
Metaptuqiak  diatrib 
Logismì
 kat� Malliavin kaiefarmogè
 sthnqrhmatooikonomik 

Iw�nnh
 D.Mpalt�
Tm ma Statistik 
 kai Analogistik 
 epist mh
PMS Qrhmatooikonomik� kai Analogistik� majhmatik�Panepist mio Aiga�ou



Euqaristie
Ja  jela na euqarist sw ta mèlh th
 exetastik 
 mou epitrop 
 dr. S.Xanjìpoulo, ep�kouro kajhght  tou Panepisthm�ou Aiga�ou kai dr. S.Brìnto, lèktora tou Panepisthm�ou Aiga�ou gia thn bo jei� tou
. Ep�-sh
 euqarist¸ thn dr. Euaggel�a Pètrou, tou Panepisthm�ou Humboldttou Berol�nou gia ti
 qr sime
 parathr sei
 kai shmei¸sei
 sto 4o jerinìsqole�o Stochastic F inance sthn Q�o, ton IoÔlio tou 2007.H ekpìnhsh th
 diatrib 
 aut 
 ja kaj�stato adÔnath d�qw
 thn bo jeiatou dr. A.N. Giannakìpoulou, anaplhrwt  kajhght  tou OikonomikoÔPanepisthm�ou Ajhn¸n, ton opo�o kai euqarist¸ jerm�.S�mo
, Noèmbrh
 2007. Gi�nnh
 Mpalt�




Perieqìmena
1 Eisagwg  12 O logismì
 kat� Malliavin 32.1 To an�ptugma q�ou
 tou Wiener . . . . . . . . . . . . . 32.1.1 Ta polu¸numa Hermite . . . . . . . . . . . . . . 42.1.2 Pollaplì olokl rwma kat� Itô . . . . . . . . . . 52.1.3 To je¸rhma an�ptuxh
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Kef�laio 1Eisagwg Sta pla�sia th
 diatrib 
 aut 
 ja asqolhjoÔme me èna parakl�di th
stoqastik 
 an�lush
 ton logismì kat� Malliavin. Onom�sthke ètsipro
 tim  tou dhmiourgoÔ tou, kajhght  Paul Malliavin[1].O logismì
kat�Malliavin e�nai apì eke�ne
 ti
 peript¸sei
 ìpou èna
 eidikì
 trìpo
ep�lush
 g�netai m�a olìklhrh jewr�a kai m�lista m�a jewr�a tìso shman-tik , pou sthr�zetai ep�nw th
 èna polÔ meg�lo komm�ti th
 sÔgqronh
qrhmatooikonomik 
 kai ìqi mìno, epist mh
. E�nai �xion apor�a
 an o �dio
o Malliavin e�qe fantaste� sta mèsa th
 dekaet�a
 tou 70, ìtan èbaze tapr¸ta jemèlia se autìn ton tomèa,ti
 diast�sei
 pou ja èperne per�poue�kosi qrìnia met�.O apìtero
 skopì
 tou Malliavin  tan na d¸sei m�a lÔsh sto prìblh-ma th
 upoeliptikìthta
 tou Hörmander, prìblhma me to opo�o den jaasqolhjoÔme sthn paroÔsa ergas�a. Met� apì arket� qrìnia ìmw
, di�-foroi ereunhtè
 th
 stoqastik 
 an�lush
, ìpw
 oi Bismut, Strook[9],
Watanabe[10] k.a., antil fjhkan to endiafèron kai ti
 dunatìthte
 th
jewr�a
 aut 
 kai ètsi dhmiourg jhke o logismì
 kat� Malliavin me thnmorf  pou ton gnwr�zoume s mera.Sthn pragmatikìthta o logismì
 kat� Malliavin e�nai èna e�do
 diafori-koÔ logismoÔ se �peire
 diast�sei
, me ton opo�o ma
 d�netai h dunatìthtana paragwg soume sunarthsoeid  th
 k�nhsh
 Brown mèsa se kat�llhlaorismènou
 q¸rou
 Wiener, k�ti arket� entupwsiakì kai sun�ma endia-fèron an analogistoÔme ìti h k�nhsh Brown den e�nai poujen� paragwg�-shmh. Sthrizìmeno
 ousiastik� sto an�ptugma q�ou
 tou Wiener, d�neilÔsh se probl mata pou ja  tan adÔnato na lujoÔn, ìpw
 gia par�deigmah èreush th
 oloklhrwtèa
 posìthta
 sto je¸rhma anapar�stash
 twn
martingale.H qrhsimìthta ìmw
 tou logismoÔ kat� Malliavin den perior�zetai mìnosthn stoqastik  an�lush. Me m�a eidik  teqnik  pou qrhsimopoie� to olo-kl rwma kat� Skorohod[27] kai e�nai gnwst  w
 olokl rwsh kat� mèlh,1



2ma
 d�netai h dunatìthta na upolog�soume apotelesmatik� tou
 de�kte
euaisjhs�a
 , gnwstoÔ
 kai w
 greeks, gia dikai¸mata pou den èqoun su-neq  sun�rthsh apìdosh
, ìpw
 gia par�deigma ta Asian kai ta digital.Autè
 e�nai oi dÔo efarmogè
 tou logismoÔ kat� Malliavin me ti
 opo�e
ja asqolhjoÔme sthn diatrib  aut . Up�rqoun ìmw
 kai �lle
 pollè
,ìpw
 gia par�deigma sthn ep�lush twn backward stoqastik¸n diafori-k¸n exis¸sewn kai diark¸
 h episthmonik  koinìthta br�skei kai mia nèaefarmog  gia ton logismì kat� Malliavin.H dom  th
 ergas�a
 aut 
 e�nai h ex 
. Sto deÔtero kef�laio g�netai miasÔntomh anafor� sta basikìtera shme�a tou logismoÔ kat� Malliavin :An�ptuxh se q�o
 tou Wiener, par�gwgo
 kat� Malliavin kai olokl -rwma kat� Skorohod. Sto tr�to kef�laio exet�zetai jewrhtik� h efar-mog  tou logismoÔ kat�Malliavin sthn apot�mhsh twn parag¸gwn. Stotètarto kai teleuta�o kef�laio k�noume prosomo�wsh Monte Carlo meb�sh ton logismì kat� Malliavin, gia na upolog�soume ta greeks giaeurwpaðk� digital dikai¸mata.'Ola ta progr�mmata tou tètartou kefala�ou èginan se Matlab.



Kef�laio 2O logismì
 kat� MalliavinSto kef�laio autì ja eis�goume ta basik� shme�a tou logismoÔ kat�
Malliavin. H melèth ma
 kalÔptei to je¸rhma an�ptuxh
 tou q�ou
 kat�
Wiener, ton orismì th
 parag¸gou kat� Malliavin kai to olokl rw-ma kat� Skorohod. Sto tèlo
 tou kefala�ou akolouje� èna par�rthmaapoteloÔmeno apì ìle
 ti
 apode�xei
.2.1 To an�ptugma q�ou
 tou Wiener'Estw q¸ro
 pijanot twn th
 morf 
 (Ω,F ,P) kai èstw L2(Ω,F ,P) oq¸ro
 Hilbert twn tetragwnik� oloklhr¸simwn tuqa�wn metablht¸n w
pro
 to mètro P . Me W (t, ω) = W (t), ω ∈ Ω, t ≥ 0, sumbol�zoume thntupik  monodi�stath k�nhsh Brown kai èstw Ft = σ(W (s), s ≤ t) h di -jhsh pou aut  par�gei.Sthn diatrib  aut , ja ergastoÔme ston q¸ro Wiener dhlad  se q¸-ro th
 morf 
 (C0([0, T ]),F , µ), ìpou µ e�nai to mètro Wiener kai Ω =
C0([0, T ]), mèsa ston opo�o or�zetai h tupik  monodi�stath k�nhsh Brown.Gia k�je sun�rthsh h ∈ L2([0, T ]), or�zoume thn tuqa�a metablht W (h) =∫ T

0
h(t)dWt. H W (h) e�nai mia kanonik  tuqa�a metablht  gia thn opo�aisqÔei :

E[W (h)] = 0 kai
E[W (h)W (g)] =

∫ T

0
h(t)g(t)dt = 〈h, g〉L2([0,T ]), ∀h, g ∈ L2([0, T ]).Mia pr¸th shmantik  parat rhsh pou èqoume na k�noume e�nai ìti h apei-kìnish h → W (h) e�nai grammik . Pr�gmati, ∀λ, µ ∈ R, h, g ∈ H , ìpoume H sumbol�zoume ton q¸ro Hilbert L2([0, T ]), èqoume :

E[(W (λh+ µg) − λW (h) − µW (g))2]

= ‖λh+ µg‖2
H + λ2 ‖h‖2

H + µ2 ‖g‖2
H3



2.1. TO AN�APTUGMA Q�AOUS TOU WIENER 4
−2λ 〈λh+ µg, h〉H − 2µ 〈λh + µg, g〉H + 2λµ 〈h, g〉H

= λ2 ‖h‖2
H + µ2 ‖g‖2

H − λ 〈λh + µg, h〉H − µ 〈λh+ µg, g〉H
+2λµ 〈h, g〉H

= 0H apeikìnish h → W (h) e�nai mia grammik  isometr�a apì ton H ston
H1, ìpou o H1 e�nai èna kleistì uposÔnolo tou L2(Ω,F ,P). Ta stoiqe�atou H1 e�nai tuqa�e
 metablhtè
 pou èqoun mèsh tim  mhdèn kai ìpw
 jade�xoume parak�tw ìtan mil soume gia to je¸rhma an�ptuxh
 tou q�ou
,e�nai pollapl� stoqastik� oloklhr¸mata.L mma 1.1 H oikogèneia twn tuqa�wn metablht¸n eW (h), h ∈ H e�nai ènapl re
 uposÔnolo tou L2(Ω,G,P), ìpou G e�nai h di jhsh pou par�getaiapì ti
 W (h), h ∈ H .Apìdeixh: Blèpe par�rthma �2.1.1 Ta polu¸numa HermiteSthn par�grafo aut  ja asqolhjoÔme me ta polu¸numa Hermite. Jaexet�soume ti
 idiìthtè
 tou
 kai sthn epìmenh par�grafo ja apode�xou-me thn qrhsimìtht� tou
 ston logismì kat� Malliavin.Orismì
 1.1.1 To polu¸numoHermite n bajmoÔ sumbol�zetai meHn(x)kai or�zetai w


