfCL^�UFE�K M*���
= ±I2×2}.

ADCF¡�s8O}g
SL2(R)

afcfC�j@RzJTCL^SCIJfK{M�etXkJfgLV�X;�6C@W{cfC:JYU�G
Riemann

�Ij@H�UScfU�nIjSR¶VLCt^�cdU�n@j@RX;JYU*K ³kRYW U
σ ∈ SL2(R)

j@R
σ(∞) = s

?�|}�FJfR:¡6C NP³kU�GIjSR
F (s) = σ · F (∞) · σ−1 M*C@K

P (s) = σ · P (∞) · σ−1 ? � �8JdX6K;^@E@NPHSU�GIjSR��IJfK �

F (∞) = {
[

a b
0 a−1

]

: a ∈ R∗, b ∈ R},

P (∞) = {±
[

1 h
0 1

]

: h ∈ R} ∼= R× {±1}.

� �8JfX�KICLV}N�VFC�XkJTU�K ³kRTW U
σ ∈ SL2(R)\{±I2×2}

�LNP³kRYKdJYU�GIE@eI³�K X;JYULV�N�VFC�XkJTCL¡6RYcd�:X;g@j@RTW UX;JdgFV�X���CSW{cfCDJYU�G
Riemann

�SJf�FJfR�JYU
σ
RYW VFCSK@RTW JfR�HSC@cfCL^SUIESK M*��RYW JfR�GIHSRYcY^�UFE�K M*��?2�(W VFC@K�6CLVFRPcf��HSy8O�XkM*USHS��O}jSCIO�RTW VFC@K@VFCDJYC@�fK VLU�jS�IX�USG@j@R�JYU�G@O}j@RzJTCIX;³;gIjSCFJLK X�j@U�n@O�X�nIjS�;y�VFCjSR:JYC=XkJYCF¡6RPcfe�JYU�GIO:X;g@j@RTW{Ck?4Q�H��¥JTC£H�CIcfCFH�eLVLy �kNzH�RzJYCSK*g�CFM*�IE@U�GL¡/giH�cd�IJYCIX�g
�

«�<N�2#k���uK ¦!M � �!M �  gi^¸�
σ ∈ SL2(R) \ {±I2×2} � � e`^ R'&



] � · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
�
i � ^*l σ R*S P*TVUu]�T q T �NlIZiUaWXe�TVP WYTVU�r!e&Pxl&P T_P m t R U�rNl&P*T p UsWYe gz^*T
# R q e gzhXr R*S l gz^*l

P1(R)
WkTkUzWYTVP m P*T�gz^nT$# R q e gihXr R*S l gz^[l&P H

w
�
ii � ^*l σ R*S P*TVU R ZVZ R Ua]V^[UsWXeQT_P WYTVU�r!e&Pxl&P TVP m t R U m P*T gz^nT$# R q e�gihXr R*S l z ∈ H

WkTkUWkTVP m PnT�gi^nT
# R q e gzhXr R*S l gi^*l&P P1(R)
w

�
iii � ^*l σ R*S PnTkUY\X] R q �NlIZiUaWXeuT_P)WkTkU�r!e&Pxl&P�TVP m t R U p 	Vl ) p U{T � l q R ^[UsWYy + gz^nT$# R q y/gzhcr R[S Tgz^*l

P1(R)
WYTkUiWYTVP m P*T�gz^*lfP H �

«��4<���� ¨ � ¦!M � » M �  gz^¸� σ ∈ SL2(R)\{±I2×2}
WYTVU

m ∈ Z
w r R σm 6= ±I2×2 � � e`^ R^*l

σ R*S P*TVUi]�T q T �NlIZiUaWXe )HTVP�^ S gz^*l&U t�T R ZVZ R Ua]_^`UaWXe`w�\X] R q �NlIZiUaWXe + TVPdWYTkU�r!e&Pxl&P T_Pj^*l σm

R*S P*TVU ]fT q T �NlIZiUaWXe )HTVP�^ S gz^*l&U t�T�w R ZkZ R Us]_^`UaWXe`w�\X] R q �NlIZiUaWXe +f�
� �¶XkJYy Jds8cdC

Γ
VLC�RYW VFC@KkjSW{C�aLK{CFM*cLK Jd��GFH�USU�jSeIafCDJYU�G

SL2(R)
? � �4VFC�X�gIjSRYW U

z ∈ HUFVLU�jSeI�fRzJYCSK R ZVZ R Ua]V^[UsWXe�gi^nT
# R q e:gihXr R*S l Jdg@O Γ
CLV¤GFH�eIcf³kRTK/N�VFC¤RzE@E@RYK HSJLK M*�¤XkJTU�K ³kRTW U

σ ∈ Γ
JdNzJTU�K U�s8X;JdR

σ(z) = z
? � h:jSU*K{C�N�VFC�X;g@j@RTW U

s ∈ P1(R)
�/ULVFU�j@e@�fRzJYC@K

cusp
JYU�G

Γ
CLV¤GIHSe@cf³kRYK$GIHSe@cf³kRYK/H�CIcfCL^�UFE�K M*� X;JYU*K ³;RYW U

τ ∈ Γ
�$JfNzJYU*K U~s8XkJfR

τ(s) = s
?�Q�V

wRYW VLCSK�N�VFC
cusp

JYU�G
Γ
� CFVfJLW XkJYU*K ³kCiNzVLC£RzEIESRYK HSJfK M*�iX;JYCL¡/RPcf�=X;gIjSRYW U � �SM*C@K γ ∈ Γ

�SJd�IJdRM*C@K;JYU
γ(w)

RTW VFC@K�RzH�W X�gIO
cusp

�&RzEIESRYK HSJfK{M��=X;JYCL¡/RPcf�¥X;g@j@RYW U � JYU�G Γ
?

«�<N�2#k���uK ¦!M � �BM�O:P ^*l
z R*S PnTkU m P*T R ZVZ R Ua]_^`UaWXe gz^nT$# R q e gzhcr R[S l ^[l[\ Γ

w�^xe`^ R h
{γ ∈ Γ : γ(z) = z} R*S PnTkU
r S T ] R ] R q Tkg
r m P�h WkTkUiW
\kWxZzUsWcb l[r�y p T �

O�]_e p R U � h & Q}V τ ∈ SL2(R)
jSR
τ(i) = z

�k¡6C�NY³kU�GIjSR:�IJfK {σ ∈ Γ : σ(s) = s} =
τ ·SO2(R) · τ−1 ∩Γ

?8|�s8cfC�g
SO2(R)

RYW VLCSK*X;G@jIH�CFp��IO}p�K�CFJLW
SO2(R) ∼= C

jSR
C
VFCRYW VLCSKkU jSK p;C@afK{M���OtM*nFM�E@U�O�CIM�JfW VFC@O:W X;g@O�j@RtJdgFV�jSULVFeIafC �7H�U�G�RYW VLCSK;X�GIj@HSCIp;�IO � �*jSNPXkyJfgIO�CFH�RYK M*�LVIK X;g@O

exp iθ 7→
[

cos(θ) sin(θ)
− sin(θ) cos(θ)

] j@R
θ ∈ [0, 2π).

l�GLVFRzHSs8O�g JTUSjS�
X�GIj@HSCIp;U�nIO�j@R�aLK{CFM*cLK Jd�DX�nLVFUFESU �FHScfNzH�RYKFVFC:jSCIO}ads8X�RYK@HSRzH�RPcfCIX�j@NzVLUDX�nLVFUFESU6?2�8H*W X;gIOg
SO2(R)

RYW VFC@K;K X���j@U�cf��g�jSR}JYU
R/Z

J � �SH�U�G£U*K*H�RzH�RPcfCIX�j@N�VFRPO�GFH�USU�jSeIafRPO}JTUSG��*RYW VFC@K�IE@RPOtM*GFM�ESK M*NPOI?
♦

«�<N�2#k���uK ¦!M �6�BM �  gi^¸�
s
P*T R*S P*TVU m PnT cusp

^*l`\
Γ
w�WkTkU

Γs = {σ ∈ Γ : σ(s) = s}.
� e`^ R h Γs/(Γ ∩ {±I2×2}) R[S PnTkUzU|g
e[rNl q
� h�r R ^&hcP Z �  ] S gzh�odWky$# R gz^*l&U t R*S l�^*l`\ ΓsR*S P*TVU�^*l ±I2×2

b R[S PnTkUL]fT q T �NlIZiUaWXe`w p hfZkT p b Γs = Γ ∩ P (s) �
O�]_e p R U � h & ADCF¡�s8OtJYU P (s) ∼= R×{±1} �I¡6C�NP³*y¬�IJfK (Ps ∩Γ)/Γ∩ {±I2×2}

¡6CRYW VLCSK@K X��SjSU�cf��U�j@R�j�W{CD�I³;KIJfRzJdcLK{jSjSN�VFg	�@eIHSRTK{cfg�M*C@K@aLK{CFM*cLK Jd��GIHSU�U�j@e@afC�JYU�G
R
�@afgIE@CIaf�JYU

Z.
r�y8cLW O�^@E@eF^Sg JfgIO�p;R�VIK M*�FJfgFJYC@O�GFH�U@¡6NzJTUSG@j@R©�IJfK

s = ∞. utC@W{cTVFU�GIjSR©N�VFCLVp;RzVdVF�IJYU�cdC
σ =

[

±1 h
0 ±1

]

modulo(±1)
JfgIOmU�jSeIafCIOmCIGIJd�@OF? ¢tH�UI¡/NzJYU�GIjSR¤�IJfK

JYU
Γs
H�RPcLK{NP³kRYK/NzVLC GFH�RPcT^SUIESK M*�¤X;JYU*K ³kRYW U

τ =

[

a b
0 a−1

]

, |a| 6= 1
?£¢tHSU@¡6NPJYU�GIjSR

RzH*W X;g@O(�IJfK |a| < 1
?�|}�FJfR

τστ−1 =

[

±1 a2h
0 ±1

]

∈ P (s)∩Γ.
��R(C@GFJf�LV�JYUFV�Jfcd�SH�U �

U�afgFp;gF¡6�IM�C@j@R:X;RDeIJYUSHSU �kM*CF¡�s8O |a2h| < |h| R�VLs p*VLy8cfW��dU�G@j@RD�IJfK
[

±1 h
0 ±1

]n

=
[

(−1)n n · hn−1

0 (−1)n

]

,
j@R
n ∈ N

?¶l�GLVFRzHSs8O
Γs = P (s) ∩ Γ. ♦

� �*§¨�`�¨�8�[�*�n�`¶��8���`´}£��8� ;V�I£
´:8[µ`��� ¬��`µx�`´ �V� ¬�µx£c¤@3n�}¤ �8��� �_�*´}µ`¶x¬��`¢*µ`�L¬f�8�}¤N�¨�&� µx�`´ �V� ¬�µ`¶
(R,+) →

(C, ·)
�`�x¢)¬f�¸§¨¦n¤*�8�_®@= ;V�

x
¬f�8�

exp 2πix
±
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«�<N�2#k���uK ¦!M�� �BM � T gz^[lxU t R*S T ^*l`\ Γ
]�l`\ m t/l[\kP ] R ] R q TYg�r m P_h ^[y � hkwBT�]_l`^ R ZLl 	VP_^nTVUT_]�e:^nT R ZVZ R Ua]V^[UsWYy�gz^[lxU t R*S T�w<rLT�� S r R ^*l {±I2×2}.O:]�e p R U � h & Q�V£N�VFCiXkJTU�K ³kRTW U σ ∈ SL2(R)

NP³kRYKSH�RzH�RPcfCIX�j@N�VFgDJfeI�fg��@Jf�FJfR�JYU
σ
�S¡6C

H�cfNzH�RYKLVFCDRYW VLCSKIX�GI�fGFp�NPO�XkJYUFV
SL2(C)

jSR�NzVLC:H*W VFCFM*C:Jdg@O�j@U�cf���@O [

ζ 0
0 ζ̄

] �@jSR
ζ
VFC

RTW VFC@K/j�W{C¥cLW{�fC¥JfgIOijSULVFe@adC@OF?�Q�HS� JYULV�CIcf³;K{M��~U�cLK X�j@�~jSCIODJYU
σ
¡6C RYW VFC@K/RPEIE@RTK H@JLK M*�CFV

ζ 6= ±1
?4|}U¥CLVLJLW X;JdcfU��6U¤NzH�RzJYCSKkCFH��=JfgLV�H�cf�FJYC@X;g�±k?[> �;?

♦

«�<N�2#k���uK ¦!M����<M � l�g 	_Pxl8Zil e8Z���P:^¸��P R ZVZ R Ua]_^`UsW_v�Pjgz^nT$# R q v�PjgzhXr R*S ��PQ^*l`\ Γ
p R Pm t R U�gzhXr R*S l g�\kg
gXv q R \kgzh�odgz^*l&P H.

O:]�e p R U � h & � �¶X;JPy H@y8OmNP³kRTK8X;g@j@RTW U�X�GIX�Xks8cfRPGIX�gIO
w ∈ H

?¬|}�FJfR¤¡6C GFH�eIcf³kRYKj�W{C�CIM�UIE@U�GL¡ W{C�CIHS� XkJYCF¡6RPcfe RzEIESRYK HSJfK{M�e-X;g@j@RYW�C {zn} ∈ Γ
HSU�G-¡6C�X�GFpkM�E�W VFRYK¶X�RNzVLC

w ∈ H.
Q�HS�-JfgLVmHScf�FJTCIX;g�±k?[>dw ��GFH�eIcf³kRTK2H�RPcLK UI³k�

U
JTUSG

w
JdNzJTU�K�C©s8XkJfR�p�K{C

γ ∈ Γ
VLC©K X;³;nIRYK

γ(U) ∩ U 6= ∅
CFV¤M*C@K jS�LVFUFV~CLV

γ(w) = w
?=Q�H��©JdgFV¤X;nIpkM�ESK X;gJfgIO©CIM*UFE@U�GF¡/W{C@O¤H�cfU@M*nIH@JfRYK8�IJfK�p6K{C M�eIHSU*K U,jSRzp;eIE@U

n ∈ N
¡6C NP³*y

zn ∈ U
M*C@K

w 6= zn
? � �¶JdX6K�¡6C�NP³kU�G@j@R

γ(zn) = zn
p�K{C£M�eIHSU*K U�RzEIESRYK HSJfK M*��XkJYU*K ³kRYW U

γ ∈ Γ
?4|}�FJfR

γ(U)∩U 6= ∅⇒ γ(w) = w.
� �8JfX�KkJYU

γ
NP³;RYKkafnIU=X;JYCL¡/RPcfe£X;g@j@RTW{C£X;JYULV

H
��H�cdeIp;jSCeIJYUSHSU6?

♦ADeF¡6R ] S P*TkWYT JYU�G SL2(R)
�&� JYU�G

GL+
2 (R)

CLVLJfW X;JYU*K ³;C � ��adRzV-H�cdNPHSRYK¶VFC JYUFVX�GFp;³;NPU�GIjSRtjSR:JYULV r R ^nTYg&t/hcriT�^`U g
r!e XkJYUFV H
HSU�G�JYULV�CLVFCFH�CIcLK XkJfek?

«�<N�2#k���uK ¦!M��2��M �  gz^}�
σ
PnT R*S P*TVU m PnT R ZkZ R Ua]V^[UsWXe4gi^*l&U t R*S lj^*l`\ Γ � OQPjl�] S P*TkWYTko σm t R U
y q ^`U{TQ^[y � h 2h

w ^xe`^ R h Γ
] R q U m t R Uz^*l −I2×2

WYTkU
lAr R ^nTkgft/hXrLT�^[U|g
r�efo z 7→ σ(z)m t R U ^[y � h h �
O:]�e p R U � h & �©H�UScfU�nIjSRmVFC�^�cfUSn@j@R©NzVLC τ ∈ GL2(C)

�tJdNzJTU�K U¬s8XkJfR
τστ−1 =

[

ζ 0
0 ζ̄

] ��j@R
ζ
VLC RYW VFCSK�j�W{C H�cdy4JYCIcf³;K{M�� J

�
�

2h

 USX;Jd�¬cLW{�fC JfgIO j@UFVFeIafCIOI? |}�FJfR

ζh = −1
M*C@K�NzJfX�K

σh = −I2×2. ♦

«��4<���� ¨ � ¦BM�� ¦!MAOQP h Γ
p R P ] R q U m t R U
^[l −I2×2

wN^`ex^ R WYy
# R)R ZVZ R Ua]_^`UaWXe4gz^*l&U t R*S lF^[l[\
Γ m t R U�] R q U ^&^&b ^`y � h �

²�K{C�VLC:aLK{CI³ky8cfW X�USG@j@R¶JdgFV�U�j@e@adCtJPy�V�jSRzJYC@X;³kg@j@CIJfK X;j@s�V�CFH��:JdgFVtU�j@e@afC�H*K VFeFM�y�V �¡/C�X;G@jF^�UFESW��dU�G@j@R�jSR
Γ̄
JdgFV�RYK M*�FVLC�JfgIO

Γ
j@NYXky Jdg@O:�6GIX6K M*�IO�CFH�RYK M*�FVFK X�gIO �

SL2(R)→ SL2(R)/± I2×2
∼= PSL2(R)

� �
.

��R�JdgFV
PSL2(R)

VLC¤RYW VFC@K6j�K{C�GFH�U�USjSeIafC�JPy�V
Möbius

j@RzJTCIX;³;gIjSCFJLK X�jIs�V*?�²!K{C¤N�VFCRPEIE@RTK H@JLK M*�=XkJYCF¡6RPcf� X;gIjSRYW U
z ∈ Γ

�kg=JfeI�fg�Jdg@O:U�jSeIafCIO �
{σ ∈ Γ̄ : σ(z) = z},

¡/C�ULVFU�j@e@�fRzJYC@K;g ^[y � h$^*l`\ R ZVZ R Ua]_^`UsWYl
	:gz^nT$# R q l 	:gzhcr R[S l`\ z X;³kRPJfK M*�=jSR�JfgLV Γ
?

«�<N�2#k���uK ¦BM�� ¯ M � R P�\X]�y q t R U R ZVZ R Ua]_^`UaWXeAb ]fT q T �NlIZiUaWXe α ∈ SL2(R)
w�]�l`\�P*T R[S PnTkUg�\��*\�� m odgz^&h SL2(R)

r R ^*l α−1,
]fT q y:r!e&Pxl�^nT \X] R q �<l8ZzUsWYy�gz^[lxU t R*S T �� � �98*¦[�*�:16�8�

ζ
�8  ¤*�[�fµx  �

2h
� �`¬f�91�´}  ?}�u�:8[�Nµx�}¤7=*�}�*�!�n¦*¦>=��}� ¤��8  ¤*�[�fµx  �

n
� �x¬f�91�´n  ?¸�u�98[��µ`�}¤2=*�¸�*�6 � �j®@= ;V�

0 < n < 2h
±$�c� � �x�*´:=*�}�8� 6 µ`� 8

ζ = expπi/h = cos(π/h) + i sin(π/h)
®&�[�

ζh =
cos(π) + i sin(π) = −1

±²	
 6 � ¤*� ®�= 6 ¤ �
´n  ?¸�x¢*µ`� ¶n�n�
SL2(V )/Z(V ) ∼= PSL2(V )

3`µx�
Z(V )

¤n�u�8  ¤*�[�`�8�u®&§ ¤}�}´¸���98[�
SL2(V )®&�[�

V
§ ¤*�*�B�n� �}¤*¢*¬�µ`�n�n� ®&¶`�u°f£z´¸�x���'=}¤ � �n�`¶/§ ¤*�)¬�£
µx�

F
±



] � · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
O�]_e p R U � h & � �¶X;JPy HSy8O

γαγ−1 = α−1 �/p�K�C¥M*eFH�U*K U γ ∈ SL2(R)
?�Q}V¥JYU

α
RYW VFC@KRzE@E@RYK{H@JLK M*� �¶¡/C NP³kRTK}N�VFC,XkJTCL¡6RYcd� X�gIjSRYW U¬X;JYULV

H
NPX;JPy

z
M*C@K�X�GLVFRzHSs8O�GFH�eIcf³kRTK

N�VFC
τ ∈ SL2(R)

jSR
τ · α · τ−1 ∈ SO2(R).

x:NzJPy
τ · α · τ−1 =

[

p q
−q p

] M*C@K

τ · γ · τ−1 =

[

a b
c d

] ?i|}�FJfRD¡/C¤NP³;USG@j@R£�FJLK
q 6= 0

M�CF¡�s8O�JYU
α
RYW VFC@K$RzEIESRYK HSJfK M*�

M*C@K

γ · α = α−1 · γ ⇔
[

a b
c d

]

·
[

p q
−q p

]

=

[

p −q
q p

]

·
[

a b
c d

]

,

CIHS��JYU�USH�U�W U©H�cfUSM�nIH@JfRYK!�FJLK
a = −d, b = c

M*CSK
1 = det(γ) = −(a2 + b2)

��HSU�GRYW VLCSK/eFJYUSH�U�p�K{CIJfW
a, b ∈ R

?�Q}V�JYU
α
RYW VLCSK6HSC@cfCL^SUIESK M*� �kj@HSU�cfU�nIjSR�VFC¥RPH�K ESNP�fU�GIjSR

τNzJfX�K s8XkJfR
τ · α · τ−1 = ±

[

1 h
0 1

] ?�|}�FJfR [

a b
c d

]

·
[

1 h
0 1

]

=

[

1 −h
0 1

]

·
[

a b
c d

]

,
H�USG�¡6C RYW ³kR¥X�CLV�X;GFVFNzHSRTK{C

c = 0, a = −d M*C@K 1 = det(γ) = −a2 �
H�cfeFp;jSC�HSU�G�RYW VFC@K�eFJYUSH�U=p�K{C=CFM*��jSC�j�W{C=�6UScfe;?

♦

�F( � � � C21AC6.4C � 5I7 �F; �
	��6CF;
H∗/Γ

l�R}C@GFJf�LVtJfgLV�H�CIcfeFp;cfC@��U �@g
Γ
RYW VFC@KSj�W{CiaLK{CIM�cLK Jf�DGFH�USU�jSeIafC:JYU�G

SL2(R)
M*CSK@jSR

H∗ �X�GIjI^SUFE�W{�fU�GIjSR��
H∗ = H ∪ {cusps

JYU�G
Γ}.utcdU��6CLVLs8O

H∗ = H
CFV M*C@K!j@�FVFULV©CLV~g

Γ
afR�V©NP³kRTK

cusps
?~u�CIcfCIJdg@cdU�n@j@R��FJLK!g

ΓafcfC�X;JYU=X;nFVLUIE@U
H∗ M�CSK*NzJfX�K;jIH�U�cdU�n@j@R�VFC�UScLW X;U�G@j@R�JYUFV£³*s8cfU=HSgIESW M*U H∗/Γ

?¶l(JdgFVRzH���j@RzVLg~H�CIcfeFp�cdC@��U � ¡/C©ads8X;U�GIjSR=adU�jS�©RzH*K{��eFVFRYK{CIO
Riemann

X;JYULV
H∗/Γ

M�CSK$p6K{CJYUFV£E@�Ip;U¥C@GFJf�¥U�cfW��dU�G@j@RtjSW{C�JYUSH�UFESUFp�W{C�XkJYUFV
H∗ �

• Q}V z ∈ H
�2X�CLV~jSNzESg¤JfgIO�JYUSH�UFE@UIp�W{C@Oij@C@O�HSCSW{cTVLU�G@j@R£JfK O=CLVFU*K M�JdNYO£p;RTK JTULVIK{NPOJYU�G

z
H�U�G=CLVF�FM*U�GLV£X;JdgFV�X;GFVF�L¡6g�JYUSH�UFE@UIp�W{C£JYU�G

H
�

• ²!K{C©M*eF¡6R cusp s 6= ∞ �8RPH�K ESNzpkybX;CFVmjSNzESg©Jdg@O�JYUSH�UFE@UIp�W{C@O�jSCIO¥VFC�RYW VFC@K�U*Kp;RYK JYULVIK{NYOtJTUSG
s
H�U�G=NP³kU�GLV�jSU�cf�����
{s} ∪ { JYU¤RPXky4JfRPcLK M*�¤R�VF��O:M*nFM�E@U�G£X;JYULV H,

U USHSU*W U�OtRYW VLCSK;RY��CIH@Jf��j@R�VFU�O�XkJYUFV£H�cdCIp;jSCFJLK M*��eI�fULVFC=XkJYU X;g@j@RYW U
s},

• Q}V�JYU s =∞ RTW VFC@K
cusp

�LJf�FJfR¶RPH�K ESNzp;U�GIjSR�p�K{CtCLVFU*K M�JdNPO8p;RYK JYULVIK{NYO4JYU�G�CIHSRYW�cdU�G��JYC=X;nLVFUIE@C
�
{∞} ∪ {z ∈ H : Im(z) > c}, � ±;? · �p�K{C�M*eL¡6R

c ∈ R+ ?
_bH�CIcfCIHSeFVfy JYUSH�UFE@UIp�W{C�U�cfW��dRTK�j�W{C

Hausdorff
JYUSH�UFE@UIp�W{C�XkJYUFV

H∗ �6��jIy8O�U H∗ afR�VRYW VLCSKkJTU@H*K M*e�X;GIj@H�CFp;�@OtRzM�Jf��OtM*CSK;CFV
H = H∗ ?²!K�C�NzVLC

cusp σ ≤ ∞ �kJYU�G Γ
¡/NzJYU�GIjSR:�@HSy8O�XkJfgLV�HScfU�gFp;U�n@j@R�VFg£HSC@cdeIp;cfCI�6U��

P (s) = {α ∈ SL2(R) : α(s) = s,
j@R
α
VFC=RYW VFCSKkH�CIcfCL^�UFE�K M*���¥W X;U¤j@R ± I2×2},

Γs = P (s) ∩ Γ = {γ ∈ Γ : γ(s) = s}.
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	 	 � � ����� � H∗/Γ · ]Io

z

s

c

z

0

00

H
*

s

z

l�³k�IjSC=±k?[> �4��W{C�JYUSH�UFESUFp�W{C£p�K{C�JYUFV
H∗ ?

h�K�p;RTK JTULVIK{NPO�JYU�G
s
HSU�G�NP³kU�GFV�JfgLV�H�CIcfCIHSeFVfy j@U�cf�6�	��aLK{CIJdg@cfUSnFVLJYC@K;XkJYCF¡6RPcfNPODjSNPXkyJfgIO

P (s)
?

¢tH�U@¡6NzJTUSG@j@Rt�FJLK�JYU ∞ RTW VFC@K
cusp

JTUSG
Γ
?¶�8H*W X;gIO:p�K�C

α =

[

a b
c d

]

∈ SL2(R)g�±;? ±�p�W VFRzJTC@K �
Im(α(z)) = det(α) · Im(z)/|cz + d|2. �&±k?�� �²�K{CiM*eF¡6R

σ ∈ Γ
X�GIjI^SUFE�W{�fU�GIjSR�jSR

cσ
JYU�HScds4JYU�X;JYU*K ³;RYW U£JfgIOtadRYnFJfRPcfgIO�p�cdC@j@jS�IO�JYU�GH*W VFCFM*C

σ
?�|}�IJdR

Γ∞ = {σ ∈ Γ : cσ = 0}. Q�H��©JfgLV¤H�cf�FJYC@X;g¤±;?5> �	�$j@HSU�cfU�nIjSRDVFC^�cfUSn@j@Rtp;R�VfVF�FJTUScfC [

±1 h
0 ±1

]

modulo(±1)
JYU�G

Γ∞.l(M*USH��SO¤j@C@O¤RYW VFCSK�VFC�afRYW{�fU�GIjSR¥�FJLK�JYU H�gFE�W M*U
H∗/Γ

RYW VLCSK4N�VFCIO
Hausdorff

M*C@KJTU@H*K M*e�X;GIj@H�CFp;�@OtJTU@H�UFESUFp�K{M���O�³ks8cdU�OI?¶Q�GIJd�=¡/C�p�W VFRYK6XkJYC@aLK{CFM*e
�
� � ¨�¨ � ¦!M�� ° M � l |cσ | R}� T q ^`y�^nTVUir!e&PxldT_]�e�^[l p Ua]}ZLe g 	xr�]nZilfWXl � J Γ∞σΓ∞.

O:]�e p R U � h & ²!K{C σ =

[

a b
c d

]

∈ Γ
�(jIH�U�cdU�n@j@R�VFC-JYU adRTW{�fUSG@j@R�jSR¤NzVLCFV�CFHSE@�

GIHSUIE@UIp�K X;jS� �
[

1 β
0 1

]

·
[

a b
c d

]

·
[

1 α
0 1

]

=

[

a+ βc b+ βd
c d

]

·
[

1 α
0 1

]

=

[

a+ βc (a+ β)α + b+ βd
c αc+ d

]

. ♦

²}� § ¤n���}� �[¦[¶Q¬ �*µ[�`¦[�[®x�
(H,K)

3i¬f�:8n¤j�`µ�=*�¸�
G
3iµ`�

H
®&�[�

K
¢n�`�`�xµ'=*�}�I�

G
3i�8  ¤n�[�iµ&  �d®x¦>=*¬(8� ¬��`�}¢}¤n�*µ&  �*�6�`�x¢2�x´}  ?¸�¨�8�[��¬f�98n¤

G
µ`�
x ∼ y

3c�}¤}¤2¢n�'=*´¸°f�8�
h ∈ H

®x�[�
k ∈ K

µx�
hxk = y.

�<¶n�¸�®@= ;V�B�n� �[¦[¶4¬ �*µ[�[¦[�`®x�F§I°f�8�_�:8n¤)µx�`´ � 1
HxK,

µ`���98n¤
G
¤n�)�n� �*µ`�I´n  ?}�¨�8�[�Y¬f�8�/�}� �[¦>=6�98[�u¬ �*µ[�[¦[�`®x�

(H,K)
± � = ;V�F§ ¤n���n�`¶��*¢n�:=:�n�`�n�}�¨¦[�8 L�98n¤�§ ¤ �
¬(8Q¬�¢}¤787;k� ¬�µ`§ ¤ �c¤�¬�¢*µ`�[¦[¶[® �c¤

Hy
®x�[�

zK
3Lµ`�

y, z ∈ G
± ��¢n�:=��8  ¤n�[�`�¨�x  ¬(8[���&�n�¸´}�*°�� §I� 6 � �<�:8n¤��}´:=*¬(8!�8�x¢

H
¬f�98n¤

G
µx�L�*´}� ¬f�}�I´¸¶B�`�n¦*¦[�n�[¦[�*¬_� �*¬�µ`¶®&�[�k�8�`¢

K
¬f�:8n¤

G
µ`�!�}�I¡} k�`�n¦*¦[�n�[¦[�*¬_� �*¬�µ`¶_± �z�}£

H = K = Γ∞

®x�[�Yµ`�
Γ∞σΓ∞

�98*¦[£�¤n�x¢}¤/�8��n� ���_�`´}�¨�}� ®�=)¬f�8�&� °f�8  ���98[�
Γ
�`�`¢��`´}�`§I´}°f�}¤}�8�[�Y�n�`¶6�8�}¤)�*´n� ¬f�¸�I´}¶)�`�n¦*¦[�n�[¦[�*¬_� �*¬�µ`¶4®�= ;V��¬f�8�&� °f�8  �`¢�8�x¢A¬�¢*µ[�[¦[¶`®x�`¢

σΓ∞

µ`��®�= ;V�6¬f�8�&� °f�8  �A�98[�6¢n�`�x�`µ'=*�}�*�
Γ∞

± � =n¦`� ¬f�8�
Γ = tσ∈ΓΓ∞σΓ∞

3X®x�[�®@= ;V�u¢n�`�x¬ �}¤n�n¦[�d¬f�8�&� °f�8  ��¤
Γ∞σiΓ∞,

µ`�
i = 1, . . .

�}¤*�`µ�=2?¸�¨�8�[�c�n� �[¦[¶A¬ �*µ[�[¦[�`®x�F�8�`¢
Γ
�
�B�x´¸�x��8�

Γ∞

±



� � · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
� � ¨�¨ � ¦!M�� �BM �!U T �XP*��gi^`e M > 0

w!\X]�y q t/l[\kP r�efPxl�] R ] R q Tkg
r m PnTQg R T q U #_r!e p Ua]nZzyg 	`r!]}ZilfWYT
Γ∞σΓ∞

w m ^`g
Uzv�gz^ R σ ∈ Γ
WYTVU |cσ| ≤M.