Hn(x) =
(−1)n

n!
exp(

x2

2
)
dn

dxn
exp(−

x2

2
), n ≥ 0Je¸rhma 1.1.1 H sun�rthsh F (x, t) = exp(tx − t2

2
), e�nai genn triatwn poluwnÔmwn Hermite, dhlad  ta polu¸numa Hermite, mporoÔn naparaqjoÔn apì to an�ptugma Taylor th
 sun�rthsh
 aut 
.Apìdeixh: Blèpe par�rthma �L mma 1.1.1 Ta polu¸numa Hermite èqoun ti
 akìlouje
 idiìthte


i)ApoteloÔn mia orjokanonik  b�sh ston L2(R, µ), ìpou µ k�poio kano-nikì mètro pijanìthta
 (mètro Wiener)
ii) H

′

n(x) = H
′

n−1(x)
iii) (n+ 1)Hn+1(x) = xHn(x) −Hn−1(x)
iv) Hn(−x) = (−1)nHn(x)Apìdeixh: Blèpe par�rthma �



KEF�ALAIO 2. O LOGISM�OS KAT�AMALLIAV IN 5L mma 1.1.2 Ta polu¸numa Hermite ikanopoioÔn thn ex�swsh th
 jer-mìthta

∂

∂t
Hn(t, x) +

1

2

∂2

∂x2
Hn(t, x) = 0ìpou Hn(t, x) =

(−t)n

n!
exp(

x2

2t
)
dn

dxn
exp(−

x2

2t
).2.1.2 Pollaplì olokl rwma kat� ItôSthn par�grafo aut  eis�goume to pollaplì olokl rwma kat� Itô, toopo�o e�nai jemeli¸de
 gia to je¸rhma an�ptuxh
 tou q�ou
. Pr¸ta prèpeina eis�goume k�poie
 qr sime
 ènnoie
.Orismì
 1.1.2 M�a pragmatik  sun�rthsh f : [0, T ]n → R lègetaisummetrik  an f(xσ1, ...xσn) = f(x1, ..., xn) gia ìle
 ti
 metajèsei
 σ twn

(1, 2, ..., n)Orismì
 1.1.3 An m�a pragmatik  sun�rthsh f : [0, T ]n → R, e�nai sum-metrik  kai tetragwnik� oloklhr¸simh, tìte ja lème ìti an kei ston q¸-ro twn tetragwnik� oloklhr¸simwn summetrik¸n sunart sewn, ton opo�osumbol�zoume me L2
S([0, T ]n).Epeid  to stoqastikì olokl rwma kat� Itô e�nai prosarmosmèno sthndi jhsh Ft, prèpei na e�maste polÔ prosektiko� ìson afor� ton trìpo ,meton opo�o ja or�soume to pollaplì olokl rwma. Or�zoume to simplex

Sn = {(t1, ..., tn) ∈ [0, T ]n : t1 ≤ ... ≤ tn, n ∈ N, T > 0}Orismì
 1.1.4 An gia m�a pragmatik  sun�rthsh f : [0, T ]n → R, isqÔeiìti
||f ||2L2([0,T ]n) =

∫

Sn

f 2(t1, ..., tn)dt1...dtn <∞tìte mpore� na oriste� to epanalambanìmeno olokl rwma kat� Itô
Jn(f) =

∫ T

0

∫ tn

0

...

∫ t2

0

f(t1, t2, ..., tn)dW (t1)dW (t2)...dW (tn)L mma 1.1.3 To epanalambanìmeno olokl rwma kat� Itô par�getai apìta polu¸numa Hermite.



2.1. TO AN�APTUGMA Q�AOUS TOU WIENER 6Apìdeixh: Blèpe par�rthma �Prìtash 1.1.1 Gia to epanalambanìmeno olokl rwma kat� Itô isqÔeiìti E[J2
n(f)] = ‖f‖2

L2(Sn) kai E[Jm(g)Jn(f)] = 0 gia g ∈ L2(Sm) kai
f ∈ L2(Sn), gia m 6= n.Apìdeixh: Blèpe par�rthma �Sto shme�o autì k�noume thn ex 
 shmantik  parat rhsh. To gegonì
ìti ta epanalambanìmena oloklhr¸mata kat� Itô e�nai metaxÔ tou
 orjo-g¸nia, mpore� k�poio
 na to dei kai apì to l mma 1.1.1.. Efìson to epana-lambanìmeno olokl rwma kat� Itô mpore� na prokÔyei apì ta polu¸numa
Hermite kai ta polu¸numa Hermite e�nai orjog¸nia metaxÔ tou
, pro-kÔptei ìti kai ta epanalambanìmena oloklhr¸mata kat� Itô e�nai metaxÔtou
 orjog¸nia.Orismì
 1.1.5 'Estw mia pragmatik  sun�rthsh g ∈ L2

S([0, T ]n). TìtemporoÔme na or�soume to pollaplì olokl rwma kat� Itô
In(g) =

∫

[0,T ]n
g(t1, t2, ..., tn)dW (t1)dW (t2)...dW (tn)

=

∫ T

0

∫ tn

0

...

∫ t2

0

g(t1, t2, ..., tn)dW (t1)dW (t2)...dW (tn)

= n!Jn(g)Gia to pollaplì olokl rwma kat� Itô isqÔoun oi parak�tw qr sime
 sqè-sei

E[I2

n(g)] = E[(n!)J2
n(g)] = (n!)2E[J2

n(g)]

= (n!)2 ‖g‖L2(Sn) = n! ‖g‖L2([0,T ]n)ìpou g ∈ L2
S([0, T ]n). Sto shme�o autì blèpoume thn qrhsimìthta twnsummetrik¸n sunart sewn. Me thn qrhsimopo�hsh twn summetrik¸n su-nart sewn e�nai polÔ eÔkolo na phga�noume apì ton q¸ro L2(Sn) stonq¸ro L2([0, T ]n), idiìthta polÔ shmantik  gia ton orismì tou pollaploÔstoqastikoÔ oloklhr¸mato
.An t¸ra upojèsoume ìti f = g̃ kai g ∈ L2

S([0, T ]n) tìte ja isqÔei
In(f) = n!Jn(f) = n!Jn(g̃) = Jn(g)ìpou g̃ e�nai h summetropo�hsh th
 g.



KEF�ALAIO 2. O LOGISM�OS KAT�AMALLIAV IN 7L mma 1.1.4 An g ∈ L2([0, T ]), tìte isqÔei
n!Jn(g) = ‖g‖n

Hn(
θ

‖g‖
)ìpou θ =

∫ T

0
g(t)dWt kai ‖g‖ = ‖g‖L2([0,T ]n).To l mma autì e�nai polÔ qr simo, giat� ma
 bohj� na upolog�zoume pol-lapl� stoqastik� oloklhr¸mata qrhsimopoi¸nta
 mìno ta polu¸numa

Hermite.2.1.3 To je¸rhma an�ptuxh
 tou q�ou
Sthn paroÔsa par�grafo ja asqolhjoÔme me to jemeli¸de
 je¸rhma toulogismoÔ kat�Malliavin, to je¸rhma an�ptuxh
 tou q�ou
 kat�Wiener.Ousiastik�, to je¸rhma autì ma
 lèei ìti mia prosarmosmènh kai tetra-gwnik� oloklhr¸simh tuqa�a metablht , mpore� na grafe� san akolouj�apollapl¸n stoqastik¸n oloklhrwm�twn.Je¸rhma 1.1.2: An�ptugma se q�o
 tou Wiener: 'Estw φm�a tuqa�a metablht , prosarmosmènh sthn di jhsh Ft kai tetragwnik�oloklhr¸simh. Tìte up�rqei m�a monadik  akolouj�a summetrik¸n sunar-t sewn fn ∈ L2
S([0, T ]n), tètoia ¸ste

φ(ω) =

∞∑

n=0

In(fn)na sugkl�nei ston L2(P ). Epiplèon èqoume thn isometr�a
‖φ‖2

L2(P ) =
∞∑

n=0

n! ‖fn‖
2
L2([0,T ]n)Apìdeixh: Blèpe par�rthma �Enallaktik  ekdoq  'Estw Hn o q¸ro
 pou par�getai apì ta po-lu¸numa Hermite {Hn(Wh), h ∈ X} ìpou Q e�nai èna
 q¸ro
 Hilbert kai

Hn e�nai kleistì
 upìqwro
 tou L2(Ω, F,P). Tìte
L2(Ω, F,P) =

∞⊕

n=0

HnApìdeixh: Blèpe par�rthma �



2.2. H PAR�AGWGOS KAT�AMALLIAV IN 8Ta stoiqe�a touHn lègontai q�o
 touWiener t�xew
 n kai o Itô apèdeixe(1951) ìti den e�nai t�pote �llo par� pollapl� stoqastik� oloklhr¸mata.Tupik� to je¸rhma autì d�nei mia prosit  morf  sta pollapl� stoqastik�oloklhr¸mata, antimetwp�zont�
 ta w
 tetragwnik� oloklhr¸sime
 tu-qa�e
 metablhtè
. H qrhsimìtht� tou ston logismì kat� Malliavin e�naipolÔ meg�lh. Mèsw tou jewr mato
 autoÔ or�zontai h par�gwgo
 kat�
Malliavin kai to olokl rwma kat� Skorohod, ta opo�a ja exet�soumesti
 epìmene
 paragr�fou
.2.2 H par�gwgo
 kat� Malliavin'Estw S o q¸ro
 pou paragetai apì ti
 tuqa�e
 metablhtè
 th
 morf 