O�]_e p R U � h & utC@W{cTVLy σ =

[

a b
c d

]

∈ Γ,
JfNzJYU*K U�s8X;JdR

0 < |cσ| ≤ M
��M*CL¡6s8O

Γ∞ = {σ ∈ Γ : cσ = 0} ��¡6C�C@X;³kUIE@gL¡/U�nIjSR¤jS�LVFU p6K{C�RzM*RYW VFC JYC σ �}JYC USHSU*W{C
cσ 6= 0

? � ?�|}�FJfR£p�K�C¤M*eFH�U*K U τ = ±
[

1 h
0 1

]

modulo(±1) h ∈ R
�$p;R�VfVF�FJTUScfC¤JYU�G

Γ∞
��¡/C¤NP³ky

σ′ = στn =

[

a′ b′

c′ d′

]

=

[

a b+ anh
c d+ cnh

]

,
j@R
n ∈ Z,

JfNzJYU*K U¥s8XkJfR
1 ≤ d+ cnh ≤ 1 + |hc|. QtGFJf��¡6C�K M*CLVFUSHSU*K{RTW�JdgFV

|c′| = |cσ | ≤M,
M*CSK

1 ≤ |d′| = |d+ cnh| ≤ |1 + ch|.
� h:j@y8OtCIHS��JfgLViX;³kNYX;g�±k?��
�@¡6C�NP³kU�GIjSR}�FJLK

Im(σ′(i)) = 1/(c′2 + d′2).
� �8JfX�KkJYU

σ′(i)¡/C�CFVF�FM*RYKkX;JYU¤³ky8cfW U
[M2 + (1 + |h|M)2]−1 ≤ Im(z) ≤ 1

�&±k? � �
|�s8cfC:UDj@RzJTCIX;³;gIjSCFJLK X�j@��O

z 7→ τm(z) = z+mh,
afR�V�CIEIE@e@�fRYKdJYU

Im(z)
?��©H�UScfU�nIjSRVFC�HSe@cfUSG@j@RtN�VFC

m
NzJfX�K�s8XkJfR

τmσ′(i)
VFC�K M*CLVFUSHSU*K{RYWkJdgFV�RP�LW Xky8X�g�±;? ��M*C@K;JfgLV��

0 ≤ Re(z) ≤ |h|. �&±k? � �
h�K/X�GLVf¡6�IM�RYOi±k? �¥M*C@K/±;? �¤UScLW{�fU�GLV �/N�VFC¥X;G@jIH�CFp��¥X;nFVLUIE@U

K
JYU�G

H
? � �8JfX�K ^Scf�FM*C@j@RN�VFC¥X;JYU*K ³kRYW U

σ′′ = τmστn j@R σ′′(i) ∈ K ?}Q�H�� JdgFV�H�cf�FJYC@X;g¥±;? ���;RzH*K E@Nzp�ULVLJYCIO�p6K{CX�GIj@HSCIp;�=JYU�G
H
�;JYC

A = {i} M*C@K B = K
�k¡/C¥NP³kU�GIjSR��FJLK

σ′′(A) ∩ B 6= ∅
M*C@K6CIHS�JfgLV�W�afK�C�H�cf�FJYC@X;g=GFH�eIcf³kU�GFViHSRzH�RPcfCIX�j@NzVLC�JfNzJYU*K{C

σ′′ ∈ Γ. ♦

� � ¨�¨ � ¦!M�� » M � ]fy q t R U m P*Tko�# R ^[UsWXefodT q U #Vr!e&o r wulQl_]�l S lfo R}� T q ^[y�^nTVULr!e&Pxl&PQT�]_e:^[l
Γ
w m ^`g
U�v�gz^ R |cσ| ≥ r

��U{T WYy
# R σ ∈ Γ \ Γ∞ �  ] S gzhco*w���U{T m P*T ^ m ^*l&U|l r #_T U gft 	 R U
Im(z) · Im(σ(z)) ≤ 1/r2

��U{T�WYy
# R z ∈ H
WYTVU<�cU TQWYy$# R σ ∈ Γ \ Γ∞ �

O�]_e p R U � h & _ nFH�CIcf�fg�JdNPJYU*K U�G=CIcLK ¡/j@U�n¥NzH�RzJYCSK6CFH��¤JYU H�cdU�gIp;U�nIjSR�VFU¥E@�@j@jSCk?�Q�V
σ =

[

a+ β b+ βd
c d

]

∈ Γ
jSR
c 6= 0

�
z = x+ yi, y > 0

��¡/C�NY³kU�GIjSR��

Im(σ(z))
3.7
= Im(z) · |cz + d|−2 = Im(z)/(cx+ d)2 + y2c2 ≤ Im(z)/y2c2 =

Im(z) · (c · Im(z))−2 = 1/|c|2y
3.26
≤ r−2Im(z)−1. ♦

� � ¨�¨ � ¦!M�� �!M �!U{T�WYy
# R cusp
^*l`\

Γ
w�\X]fy q t R Uzr S T � R U ^*l&P&U y U ^*l`\

s
gz^*lfP

H∗ w m ^`g
Uv�gi^ R Γs = {σ ∈ Γ : σ(U) ∩ U 6= ∅}.
O�]_e p R U � h & Q}V g~CFH���afRYK{�fg¥afR�V¤�6C@W VFRzJYCSK H�cfUS�6CLVF�@O�� N�VFCIO���cdU�O£HSU�G H�K XkJfRPnIy �FJLKCIHSRP³*¡6CLVF��jSCIXkJfR��FESU*K�j@C@O��4Jf�FJfR¥jIH�U�cfUSn@j@R�VFC-GFH�UI¡/NPX;U�G@j@R��IJfK

s = ∞ ?�x:NPJYU�GIjSR
U = {z ∈ H∗ : Im(z) > 1/r}, j@R r VLC~RYW VFCSK$U©CIcLK ¡/j@��O�CFH�� JTUmE@�IjSjSC¤±k?{w �*?DQ}V
σ ∈ Γ \ Γ∞

M*C@K
z ∈ U

�8NP³kU�GIjSR��4M*eLVFULVLJYC@O¤�fCLVFe-³kcf�IX;g-JYU�G-W�afK U�G©ES�IjSj@CIJYU�O¤�FJLK
Im(σ(z)) < 1/r

? ��RYW��dC@j@R¤NzJdX6K8�IJfK8p�K{C�JTC-X;JYU*K ³;RYW{C©H�U�G�afR�V�XkJTCL¡6RYcdUSH�U*K U�nFV~JYU
∞ �k¡/C¥GFH�eIcf³kRYK;p;RYK JYUFVIK{e U∞

JdNPJYU*K{C�s8XkJfR
σ(U) ∩ U = ∅

�6adgIE@C@ad��JfgLV�eIcTVFgIX�g=Jdg@OH�cf�FJYC@X;gIOtH�USG=RYW ³kC@j@R�VFC�CFH�USafRYW��dU�G@j@R��
♦



� � � � � � ��� �.� � �
	 	 � � ����� � H∗/Γ · �;Z

«��4<���� ¨ � ¦BM�� �!M � 	kl gi^nT
# R q y�gzhXr R*S T R Pfefo�gL\kPfe8Zil`\ U w R*S P*TVU Γ �¨U|gcl p 	_P*T`rLT�r!e&PxlTVP R[S PnTkULWYTkU Γs
�¨U|gcl p 	VPnTxriT � �BULTY\Y^`eQ^*l&P2ZLef�
l�^[l U/Γs

r�]_l q R[S P*T ^nTY\Y^`U|gz^ R[S r RAm P*T\X]_lfg 	VPxlIZLlj^*l`\
H∗/Γ �

� � ¨�¨ � ¦!M ¦ �BM �!U{T WYy$# R cusp
^*l`\

Γ
WkTkU���U{T WYy$# R gL\&r�]fT&�zb \X]_lfg 	VPxlIZLl K ^*l`\

H,\X]�y q t R U
r S T � R U ^*l&PfU{y U ^*l`\
s
w m ^xg�U
v�gz^ R U ∩ γ(K) = ∅ ∀ γ ∈ Γ.

O:]�e p R U � h & ¢tHSU@¡/NzJYU�GIjSR��dCFVFe¤�FJLK s = ∞ ?��©H�UScfU�nIjSR:VFC�^�cdU�n@j@RDafnIU ¡/RzJfK{M�U�n@OC@cLK ¡6jSUSn@O
A,B

JdNPJYU*K U�G@O(s8X;JdR
A < Im(z) < B

�Sp6K{C�M*eL¡6R
z ∈ K ?�u�CSW{cTVFULVLJYCIO}NzVLCFVC@cLK ¡6jS�

r
�SHSy8O�XkJYU¤E@�IjSjSC�±;? w �
��M*C@Kk¡6NzJYU�G@j@R

U = {z ∈ H∗ : Im(z) > Max.(B, 1/Ar2)}.
|�s8cfC�NPX;JPy

z ∈ K ?8Q�HS�¥JYU�E@�@j@jSC�±k?{w �
�*CFV σ ∈ Γ \ Γ∞
�*Jd�IJdR

Im(σ(z)) < 1/Ar2
?Q�V

σ ∈ Γ∞
�SJf�FJfR�CIHS��JdgFViRP�LW X;y8X;g�±k?��
�@¡6CiNP³;USG@j@R

Im(σ(z)) = Im(z) < B
? � �8JfX�Kp6K{CiM*eL¡/R

γ ∈ Γ
�*GFH�eIcf³kRYKSp�RYK JYULVIK{e

U
JYU�G

s
�SH�U�GDVFC£NY³kRYK�JfgLVi�fgFJYU�n@j@R�VFg£K�afK��FJfgFJYC;?

♦QtO¥afU�nIjSR=JTs8cfC©JfgLVmJYUSHSUIE@UIp�W{C HSgIESW M*U©JYU�G
H∗/Γ

? � �4VFC
X
RYW VLCSK�CLVFU*K M�Jd��JYU�G

H∗/Γ
CLVfV��

{X ⊂ H∗/Γ : π−1(X)
RYW VFC@K�CLVFU*K M�Jd�¥JYU�G

H∗},jSR
π : H∗ → H∗/Γ

��VFC=RYW VFC@K�g=��G@X�K M*��HScfU@^SUIE@�;?�Q�V�H�eIcfU�GIjSR�j�W{C
U
�kJYU�G£ES�IjSj@CIJYU�O±;? w �	�@Jd�IJdR�j@HSU�cfU�nIjSR¶VFC�JYC@GFJLW X;U�GIjSR¶JTU

π(U)
j@R�JYU

U/Γs
��gDU@H�U*W{Ct¡6CiCIHSUIJdRPE@RYWINzJdX6Kj�W{C�p;RYK JYUFVIK{e�JYU�G

π(s)
?

9-.�­=<LK ¨ � ¦BM ¦4�<M � t�v q lfo ]_h&Z S WXl H∗/Γ
r R ^xh�P ]fT q T_]fyVP*� ^*l_]�l8Zilf� S T R*S P*TVU m P*Tko

Hausdorff
^[l�]_lIZLlf��UaWXefo!t�v q lfo �

O:]�e p R U � h & h ³*s8cfU�O
H/Γ

RYW VFCSK
Hausdorff

CFH�� JdgFVmH�cf�FJYC@X;g-±k?[>T±k? ADCL¡6s8O U
H∗/Γ

RYW VFC@K�U
H/Γ

jSR=JfgLV�N�VLy8X;g�JPy�V©MSESeIX�Rzy�V�K X�U�adGFVFCIj�W{CIO=JPy�V
cusps

��p�K{C-adn@UX�gIjSRYW{C
s, t ∈ H∗/Γ

�4aLK{CFM*cLW VFU�GIjSR=JfK O RP�f�IO�H�RPcLK HSJTs8X�RYK O �=�(W JdR
s, t ∈ H

USHS�IJdR�M*CSKafR�V�NP³kU�G@j@RtJfW{HSUIJYC�VLC�afRYW��dU�G@j@RtM*CL¡�s8O£jIH�U�cTs¬VFC�^Scds �dNzVLRYO�HSRPcLK UI³;NPO:JPy�V=RTK M*�LVLy�VJTUSG@O=XkJYUFV
H/Γ

�2RYW JdR
t ∈ H

M*C@K
s ∈ {cusps} M*C@K!CFH��mE@�@j@jSCm±k? ± �~jIH�U�cds VFC ^Scdsp�RYK JYULVIK{e

U
JYU�G

s
j@R
π(U)

p;RYK JYUFVIK{e�JYU�G
π(s)

M*C@K
γ(V )

p;RYK JYULVIK{e:JYU�G
π(t)

j@R
γ(V ) ⊂

γ(K)
CFH���JfgLV~JYUSH�K M*�mX;G@jIH�eFp�RYK{C~JYU�G

H/Gamma
�!p�K{C©M*eIHSU*K U

γ ∈ Γ
��NzJdX6K�s8XkJfR

π(U) ∩ γ(V ) = ∅
? � �8JfX�K�jSN�VFRYK/VFCmRP�fRzJfeIX;U�G@j@R£JdgFV¤JdcLW Jfg¤H�RPcLW HSJPy8X;g~�SHSU�G

s, t
VFCRTW VFC@K

cusps
�@H�U�GiafR�ViRYW VFC@K

Γ

 K X;U�afnLVFC@j@C;?2r�y8cLW O}^SE@eF^Sg:Jdg@O}p;R�VIK M*�IJdgIJYCIO}GIHSU@¡6NPJYU�GIjSR

�IJfK
t = ∞ M*C@K/H�C@W�cYVFU�GIjSR:JYU

Γ∞
M�CSK/N�VFCLV�p;R�VfVF�FJTUScfC�JTUSG�� ± [

1 h
0 1

] � �@HSy8OiM*CSK
H�cfU�gFp;U�GIjSN�VLy8OF?¶h:cLW{�fU�GIjSR�JTC�H�CIcfCIM�eIJPy X�nLVFUFESC
�

L = {z ∈ C : Im(z) = u},
K = {z ∈ L : 0 ≤ Re(z) ≤ |h|},
V = {z ∈ H∗ : Im(z) > u},

jSR
u ∈ R+ ?4ADCF¡�s8O:U K RTW VFC@K*X�GIj@HSCIp;�IO���CIHS��JYU=ES�IjSj@C�±k? ± ����j@H�UScfU�nIjSR�VFC£^ScfU�nIjSRp�RYK JYULVIK{e

U
JYU�G

s
jSR

K ∩ ΓU = ∅
? �©H�UScfU�nIjSR�VFC GFH�U@¡6NPX�U�GIjSR¤�FJLK¶JYU,X;nFVFUScfUJTUSG

U
RYW VLCSK N�VFCIO�RP�6CFHSJd��jSR�VFUSO£M*nFM�E@U�OiX;JYULV¥H�cfCFp;jSCFJLK M*�meI�fULVFCk?£x:C adRTW{�fUSG@j@R£�FJLK

V ∩ ΓU = ∅
? � �(XkJPybHSy8O¤�@³;K ��Jd�IJdR

γ(U) ∩ U 6= ∅
p�K{C�M�eIHSU*K U

γ ∈ Γ.
ADCL¡6s8O

g(∞) 6= s
�kJYU¤X;nLVFU�cfU�JYU�G

γ(U)
¡6C�RYW VFCSKkN�VFCIO:M*nFM�ESUSO:RP�6CFHSJd��jSR�VFU�O:X;JYULV

R
? � �8JfX�KCFV

γ(U) ∩ V 6= ∅⇒ γ(U) ∩L 6= ∅
? � �8JfX�K;JYU

γ(U)
JdNPjIVFRYK;M�eIHSU*K{RYO�jSRzJYCI�6U�cfNPO�JTUSG

K
CFH���N�VFC�X;JYU*K ³;RYW UtJTUSG

Γ∞
�IafgIE@CIaf��GIHSe@cf³kRYKfN�VFC

δ ∈ Γ∞
NzJdX6Kfs8XkJfR

γ(U)∩δ(K) 6=
∅⇒ δ−1γ(U) ∩K 6= ∅

�*H�cfeFp;jSC=eFJYUSH�U�CFH��=JdgFV�GFH��@¡6RPX�g£H�U�G�M�eFVFCIjSRL?
♦



�Sv · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
«�<N�2#k���uK ¦!M ¦���M � t�v q lfoA]Vh&Z S WXl H∗/Γ R[S PnTkU m P*Tko4^[l�]VUsWYyjgL\xr!]fT&�zbcoF^*l_]�lIZLlf��UsWYefot�v q lfo �

O�]_e p R U � h & Q�cdM*RYWIVFCiafRYW{�fU�GIjSR(�IJfK�CFV s RYW VFC@KSN�VFC cusp
JYU�G

Γ
M*C@K

π : H∗ → H∗/ΓVFC�RYW VFCSK;g��6GIX6K M*��H�cfU@^SUFES�	��Jf�FJfRtJTU
π(s)

NP³;RYK;j�W{C�X�GIj@HSCIp;��p;RYK JYULVIK{e;?(¢tHS�@¡/RzJYU�GIjSR�IJfK
s = ∞ ? Q�H�� JYU¬E@�IjSjSC,±k?{w ����GFH�eIcf³kRYK�j�W{C�p;RYK JYUFVIK{e JYU�G	� V = {z ∈ H∗ :

Im(z) ≥ c} �$j@R c ∈ R+ JfNzJYU*K{C¥s8X;JdR
V/Γ∞

VLCmj@HSU�cfRYW VLC JYC@GFJLK X;JdRTW j@R�JYU
π(V )

?
Q�V [

1 h
0 1

] RYW VLCSKINzVLC@O�p;R�VfVF�FJYU�cfCIO(JYU�G
Γ∞ modulo(±1)

�FJf�FJfR(JTU
π(V )

X;GIj@H*W H@JfRYK
jSRDJfgLV¤RYK M*�FVLC¤JYU�G {z ∈ V : z = ∞ �

0 ≤ Re(z) ≤ |h|} � j@NPX;y JfgIO π ? � h:j@y8O£JTUX�nLVFUFESU�C@GFJf��RYW VLCSK*X;G@jIH�CFp�NPO}M*C@KSM*CL¡6s8Otg
π
RYW VFC@KkX;GLVFRP³;�IO�X�GLVFeIcdJfgIX;g£M*C@KSJYU

π(V )RYW VLCSK;X�GIj@HSCIp;NPOI?
♦

«�<N�2#k���uK ¦BM ¦2¦BM OQP
Γ, Γ′ R*S P*TVU p 	Vl commensurable

p U{TkW q U ^ m o \X]�lfl*r�y p R o ^&hco
SL2(R)

w!^xe`^ R l H∗/Γ R*S P*TVUzg�\xr�]�T&�zbcoFT_P�P�l H∗/Γ′ R*S P*TVULgL\&r�]fT&�zbco �¸� �
�F(�� �

Modular
� � ���u,

SL2(Z)

l�R©C@GFJf�LV-JfgLV HSC@cfeFp;cfCI�6U�¡/C,afU�nIjSR©jSW{C�RY��C@cdjSUFp�� Jdg@O©HSC@cfCFH�eLVLy H�CIcfCIp;cfeI�6USG��jSRzE@RPJTs�VLJYC@OmJdgFV
modular

U�jSeIafC
SL2(Z)

��H�U�G�RYW VFC@K�j�W{C,aLK{CIM�cLK Jf��GFH�USU�jSeIafC Jdg@O
SL2(R)

?,²!K{C-CIcf³k�©¡/C©^�cdU�n@j@R�JTC
cusps

M*C@K�JYC�RzEIESRYK HSJfK M*e©X;JYCL¡/RPcfe�JfgIO¤X�gIjSRYW{C;?utcTs4JTC�CIO�aLK M*C@K UFESUFp;�@X;U�GIjSR�JYULV�JfW JdE@U�JfgIO:H�CIcfCFp;cfe@��U�G
�
§ <���� ¨ �4) ¦!M ¦ ¯ M � modular

l*r�y p T R*S PnTkU�h PSL2(Z)
w p h&ZkT p b�h p U TkW q U ^&b \X]�lfl*r�y p T^¸��P

Möbius
r R ^*Tkg&t2hXrLTf^`U|g�rNv�P z 7→ az+b

cz+d

w�r R gz^*l&U t R*S T)T_]�e�^*l Z m ^`g
U&v�gz^ R ad−cb =
1 �

ADeFH�U*K U�K/X�GFpkp�cdC@��RTW O�U�cLW{�fUSGFV�JdgFV
modular

U�jSeIafC�VFC~RYW VFC@K2g
PSL2(Z)

�7^@E@NPHSR#5>T·f% � �*R�VLs,M*eIHSU*K U*K�eFEIESU*K ��^@ESNzH�Rd# >fw&% � JfgLV£jSRzp;CFESnFJfRPcfgDU�j@e@adC SL2(Z)
?4�¶H�K M*cfCFJfRYW�UX�GIjI^SUFE�K X;jS�SO

SL2(Z)
jSRtJTU¥XkM*RzHSJfK{M��¤�FJLK;U*K�USjSeIafRPO�RYW VLCSK;U*K/W{aLK{RPO

modulo±1
?x:C~adRTW{�fUSG@j@R��FJLK$JTC

cusps
JfgIO

Γ = SL2(Z)
RYW VFC@K2CFM*cLK ^@s8O�JYC~X;g@j@RYW�C¤JYU�G

Q ∪
{∞} = P1(Q).

� q y&�_rLTf^`U & |}U ∞ RYW VFCSKfXkJYCF¡6RPcf��X�gIjSRYW U �TJYU�G�H�CIcfCL^�UFE�K M*USn(XkJYU*K ³kRYW U�G [

1 1
0 1

]

∈

Γ
? Q}V JYU [

a b
c d

] RYW VFCSK¶N�VFC H�CIcfCL^�UFESK{M�� X;JYU*K ³;RYW U JYU�G
Γ
��Jd�IJdRmNP³kRTK¶N�VFC�jS�LVFU

X;JYCL¡/RPcf��X�gIjSRYW U���NPX;JPy
s
?�Q�ViJYU

s
RYW VLCSK�H�RzHSRYcdC@X;jSN�VFU �@afgFESCIaf�

s 6=∞ �*jSR as+b
cs+d = s

�Jf�FJfR�¡/C¥K M*CLVFUSHSU*K{RTW�JdgFV�RP�LW Xky8X�g
�
cs2 + (d− a)s− b = 0,

j@R
c 6= 0.

ADCF¡�s8O4g}aLK{CFM*cLW VFU�GIX�C(JfgIO�H�CIcfCIHSeFVfy~RP�LW Xky8X;g@O�HScfNzH�RYKYVFC}j@g@afR�VIW{�fRzJYC@K �TafgFESCIaf��HScfNzH�RYKJYU
s ∈ Q

? O:P_^ S gz^ q l � T ��p�K{C p, q ∈ Q
��jSR

p, q ∈ Z
M*CSK

(p, q) = 1
�(^ScLW XkM*U�GIjSR

CIM�NYcdCSK USG@O
t, u

NzJfX�K�s8XkJfR
pt− qu = 1

?(|}�IJdR
σ =

[

p u
q t

]

∈ Γ
M*C@K

σ(∞) = p/q.ADCF¡�s8ODg�RYK M*�FVLC�RzVL��O
cusp

�6j@NYXky USHSU*K U�GIaf�FH�UFJfR�X;JYU*K ³;RYW USG�JfgIO
Γ
RYW VLCSK

cusp
�;M*eF¡6RX�gIjSRYW U�JYU�G

Q∪{∞} RYW VFCSK cusp
JTUSG

Γ
?2�8H*W X;g@O4adRTW{�fCIjSR4�FJLKYM*eF¡6R

cusp
RYW VFCSKLK X�U�adnFVFCIjSUjSRtNzVLC

cusp
XkJTU ∞ ? � �8JfX�K �

H∗/Γ = H/Γ ∪ {∞}, jSR H∗ = H ∪ P1(Q),²�² 6 � ���98n¤)�n�`¶`�}�8� ¡:86¥[¦[§¨�`�6© ¹�ª}« 3f�`´}¶n�8�*¬(8d¹*± ­&¹23f¬��¨¦`  �}�F¹�­&±



� �  ��
Modular � � � � � SL2(Z) · �I�

��K X;U�afnLVFC@j@C U
H∗/Γ

CFH�UFJfRzE@RYW ^xh�P g�\xr�]�T&��l_]_l S h�gzh ^[l[\ R Pfefo�gihXr R*S l[\ ^*l`\ H/Γ
�M*CF¡�s8ODafRYW{�fCIjSR:�FJLK;U

H∗/Γ
RYW VLCSK;NzVLC@O

Hausdorff
M*C@K;JYUSH�K M*e�X;G@jIH�CFp;�@Ot³ks8cdU�OI?

l(JfgLV¤X�GLVFNP³kRTK{C�¡/C aLK{CIM��
�6U�GIjSRDJdgFV �6GIX�K UIE@UFp6K M*��cdU�� Jdg@O£H�CIcfCIp;cfeI�6USG��/p�K{C¤VLCafU�nIjSR�X�GLVFUSH@JLK M*eiJfgLViN�VfVFU*K{CiJYU�G
R


module

�SH�U�G�¡6C�CFH�U�afRYK ³*JdRTW@NzVLC�³kcfgIX6K{j@U�RYcTp�C�
ESRYW U�p�K{C�JfgLV�X�GLVFNP³kRTK{Ck?
|}C

module
RzH�W�R�VF��ODafCFM�JdGIESW U�G£RYW VLCSK;j�W{C�p;R�VIW M*RPG@X;g�JPy�V=CL^SRPESK{CFVfs�V£U�jSeIady�V �;U*KUSH�U*W{RPO�RYW VFC@K

module
RPH�WkJYU�G

Z.

§ <��7� ¨ �4) ¦!M ¦ ° M �  gz^¸�
R
p TYWX^ 	*ZiU|l&o � �  P*T ) T q U|gi^ R q e + R � module

wuT_]�lx^ R Z R[S ^nTVULT_]�er S T ] q lfg # R ^[UsWcb T�� R ZzU{TVP�b l*r�y p T M wdrLT�� S r R r S T ] q y � h ]�l8ZVZkT_]}ZYTkg
U{Tkg
rNl
	 WYy
# Rgi^*l&U t R*S l[\�^xhco M r R Wky$# R gi^*l&U t R*S l ^*l`\ R )HT_]�e T q U|gz^ R q y + R × M → M,
]_l`\T_] R UaWXl&P S � R U WYy$# R (r, a) 7→ ra

w m ^xg�Uiv�gi^ R ��U{T WYy
# R a, b ∈ M WYTVU���U{T WYy$# R r, s ∈ RP*T�U|g&t 	 R U &�
i � (ra) ∈M w
�
ii � r(a+ b) = ra+ rb

w
�
iii � (r + s)a = ra+ sa

w
�
iv � (rs)a = r(sa),

�
v � )HTVP�l

R R[S PnTkU p TkWc^ 	[ZzU|lfo/r R rNl&Pfy p T�wN^`ex^ R idRa = a
w!�cU TQWYy$# R a ∈M � +

� ex^ R l M Z m � R ^*TVU m PnT�T q U|gz^ R q e )Hr�l&PnT p l R U p m o + R � module � OQP gz^[l&P p TYWX^ 	*ZiU|l�r Rr�l&P&y p T
R
Wky$# R rBh�r!h p R P&UsWYeFgz^[lxU t R*S lA^*l`\ m t R UcT_P_^ S gi^ q l � l ) R*S P*TVU p h&ZkT p b p TkWc^ 	*ZzU|lfop U{T S q R gzhco + w6^xe`^ R ^*l�r�l&P*T p l R U p m o R � module

l&Pxl*r�y � R ^nTkU ) T q U|gz^ R q e&o + p U T_Pk\kg�rLTf^`UsWYefot�v q lfo �
Q�V�U�afCFM�JfnFESK U�O�RYW VFC@KSjSRzJYCL¡/RzJLK M*�SO(¡/CijSK{E@eIjSR�j@UFVLU�p�K{C

R


modules

?�Q�O�RzH*K XkJfcfN 
�6U�GIjSR�XkJYU�H@VFRPnIjSC�Jdg@O:HSC@cdCIp;cfeI�6U�G
�
l(JfgLVmX;GFVLNY³kRYK{C¤¡6C~^�cdU�n@j@R�JYCmRzEIESRYK HSJfK{M�e XkJYCF¡6RPcfemX;g@j@RTW{C¤JfgIO

SL2(Z).
� �¶X;JPy

σ
VFC,RTW VFC@K�N�VFC,RzE@E@RYK{H@JLK M*�,XkJTU�K ³kRTW U,JYU�G

SL2(Z)
? |}�FJfR |tr(σ)| < 2

M*CSK�HScfNzH�RYKVFC,RTW VFC@K�N�VFCIO�CIM*NPcfC@K U�O~C@cLK ¡6jS�SO��}adgIE@C@ad�
tr(σ) = ±1

�
0
? |}U ³kC@cdCIM�Jdg@cfK X;JfK M*�H�UFESGFs�VFGIjSU¥JTUSG

σ
¡6C¤RTW VFC@K/NzJfX�K6JYU

x2 ± x + 1
�
x2 + 1

CFVLJfW XkJTU�K ³kC;?}² VLy8cLW{�fULVLJYCIO�IJfK6JTC¥RzEIESRYK HSJfK{M�e�XkJTU�K ³kRTW{C=NP³kU�GLV=HSRPHSRPcfC@X;jSN�VFg�JfeI�fg���CIcdM*RYW;VFC=^ScfU�nIjSR�N�VFC
m ∈ NjSR

σm = 1
? x:C�H�cdNPHSRYK�U*K8K�afK UIJfK{jSNPO � �SH@y8O M*C@K�U H*W VFCFM*CIO

σ � VFC K M*CLVFUSHSU*K U�nLV JTUjSULVIK M*�
x2 + 1 = 0

��H�U�G¥RYW VFC@K/CFVFeFpky4p;UmX;JYULV
Z[x]

M�CSK/X;GFVLRPH@s8O�XkJYUFV
Q[x]

? � h:jIy8O
x2 +1 = g4(x) = (x− i)(x+ i)

��j@R
g4
VFCDRYW VFC@K@JYU£JdNPJYCIcdJYU£M�GIM�E@UFJTUSj�K M*��H�UFE@GIs�VFGIjSURPH�WIJYU�G

Q
�IafgFE@C@af�

g4(x) = (x−ζ1)(x−ζ2)(x−ζ3)(x−ζ4)
jSR
ζn = 1, n = 1, . . . , 4VFCDRYW VLCSKIU*KIJdNPJYCIcdJfRPO�cfW��dRYO(JfgIO�jSULVFeIafC@OF? � �¶JdX6K

σ4 = 1
?��8H*W X�gIO

x2 +x+1 = g3(x) =
(x−(−1/2+

√
3i/2))(x−(−1/2−

√
3i/2))

�FjSR
g3(x)

VLC�RYW VFCSKLJYU�JfcLW JTU�M�GIM�E@UFJTUSj�K M*�H�UFESGFs�VFGIjSU¥RzH*W6JYU�G
Q
? � Q�cfC

σ3 = 1
?�|}NzESU�O

x2 − x+ 1 = g6(x)
jSR
g6(x)

VFC�RYW VFCSKJTU NPMSJTU�M*GFM�ESUFJYU�j�K M*�©HSUIE@GIs�VLG@j@U�M*C@K
σ6 = 1

? � �8JdX6K
m = 3, 4, 6

�
n
j@R

n | m ?utCIcfCFJfgIcfU�nIjSR��FJLK@CFV
m = 2

�IJf�FJfR�JYU
ζ
¡/C�HScfNzH�RYKLVLCiK{M�CFVFU@H�U*K USn@X;R¶JYU

g2(x) = x+1H�cfeFp;jSC©eFJTU@H�U©CFH��©JfgLVmGFH��I¡/RPX;gmjSCIO=M*C@K!X;GFVFRzH@s8O
m 6= 2 ⇒ σ 6= ±1

? l�R�M*eL¡6RH�RPcLW HSJPy8X;g U*K�K{aLK UIJfK�j@NPO
ζ
�&�@HSy8O~M*C@K(U�H�W VLCIM*CIO

σ � ¡6C H�cdNPHSRYK8VFC RYW VFC@K(cLW{�fRPOmjSW{C@OafRPGIJdNYcdU�G�^SCF¡6jSU�n�RP�LW Xky8X�gIO��;NzJfX�K;s8XkJfR
[Q(ζ) : Q] ≤ 2

� % .
² 0 8N�¨�`§¨®x�8�*¬(8!�*¢n�91��}¤n�xµ'=2?}�¨�8�[�*®x¢n®x¦[�n�8�`µ&� ®�1f± �i  ¤*�[�}�8�

splitting field
�8�`¢

n
� �x¬f�8� � ®&¢n®`¦[�n�8�xµx� ®x� ��x�n¦[¢ �c¤ �*µ`�`¢

gn(x)
®&�[�f��¥`� ;Vµ`¶`�N�98[���`�x¢�� ¬�� �n�8�[�fµ`�<�8�}¤B¥`� ;Vµ`¶��8�`¢��¨¦>=*°�� ¬f�8�`¢��`�n¦[¢ ��¤ �*µx�`¢6�8  ¤n�[�

2 = ϕ(3) = ϕ(6) = ϕ(4)
3Vµ`�

ϕ
¤n�6�8  ¤n�[��8)¬�¢}¤7=*´¸�98[¬(8/�8�x¢

Euler
3x¥[¦[§¨�`�6© �¸« 3f¬��¨¦`  �}�I�Bª � � � ­����&±



�I  · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
u�C@cfCFJfgIcfU�nIjSR¥�FJLK4CLV

σ6 = 1
�4Jd�IJdR

σ3 = ±1
? Q}V

σ3 = −1 ⇒ (−σ)3 = 1
?