F = f(W (h1), ...,W (hn)), C∞

p (Rn) o q¸ro
 twn ape�rw
 paragwg�simwnsunart sewn f , ìpou h1, ..., hn ∈ L2([0, T ]) kai f : Rn → R.Orismì
 1.2.1 'Estw U èna anoiqtì uposÔnolo enì
 q¸rou Banach
X kai f : U → R

n. H f èqei kateujunìmenh par�gwgo sthn dieÔjunsh
y ∈ X sto shme�o x ∈ U , an up�rqei to ìrio

Dyf(x) = lim
ǫ→0

1

ǫ
[f(x+ ǫy) − f(x)] =

d

dǫ
[f(x+ ǫy]ǫ=0O lìgo
 pou d¸same ton parap�nw orismì e�nai giat� mèsw autoÔ ja eis�-goume thn par�gwgo kat�Malliavin. Sugkekrimèna ja de�xoume ìti h pa-r�gwgo
 kat� Malliavin e�nai m�a kateujunìmenh par�gwgo
 kai m�listame sugkekrimènh kateÔjunsh, h opo�a d�netai apì ton akìloujo orismì.Orismì
 1.2.2 'Estw g ∈ L2([0, T ]) kai γ ∈ Ω. To sÔnolo twn γ poumporoÔn na grafoÔn w


γ(t) =

∫ t

0

g(s)ds ∈ Ωlègetai q¸ro
 twn Cameron−Martin kai sumbol�zetai me Hcm.
Hcm =

{
γ ∈ Ω := γ =

∫ t

0

h(s)ds, h ∈ L2([0, T ])

}

Ton�zoume ìti ja asqolhjoÔme me parag¸gou
 pou èqoun kateujÔnsei
 γ.
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 1.2.3 H par�gwgo
 kat� Malliavin mia
 tuqa�a
 metablht 

F ∈ S, e�nai h stoqastik  diadikas�a {DtF, t ∈ T}, pou or�zetai w


DtF =
n∑

i=1

∂f

∂xi

(W (h1), ...,W (hn))hi(t)Me D1,2 sumbol�zoume ton q¸ro twn paragwg�simwn kat� Mallivin tu-qa�wn metablht¸n.Ousiastik�, mporoÔme na doÔme thn par�gwgo kat� Malliavin san ènagrammikì, mh fragmèno telest 
Dt : S ⊂ L2(Ω) → L2([0, T ] × Ω)O D1,2 èqei th nìrma ‖.‖1,2 pou or�zetai w


‖F‖1,2 = ‖F‖L2(Ω) + ‖DtF‖L2([0,T ]×Ω)O S e�nai pl rh
 w
 pro
 thn ‖.‖1,2. Epeid  ìmw
 den e�nai xek�jaro ankai to ped�o orismoÔ th
 parag¸gou kat�Malliavin e�nai pl re
 w
 pro
thn nìrma aut , dhlad  k�je ‖.‖1,2-Cauchy akolouj�a na sugkl�nei sek�poio stoiqe�o tou q¸rou autoÔ, qreiazìmaste èna nèo q¸ro, megalÔ-tero. Or�zoume ètsi ton q¸ro D1,2, o opo�o
 e�nai pl rh
 kai se autìnergazìmaste.H par�gwgo
 Malliavin èqei ti
 ex 
 idiìthte
 :Grammikìthta : Dt(αF +G) = αDtF +DtG, ∀F,G ∈ D1,2Kanìna
 alus�da
 : Dt(f(F )) =
∑
fi(F )DtFi, ∀Fi ∈ D1,2Kanìna
 ginomènou : Dt(FG) = F (DtG) +G(DtF ), ∀F,G ∈ D1,2Prohgoumènw
 mil same gia thn par�gwgo me kateÔjunsh kai e�pame ìtimèsw th
 parag¸gou aut 
 ja or�soume thn par�gwgo kat� Malliavin.Sugkekrimèna, h par�gwgo
 kat� Malliavin e�nai m�a par�gwgo
 me ka-teÔjunsh kai m�lista me sugkekrimènh kateÔjunsh γ ìpou to γ e�nai stoi-qe�o tou q¸rou Cameron−Martin. Autì
 o isqurismì
 g�netai xek�ja-ro
 apì to akìloujo l mma.L mma 1.2.1 H par�gwgo
 kat� Malliavin e�nai m�a par�gwgo
 mekateÔjunsh γ ìpou γ ∈ HcmApìdeixh: Blèpe par�rthma �



2.2. H PAR�AGWGOS KAT�AMALLIAV IN 10Basikì shme�o tou logismoÔ kat� Malliavin e�nai h olokl rwsh kat�mèlh gia thn opo�a ja mil soume se epìmenh par�grafo. Endeiktik� pa-rajètoume thn akìloujh sqèsh h opo�a ja fane� qr simh se ìti ja ako-louj sei.L mma 1.2.2 An F ∈ S kai h ∈ H , isqÔei:
E[〈DF, h〉H ] = E[FW (h)]Apìdeixh: Blèpe par�rthma �Qrhsimopoi¸nta
 thn sqèsh aut , mporoÔme na p�roume to akìloujo l m-maL mma 1.2.3 'Estw F,G ∈ S kai h ∈ H . Tìte isqÔei:

E(G 〈DF, h〉H) = E(−F 〈DG, h〉H + FGW (h))Apìdeixh: Blèpe par�rthma �Katal goume loipìn sto akìloujo sumpèrasma gia ton telest  parag¸-ghsh
 D.L mma 1.2.4 O telest 
 parag¸gish
D, e�nai kleistì
 kai èqei kleist epèktash, apì ton Lp(Ω) → Lp([0, T ] × Ω), p ≥ 1.'Otan lème ìti èna
 telest 
 T e�nai kleistì
, ousiastik� ennooÔme ìtian Xn → x kai T Xn → y tìte x ∈ Domain(T ) kai T x = y. Apìthn jewr�a th
 sunarthsiak 
 an�lush
, gnwr�zoume ìti o telest 
 th
parag¸gish
 e�nai kleistì
. Epiplèon ton�zoume, ìti an èna
 telest 
e�nai kleistì
 tìte kai o suzug 
 tou ja e�nai kleistì
. H parat rhshaut  ja ma
 fane� idia�tera qr simh ìtan mil soume gia to olokl rwmakat� Skorohod. Epanerqìmaste t¸ra sto l mma.Apìdeixh: Blèpe par�rthma �'Otan anafèrame to je¸rhma epèktash
 tou q�ou
 ton�same thn shmanti-kìtht� tou gia ton logismì kat� Malliavin. 'Olh h jewr�a ma
 dome�taip�nw sto je¸rhma autì kai tautìqrona or�zetai mèsw autoÔ. Ja doÔ-me t¸ra pw
 h par�gwgo
 kat� Malliavin, mpore� na orisje� mèsw toujewr mato
 an�ptuxh
 tou q�ou
.Je¸rhma 1.2.1 'Estw m�a tuqa�a metablht  F ∈ L2(Ω, F,P), tetra-gwnik� oloklhr¸simh, gia thn opo�a mpore� na efarmoste� to je¸rhma



KEF�ALAIO 2. O LOGISM�OS KAT�AMALLIAV IN 11epèktash
 tou q�ou
, dhlad  h F mpore� na grafe� w

F =

∞∑

m=0

Im(gm), g ∈ L2
S([0, T ]m)Tìte h F ∈ D1,2 an kai mìno an

∞∑

m=1

mm! ‖g‖2
L2([0,T ]m) <∞kai sthn per�ptwsh aut  h par�gwgo
 kat� Malliavin or�zetai w


DtF =
∞∑

m=1

mIm−1(gm(., t))Apìdeixh: Blèpe par�rthma �An {Fn} e�nai mia akolouj�a sunart sewn th
 morf 
 F (W (h1), ...,W (hn))h opo�a sugkl�nei sthn F ston Lp(Ω), p ≥ 1 kaj¸
 to n → ∞, èqei en-diafèron na exet�soume an ja isqÔei ìti kai DtF =limn→∞DtFn. Gia naisqÔei autì ja prèpei na e�maste bèbaioi ìti h par�gwgo
 kat�Malliavinor�zetai me monadikì trìpo. Me �lla lìgia, an upojèsoume ìti up�rqeimia deÔterh akolouj�a {Gn} h opo�a sugkl�nei sthn F ston Lp(Ω), p ≥ 1,na isqÔei ìti
lim

n→∞
DtFn = lim

n→∞
DtGnH ap�nthsh sto er¸thma autì d�netai apì to akìloujo je¸rhma to opo�oparajètoume qwr�
 apìdeixh.Je¸rhma 1.2.2 'EstwHn = Fn−Gn kai jewroÔme thn akolouj�a {Hn}h opo�a sugkl�nei sto mhdèn ston Lp(Ω) kaj¸
 to n→ ∞ kai upojètoumeìti h {DtFn} sugkl�nei ston Lp(L2([0, T ] × Ω)) kaj¸
 n → ∞. Sthnper�ptwsh aut , isqÔei ìti:

lim
n→∞

DtHn = 0Katal goume loipìn ìti h DtF e�nai orismènh me monadikì trìpo kai epo-mènw
 to epìmeno l mma isqÔei.L mma 1.2.5 'Estw F ∈ Lp(Ω) kai {Fn} → F . Tìte isqÔei ìti
DtF = lim

n→∞
DtFn



2.3. TO OLOKL�HRWMA KAT�A SKOROHOD 12Apìdeixh: H apìdeixh e�nai �mesh sunèpeia tou parap�nw jewr mato

�Parat rhsh 1. 'Estw F ∈ D1,2 me DtF = 0, ∀t ∈ [0, T ]. Tìte apì toJe¸rhma 1.2.1 prokÔptei ìti h F prèpei na �sh me thn E(F ).Parat rhsh 2. 'Estw A ∈ F . Tìte