� �8JfX�K�p�K{C�JYUFV�M*CL¡/U�cfK X�j@�=JYUFV�RzE@E@RYK{H@JLK M�s�V£XkJYU*K ³kRYW{y�V � �=XkJTCL¡6RYcTs�V=X;g@j@RYW{y�V � �;CIcdM*RYWVFC�HSRYcfK U�cLK XkJYU�nIjSR�X;JfK O:H�RPcLK H@Jds8X;RTK O
σ4 = 1

M*CSK
σ3 = 1

?
� R q S ]_^¸��gih � q v�^&h & σ4 = 1

? � �(XkJPy
Z2 VLC afgFE@s�VLRTK�JYU Z



module

�FEIy�V�JYy�V
X;JdgIEIs�V aLK{CFVLG@X;jSeFJPy�V [

a
b

]

= [a, b]T
�2jSR

a, b ∈ Z
?¥|}CmXkJYU*K ³kRYW{C¤JYU�G

Z[σ]
afcfU�nLV

X;JYULV
Z2 jSR�CIcLK XkJfRPcf��H�UFE@E@CFHSE@C@X�K{C@X;jS�6?¤u�CSW{cTVLU�G@j@R=afgFESCIaf�mJYU Z2 X;CFV©NzVLC Z[σ]



module

?�ADCL¡6s8O�JYU
Z[σ]

RYW VLCSK�K X���j@U�cf��U jSR=JYULV
Z[i]

� U*K�CFM*NPcfCSK U*K2JYU�G
Gauss

� ,�� �jSRPXks JfgIO
σ2 7→ −1

��JTU
Z[σ]

RTW VFC@K/j�W{C�H�RPcLK U@³k��M*nIcLK y�V¥K{afRzy8ads�V_� / ?:|}U
module Z2RzH*W6JYU�G

Z[σ]
RYW VFC@K

torsion free
� � �6M*CF¡�s8O£CFV

Z[σ] 3 (a + bσ) · x = 0 ⇒ (a + bσ) ·
(a − bσ) · x = 0 ⇒ (a2 − b2σ2) · x = 0

σ2=−1⇒ Z 3 (a2 + b2) · x = 0 ⇔ x = 0CFV
a + bσ 6= 0

? � �8JfX�K/JTU
Z2 H�cdNPHSRYK�VFC¥RTW VFC@K/N�VFC�RzESRPnL¡/RPcfUY� � Z[σ]



module

j@R�JfeI�fg�
rank � W X;g=jSR�JfgLV=j@UFVFeIafCk?8��gFESCIaf� Z2 = Z[σ] · u �kp�K�C�M*eIHSU*K U u ∈ Z2.x:NzJYU�G@j@R

v = σu ⇒ σv = −u ?}_ {u, v} CIHSUIJdRPE@RYW�jSW�C=^Se@X;g=JYU�G Z2 RzH*W�JYU�G Z
?

� �¶³kU�G@j@R:�FJLK
σ · [u v] = [σu σv] = [v − u] = [u v]

[

0 −1
1 0

]

,
jSR

det[u v] = ±1
� � .

Q�V
det[u v] = 1

Jf�FJfR(JYU
σ
HScfNzH�RYKfVFC�RYW VFCSKFX;G@�fGFp;NPO�jSR¶JTU [

0 −1
1 0

] XkJfgLV
SL2(Z)

?
Q�V

det[u v] = −1,
Jf�FJfR

σ = τ

[

0 1
−1 0

]

τ−1 ��jSR τ = [u v].
²!K�C@GFJf�,M*eL¡/R

RzE@E@RYK{H@JLK M*�¥XkJTU�K ³kRTW U
σ ∈ SL2(Z)

Jde@�fgIOD´¤RTW VFC@K6X;G@�dGIp;NPOijSR�JYU ±
[

0 −1
1 0

] XkJfgLV
SL2(Z).

� �¶JdX6K*M*eL¡/R}RzEIESRYK HSJfK M*��XkJYCF¡6RPcf�=X;g@j@RYW U�j@R�Jde@�dg�W X;g£jSR�afnIU�H�cfNzHSRTK@VLC�RYW VFC@K
K X;U�afnLVFC@j@U�jSR:JYU¥XkJTCL¡6RYcd� X;g@j@RYW U=JYU�G [

0 −1
1 0

] �kH�U�G=RYW VFC@K;JYU
i
?��8H*W X;gIO�CIHS��JfgLV

H�cf�FJYC@X;g�±k?{wL´�U [

0 −1
1 0

] afR�V�RYW VLCSK;X�GI�fGFp��IO:j@R:JYUFV [

0 1
−1 0

] ?
� R q S ]_^¸��gih p R 	k^ R q h & σ3 = 1

?tx:C¥NP³kU�G@j@RD�IJfK
Z[σ] ∼= Z[exp(2πi/3)],

H�U�G�RYW VFC@KH�RPcLK UI³k�¤M�n@cLK y�V K{afRzy8ads�V*? � h:jSU�K�C�¡6CmNP³;USG@j@R£�dCFVFe �IJfK
Z2 = Z[σ]u

�$p�K{C M*eFH�U�K U
u
?x:NzJTUSG@j@R

v = σu
?8|}�FJfR��

σ · [u v] = [σu σv] = [v − u− v] = [u v]

[

0 −1
1 −1

]

,
j@R

det[u v] = ±1.

² 5 ���¸�n®x� �n¦`� �x�
Z[i]

�8  ¤*�[���&�L�n®x§I´}�[� �x� �8�`¢
Gauss

3<§I°f�x¢*µ`�A¶n�}�
Z[i] = {α + βi : α, β ∈ Z}

±
� =n¦`� ¬f�8�/®x� ;V£
���

Z[i]
�8  ¤*�[�V�n®&§I´¸�[� �/�`�I´n� �*°@1(3k�}¶n�¸��� �_�`�n� �*¬�µ`§ ¤*�`��µ`�!�:8n¤

ϕ : Z[i] \ {0} → N
3Vµ`�� �n�`�

(α+ βi) 7→ |α+ β|2
3f�

Z[i]
�8  ¤*�[��µx  �u�I¢n®x¦[�8  �}�8� ���x�I´}� �*°@1 	 �:8*¦[�*�91/�I¢n®x¦[�8  �}�8� �x�!�¸�n®x� �n¦`� �x��®x�[��n®&§I´¸�[� �6�`�I´n� �*°@1 
 3�¥[¦[§¨�`�6© �¸« 3f¬��¨¦`  �}�F¹�­ �&±²9< ®�= ;V� �I¢n®x¦[�8  �}�8� �`���}�n®`� �n¦`� �`���8  ¤n�[�`�`�I´n� �*°@1u®&¢*´}  �c¤u� �¸� �z�¸£�¤uµ`� µx�}¤7=*�}�@3`¥[¦[§¨�`�u© �¸« 32;V�I£
´:8[µ`��­&± �¬��¨¦`  �¸�4¹�­ �&±² 
 6 � ¤[� ®�=j�}¤

A
§ ¤*�j�*´n� ¬f�¸�I´}¶

R
�

module
µx�

R
�n®x§I´}�[� �j�`�I´n� �*°@1(3��¸¶n�}� 6 � � ®�= ;V�

a ∈ A
;V§¨� �

Oa = {r ∈ R : ra = 0},
�8�2�[�x�x  ��3k�8  ¤n�[�Y§ ¤*�2� �}�I£
�}�I� 6 � �6�8�}¤

R
±��<¤

At = {a ∈ A : Oa 6= ∅}
3�}¶n�¸�";V��¦[§Iµ`�!¶n�n�_�6�8�

A
�8  ¤*�[�

torsion free
�}¤
At = ∅

±² � �98*¦[�*�:1A¤n� 6 ´ =��_�¨�8�[�
¬��}¤A�8� �I¢ ;�1 6 � ¤n¶xµ`� ¤*�j�n�`¶j�}¤}�n  6 ´¸���_�A�8�x¢
Z[σ]

3��98*¦[�*�:1
Z2 = Z[σ] ⊕

· · · ⊕ Z[σ]
±B��� �2�8�}¤4�*¢*¬f�98[´}¶d�`´n� ¬�µ`¶F¥[¦[§¨�x�2© �¸« 3�;V�I£z´98[µx�4ª&±|¹23c¬��¨¦`  �¸� ¹94&¹*±��L�:8n¤2¬�¢ 6 ®&�¨®x´n� µxµ`§ ¤78�`�I´n  �[� �
¬(8(3_®&� ;V£
���8�

Z[σ]
�8  ¤*�[�f�`�I´n� �*°@1)® �*´n� ��¤6� �¸� �z�¸£�¤�3��8���`�¨�`�I´}�*¬�µ`§ ¤*�/�`�*´}� 6 £
µx� ¤n�

modules�¨�x [�`�I´n� �*°f§I� ® �*´n� �c¤B� �}� �
�}£c¤B¬�¢*µ[�&  �[�8�x¢}¤Bµ`�i�}� � �`�¨�`�I´}�*¬�µ`§ ¤*�I�<�`�*´}� 6 £
µx� ¤n�I���}¥`�¨¦`� �}¤*§I���`µ'=*�}�I��®&�[�8
Z2
�8  ¤*�[�kµx  ���n�x¶2�*¢n�¸§I�*± � =}¤n�}¤n�8�*�u°f´:1[¬(8/�8�`¢ ;V� �z´91[µx�n�8�`�u¯&± º6�8�x¢A© �¸« 3f¬��¨¦`  �}�/ª*ª&¹23(;V�)§I°&�x¢*µ`�¶n�n�_�8�
Z2
�8  ¤*�[�V�¨¦[� � ;V�I´}�4�¨�&�_�8�x¢

Z[σ]
± �<§¨¦[�`�!®&� ;V£
�

Z[σ] = Z ⊕ Zσ
�8  ¤*�[���V�}¤n�I´}¶4�n�n�V�4�*´}� ;Vµ`¶x�� ��¤��}¤n�}� 6 ´ =�� �c¤

Z[σ]
�`�`¢)°f´:8[¬_� µx�[�`�&� � �*µx� 6 � �u¤n���'=*´}�`¢*µx�!�8�

Z2
3@;V�6� ¬�� �n�8�[�_µx���98n¤�µx�}¤7=*�}�&±² �n®x� ;V£
�N�8�

[u v]
�8  ¤n�[�&�}¤n�}� ¬f�}´¸§��k� µx��¬f�8�&� °f�8  ���8�`¢

SL2(Z)
3';V�B�`´¸§¨�x�8�@8B�`´n  ?}�`¢*¬����8�`¢�¤*�B�}¤71*®x�8�¬f�n� �!µ`�}¤2=*�¸�I�u�8�`¢

Z
3f¶n�8�}¤

U(Z) = {±1}
±



� �  ��
Modular � � � � � SL2(Z) · � ]

utcfeFp;jSCFJLK�JYU
σv = σ2u = −σu− σv ⇔ σv = −v − (u− v) = u

? � �8JdX6K6M*eL¡6RtJYU
σRTW VFC@KLX�GI�fGFp;NYO¶jSR4JYU

τ =

[

0 −1
1 −1

] ��JYU
τ2 =

[

−1 1
−1 0

] XkJfgLV
SL2(Z)

?4l�GFVFRzH@s8O
M*eF¡6R�RzEIESRYK HSJfK M*�:XkJYCF¡6RPcf�iX�gIjSRYW U�Jde@�fgIO�±:RTW VFC@KSK X�U�adnFVFCIjSUDj@R(JYUDX;g@j@RTW U

exp(2πi/3),H�U�G¤RYW VLCSK6JYUmXkJYCF¡6RPcf�~X;g@j@RYW U JYU�G
τ2 ��¡6C RYW VFC@K K X�USafnFVLC@j@U~jSRDJYU exp(2πi/6)

�6HSU�GRTW VFC@K�JYU XkJTCL¡6RYcd� X;g@j@RTW U JYU�G
τ
? |}NPE@U�O�CFH��,JfgLV�H�cf�FJYC@X;g�±k?{wL´���JYU

τ
afR�V,RYW VLCSKX�GI�fGFp�NPO�j@R:JYU

τ2 XkJfgLV SL2(Z)
?

§ <��7� ¨ �4) ¦!M ¦ �!M �BU{T�WYy$# R p U{TYW q U ^xb�\X]�l[r�y p T Γ
^&hco

SL2(R)
wNl&Pxl[r�y �¸l`\xr R # R r R ZzU|v!�p hcoj] R q U|l t/b )

fundamental domain+ ^*l`\ H/Γ
) b�]VU|ldT�]nZzy�^*l`\

Γ + T_P &
�
i � l F R*S P*TVU m PnT�g�\VP R Wc^`UaWXedTVPxl&UaWc^xe:\X]�lfg 	VPxl8Zilj^*l`\ H

w
�
ii � l_]�l&U{T p bz]�l`^ R p 	Vl gihXr R*S T�^*l`\ F p R P R*S P*TVU Γ �IU|gcl p 	VP*T`rLT�w
�
iii � WYy
# R gzhXr R*S l�^*l`\ H R*S PnTkU Γ �IU|gcl p 	VP*T`rNl�r R m P*T gihXr R*S l�]_l`\ T_P_bcW R U<gz^&h�P�WxZ R U �gz^xe`^&h�^nT ^*l`\

F �
ADeF¡6R�¡/RPjSRzESW y8afg@O�H�RPcLK U@³k�iH�RPcLK{NP³;RYK*CFM*cLK ^Ss8O�N�VFCLViCFVfJLK H�cf�SX;y4HSU�CIHS��JfgLViJfcfUI³;K{ep6K{C=M*eL¡6R

z ∈ H
?��©HSU�cfRYW;VFC�afRYK ³*JdRTW;�IJfK/GIHSC@cd³;RYK;j�W{C�¡6RYj@RzE�K s8afgIO�H�RPcLK UI³k��p�K{C=M*eL¡/R

Γ
M*CSK;�IJfK � j�W{C � ¡/RPjSRzESK s8afg@O�H�RPcLK UI³k��JYU�G Γ = SL2(Z)

�
�
RYW VFC@K�g

F = {z ∈ H : |z| > 1, |Re(z)| < 1/2}.
|}U

F
RTW VFC£�6cdCIp;jSN�VFU�CFH���JLK O�U�cLK{�f�LVLJfK�RPO�p�cdC@j@jSNPO

Re(z) = 1/2, Re(z) = −1/2
M*C@KCIHS�:JYUFV�M*nFM�E@U |z| = 1

?�QtGFJf��g�HSRPcLK UI³;��RYW VFC@KFN�VFCtGIHSRPcT^�UFESK{M���JdcLW pky�VFU��7JYUDeF¡6cfU*K X;jSCJYy�V�pky�VIK s�VtRYW VFCSKLjSK{M�cf�IJdRPcfU:JYU�G
π � jSR8M*U�cdG@��NYO8JLK O (−1+i

√
3)/2 = exp(2πi/3) = ρM*CSK

(1+i
√

3)/2 = exp(2πi/6) = −ρ̄ j@R(JfK O�pky�VIW{RPO�H�U�GtX�³kgIjSCFJLW{�fU�GLV�jSR¶JLK O(HSE@RYGIcfNPOVFC RYW VFCSK(W X;RYO~jSR
π/3

? |}NzE@U�OmNP³kRTK8j�W{C JdcLW Jdg-M*U�cdG@������X;JYU ∞ jSR¤JfgLV-pky�VIW{C HSU�GX�³kgIjSCFJLW{�fRYKSjSR�JfK O}CLVLJLW XkJYU*K ³kRPO�HSE@RPG@cdNYO¶VFCDRYW VLCSKSj@g@adNzV�?4��eIESK XkJTC:CFV:C@���@X;U�GIjSR�M�eF¡6RX;JYU*K ³kRYW U Jdg@O
modular

USjSeIafC@O¥VFC adcfe@X;RYK¶HSeFVLy XkJYU
F
Jf�FJfR¥¡/C�M*CFJTCI�6NPcfUSG@j@R�VLCRPH�K M*CIE@n��6U�GIjSRiJYUFV

H
j@R=N�VFCLVmRYK{aLK M*�©Jfcf�@H�U �2H�U�G~UFVFUSjSeI�fRzJTC@K

tessellation % � JYU�G H,jSR¥JfNzJYU*K{C�GFH�RPcT^SUFE�K M*emJdcLW pky�VFCk? Q�GIJd��O RYW VFC@K4U ES�Fp;U�O�H�U�G�M*eFH�U*K U�K�X�GFpkp;cfC@��RYW O % JaLK{C@��U�cfUSHSU*K U�nLV JdgFV JfcLW Jdg K�afK��FJfgFJYC�X;JYULV,U�cLK X�j@� H�U�G,ads8X;CIjSR©p;CSK�JdgFV-¡/RPjSRzESK s8afgH�RPcLK UI³k���!�IJfK2¡6C�HScfNzH�RYK!adgIE@C@ad�~VFC�K X;³;nIU�GLV~JYC �
i � � � ii � M*C@K H = ∪γF̄ ?©|}NzESU�O�X�RM*eF¡6R�N�VFCiCIHS��CIGIJdeiJYCDJfcfW pky�VFCi¡6CDH�cfNzHSRTK�gijSW�CiJYU�GDM*U�cfGI�6�iRYW JdR�VFC�RYW VFC@KSJYU ∞ RYW JdRVFC�CFVL�IM*RYK;X;JYULV�HScfCIp;j@CIJfK{M���e@�fULVFC

Im(z) = 0.
hbES�Fp;U�O�RYW VFCSK;�6CLVFRPcf��O��;�IJYCLV�M�eF¡6RjSRzJYC@X;³kg@j@CIJfK X�j@��OiH�U�G CFVLJfK XkJTU�K ³kRTW X;R�N�VFCLV¤CIHS�mJYU�G@O£p;RzVdVF�IJYU�cdRYO£JfgIO

SL2(Z)
�2¡6CH�cfNzH�RYK6RYW JdRtVFC�XkJYCF¡6RPcfUSH�U�K�RYWkJTU ∞ �

σ � RYW JfRtVLC¥JYU¤CIHSRYK{M�UFVIW{�fRYK;X;JYU~j@g@adNzV�� τ ��^@ESNzHSRJfgLV=CFM*�FESU�GL¡6g£HScf�IJYCIX�g � ?
«�<N�2#k���uK ¦!M ¦ » M � modular

l*r�y p T
SL2(Z)

� R P�P&y�^nTkUzT_]�ej^*TQgi^*l&U t R*S T &
τ =

[

0 −1
1 0

] WYTVU
σ =

[

1 1
0 1

]

.

² � 8!�n�`�`�}�8� ¡:8!�8  ¤n�[�[�¸�I°x¤*� ®'1�®&�[�}¥`�*¬_  ?}�¨�8�[�[¬f�n� ���n  ���_�x´¸�I�L�x�I´}� �[�¸£z¬��8� ���8�x¢
cσ
6 � �N§ ¤*�

σ ∈ SL2(Z)
3¥[¦[§¨�x�)© ¹8·n« 3';V�I£z´98[µx�)ª&±|¹�ª@3�¬��¨¦`  �}��ª*¯@3 1)¬f�8�}¤A© ¹�ª}«X¬��¨¦`  �¸�F¹�¯&±0 
 �`´}�`§I´}°&�¨�8�[���n�x¶��8�}¤Q¦[�n�}� ¤*� ®x¶ ¶`´}�

tessella
�`�`¢�§I°f�8�<�}� �d´n  ?}�I�d�8�x¢�¬f�8� �¨¦*¦28n¤[� ®&¶��¸§I¬�¬��I´}�@3

�}�}�¨�¸´ = 6 �c¤*� 
x±�� �
¤*�
tiling

� ¤*¶`���8�`�`�n¦[� 6 � ®&� �d°f£
´}�`¢
S
�8  ¤*�[�cµx  �2¬�¢n¦*¦[� 6 1

B
�n�`¶d�}¤*�x� ®`�:=4�8�`¢

S�}§¨�8�x� �)£
¬f�}�<¤*�6�8  ¤n�[�V¡¸§ ¤*�)µ`�¨�8�*¡ �6�8�`¢*��®&�[� 8�®`¦[�8� ¬f�}¶n�98*�8�/�:8[�!§ ¤ �z¬(8[�!�8�`¢*�!¤n�6� ¬�� �n�8�[�Vµ`���8�}¤
S
±0n� ¥[¦[§¨�`�)© ¹8·n« ±



�@� · Fuchsian � � ��� �
� ����� ��� � � ��� � ���
O�]_e p R U � h & � �¶XkJYy

T
VFCiRYW VLCSKSgDGFH�USU�jSeIafC:Jdg@O

SL2(Z)
H�U�G�p;R�VfVFeFJYCSK@CIHS�iJYC

σ, τ
?|}�IJdR −I2×2 = τ2 ∈ T ?�u�C@cfCFJfgIcfU�nIjSR:�IJfK6M*eF¡6RDXkJTU�K ³kRTW U¤JYU�G SL2(Z)

Jdg@Oij@U�cf�6�IO
[

∗ ∗
0 ∗

] HSRYcfK�NP³kRzJYCSK XkJfgLV
T
M*C@K$CFV [

a b
c d

]

∈ T �/Jf�FJfR£M*C@K$JYU [

−c −d
a b

]

=

τ ·
[

a b
c d

]

∈ T
? � �(XkJPy �IJfK 〈T 〉 6= SL2(Z).

utC@W{cTVLy JYU XkJTU�K ³kRTW U [

a b
c d

]

∈
SL2(Z) \ T s8X;JdR�JYU Min(|a|, |c|) VFC£RYW VLCSK*JYU=j�K M*cf�FJfRPcfU�afGFVLCIJd�6?�r�y8cLW O�^@E@eF^Sg�JfgIOp;RzVFK{M��IJdgIJYCIO��2GFH�U@¡6NzJTUSG@j@R��FJLK |a| ≥ |c| > 0

?¤u�CSW{cTVFUSG@j@R
q, r ∈ Z

��JdNPJYU*K U�G@O£s8X;JdR
a = cq + r

M*C@K
0 ≤ r < |c|. |}�FJfR�¡/C¤NP³kU�G@j@RD�IJfK σ−q

[

a b
c d

]

=

[

r ∗
c ∗

]

/∈ TM*C@K
r = Min(r, |c|) < |c| = Min(|a|, |c|) �*H�cfeFp;jSC=eFJYUSH�U�CFH���JdgFV�GFH��@¡6RPX�g=j@C@OF? ♦utCIcfCFJfgIcfU�nIjSR��FJLK8g-adcfe@X;g-JPy�V�p;R�VfVFgFJf��cTy�V XkJYUFV

H
afW VLRPJYC@K¶CFH��-JTUSG@O�HSC@cfCFM*eFJPyjSRzJYC@X;³kg@j@CIJfK X;jSU�nIO �

τ(z) = −1

z

M*C@K
σ(z) = 1 + z,

jSR
z ∈ H.

� htH�USG��6U©jSRzJYC@X;³kg@j@CIJfK X�j@��O
σ
RTW VFC@K j�W{C~j@RzJTCI�6UScfe�H�cfU�O£JYC afRP�LK{e¥M*CFJTC¥jSW�C jSULVFeIafC��R�VLs,U

σ
RYW VLCSK�jSW�C£CLVFeIMSESCIX�gtM*CIJdeijS�FM*U�O�JTUSGiJd���fU�GDJYU�GDM*nFM�E@U�G |z| = 1

?��8H*W X;gIO�JYC
X;JYU*K ³;RYW{C

τ · σ =

[

0 −1
1 1

] M*C@K
τ
NP³;USGFV£H�RzHSRYcdC@X;jSN�VFg£JfeI�fg=jSR

τ2 =

[

0 −1
1 0

]2

= I2×2
M*C@K

(τ · σ)3 =

[

0 −1
1 1

]3

= I2×2, modulo(±I2×2),

jSR=X;GLVFNzH�RYK{Cmg
SL2(Z)

VFCmH�RPcLK{NP³kRTK$H�RzH�RPcfCIX;jSN�VFRPO=GFH�U�U�j@e@adRYO£JfeI�fgIO¥w~M*CSK2±©CFVfJLW 
X;JYU*K ³;Ck?¶h�KkH�CIcfCIHSeFVfy¬afK�CFH*K X;JTs8X�RYK OtU�afgFp�USnFV�XkJTU¥RP�f�IO:H��ScLK X;jSC
�
«��4<���� ¨ � ¦!M ¦ �BM �BU{T:WYy$# R z ∈ F̄ WYTVU

Γz = {γ ∈ SL2(Z) : γz = z}, #VT m tB�

Γz =















{I2×2, τ},
�cU T

z = i,
{I2×2, τσ, (τσ)2}, ��U{T

z = ρ = exp(2πi/3),
{I2×2, στ, (στ)

2}, ��U{T
z = −ρ̄ = exp(2πi/6),

{I2×2},
p U{T � l q R ^[UsWYy .

«���<2��#;��<�K��uK ¦!M ¦!�!M � T cusps
w�e_]x��o WYTVU�^nT�gz^*T
# R q y R ZkZ R Us]_^`UaWYy�gihXr R*S T ^&hco mo-

dular
l[r�y p TYo4TVP�b�WYl`\kP�gz^*l g 	VPxl q l�^&hco�# R r R ZiU v p hcod^xh�od] R q U|l t/b�o F �

�F(�� ��C ��
).FE 7:C
H∗/Γ

G:,6D ��EI, � 1 5 ���)D4@B5},
Riemann

Q�V�g
Γ
�kX;G@jF^�UFE�W{�fRYK*j�W{C�aLK{CIM*cfK Jf��GIHSU�U�jSeIafCiJfgIO

SL2(R)
��¡/C=aTs8X�U�GIjSRtj�W{C=jSK p;C@aLK M*�afU�j@��XkJYUFV

H∗/Γ
��NzJfX�K4s8XkJfR=VFC©p�W VFRYK�j�W{C�RzH*K{�6eLVFRYK{C

Riemann
��^SC@X�K{�f��j@RzVLU*K�X;JdgFVjSNP³kcLK Jds8cfC~HSU�cfRYW{C¥jSCIO�X;R�CIGIJd�~JYUmM*RP�6eFESC@K U6? � �¶X;JPy

ϕ : H∗ → H∗/Γ
�/VLC~RYW VFCSK g�6GIX6K M*��H�cfU@^SUFES�k?�²!K{C�M*eL¡/R

u ∈ H∗ �*¡6NzJTUSG@j@R
Γu = {γ ∈ Γ : γ(u) = u}.

Q�V:JYU
u ∈ H⇒ ϕ(u) ∈ H/Γ

�S³kcfgIX�K�j@USH�U�K U�nIjSR8JfgLV�H�cd�IJYCIX�g�±k?[>T±	�SR�VLs�CLVtJTU
u
RTW VFC@K

cusp
�2JYU©E@�@j@jSC~±k?{w �k?=u�eFVLJYC j@H�UScfU�nIjSR£VLC ^�cdU�n@j@R�jSW{CmCFVLU*K M�Jf�¥p;RTK JTULVIK{e

U ⊂ H∗JYU�G
u
JfNzJYU*K{C�s8XkJfR��

Γu = {γ ∈ Γ : γ(U) ∩ U 6= ∅}.



� � ] � � �����$� 	�� H∗/Γ ��� � � � � � �
��� � � � � � Riemann · ��¸

F

1 101 2/ 1 2/

( )
2

(
2
)

1-

i
r r

-
-

- -
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U/Γu → H∗/Γ
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U/Γu

VFC�RYW VLCSK�jSW{CCFVFU�K{MSJf��p;RYK JYUFVFK�e£JYU�G
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H∗/Γ
JdgFV

(U/Γu, ϕ
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j@R
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3 µ`�
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�}¶n�¸� ;V� � ¬�°��*�8�

|f(z)| ≤ |z|
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Rie-

mann
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Riemann
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c d
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XkJfgLV
Γ(1)

RTW VFC@K4K X;U�afnLVFCIjSC�jSR=JYU
¢n�'=*´}°f�8�i§ ¤n�

z0 6= 0
�¸§¨�8�&� �:£
¬f�¸�)¤n� � ¬�°��*�8��8j� ¬�¶n�:8*�8�@3i�}¶n�¸� ;V� §I°f�x¢*µ`�/¶n�n�

f(z) = cz
6 � �dµx  �¬f�8� ;V�I´ =

c
µ`�

|c| = 1
± �!�k�`´}���n�`�>;V§I¬��8� �/� ¬�°��*�`¢}¤ 6 � �/�8�x¢*���}¤*�n¦[¢n�}� ®x� �*�)�*¢n�8�`µ`�x´��k� ¬�µ`� �*�6�8�`¢

D�`�x¢B¬f�8� ;V�I´}�[�`�&� � �}¤u�8��µ>8[�}§ ¤&± � �z�¸¬_�>;V�B�n�`�8� ®x�}¤[  ?}�`¢}¤�®�= ;V�
w
¬�� § ¤*�

cw
µx�

|c| = 1
± ���*´}�n�98[´}� �*µ`��}£
´}�/¶n�}�X�}¤

g ∈ λΓ̄wλ−1
�¸¶n�¸�

g(w) = cw
µx�
c ∈ C

± � ��µ �z�B®x�[�
g ◦ g(w) = w = c2w

¶[���
�B®&�[�8
n
� �_�x´¸§I��¬ �}¤:;V�I¬(8Aµ`�u�8�}¤4�I�*¢n�¸¶A�8�x¢2µx�*���n  ¤n�8�

g ◦ g ◦ · · · ◦ g(w) = cnw = w
± � �
�}¬_��;V�2�`´}§¨�`�8�

cn = 1, |c| = 1
µ`�
n
¤*�u�8  ¤*�[�&��µ&� ®&´¸¶n�}�I´¸�x���¸§¨�8�x� �`���n®x§I´}�[� �`�73f®x� ;V£z�N�8  ¤*�[�@8B�:=*¡:8u�:8[�N�xµ'=*�}�*�

Γw

±
� �
�}¬_���

c
�8  ¤n�[�Vµx  �u�`´ ���8�*´}°�� ®�1

n
� �x¬f�91)´n  ?}���98[�!µ`�}¤2=*�¸�*�*±



� � ] � � �����$� 	�� H∗/Γ ��� � � � � � �
��� � � � � � Riemann · � o
eIHSRTK{cfU�? �(W�adC@j@R RzH*W X�gIO¥�IJfK¶�FESC�JYC

cusps
M�CSK�JYC-RzEIESRYK HSJfK M*e©X;JYCL¡/RPcfe�X;g@j@RTW{C�JfgIO

Γ(1)
CFVL�IM*USGFV£XkJYU�X�nLVFU�cfU�M*C@KkX�GLVFRzHSs8OtX;JdgFV£M�E@RYK X;Jd�IJdgIJYCDJfgIOt¡6RPjSRzE�K s8afUSG@O�H�RPcLK U�
³;�IO
F
?4Q�H��=JYULV�U�cLK X;jS�=Jdg@O�JfRzESRPGFJYCSW{CIO�M�CF¡6N�VFC�CFH���CIGFJfe£RTW VFC@K

Γ(1)

 K X�USafnFVLC@j@U=jSRM*eIHSU*K U

z ∈ H
R�VLs XkJTU

F
afR�V�GFH�eIcf³kU�GLV

Γ(1)

 K X�USafnFVLC@j@C�X;JYU*K ³kRYW{C;? � �8JfX�K6JYC

cuspsM*CSK2JTC©RzEIESRYK HSJfK M*e XkJYCF¡6RPcfe©X;g@j@RTW{CmJdg@O
Γ(1)

HSU�G©CFVL�IM*USGFV XkJTU�X;nFVFUScfU�¡6C©H�cfNzHSRTKVFC�RYW VLCSK�K X�USafnFVLC@j@C=jSR:M�eIHSU*K{C
cusps

M*C@K�RzE@E@RYK HSJLK M*e£XkJTCL¡6RYcde=X�gIjSRYW{C=CLVLJLW X;JYU*K ³kC �&gRTK M*�LVFC�JYU�G@O��8jSNPXky M�eIHSU*K U�G
γ ∈ Γ

¡/C�H�cfNzH�RYK!VFC-RYW VLCSK4XkJTCL¡6RYcd��X�gIjSRYW U � H�USG�M*C@KC@GFJfe¥¡/C¤H�cfNzH�RYK6VFC CFVF�FM*U�GLV¥XkJYU
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[
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] �
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τ
) = τ2kf(τ).
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RYW VFC@KIH�RPcLK U�aLK M*��j@R�H�RPcLW USafU£W X�gDj@R�JfgLVDj@UFVLe@afC�M�CSKX�GLVFRzHSs8O¥jIH�U�cfUSn@j@R�VFC©JfgLV©RzM*��cfe@X;U�GIjSR=X;CLV©X;GFVFeIcdJdg@X;gmJPy�V

cos
M*C@K

sin
�4afgFESCIaf�X�GLVFCIcdJf�IX;RTK*JYU�G
�

q = exp(2πiτ),M*CL¡6s8O©JYU
τ
JdcfNP³kRTK(X;JYULV

H
��JYU

q
¡/C JdcfNP³;RYK�aLW X;M*U jSR �fJfcdnIHSC
��? Q�GFJf� NP³kRYK(y8OX�GLVFNzH�RYK{C¤g

f
VFC~RYW VFC@K2j@RYcd��jSU�cd�6gmXkJYUFV aLW XkM*U©j@R��fJfcfnFH�C � {q ∈ C : 0 < q < 1}.l�GFVLRPH@s8Ot¡6C=j@HSU�cfU�nIjSR�VFC�JfgLV�RPM��6cfeIX�USG@j@Rtj@R�j�W{C=X;RYK�cde

Fourier
�

f̃(τ) =
∞
∑

n=−∞

an exp(2πinτ).

x:NzJTULVLJYCIO
q = exp(2πiτ)

�k¡/C�ESNPjSRt�IJfK�g
f
RYW VLCSK �

• j@RPcf��jSUScf�6g�XkJYU ∞ CLV
f̃ =

∑∞
n=−n0

anq
n p�K{C�M*eFH�U�K U n0 ∈ Z

�
• CLVFCFESGFJLK M*�£XkJTU ∞ CLV

f̃ =
∑∞

n=0 anq
n ?