Dt(IA) = Dt(IA)2 = 2IADt(IA)kai epomènw
 Dt(IA) = 0. Epeid  ìmw
 IA = E(IA) = P (A) apì thnprohgoÔmenh parat rhsh sunep�getai ìti P (A) = 0   P (A) = 1T¸ra, afoÔ or�same thn par�gwgo kat� Malliavin, e�maste se jèsh naexet�soume to deÔtero shmantikì shme�o tou logismoÔ kat� Malliavin,to olokl rwma kat� Skorohod.2.3 To olokl rwma kat� SkorohodSthn prohgoÔmenh enìthta e�dame ìti o telest 
 parag¸gish
 e�nai èna
kleistì
 kai tautìqrona mh fragmèno
 telest 
 D : D1,2 → L2([0, T ] ×
Ω). Sthn par�grafo aut  ja asqolhjoÔme me ton suzug  tou telest autoÔ, ton D∗ kai ja doÔme ìti o telest 
 autì
 èqei idia�terh shmas�aston logismì kat�Malliavin, giat� e�nai epèktash tou stoqastikoÔ olo-klhr¸mato
, dhlad  e�nai èna olokl rwma, gnwstì kai w
 olokl rwmakat� Skorohod.Orismì
 1.3.1 Or�zoume w
 D∗ ton suzug  tou telest  D. O D∗, w
epèktash tou D, e�nai èna
 kleistì
 kai mh fragmèno
 telest 
 me timè
ston L2([0, T ] × Ω), tètoio
 ¸ste :
• To ped�o orismoÔ tou D∗, to opo�o sumbol�zoume me Dom(D∗), e�nai tosÔnolo
Dom(D∗) =

{
u ∈ L2([0, T ] × Ω) :

∣∣∣∣E(

∫ T

0

DtFutdt

∣∣∣∣ ≤ c(u) ‖F‖L2(Ω)

}
,

∀F ∈ D1,2, c ∈ R

• An u ∈ Dom(D∗) tìte D∗(u) ∈ L2(Ω) kai
E(FD∗(u)) = E(〈DF, u〉H)

∀F ∈ D1,2



KEF�ALAIO 2. O LOGISM�OS KAT�AMALLIAV IN 13to opo�o praktik� shma�nei ìti 〈F,D∗(u)〉L2(Ω) = 〈DF, u〉L2([0,T ]×Ω). Dh-lad  o telest 
 Skorohod e�nai èna
 kleistì
 mh fragmèno
 telest 
,ousiastik� èna
 grammikì
 metasqhmatismì
, o opo�o
 metasqhmat�zei te-tragwnik� oloklhr¸sime
 stoqastikè
 diadikas�e
 se tetragwnik� olo-klhr¸sime
 tuqa�e
 metablhtè
. Epiplèon parathroÔme ìti E[D∗(u)] =
0, ∀u ∈ Dom(D∗).'Opw
 kai h par�gwgo
 kat� Malliavin, ètsi kai to olokl rwma kat�
Skorohod mpore� na orisje� mèsw tou jewr mato
 an�ptuxh
 tou q�ou
kat� Wiener. O trìpo
 pou g�netai autì, d�netai apì to akìloujo je¸-rhma.Je¸rhma 1.3.1 'Estw mia tuqa�a metablht  u ∈ L2([0, T ]×Ω), h opo�aèqei thn anapar�stash tou jewr mato
 an�ptuxh
 tou q�ou
 kat�Wiener:

u(t) =

∞∑

n=0

In(fn(., t))

∀n ≥ 1, ∀fn inL
2
S([0, T ]). Tìte u ∈ Dom(D∗), an kai mìno an h seir�

D∗(u) =

∞∑

n=0

In+1(f̃n)sugkl�nei ston L2(Ω)H f̃n e�nai h summetropo�hsh th
 fn se (n+ 1) diast�sei
 kai or�zetai w

f̃n(t1, ..., tn, t) = f̃n(t1, ..., tn, tn+1) =

=
1

n+ 1
[fn(t1, ..., tn+1) + ...+ fn(t1, ..., ti−1, ti+1, ..., tn+1, ti) +

... + fn(t2, ..., tn+1, t1)]Apìdeixh: Blèpe par�rthma �Apì to parap�nw je¸rhma e�nai profanè
 ìti o q¸ro
 Dom(D∗) twn
Skorohod oloklhr¸simwn diadikasi¸n sump�ptei me ton upìqwro tou q¸-rou L2([0, T ] × Ω) pou par�getai apì ti
 stoqastikè
 diadikas�e
 pouikanopoioÔn th sunj kh

E[D∗(u)2] =
∞∑

n=0

(n+ 1)!
∥∥∥f̃n

∥∥∥
2

L2([0,T ]n+1)
<∞



2.3. TO OLOKL�HRWMA KAT�A SKOROHOD 14Gia ton Dom(D∗) èqoume na parathr soume ìti perilamb�nei ton D1,2,k�ti pou �llwste e�nai polÔ fusikì apì ton orismì tou oloklhr¸mato
kat� Skorohod.L mma 1.3.1 'Estw u ∈ Dom(D∗) kai F ∈ D1,2. Tìte Fu ∈ L2([0, T ]×
Ω) kai

D∗(Fu) = FD∗(u) − 〈DF, u〉Hdhlad  h Fu e�nai oloklhr¸simh kat� Skorohod an kai mìno an to dex�mèlo
 th
 parap�nw isìthta
 an kei ston L2(Ω)Apìdeixh: Blèpe par�rthma �H par�gwgo
 kat� Malliavin tou oloklhr¸mato
 kat� Skorohod d�netaiapì to akìloujo l mma.L mma 1.3.2 'Estw u ∈ D1,2(L
2([0, T ])) kai ìti h stoqastik  diadi-kas�a (Dtus)t∈[0,T ] e�nai oloklhr¸simh kat� Skorohod kai an kei ston

L2([0, T ] × Ω). Tìte :
Dt(D

∗(u)) = ut +

∫

[0,T ]

DtusδWsìpou me ∫ δWt dhl¸noume to olokl rwma kat� Skorohod.Parat rhsh 1. O telest 
 Skorohod aux�nei ton bajmì tou q�ou
tou Wiener kat� èna, en¸ o telest 
 th
 parag¸gou kat� Malliavinton mei¸nei kat� èna.Parat rhsh 2. 'Estw ìti jèloume na upolog�soume to olokl rwmakat� Skorohod ∫ T

0
WtδWt.
∫ T

0

WtδWt =

∫ T

0

∫ T

0

dWsdWt

= I2(1)

= 2

∫ T

0

∫ t2

0

dWt1dWt2

= W 2(T ) − TParathroÔme ìti
∫ T

0

WtδWt 6= Wt

∫ T

0

δWt = W 2(T )



KEF�ALAIO 2. O LOGISM�OS KAT�AMALLIAV IN 15To olokl rwma kat� Skorohod ìpw
 anafèrame sthn arq  th
 paragr�-fou e�nai epèktash tou stoqastikoÔ oloklhr¸mato
 kat� Itô. Sugkekri-mèna, ìtan h oloklhrwtèa posìthta ut e�nai prosarmosmènh sthn di jhsh
Ft, tìte to olokl rwma kat� Skorohod e�nai to stoqastikì olokl rwmakat� Itô. 'Otan autì den sumba�nei dhmiourgoÔntai eukair�e
 gia arbitrage.A
 exet�soume t¸ra analutikìtera thn sqèsh metaxÔ oloklhr¸mato
 ka-t� Skorohod kai stoqastikoÔ oloklhr¸mato
 kat� Itô. Se pr¸th f�shparajètoume to parak�tw qr simo l mma.L mma 1.3.3 'Estw ut m�a stoqastik  diadikas�a tètoia ¸ste E[u2(t)] <
∞ kai FT metr simh ∀t ∈ [0, T ]. 'Estw epiplèon ìti h ut èqei thn anapa-r�stash th
 an�ptuxh
 tou q�ou
 kat� Wiener

ut =

∞∑

n=0

In(fn(., t))Tìte h ut e�nai prosarmosmènh sthn Ft an kai mìno an
fn(t1, ..., tn, t) = 0ìpou t < max(ti), 1 ≤ i ≤ n kai (t1, ..., tn) ∈ H .Apìdeixh: Blèpe par�rthma �E�maste t¸ra se jèsh na diatup¸soume to akìloujo je¸rhma to opo�ode�qnei th sqèsh metaxÔ oloklhr¸mato
 kat� Skorohod kai stoqastikoÔoloklhr¸mato
 kat� Itô.Je¸rhma 1.3.2 (To olokl rwma kat� Skorohod e�nai epèktash toustoqastikoÔ oloklhr¸mato
 kat� Itô) : 'Estw ut m�a tetragwnik� olo-klhr¸simh stoqastik  diadikas�a, Ft prosarmosmènh ∀t ∈ [0, T ]. Tìte

ut ∈ Dom(D∗) kai
∫ T

0

utδWt =

∫ T

0

utdWtApìdeixh: Blèpe par�rthma �2.4 Olokl rwsh kat� mèlhTo shmantikìtero �sw
 apotèlesma tou logismoÔ kat� Malliavin e�nai holokl rwsh kat� mèlh. Mèsw aut 
 th
 diadikas�a
 mpore� k�poio
 na deieÔkola kat� pìso ìlh aut  h jewr�a pou anafèrame mpore� na qrhsimeÔ-sei sthn qrhmatooikonomik , pèra apì to kajar� jewrhtikì endiafèron.