Q�V£g
f
RYW VFCSK*j@RYcd��jSU�cd�6g�XkJYU ∞ �*jSR f̃ = a−n0

q−n0 + · · · ��jSR a−n0
6= 0

Jd�IJdR�g£Jde@�fgJfgIO
f
X;JYU ∞ �$¡/C~RTW VFC@K!gmJde@�dg~JYU�G f̃ XkJYU q = 0

�$H�U�G~RTW VFC@K�W X�gmj@R −n0
�&�FJYCFV¤JYU

τ → i∞ %9, �*Jd�IJdRtJYU q → 0 � ?4�8H�W X�gIO:CLV�g f RYW VLCSK;CFVFCFE@GIJfK{M��£XkJYU ∞ �kJf�FJfRtU�cLW{�fU�GIjSRVFC=RYW VFC@K
f(∞) = f̃(0) = a0

?
§ <���� ¨ �4) ¦!M ¯ ¦!M � S TdgL\kP&y q ^&hcgzh f l&Pxl*r�y�� R ^nTkU modular

g�\VPfy q ^xh�gzh�T_P�P2UsWYT_Pxl_]_lxU R*S^`U|o4TYWXeIZil`\
# R o2U p U e`^&h�^ R o &�
i � f ∈M(H)

w
�
ii � �cU T�WYy
# R ] S PnTYWYT γ ∈ Γ(1)

WkTkU
τ ∈ H

w�U gft 	 R U f(γτ) = f(τ)
w p hfZkT p b�h

f R*S P*TVU
Γ(1)

�IT_P*T[ZkZil S ��^&hkw�
iii � � g R U q y Laurent m t R Uzr�l q�� b &

f̃(τ) =

∞
∑

n=−m

an exp(2iπnτ).

b�U gcl p 	VPnTxrLT�TVP R*S PnTkU�r S T weakly modular
g�\VPfy q ^xh�gzh�rBh p R PfUaWXl
	 �Ly q l`\konw�]�l`\ R*S P*TVUr R q e*r�l q
� h gi^*l ∞ �

«���<2��#;��<�K��uK ¦!M ¯!¯ M � T q T�^xh q l
	`r R e`^`U
^*ld]_h&Z S WXl p 	kl weakly modular
gL\kPnT q ^xbcg R ���P`w!]_l`\ R*S P*TVUir R q e*rNl q
� R oAgz^[l ∞ r R4S p U l �Ly q l&o*w p S Pxl`\VP r S T modular

gL\kP&y q ^&hcgzh �
ADCL¡6s8O�g

f
RYW VFC@K

Γ(1)

 CLVFCIEIE@U*W y4Jfg:jIH�U�cdU�n@j@R(VFC�JdgFV�¡6RPy8cd�@X;U�GIjSR�X;CFV�X�GLVFeIcdJfg�
X�g:X;JYULV

Y (1)
?�|}Ui�FJLKFRYW VLCSKIjSRPcf��j@U�cf�6g:X;JYU ∞ �IafgFESCIaf��X;JYU cusp

Jdg@O
Γ(1)

�IX;g@j@CSW VFRYK�IJfK�RP�fCFM*UIE@U�GL¡/RYW6VFC©RYW VFC@K�jSRPcf��j@U�cf��g©CIM*�SjSC~M*C@K!CLV JfgLV ¡6Rzy8cf�@X;U�GIjSR=X;CLVmjSW�C©X;G�
VFeIcdJfgIX�g©JYU�G
X(1)

? ��gFE@C@af��g
f
RYW VFCSK4j@RYcd��jSU�cd�6g�X�R¥�FESU�JTULV�CLVFU*K M�Jf�-j�K p;CIaLK M*�aLW XkM*U6?

§ <���� ¨ �4) ¦!M ¯4° M � S T weakly modular
gL\kP&y q ^&hcgihQ]_l`\ R[S PnTkUc]�T_P_^*l
	AT_P*T[Z
\Y^[UsWcb*) p hk�ZYT p b gi^*l&P

H
WkTkU
TVPnT`Z�\Y^`UaWcb gz^*l ∞+ w�l&Pxl*r�y�� R ^nTkU modular form � O:PjU|g&t 	 R U R ] S gihcoe`^`U

f(∞) = 0
w�^xe`^ R h f l&Pxl[r�y � R ^*TVU cusp form �0 5 µ`§I°f´}�V�8�4�¸§¨¦[�`�u®x�[�k�n®x�n¦[�x¢ ;V£c¤n�8�*���8�}¤/¬�¢*µ[¥`�n¦`� ¬�µ`¶A¬f�98n¤6¥x� ¥[¦`� � 6 ´¸���k  �@3�;V�)¬�¢*µ[¥`�n¦`  ?}�`¢*µx�B�8�

∞
µ`�
i∞
±�� ¦[¶ 6 �`�B�8  ¤*�[��¶n�}� �}�`´}�`¬�� 6(6   ?}�`¢*µx� 
6�8�

∞
�n�`¶/�8�}¤ =*¡¸�}¤*�

Im(z)
±
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� T q y p R U �_riT & h�K�X;RYK�cdNYOtJTUSG Eisenstein
�Q�V

Λ
RYW VLCSK;NzVLC

latttice
�kJd�IJdR:U*K;X�RYK{cfNPO:JYU�G

Eisenstein
NP³;USGFV£JfgLV�jSU�cf�����

G2k(Λ) =
∑

ω∈Λ

ω 6=0

1

ω2k
,

H�U�G=X;GFp;MSESRYW VFU�GLV�CIHS�IE@GIJYCDp�K{C�M*eL¡/R
k ≥ 2 % / ?4²!K�C τ ∈ H

�*¡6C=NP³kU�G@j@R��
G2k(τ) = G2k(Λτ ) =

∑

m,n∈Z

(m,n)6=0

1

(mτ + n)2k
.

utCIcfCFJfgIcfU�nIjSR��IJfK
G2k(cΛ) = c−2kG2k(Λ)

p�K{C�M*eL¡/R
c ∈ C∗ ?4�¶H�W X;g@O

Λγτ = Z
aτ + b

cτ + d
+ Z =

1

cτ + d
(Z(aτ + b) + Z(cτ + d)) =

1

cτ + d
Λτ .

� �8JfX�K
G2k(γτ) = G2k(Λγτ )

= G2k((cτ + d)−1Λτ )

= (cτ + d)2kG2k(Λτ ) = (cτ + d)2kG2k(τ).

l�G@jIH�RPcfCIX�j@CIJfK{M�e U*K2X�RYK{cfNPO�JYU�G
Eisenstein

RYW VFC@K!N�VFC~HSC@cfeIafRYK p;jSC
weakly modularX�GLVFCIcdJf�IX�Rzy�V ^�eIcfU�GIO

2k
?m�©H�U�cdRTW$VFC�CIHSU�afRYK ³�¡/RYW2�IJfK�NTK VFC@K�CLVFCFESGFJLK M*NPO�XkJYU ∞ jSR

G2k(∞) = 2ζ(s) % � �k�@H�U�G ζ VFC�RTW VFC@Kkg��f�FJYC Riemann
X;GLVFe@cTJfgIX�giM*C@K;eIcfC�RYW VFC@K;N�VFC

modular form
?

�F(��
Uniformization

� .).4@B5I1436587 	 D 7:,��A1��6. � D
§ <��7� ¨ �4) ¦BM ¯ �BM � q S �¸l`\xr R ^xh�P modular

T_P*T[ZkZil S ��^*l j(τ), τ ∈ H
P*T R*S P*TVU!h g�\��Pfy q ^&hcgzh

j(τ) = 1728
g3
2(τ)

∆(τ)
.

� h&ZYT p b�h
j(τ) R*S P*TVU�h j �¨TVP*T[ZVZLl S ��^*lfo2]�l`\dT_P_^[U|gz^[lxU t R*S gz^&h�P R ZkZ R Ua]V^[UsWcbjWYTxr�] 	[ZLh r Rp U{TYW q S Pxl`\kgkT ∆ &

EΛτ
: y2 = 4x3 − g2(τ)x − g3(τ)WYTkU�h

EΛτ

p m t R ^nTVU�]�T q T`r R ^ q UsWXl�]_l S hcgzh�WYyVPxl&P�^*Tkodt q bcgzh ^&hco ℘ g�\VP&y q ^xhcgihco�^*l`\
Weierstrass % �

C/Λτ → EΛτ
(C),

z 7→
(

℘(z; Λτ), ℘′(z; Λτ)
)

.��n@U RPEIE@RTK H@JLK M*NPOmM*CIj@H�nFE@RYO
E,E′ RTW VFC@K�K X;��jSU�cd�6RPO-CLV K X;³kn@RYK j(E) = j(E′)

?|}C~H�CIcfCFH�eLVLy RYW VLCSK$M�ESCIX�K{M�e¥¡6NPjSCFJTC¤JfgIO£¡6Rzy8cLW{C@O�JPy�V RzE@E@RYK HSJLK M�s�V=M*C@jIH�nFE@y�V¥M�CSKj@H�UScfU�nLV-VFC�^�cfR�¡6U�nLV X;RmUSHSU*K U�ad�IHSUIJdR X;³kRPJfK M*� ^*K ^@E�W U p�K{C HSC@cfeIafRYK p;jSC-X;JYULV # >d·f% �M*RP�6eFESC@K U
VI
�kH�cf�FJYC@X;g�±k? ·	�kX�RzESW{afC~>dµ �k?

09< ¥[¦[§¨�`�)© ¹�¯}« 3�;V�I£
´:8[µ`�)­&±|¹23_¬��¨¦`  �}�4¹�º*­&±0 
 ¥[¦[§¨�`�)© ¹��¸« 3&�`´¸¶n�8�*¬(84­&± ·f± ª�¬��¨¦`  �}��ª*º&±0 � �*¡}  ?}�8��¤*�:�`�*´¸�n�:8[´91[¬��x¢*µ`�:¶n�}��8Q¬�¢}¤2=*´¸�98[¬(8 �8�x¢
Weierstrass

�8  ¤n�[��8Q¦ �*¬(8��98[� �n� ���_�`´n� ®�1[��I¡n  ¬ �z¬(8[�
℘′(z)2 = 4℘(z)3 − g2℘(z)− g3

®x�[��¬�¢}¤*�¨�`£z�!§I°&�8��1[�986µ`�x´���1��¨¦*¦[�8� �[�}� ®'1[�B®x�*µ[� �n¦28[�B�¨�x �8�x¢
C
±
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9-.�­�<�K ¨ � ¦!M ¯�» M � gL\VPfy q ^&hcgzh j(τ) R[S PnTkU_r S T modular

g�\VPfy q ^xh�gzh�WkTkU R ]�y&� R U m PnTVP) T_P*T[Z
\Y^[UsWXe + U|gcl*r�l q�� U|g�r!e &
X(1)

∼=−→ P1(C).
�&±k?[> � �

O�]_e p R U � h & utCIcfCFJfgIcfU�nIjSR}�FJLK*JYC ∆(τ)
M�CSK

g2(τ)
3 = 263353G4(τ)

3 �kRTW VFC@K modu-
lar forms

^�eIcfU�GIO
12
M*CSK�X;GLVFRzHSs8O}JYU�H�gFESW{M�UiJYU�GIO�RYW VLCSK

modular
X;GFVFeIcdJdg@X;g��@USHS�IJdRRYW VLCSK4XkJTU�K ³kRTW U-JYU�G�X;s8j@CIJYU�O¤jSRPcfU�j@��cf�;y�V�X�GLVFCIcdJf�IX�Rzy�V�Jdg@O¤RzH*K{�6eLVFRYK{C@O

Riemann
X(1)

?
� Q�cfC¬g X;GFVFeIcdJdg@X;g

j
RPHSeIp;RYK�N�VFC,H�RzH�RPcfCIX�j@N�VLy�V,�6nFEIE@y�V,jSK p;C@afK{M�� CLVFCIE@GFJLK M*�M*eFESGIjSj@C��

j : X(1)→ P1(C).|}NzESU�O�H�CIcfCFJfgIcfU�nIjSR��IJfK
g2(i∞) = 120ζ(4) 6= 0

�7^@ESNzHSR�# > �x%2X;RPESW{afC�wF· � M*CSK ∆(i∞)
= 0

�*M*C@K;CI�6USn=g
∆
NY³kRYKk^SeIcfU�O

12
C@GFJf�¥jSCIO�aLW VFRYK;�IJfK6g�JfeI�fg£JfgIO

∆
XkJYU ∞ K X�U�nFJYCSKjSR�JfgLV£jSULVFeIafC;?4��gIE@CIaf�ig

j
NP³kRTKkCFHSE@��H��FE@U=X;JYU

cusp ∞ ∈ X(1)
M*CSK�M*CLVFN�VFC£eIEIE@UH��FESUiXkJYU

X(1)
��X;GFVLRPH@s8O�H�cf�@M*RYK JYCSKFp6K{CijSULVF����GIEIE@g�j�K p;CIaLK M*�DCLVFCIE@GFJLK M*�:X;GLVFe@cTJfgIX�gafgFESCIaf��p�K{C�K X;U�j@U�cf�/K X�j@�¤RzH�K���CFVLRTK s�V

Riemann
?
♦

«��4<���� ¨ � ¦BM ¯ �BM ! y$# R modular
g�\VPfy q ^xh�gzh

f ∈ M(X(1))
w R*S PnTkU q h�^&b g�\VP&y q ^xhk�gih ^&hco

j � O:P R ]VUa]}Z m l&P h f R*S P*TVUuT_P*T[Z
\Y^[UsWcb gL\kP&y q ^&hcgih gi^*l H
wd^xe`^ R h f R*S P*TVU]_lIZ�\�v�PV\&rNlj^*l`\

j �
O�]_e p R U � h & _ X;GFVFeIcdJdg@X;g f RYW VLCSKfj@RYcd��jSU�cd�6g�X�GLVFeIcdJfgIX;g�XkJYU M(X(1))

�LX;GLVFRzHSs8Og
f ◦ j−1 RTW VFC@K�jSRPcf�SjSU�cf��g�X�GLVFeIcdJfgIX�g©JYU�G P1(C)

afgFESCIaf�©RYW VFCSK�cdgIJd��X;GLVFe@cTJfgIX�g	�afgFESCIaf�
�
f ◦ j−1(t) = P (t),

p�K{C�M*eFH�U�K U
P (t) ∈ C(t).Q�VfJLK M*CL¡ K XkJds�VfJTCIO

t = j(x)
jSR
x ∈ X(1)

NP³kU�G@j@Rt�FJLK
f(x) = P (j(x))

?²!K�CmJYU�afRPnIJdRPcfU©M*U�jSj@eIJfK!JfgIO=CFH���adRTK{�fgIO�p*VLy8cLW{�fUSG@j@R=�IJfK
f = P (j)

p�K{C~M*eFH�U*K{CcfgFJf��X�GLVFeIcdJfgIX�g
P (t) ∈ C(t)

?�QtO(GIHSU@¡/NPX;U�GIjSR8�IJfKFJYU
P
afR�V�RYW VFCSKLH�UFE@GIs�VFGIjSU�?!|}�FJfRGIHSe@cd³;RYK N�VFC

t0 ∈ C
�$s8X;JdR

P (t0) = ∞ ��¡6C~H�cfNzHSRTK p�K{C~CIGIJd�mJTU
t0
VFC~jSgIafR�VIW{�fRzJTC@KJYU¤HSUIE@GIs�VLG@j@U�
 HSC@cfULVFU�j@C@XkJf�IO�JTUSG

P (t) � ?�Q�H�� JYULV�K X�U�j@U�cf�6K X�j@U � ±k?[> � � NP³kU�GIjSR��FJLKGIHSe@cd³;RYK
τ0 ∈ H

s8X;JdR
j(τ0) = t0

?8|}�IJdR:��jIy8O
f(τ0) = P (j(τ0)) =∞ �kH�USG=RYW VLCSK;X�RCFVfJLW ¡6RYX;g�j@RtJdgFV�GFH��@¡6RPX�g��IJfK;g

f
RYW VFCSKkCLVFCIE@GFJLK M*�£X�GLVFeIcdJfgIX�g�X;JYU

H
�*M*C@KkX�GLVFRzHSs8OJYU

P
RYW VLCSKkH�UFESGFs�VFGIjSU6?