2.4. OLOKL�HRWSH KAT�A M�ELH 16H olokl rwsh kat� mèlh kajist� ton logismì kat� Malliavin èna zwn-tanì kai tautìqrona zwtikì komm�ti th
 sÔgqronh
 qrhmatooikonomik 
epist mh
.Sthn prohgoÔmenh par�grafo, ìtan mil same gia to olokl rwma kat�
Skorohod e�dame ìti isqÔei h sqèsh

E[

∫ T

0

(DtF )utdt] = E[FD∗(u)]H sqèsh aut  apotele� ton akrogwnia�o l�jo p�nw ston opo�o dome�tai hjewr�a th
 olokl rwsh
 kat� mèlh. A
 doÔme to ìlo z thma analutikì-tera giat� apotele� to kombikì shme�o th
 diatrib 
 aut 
.'Estw ìti èqoume dÔo tuqa�e
 metablhtè
, thn F kai thn G kai èstw ìtijèloume na upolog�soume thn E[f
′

(F )G] gia k�poia sun�rthsh f . 'Enashmantikì prìblhma pou mpore� na prokÔyei sto shme�o autì, e�nai na mhngnwr�zoume thn apì koinoÔ katanom  twn F , G. H idèa p�nw sthn opo�aja sthriqjoÔme e�nai na k�noume ton metasqhmatismì
E[f

′

(F )G] = E[f(F )H ]ìpou H e�nai mia nèa tuqa�a metablht . 'Estw Z = f(F ). H dr�sh toutelest  Malliavin p�nw sthn Z d�nei:
DsZ = f

′

(F )DsFPollaplasi�zonta
 thn parap�nw sqèsh me Gh(s), ìpou h(s), s ∈ [0, T ]e�nai k�poia stoqastik  diadikas�a, pijan¸
 exart¸menh apì ti
 F,G,pa�rnoume:
Gh(s)DsZ = f

′

(F )Gh(s)DsFkai oloklhr¸nonta
 kat� mèlh :
∫ T

0

Gh(s)DsZds =

∫ T

0

f
′

(F )Gh(s)DsFds

= f
′

(F )G

∫ T

0

h(s)DsFdskai lÔnonta
 w
 pro
 thn f ′

(F )G pa�rnoume
f

′

(F )G =

∫ T

0
Gh(s)DsZds∫ T

0
hsDsFds

=

∫ T

0

Gh(s)DsZ∫ T

0
h(u)DuFdu

ds

= E[

∫ T

0

(DsZ)usds]



KEF�ALAIO 2. O LOGISM�OS KAT�AMALLIAV IN 17ìpou jèsame us =
Gh(s)

∫ T

0
huDuXdu

. Efarmìzwnta
 sthn parap�nw sqèshthn E[
∫ T

0
(DtF )utdt] = E[FD∗(u)] pa�rnoume:
E[f

′

(F )G] = E

[
f(F )D∗

(
Gh(s)

∫ T

0
huDuXdu

)]

ìpou H = D∗

(
Gh(s)

∫ T

0
huDuXdu

). An t¸ra h diadikas�a h e�nai k�poiastajer , tìte h H pa�rnei thn morf  H = D∗

(
G

1
T

∫ T

0
DuXdu

). Eme�
autì pou ja k�noume sto kef�laio pou akolouje� e�nai na upolog�zoumeta greeks mèsw th
 parap�nw sqèsh
 pou apode�xame.Af noume pro
 to parìn thn olokl rwsh kat� mèlh. Ja epanèljoumesto epìmeno kef�laio ìpou ja sundèsoume xek�jara ton logismì kat�
Malliavin me thn qrhmatooikonomik  kai tìte ja doÔme pw
 aut� poue�pame parap�nw efarmìzontai �mesa gia thn timolìgish parag¸gwn.2.5 Par�rthma : Apode�xei
Sthn enìthta aut  parajètoume ìle
 ti
 apode�xei
 pou anafèrjhkan sthnparap�nw jewr�a. Gia eukol�a twn anagnwst¸n, ìle
 oi pro
 apìdeixhprot�sei
 diatup¸nontai xan�.L mma 1.1 H oikogèneia twn tuqa�wn metablht¸n eW (h), h ∈ H e�nai ènapl re
 uposÔnolo tou L2(Ω,G,P), ìpou G e�nai h di jhsh pou par�getaiapì ti
 W (h), h ∈ HApìdeixh: 'Estw X ∈ L2(Ω,G,P), tètoio ¸ste : E[XeW (h)] = 0, ∀h ∈
H . H grammikìthta th
 apeikìnish
 h→ W (h), sunep�getai ìti :
E[Xexp

∑m

i=1 tiW (hi)]=0,∀t1, ..., tm ∈ R, ∀h1, ..., hm ∈ H .Epomènw
 ka-tal goume ìti Q=0 �Je¸rhma 1.1.1 H sun�rthsh F (x, t) = exp(tx − t2

2
), e�nai genn triatwn poluwnÔmwn Hermite, dhlad  ta polu¸numa Hermite mporoÔn naparaqjoÔn apì to an�ptugma Taylor th
 sun�rthsh
 aut 
.Apìdeixh: Pa�rnoume to an�tugma th
 F (x, t)

F (x, t) = exp(tx−
t2

2
) = exp(

x2

2
)exp(−

1

2
(x− t)2)
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= exp(

x2

2
)

∞∑

n=0

tn

n!
(
dn

dxn
exp(−

(x − t)2

2
))

=
∞∑

n=0

tnHn(x).ìpou Hn(x), e�nai to polu¸numo Hermite bajmoÔ n. �L mma 1.1.1 Ta polu¸numa Hermite èqoun ti
 akìlouje
 idiìthte

i)ApoteloÔn mia orjokanonik  b�sh ston L2(R, µ), ìpou µ k�poio kano-nikì mètro pijanìthta

ii) H

′

n(x) = H
′

n−1(x)
iii) (n+ 1)Hn+1(x) = xHn(x) −Hn−1(x)
iv) Hn(−x) = (−1)nHn(x)Apìdeixh:i) Gnwr�zoume ìti èna orjokanonikì sÔnolo se èna q¸roHilbert,apotele� b�sh gia ton q¸ro autì.
α)(Hn, Hm)L2(R,µ) =

∫
R
Hn(x)Hm(x)µ(dx) = 0, ∀n 6= m

β)||Hn(x)|| = (Hn, Hn)
1
2

L2(R,µ) = 1Epomènw
 ta polu¸numa Hermite apoteloÔn èna orjokanonikì sÔnologia ton q¸ro L2(R, µ), o opo�o
 e�nai èna
 q¸ro
 Hilbert me apotèlesmana apoteloÔn kai orjokanonik  b�sh.
ii) Apì to Je¸rhma 1.1.2 e�dame ìti F (x, t) =

∑∞
n=0 t

nHn(x).
∂

∂x
F (x, t) = F (x, t)t =

∞∑

n=0

tntHn(x)

=
∞∑

n=0

tn+1Hn(x)kai pa�rnoume to zhtoÔmeno.
iii) Apì to Je¸rhma 1.1.2

∂

∂t
F (x, t) = F (x, t)(x− t)

=

∞∑

n=0

tnxHn(x) −

∞∑

n=0

tn+1Hn(x)kai to zhtoÔmeno èpetai
iv) Apì to Je¸rhma 1.1.2

F (−x, t) =
∞∑

n=0

tnHn(−x) = F (x,−t)
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=

∞∑

n=0

(−1)ntnHn(x)

�L mma 1.1.3 To epanalambanìmeno olokl rwma kat� Itô par�getai apìta polu¸numa Hermite.Apìdeixh: Gia lìgou
 eukol�a
 ja qrhsimopoi soume thn morf  twnpoluwnÔmwn Hermite Hn(t, x) =
(−t)n

n!
exp(

x2

2t
)
dn

dxn
exp(−

x2

2t
). Efarmì-zwnta
 to l mma tou Itô sthn sun�rthsh Hn(t,Wt), èqoume:

dHn(t,Wt) = [
∂

∂t
Hn(t,Wt) +

1

2

∂2

∂x2
Hn(t,Wt)]dt

+
∂

∂x
Hn(t,Wt)dWt

=
∂

∂x
Hn(t,Wt)dWtApì to l mma 1.1.1 prokÔptei oti

dHn(t,Wt) = Hn−1(t,Wt)dWt

H1(t,Wt) =

∫ T

0

dW (t1)

H2(t,Wt) =

∫ T

0

∫ t2

0

dW (t1)dW (t2)

.....

Hn(t,Wt) =

∫ T

0

∫ tn

0

...

∫ t2

0

dW (t1)dW (t2)...dW (tn)

�Prìtash 1.1.1 Gia to epanalambanìmeno olokl rwma Itô isqÔei ìti
E[J2

n(f)] = ‖f‖2
L2(Sn) kai E[Jm(g)Jn(f)] = 0 gia g ∈ L2(Sm) kai f ∈

L2(Sn)Apìdeixh:
E[J2

n(f)] =

= E[(

∫ T

0

∫ tn

0

...

∫ t2

0

f(t1, t2, ..., tn)dW (t1)dW (t2)...dW (tn))2]

=

∫ T

0

E[(

∫ tn

0

...

∫ t2

0

f(t1, t2, ..., tn)dW (t1)dW (t2)...dW (tn−1))
2]dtn
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=

∫ T

0

∫ tn

0

E[(

∫ tn−1

0

...

∫ t2

0

f(t1, t2, ..., tn)dW (t1)dW (t2)...dW (tn−2))
2]

dtndtn−1

= ...

=

∫ T

0

∫ tn

0

...

∫ t2

0

f 2(t1, t2, ..., tn)dt1dt2...dtn

= ‖f‖2
L2(Sn)kai o pr¸to mèro
 apode�qjhke. An t¸ra g ∈ L2(Sm) kai f ∈ L2(Sn),èqoume :
E[Jm(g)Jn(f)] =

= E[(

∫ T

0

∫ sm

0

...

∫ s2

0

g(s1, s2, ..., sm)dW (s1)dW (s2)...dW (sm))

(

∫ T

0

∫ sm

0

...

∫ t2

0

f(t1, t2, ..., sm)dW (t1)dW (t2)...dW (sm))]

=

∫ T

0

E[(

∫ sm

0

...

∫ s2

0

g(s1, s2, ..., sm)dW (s1)dW (s2)...dW (sm−1))

(

∫ sm

0

...

∫ t2

0

f(t1, t2, ..., sm)dW (t1)dW (t2)...dW (sm−1))]dsm

= ...

=

∫ T

0

∫ sm

0

...

∫ s2

0

E[g(s1, ..., sm)

∫ s1

0

...

∫ t2

0

f(t1, ..., sm)

dW (t1)dW (t2)...dW (sn−m))]ds1ds2...dsm

= 0epeid  ìpw
 gnwr�zoume apì thn stoqastik  an�lush, h mèsh tim  enì
stoqastikoÔ oloklhr¸mato
 kat� Itô e�nai mhdèn.�Je¸rhma 1.1.2: An�ptugma se q�o
 tou Wiener : 'Estw φmia tuqa�a metablht , prosarmosmènh sthn di jhsh Ft kai tetragwnik�oloklhr¸simh. Tìte up�rqei mia monadik  akolouj�a summetrik¸n sunar-t sewn fn ∈ L2
S([0, T ]n), tètoia ¸ste

φ(ω) =

∞∑

n=0

In(fn)na sugkl�nei ston L2(P ). Epiplèon èqoume thn isometr�a
‖φ‖2

L2(P ) =
∞∑

n=0

n! ‖fn‖
2
L2([0,T ]n)



KEF�ALAIO 2. O LOGISM�OS KAT�AMALLIAV IN 21Apìdeixh : Upojètoume ìti briskìmaste ston q¸ro L2(Ω, Ft,P). Apìto je¸rhma anapar�stash
 tou Itô, up�rqei m�a monadik  stoqastik  dia-dikas�a φ1(s1, ω); 0 ≤ s1 ≤ T , prosarmosmènh sthn di jhsh Ft, tètoia¸ste E[
∫ T

0
φ2

1(s1, ω)ds1] ≤ ‖φ‖2
L2(P) kai epiplèon

φ(ω) = E[φ(ω)] +

∫ T

0

φ1(s1, ω)dW (s1) (2.1)Efarmìzwnta
 p�li to je¸rhma anapar�stash
 sthn sun�rthsh φ1(s1, ω),pa�rnoume ìti up�rqei mia Ft prosarmosmènh diadikas�a φ2(s1, s2, ω) tètoia¸ste E[
∫ s1

0
φ2

2(s1, s2, ω)ds2] ≤ E[φ2
1(s1)]<∞ kai epiplèon

φ1(s1, ω) = E[φ1(s1)] +

∫ s1

0

φ2(s1, s2, ω)dW (s2)dW (s1) (2.2)Antikajist¸ta
 thn (1.2) sthn (1.1), pa�rnoume
φ(ω) = E[φ] +

∫ T

0

[E(φ1(s1) +

∫ s1

0

φ2(s1, s2, ω)dW (s2)dW (s1)]dW (s1)

= g0 +

∫ T

0

g1(s1)dW (s1) +

∫ T

0

∫ s1

0

φ2(s2, s1, ω)dW (s2)dW (s1)(2.3)ìpou g0 = E[φ(ω)] kai g1(s1) = E[φ1(s1)]. Suneq�zonta
 thn �dia diadika-s�a gia thn sun�rthsh φ2(s1, s2, ω), prokÔptei ìti up�rqei mia Ft prosar-mosmènh diadikas�a φ3(s1, s2, s3, ω) ; 0 ≤ s3 ≤ s2, tètoia ¸ste
E[
∫ s2

0
φ2

3(s1, s2, s3, ω)ds3] ≤ E[φ2
2(s1, s2, ω)] <∞ kai epiplèon

φ2(s1, s2, ω) = E[φ(s1, s2, ω)] +

∫ s2

0

φ3(s1, s2, s3, ω)dW (s3) (2.4)Antikajist¸ta
 thn (1.4) sthn (1.3) pa�rnoume
φ(ω) = g0 +

∫ T

0

g1(s1)dW (s1) +

∫ T

0

∫ s1

0

g2(s1, s2)dW (s2)dW (s1)

+

∫ T

0

∫ s1

0

∫ s2

0

φ3(s1, s2, s3, ω)dW (s3)dW (s2)dW (s1) (2.5)Suneq�zonta
 thn diadikas�a aut  gia n b mata, ja p�roume en tèlei mia
Ft prosarmosmènh diadikas�a φn+1(s1, s2, ..., sn+1); 0 ≤ s1 ≤ s2 ≤ ... ≤
sn+1 ≤ T kai pragmatikè
 sunart sei
 g0, g1, ..., gn ètsi ¸ste na isqÔei

φ(ω) =
n∑

n=0

Jn(gκ)

+

∫ T

0

∫ sn+1

0

...

∫ s2

0

φn+1(s1, s2, ..., sn+1, ω)dW (s1)dW (s2)...dW (sn+1)(2.6)
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 ma
 e�nai na exafan soume ton deÔtero ìro sto dexiì mèlo
 th
parap�nw isìthta
 gia na p�roume to zhtoumeno apotèlesma. Se pr¸thf�sh ìtan anaferìmaste sto epanalambanìmeno olokl rwma th
 (1.6) jaqrhsimoopoioÔme to sumbolismì jn+1. Parap�nw ìtan anaferj kame stoepanalambanìmeno olokl rwma apode�xame ìti èqei thn idiìthta th
 orjo-gwniìthta
. Dhlad  (jn+1, Jκ(gκ))L2(Ω) = 0, gκ ∈ L2([0, T ])n. Epomènw
mpore� na efarmoste� to pujagìreio je¸rhma
‖φ‖2

L2(Ω) =
n∑

κ=0

‖Jκ(gκ)‖
2
L2(Ω) + ‖jn+1‖

2
L2(Ω)kai epeid  h ∑n

κ=0 ‖Jκ(gκ)‖
2
L2(Ω) sugkl�nei up�rqei to ìrio limn→∞ jn+1kai èstw ìti e�nai �so me j. Autì pou jèloume na de�xoume e�nai ìti j = 0.'Eqoume ìti (j, Jκ(gκ))L2(Ω) = 0 kai epeid  o q¸ro
 twn epanalambanìme-nwn oloklhrwm�twn sqhmat�zei mia orjokanonik  b�sh ston q¸roHilbert

L2([0, T ]n) sunep�getai ìti j = 0. Epomènw

φ(ω) =

∞∑

κ=0

Jκ(gκ) (2.7)sugkl�nei ston L2(Ω) kai epiplèon
‖φ‖2

L2(Ω) =

n∑

κ=0

‖Jκ(gκ)‖
2
L2(Ω) (2.8)Tèlo
 an or�soume thn summetropo�hsh th
 g = g̃n kai jèsoume g̃n = fn,pa�rnoume

In(fn) = n!Jn(fn)

= n!Jn(g̃n) = Jn(gn)kai to zhtoÔmeno apode�qjhke �Enallaktik  ekdoq  'Estw Hn o q¸ro
 pou dhmiourge�tai apì tapolu¸numa Hermite {Hn(Wh), h ∈ X} ìpou Q e�nai èna
 q¸ro
 Hilbertkai Hn e�nai kleistì
 upìqwro
 tou L2(Ω, F,P). Tìte
L2(Ω, F,P) =

∞⊕

n=0

HnApìdeixh: 'Estw X ∈ L2(Ω, F,P), tètoio ¸ste E[XHn(W (h))] =
0, ∀n, h ∈ L2([0, T ]). Tìte E[XW (h)n] = 0⇒ E[XeW (h)] = 0 ⇒
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E[Xexp

∑m
i=1 tiW (hi)]=0 ∀t1, ..., tm ∈ R, ∀h1, ..., hm ∈ H ⇒ X = 0

�L mma 1.2.1 H par�gwgo
 kat� Malliavin e�nai mia par�gwgo
 mekateÔjunsh γ ìpou γ ∈ HcmApìdeixh:
∫ T

0

DtFh(t)dt = 〈DF, h〉H

=
n∑

i=1

∂if(W (t1, ..., tn))
〈
I[0,ti], h

〉
H

=

n∑

i=1

∂if(W (t1, ...,W (tn)))

∫ ti

0

h(s)ds

=
d

dǫ
F (ω + ǫ

∫ ti

0

h(s)ds)ǫ=0

=
d

dǫ
F (ω + ǫγ)ǫ=0

�L mma 1.2.2 An F ∈ S kai h ∈ H , isqÔei:
E(〈DF, h〉H) = E(FW (h))Apìdeixh: 'Estw {en} èna pl re
 orjokanonikì sÔsthma stonH . 'Estw

h = e1 kai ìti h F e�nai th
 morf 
 F = f(W (e1), ...,W (en)). 'Estw ìtime φ(x) dhl¸noume thn puknìthta th
 tupik 
 kanonik 
 katanom 
 ston
Rn.