♦

«��4<���� ¨ � ¦!M ¯ ���
Uniformization

�:.;­=<�K ¨ � �t��� .;�2�!./�&"!#$�&%('*) %(� ¨ " �!�!.;)�� MO o�# R � q bcgcl`\xr R r S T R ZVZ R Ua]_^`UaWcb WkTxr�] 	*ZLh ]fyVP*� T_]�ej^[l C &
E : y2 = x3 +Ax +B

r R ∆ = 4A3 − 27B2 6= 0 % � wBr R A,B ∈ C � � e`^ R \X]fy q t R ULrNl&P*T p UsWXe lattice Λ ⊂ Cv�gi^ R
g2(Λ) = 60G4(Λ) = −4A

WYTVU
g3(Λ) = 140G6(Λ) = −4B.

� g�\VP&y q ^xhcgih
C/Λ→ E : y2 = x3 +Ax+B,

z 7→
(

℘(z; Λ),
1

2
℘′(z; Λ)

)

R*S P*TVUzr<U �cT p UaWXefo2TVP*T[Z�\Y^`UsWYefo4U|gcl*rNl q
� U|g
r�efo �  S PnTkUzr S T:T_P*T[Z
\Y^[UsWcb�T_] R UsWXe&P&U|gih�r R ^nT � 	R ]VU � TVP R U v�P Riemann �0 � �I�����x�[  ´�¤n�x¢*µ`�!µ'8)� �n� ¶xµ`�`´ �_�I�!®&�*µ[� �n¦[�I�*±
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O:]�e p R U � h & ADeLVFULVLJYC@O�³kcf�IX�g£JYU�G�¡/Rzy8cf�IjSCFJYU�Ot±k? ´ �Dj@H�UScfU�nIjSR�VFCi^�cfUSn@j@R τ ∈ H
�s8X;JdR

j(τ) = 1728
4A3

4A3 − 27B2
.

l(JfgLV=X;GFVLNY³kRYK{C�GFH�UFESUFp�W{�fU�GIjSR��IJfK
g2(Λ) = −4A

M*C@K
g3(Λ) = −B,

afgIE@CIaf��^Scf�IM�C@j@RtN�VFC
lattice

HSU�G�VFC=CFH�RYK M*ULVIW{�fRzJYCSK*XkJfgLV=RzEIESRYK HSJfK{M��£M*CIj@HSnIE@g
E
?
♦��p;eIE@C@j@RmNzJfX�K�JYU X;G@jIH�NPcfCIX�j@C��IJfK�g,MSESeIX�g JPy�V,RzEIESRYK HSJfK M�s�V�M*C@jIH�nFE@y�V-H�USGCFVFCI�6NPcfCIjSR�XkJTULV£U�cLK X�j@��±;? ´S·	�SHSRYcfK�NP³kRYK*�IE@RPO�JfK OtM�E@eIX�RYK O�RzE@E@RYK HSJLK M�s�V:M*CIj@H�nFEIy�ViRzH*WJTUSG

C
?

��W VFC@K!p*VLy8XkJf� �FJLK!afn@U�RzE@E@RYK HSJLK M*NPOiM*CIj@H�nFE@RYO
C/Λ1,C/Λ2

RYW VFC@K�K X;��jSU�cd�6RPO��&C�
VLJLK XkJYU*K ³kU�nLV=XkJfgLV¤W{aLK{C
j

 CFVFCFEIESU*W y4JYU � CLV=M�CSK/j@�FVFU CFV�JYC¤CLVLJfW X;JYU*K ³;C lattices Λi =

〈1, τi〉
RYW VFC@KfW{aLK{C �&USjS�@¡6RzJTC % � � �LafgFESCIaf���FJYCFV�GIHSe@cd³;RYKYjSRzJYC@X;³kg@j@CIJfK X�j@��O a ∈ PGL2(Z)

= SL2(Z)
H�USG�VFCtX;JdNzEIVFRYKfJYUDN�VFC

lattice
XkJTUDeFEIESU , �F?!|}U�p;RPp;ULVF��O(C@GFJf�t¡6C:jIH�U�cdU�n�
X�R}VFC�aTs8X�RYK�jSW{C�afRPnFJfRPcfg£CIHS��afRYK{�fgDp�K�CFJLW*U�³*s8cfU�O

H/Γ
RYW VFCSK*U�³*s8cfU�O�JPy�V�MSESeIX�Rzy�VK X�USafGFVLC@jSW�CIO:RzEIESRYK HSJfK M�s�ViM*CIj@H�nFEIy�V*?

l�³;�IjSC�±;? ´ ���-K{C�CIM*UFE@U�GF¡/W{CDCIHS��RzE@E@RYK{H@JLK M*NPO�M*CIj@HSnIE@RPO�HSU�G�X;GFp;MSE�W VFU�GLV£XkJfgLV£±;?5>@>I?

|}U X;g@j@RTW U-XkJYU eFH�RYK{cfU�JYU�USH�U�W U�JYUSHSU@¡6RPJd�@X;CIjSR�p�K{CmVFC©X;G@jIH�CFp�U@H�U*K{�IX�U�GIjSR£JYUH�gFE�W M*U
H/SL2(Z)

afR�V�CLVLJLK XkJYU*K ³kRYW;X;R�RzEIESRYK HSJfK{M��£M*CIj@HSnIE@g	��H�cfeFp;jSCFJLK;j@H�UScfU�nIjSR�VLCGIHSUIE@UIp�W X;U�GIjSR��FJLK;p�K{C
j0 6= 0, 1728

g�RzE@E@RYK HSJLK M*�DM*CIj@HSnIE@g�j@R:RP�LW Xky8X;g

y2 + xy = x3 − 36

j0 − 1728
x− 1

j0 − 1728

0 � ¢n�'=*´}°&�8�
c ∈ C∗

§¨�¸¬_�V£
¬f�}�
Λ1 = cΛ2

±
5 
 �`´ = 6 µx�n�}�c�}¤

τ1, τ2 ∈ H
3V�¸¶n�}�

Λτ1

�8  ¤*�[�Y�`µx¶2;V�¨�8�dµ`�B�8�
Λτ2

3k�}¤}¤2¢n�'=*´}°f�8�
γ =

[

a b
c d

]

∈

SL2(Z)
�¸§¨�8�x� �2£
¬f�}�

τ2 = aτ1+b
cτ1+d

⇒ τ2 = γ(τ1)
±
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NP³;RYK

j

 CLVFCFE@E@U*W y4JYU©W X;g~jSR

j0
? � Q�cfC~p�K{C

j = ∞ U�adgIp;U�nIjSCIX;JdR�XkJfgLVmK�afW U�jSUScf�6g¤M*C�
j@HSnIE@g�j@RtJfnFH�U
y2 + xy = x3,

� ±k?[>I> �utcdeIp;jSCFJLK ��afR�V RTW VFC@K�afGLVFCFJf�LV VFC NP³;USG@j@RmX�GIj@HSCIp;USHSU*W gIX�g JYU�G�³*s8cfUSG JPy�V�RzEIESRYK 
HSJfK{MSs�V=M*CIj@HSnIEIy�V=³*y8cLW OiVFC¥CFH�U���nIp;U�GIjSR�VFC¥X�GIj@HSRYcfK{E@eL^�U�GIjSRtX;JYULV�³*s8cfU©CIGIJd�¤M�CSKK{aLK{��jSU�cd�6RPO:M*CIj@HSnIE@RPOI?�²�K{C�HSC@cfeIafRYK p;jSC£g=CFM*UFESU�GL¡/W�C£RzE@E@RYK HSJLK M�s�ViM�C@jIH�nFE@y�V
y2 + xy = x3 + a,

X�GFpkM�ESW VLRTK;X;JdgFV£M*CIj@HSnIE@g �&±k?[>I> � � ��^SE@NzH�R�X�³k�IjSC�±k? ´ � ?
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module

�;·I±
j

 CLVFCFE@E@U*W y4JYU�O�� �*>

pull-back
�*´��

Covering transformation
�kµ

Deck transformation
��^@E@NPHSR

Cove-
ring transformation

µ
Eisenstein

X;RTK{cfe	� ��>
G-equivariant

� �
Galois

M*CFE@GIH@JLK M*��CFH�RYK M*�FVFK X�g���^SE@N 
H�R-M*CFVLUFVIK M*� M*CFE@GIH@JLK M*� C�
H�RYK M*�LVIK X;g=w
G

 M*eFESGIjSj@C���·

G

 ³*s8cfU�O�� �

Poincarè upper half plane
�b^SE@NzH�Rj�K p�CIaLK M*��eLVLy gIj�K{RzH*W HSRYadU*µI±

commensurableGFH�U�USjSeIafRPO���µ@w
content

H�UFESGFy�VFnIjSU�G	��±F´
cusp form

� ���
modular form

� ���
principal congruence

GFH�U�USjSeIafC���· �
properX;GFVLe@cdJdg@X;g	�kw �	�;µ �
tessellation

JYU�G�j�K p;CIaLK M*U�n=eLVLy gIj�K{R 
H*K HSNYadU�G���·Sµ
winding number

�k± �
CFVLy8j@CIESW{C��;w �C@K{cf��jSR�VFg	�kw*>U�GIX�K{s8adg@O��kw*>CIHSRTK M*�LVIK X;gCLVFCFESGFJLK M*�DM*CFESGFHSJfK M*���S±;>aLK{CFM*cLK Jd���*w �CIHSRTK M*ULVIW X;RYK OCFE@E@CFp��IO�X�GLVLJfRzJYCFp�j@N�VLy�V �;w*>
^�CL¡/j@��OGFH�RPcT^SCIJfK M*�IJdgIJYCIO��I´��X;GFVLe@cdJdg@X;gIO��*±k>
afCIMSJfnFE�K USO:CFM*RPcfCSW y�V£JYU�G

Gauss
�k·I´

afRYW M�JfgIOaLK{CIMSESeIady8X;g@O��*± �aLK{CFM*cLW VFU�GIX�C£H�UFESGFy�VFnIjSU�G	�*±@µaLK{CFM*cLK Jd��GFH�U�U�j@e@adC��kµ �aLK HSE@��X;n@jIHSE@USM*U �;µ �afcfeIX;g
even

�k·U�jSeIafCIO��k·
RzESRPnL¡/RPcfg	� �jSRzJYCF^SCFJLK M*�	� �H*K XkJf�	� >dwX�GLVFRP³k�@O��*´@·

RzH�NzM�JYCIX�g
Galois

� >d·M*GFM�ESUFJYU�j�K M*�	��·I±RzH*K{�6eLVFRYK{C
Riemann

�6w*>��*± �	�k·I·
K X;��jSUScf�6U*KkM*CFESGFHSJfK{M�U*W*³ks8cdU*K � �K X;U�jSUScf�/K X;jS�SOCFVLCIE@GIJfK M*��O �8^@ESNzH�R2CIjS�/K UIE@��jSUSc 
�6g�X;GFVFeIcdJdg@X;gSwIw
¡6RPs8cdg@j@C

Uniformizationp�K�C�RPEIE@RTK H@JLK M*NPO�M�C@jIH�nFESRPO�� �Fwp�K�C�RPH�K{�6eLVFRYK�RPO
Riemann

�k´�µ¡6RYj@RzE�K s8afgIO:H�RPcLK U@³k�	��·@µ
M*CL¡/UFESK{M���O�M�CIE@GIH@JLK M*��O�³*s8cfU�O�� �M*CIj@HSnIE@g

modular
�k· �M*CLVFULVIK M*��M*CFE@GIH@JLK M*�£CIHSRTK M*�LVIK X;g	�kwM*CLVFULVIK M*��OtM�CIE@GIH@JLK M*��O�³*s8cfU�O���wM*CLVFULVIK M*USH�U�K gIJd�@O���> �M*cLW X6K{jSRPO:JfK{jSNPO��k± �

E@�@j@jSC�JYU�G
Schwarz

�*· �E@�@j@jSC�JYU�G
Gauss

�k±F´E@UIp;CIcLK ¡/jSK M*�=GFH��FESU*K HSU ��±I·
jSRPj@UFVLy8j@N�VFCX�gIjSRYW{C	�;w@µ
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�
jSRzJYC@X;³kg@j@CIJfK X;jS��O

Möbius
�;w@µ �;µ@wRPEIE@RTK H@JLK M*��O��*µIwESU��dU�afcfU�jSK M*��O��;µ@wH�CIcfCF^SUFE�K M*��O��Sµ@w

GIHSRYcY^�UFE�K M*�SO��Sµ@wj�K p;CIaLK M*��eLVLy gIj�K{RzH*W H�RPafU��kµI±
U�jSeIafC

Fuchsian
�*HScds4JYU�G=RYW{afU�GIO��k· �

Galois
� >dµM�ESRYK XkJf�	�/>��jSRzJYC@X;³kg@j@CIJfK X�jIs�V �*´@·JTU@H�UFESUFp�K{M����@´S·U�jSUSjSU�cf�6K X;jS��O:M�CIE@GIH@JLK M�s�Vi³*s8cdy�V
� �

H*W VFCFM*CIOESU��dU�afcfU�jSK M*��O��;µ@wH�CIcfCF^SUFE�K M*��O��Sµ@wGIHSRYcY^�UFE�K M*�SO��Sµ@wH��FESUSO��kw*>
H�UFE@E@CFHSE@�IJdgIJYCDX;g@j@RTW U�G��*w �H�UFESGFs�VFGIjSUaLK{C@³*y8cLW X�K{jSU � >dµ
³ke@cdJdg@O��;w*>³*s8cfU�O

semilocally
CFHSE@e�X�GLVFRzM�JfK{M���O��I>T±U�jSUFp;RzVL�@O�� �JTU@H*K M*e�CFHSE@e�X;GLVFRzM�JLK M*��O��/>T±

X�nLVFUFESU
CIEIp;Rz^ScLK M*e£CFVLRY�de@cdJdgIJYU ��± �CIEIp;Rz^ScLK M*e£RP�fC@cTJfgIjSN�VFU �k± �aLK{CIM*cfK Jf� �*w@µX;s8j@C M�ESRYK XkJf���/> �
X;JYCL¡/RPcf� � >dµX�gIjSRYW UaLK{CIM�E@eIady8X�gIO��kw �X;JYCL¡/RPcf�¥X;g@j@RYW U
cusp

��µF·RPEIE@RTK H@JLK M*� ��µI·X;JYCL¡/RPcfU@H�U*K gFJf�IO�� ���*´ �X�GIjSj@RzJfcLK M*��p;RYK JYULVIK{e���´ �X�GIj@HSCIp;USHSU*W gIX�g
JTUSG=R�VF��O�X;g@j@RYW U�G	�kwI±X�GLVFeIcdJfgIX;g
modular

� ���
weakly modular

�k· �

℘
JYU�G

Weierstrass
� ��>CIjS�6K UIE@��j@U�cf�6g	�kwIwCLVFCFESGFJLK M*�	�6>��j@RYcd��jSU�cd�6g	�6wIµX;GLVFC@cTJf�IX�RYK OXkJYU*K ³kRYK{s8adRTK O:X;G@j@jSRzJfcLK M*NPO��k± �X;GLVLJfRzJYCIp;j@RzVFK{M���H�RPcLK U@³k�	�kwk>

Jde@�dg RzEIESRYK HSJfK{M�U�n¬XkJYCF¡6RPcfU�n X;gIjSRYW U�G	�µ �X;g@j@RYW U�G	�kw �Jd�SH�USO��;wIwJYUSHSUIE@UFp6K M*�SOt³*s8cfU�OJYUSH�K{M�e�X;G@jIH�CFp��IO��;w �
GFH�RPcT^SCFJLK M*�D^�eIX�g	�*´��
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