φ(x) = (2π)
−n

2 exp(−
1

2

n∑

i=1

x2
i )Tìte :

E(〈DF, h〉H) =

∫

Rn

∂f

∂x1
(x)φ(x)dx

=

∫

Rn

f(x)x1φ(x)dx

= E(FW (e1))

= E(FW (h))

�



2.5. PAR�ARTHMA : APODE�IXEIS 24L mma 1.2.3 'Estw F,G ∈ S kai h ∈ H . Tìte isqÔei:
E(G 〈DF, h〉H) = E(−F 〈DG, h〉H + FGW (h))Apìdeixh: Apì to l mma th
 olokl rwsh
 kat� mèlh gnwr�zoume ìti

E(〈DF, h〉H) = E(FW (h)) kai kat� sunepeia :
E(FGW (h)) = E(〈DFG, h〉H)

= E(G 〈DF, h〉H) + E(F 〈DG, h〉H)

�L mma 1.2.4 O telest 
 parag¸ghsh
 D, e�nai kleistì
 kai èqei klei-st  epèktash, apì ton Lp(Ω) → Lp([0, T ] × Ω), p ≥ 1.Apìdeixh: Arke� na de�xoume ìti an h akolouj�a twn tuqa�wn metablh-t¸n {Fn} → 0 ston Lp(Ω) kai h DFn → κ ston Lp([0, T ] × Ω), tìte
κ = 0. An G ∈ S kai h ∈ H , pa�rnoume:

E(〈κ, h〉H G) = lim
n→∞

E(G 〈DFn, h〉H)

= lim
n→∞

E(−Fn 〈DG, h〉H + FnGW (h))

= 0H teleuta�a anisìthta isqÔei epeid  Fn → 0 ston Lp(Ω) kai epeid  h G kaih DG e�nai fragmène
. Epomènw
 pa�rnoume ìti κ = 0 kai to zhtoÔmenoapode�qjhke �Je¸rhma 1.2.1 'Estw m�a tuqa�a metablht  F ∈ L2(Ω,F ,P), tetra-gwnik� oloklhr¸simh, gia thn opo�a mpore� na efarmoste� to je¸rhmaepèktash
 tou q�ou
, dhlad  h F mpore� na grafe� w

F =

∞∑

m=0

Im(gm), g ∈ L2
S([0, T ]m)Tìte h F ∈ D1,2 an kai mìno an

∞∑

m=1

mm! ‖g‖2
L2([0,T ]m) <∞kai sthn per�ptwsh aut  h par�gwgo
 kat� Malliavin or�zetai w


DtF =
∞∑

m=1

mIm−1(gm(., t))
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∑∞

n=0 In(fn). Tìte Fm ∈ D1,2 kai Fm → Fston L2(Ω). Epiplèon gia m > κ

∥∥∥DtFm ‖−DtFκ‖
2
L2([0,T ]×Ω) =

∥∥∥∥∥

m∑

n=κ+1

nIn−1(fn(., t))

∥∥∥∥∥

2

L2([0,T ]×Ω)

=

∫ T

0

E[

{
m∑

n=κ+1

nIn−1(fn(., t))

}2

]dt

=

∫ T

0

m∑

n=κ+1

n2(n− 1)! ‖fn(., t)‖2
L2([0,T ]n−1)

=
m∑

n=κ+1

nn! ‖fn‖
2
L2([0,T ]n)kai an ∑m

n=κ+1 nn! ‖fn‖
2
L2([0,T ]n) < ∞ sunep�getai ìti h {DtF}

∞
n=1 sug-kl�nei ston L2([0, T ] × Ω) kai F ∈ D1,2 kai

DtF = lim
m→∞

DtFm =
∞∑

n=0

nIn−1(gn(., t))

�Je¸rhma 1.3.1 'Estw mia tuqa�a metablht  u ∈ L2([0, T ] × Ω), hopo�a èqei thn anapar�stash tou jewr mato
 an�ptuxh
 tou q�ou
 kat�
Wiener.

u(t) =

∞∑

n=0

In(fn(., t))

∀n ≥ 1, ∀fn inL
2
S([0, T ]). Tìte u ∈ Dom(D∗), an kai mìno an h seir�

D∗(u) =
∞∑

n=0

In+1(f̃n)sugkl�nei ston L2(Ω)Apìdeixh: 'Estw G = In(g) ìpou g ∈ L2
S([0, T ]), ∀n ≥ 1, e�nai ènapollaplì stoqastikì olokl rwma kat� Itô.

E(〈ut, DtG〉L2([0,T ])) =
∞∑

m=0

E(〈In(fn(., t)), nIn−1(g(., t))〉L2([0,T ])

= E(〈In−1(fn−1(., t)), nIn−1(g(., t))〉L2([0,T ])
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= E(n

∫

[0,T ]

In−1(fn−1(., t))In−1(g(., t))dt)

=

∫

[0,T ]

nE[In−1(fn−1(., t))In−1(g(., t))]dt

= n(n− 1)!

∫

[0,T ]

〈fn−1(., t), g(., t)〉L2([0,T ]n−1) dt

= n!
〈
f̃n−1, g

〉
L2([0,T ]n)

= E(In(f̃n−1)In(g))

= E(In(f̃n−1)G)

∀u ∈ Dom(D∗) katal goume ìti
E(D∗(u)G) = E(In(f̃n−1)G)

∀g th
 morf 
 g = In(gn). Epiplèon mporoÔme na doÔme to In(f̃n−1) santhn probol  tou telest  Skorohod sto n−ostì q�o
 Wiener. Opìte h∑∞
n=0 In+1(f̃n) sugkl�nei ston L2(Ω) sto D∗(u).A
 upojèsoume t¸ra ìti h parap�nw seir� sugkl�nei se k�poion V .

E(

∫

[0,T ]

utDt(

N∑

n=0

In(gn))dt) = E(V

∞∑

n=0

In(gn)), ∀N ≥ 0kai katal goume ìti isqÔei
∣∣∣∣E(

∫

[0,T ]

utDtFdt

∣∣∣∣ ≤ ‖V ‖L2(Ω) ‖F‖L2(Ω)gia k�je tuqa�a metablht  F pou èqei mia peperasmènh anapar�stashan�ptuxh
 tou q�ou
 kat� Wiener. Epeid  F ∈ D1,2 kai o D1,2 e�naipuknì
, katal goume ìti u ∈ Dom(D∗) �L mma 1.3.1 'Estw u ∈ Dom(D∗) kai F ∈ D1,2. Tìte Fu ∈ L2([0, T ]×
Ω) kai

D∗(Fu) = FD∗(u) − 〈DF, u〉HApìdeixh: ;'Estw G e�nai th
 morf 
 G = g(W (h1), ...,W (hn)), h ∈ H .Tìte apì ton kanìna tou ginomènou pa�rnoume
E(GFD∗(u)) = E(

∫ T

0

Dt(GF )utdt)

= E(G

∫ T

0

DtFutdt) + E(F

∫ T

0

DtGutdt)

= E(G

∫ T

0

DtFutdt) + E(GD∗(Fu))



KEF�ALAIO 2. O LOGISM�OS KAT�AMALLIAV IN 27kai to zhtoÔmeno apode�qjhke �L mma 1.3.3 'Estw ut m�a stoqastik  diadikas�a tètoia ¸ste E[u2(t)] <
∞ kai FT metr simh ∀t ∈ [0, T ]. 'Estw epiplèon ìti h ut èqei thn anapa-r�stash th
 an�ptuxh
 tou q�ou
 kat� Wiener

ut =
∞∑

n=0

In(fn(., t))Tìte h ut e�nai prosarmosmènh sthn Ft an kai mìno an
fn(t1, ..., tn, t) = 0ìpou t < max(ti), 1 ≤ i ≤ n kai (t1, ..., tn) ∈ H .Apìdeixh: ∀g ∈ L2

s([0, T ]n), èqoume :
E[In(g)|Ft] = n!E[Jn(g)|Ft]

= n!E[

∫ T

0

∫ tn

0

...

∫ t2

0

g(t1, ..., tn)dW (t1)...dW (tn)|Ft]

= n!

∫ t

0

∫ tn

0

...

∫ t2

0

g(t1, ..., tn)dW (t1)...dW (tn)

= n!Jn(g(t1, ..., tn))I{maxti<t}

= In(g(t1, ..., tn))I{maxti<t}Epomènw
 h ut e�nai Ft prosarmosmènh
⇔ E[ut|Ft] = ut ⇔

⇔

∞∑

n=0

E[In(fn(., t))|Ft] =

∞∑

n=0

In(fn(., t)) ⇔

⇔

∞∑

n=0

In(fn(., t))I{maxti<t} =

∞∑

n=0

In(fn(., t)) ⇔

⇔ fn(t1, ..., tn, t)I{maxti<t} = fn(t1, ..., tn, t) ⇔

⇔ fn(t1, ..., tn, t) = 0Lìgw th
 monadikìthta
 tou jewr mato
 an�ptuxh
 tou q�ou
 kat�Wiener

�Je¸rhma 1.3.2 (To olokl rwma kat� Skorohod e�nai epèktash toustoqastikoÔ oloklhr¸mato
 kat� Itô) : 'Estw ut m�a tetragwnik� olo-klhr¸simh stoqastik  diadikas�a, Ft prosarmosmènh ∀t ∈ [0, T ]. Tìte
ut ∈ Dom(D∗) kai

∫ T

0

utδWt =

∫ T

0

utdWt



2.5. PAR�ARTHMA : APODE�IXEIS 28Apìdeixh: Se pr¸th f�sh parathroÔme ìti
f̃n(t1, ..., tn) =

1

n+ 1
fn(t1, ..., tj−1, tj+1, ..., tj)ìpou tj = maxti, 1 ≤ i ≤ n+ 1

∥∥∥f̃n

∥∥∥
2

L2([0,T ]n+1)
= (n+ 1)!

∫

Sn+1

f̃ 2
n(x1, ..., xn)dx1...dxn+1

=
(n + 1)!

(n+ 1)2

∫

Sn+1

f 2
n(x1, ..., xn)dx1...dxn

=
n!

n + 1

∫ T

0

∫ t

0

∫ xn

0

...

∫ x2

0

f 2
n(x1, ..., xn)dx1...dxndt

=
n!

n + 1

∫ T

0

∫ T

0

∫ xn

0

...

∫ x2

0

f 2
n(x1, ..., xn)dx1...dxndt

=
1

n + 1

∫ T

0

‖fn(., t)‖2
L2([0,T ]n) dtApì to je¸rhma an�ptuxh
 tou q�ou
 gnwr�zoume thn isometr�a

‖φ‖2
L2(P ) =

∞∑

n=0

n! ‖fn‖
2
L2([0,T ]n)ìpou φ tetragwnik� oloklhr¸simh tuqa�a metablht  kai fn ∈ L2

S([0, T ]n).Epomènw
 :
∞∑

n=0

(n + 1)!
∥∥∥f̃n

∥∥∥
2

L2([0,T ]n+1)
=

∞∑

n=0

(n)!

∫ T

0

‖fn(., t)‖2
L2([0,T ]n) dt

=

∫ T

0

∞∑

n=0

(n)! ‖fn(., t)‖2
L2([0,T ]n) dt

= E[

∫ T

0

u2
tdt] <∞epomènw
 ut ∈ Dom(D∗). Epiplèon :

∫ T

0

utdWt =
∞∑

n=0

∫ T

0

In(fn(., t))dWt

=
∞∑

n=0

∫ T

0

n!Jn(fn(., t))dWt
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=

∞∑

n=0

∫ T

0

n!

∫

Sn

fn(t1, ..., tn, t)dW (t1)...dW (tn)dW (t)

=
∞∑

n=0

∫ T

0

n!(n + 1)

∫

Sn

f̃n(t1, ..., tn+1)dW (t1)...dW (tn+1)

=
∞∑

n=0

(n+ 1)!Jn+1)(f̃n)

=

∞∑

n=0

In+1(f̃n) =

∫ T

0

utδWt

�
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Kef�laio 3Efarmogè
 sthnqrhmatooikonomik Sto kef�laio autì, pou apotele�tai apì dÔo mèrh, ja exet�soume pw
efarmìzetai o logismì
 kat� Malliavin sthn qrhmatooikonomik . Sug-kekrimèna, sto pr¸to mèro
 asqoloÔmaste me ton upologismì twn greeksgia options, me b�sh thn mèjodo th
 olokl rwsh
 kat� mèlh pou pa-rousi�same sto pr¸to kef�laio. Sto deÔtero mèro
, parousi�zetai èna�llo jemeli¸de
 apotèlesma tou logismoÔ kat� Malliavin, o tÔpo
 twn
Clark−Ocone kai blèpoume pw
 efarmìzetai sthn jewr�a qartofulak�ou.3.1 Greeks kai olokl rwsh kat� mèlhPrin proqwr soume peraitèrw sthn an�lus  ma
, e�nai qr simo sto shme�oautì na parajèsoume k�poia stoiqe�a sqetik� me thn agor� sthn opo�abriskìmaste. Upojètoume ìti to montèlo pou èqoume gia thn agor� e�naito montèlo twn Black − Scholes. SÔmfwna me to montèlo autì, upojè-toume ìti h agor� apotele�tai apì dÔo t�tlou
. 'Enan me k�nduno (metoq ),h tim  tou opo�ou sumbol�zetai me St kai ènan qwr�
 k�nduno (omìlogo) touopo�ou h tim  sumbol�zetai me Bt. Oi timè
 twn t�tlwn aut¸n akoloujoÔnti
 stoqastikè
 diaforikè
 exis¸sei


dSt = µStdt+ σStdWt

dBt = rBtdtìpou me r sumbol�zoume to epitìkio, me σ thn metablhtìthta kai me Wtthn tupik  monodi�stath k�nhsh Brown, orismènh se èna pl rh q¸ro pi-janot twn (Ω,F ,P). Blèpoume oti h metoq  akolouje� to montèlo th
gewmetrik 
 k�nhsh
 Brown kai h lÔsh th
 efarmìzonta
 to l mma tou31



3.1. GREEKS KAI OLOKL�HRWSH KAT�A M�ELH 32
Itô sthn sun�rthsh F (St) = ln(St) e�nai

St = S0exp

[
(µ−

σ2

2
)t+ σWt

]Gia lìgou
 suntom�a
 jètoume β = µ − σ2

2
kai h parap�nw sqèsh pa�rneith morf  St = S0exp[βt+ σWt]3.1.1 GreeksTa greeks èqoun idia�terh shmas�a sthn qrhmatooikonomik  epist mh. Ou-siastik� e�nai h par�gwgo
 mia
 oikonomik 
 posìthta
 (p.q. tim  enì
dikai¸mato
) w
 pro
 k�poia apì ti
 paramètrou
 th
. Oi par�metroi autè
mpore� na e�nai, to epitìkio, h tim  tou upoke�menou t�tlou, to volatilityk.a.. E�nai de�kte
 euaisjhs�a
 giat� metroÔn thn euaisjhs�a th
 ax�a
 enì
qartofulak�ou w
 pro
 thn metabol  twn paramètrwn aut¸n. Ta greekse�nai ta ∆ = ∂

∂S0
, V 1= ∂

∂σ
, ρ = ∂

∂r
, Γ = ∂2

∂S2
0
kai θ = ∂

∂t
kai profan¸
h onomas�a tou
 ofe�letai sto gegonì
 ìti anapar�stantai apì gr�mmatatou ellhnikoÔ alfab tou.Lìgw th
 shmantikìtht�
 tou
, epib�lletai o gr goro
 kai akrib 
 upolo-gismì
 tou
. Autì pou ja k�noume sto par¸n kef�laio, e�nai na qrhsimo-poi soume thn mèjodo th
 olokl rwsh
 kat� mèlh, pou parousi�same stoprohgoÔmeno kef�laio, gia na upolog�soume ta greeks gia european kai

asian diakai¸mata. H mèjodo
 aut  e�nai genik  kai mpore� na efarmoste�gia opoiad pote dikai¸mata. Sto shme�o autì k�noume thn ex 
 shman-tik  parat rhsh. Up�rqoun arketè
 mèjodoi upologismoÔ twn greeks,ìpw
 gia par�deigma h mèjodo
 twn peperasmènwn diafor¸n kai h mèjo-do
 th
 pijanof�neia
. Autì ìmw
 pou k�nei ton logismì kat�Malliavinna xeqwr�zei sto sugkekrimèno prìblhma, e�nai ìti den apaite� gn¸sh th
katanom 
 twn tuqa�wn metablht¸n pou qrhsimopoioÔme. To shme�o autìse pr¸th epaf  mpore� na mhn èqei idia�terh shmas�a, all� sthn per�ptwshtwn Asiatik¸n dikaiwm�twn, e�nai apara�thto.'Oson afor� thn taqÔthta upologismoÔ th
 mejìdou aut 
, ja asqol -joÔme analutikìtera sto epìmeno kef�laio, ìpou ja exet�soume èna po-lÔ shmantikì shme�o gia ton upologismì twn greeks, thn prosomo�wsh
Monte Carlo. A
 epanèljoume t¸ra analutikìtera sto prìblhm� ma
.'Estw ìti èqoume dÔo tuqa�e
 metablhtè
, thn X ≡ X(α) kai thn Y kaièstw Φ : R → R, m�a metr simh sun�rthsh, ìpou α e�nai m�a par�metro
.Jèloume na upolog�soume thn posìthta E[φ(X(α))Y ] kai upojètoume ìti1To V ega par� to gegonì
 ìti den antiproswpeÔei gr�mma tou ellhnikoÔ alfab tou,èqei epikrat sei na anafèretai maz� me ta greeks.



KEF�ALAIO 3. EFARMOG�ES STHN QRHMATOOIKONOMIK�H 33mporoÔme na enall�xoume thn par�gwgo me thn mèsh tim 2. H genik morf  twn greeks, e�nai w
 h par�gwgo
 th
 posìthta
 aut 
 w
 pro
thn par�metro α, dhlad 
ϑ(α) =

∂

∂α
E[φ(X(α))Y ] = E[

∂

∂α
φ(X(α))Y ]ìpou me ϑ(α) sumbol�zoume thn tim  tou greek pou antistoiqe� sthn par�-metro α. Gia ti
 di�fore
 timè
 tou α, pa�rnoume kai ta ant�stoiqa greeks,p.q. an α = S0 tìte èqoume to Dèlta.3.2 Eurwpaðk� dikai¸mataTa Eurwpaðk� dikai¸mata e�nai mia eidik  kai eurèw
 gnwst  kathgor�aparag¸gwn. 'Ena dika�wma eurwpaðkoÔ tÔpou, d�nei ston k�toqì tou todika�wma kai ìqi thn upoqrèwsh, th
 agorapwlhs�a
 enì
 sugkekrimènout�tlou, se mia prokajorismènh tim  (strike) sthn l xh tou (maturity).H apìdosh enì
 tètoiou dikai¸mato
 e�nai th
 morf 
 Φ(ST ), ìpou ST =

S0exp[βT + σWT ], T e�nai h hmeromhn�a l xh
 tou kai Φ(.) h sun�rthshapìdos 
 tou. H per�ptwsh twn eurwpaðk¸n dikaiwm�twn e�nai h aploÔ-sterh, ìson afor� ton upologismì twn greeks kai o lìgo
 pou thn exe-t�zoume e�nai giat� de�qnei ton trìpo me ton opo�o efarmìzetai o logismì
kat� Malliavin sto prìblhma autì.3.2.1 DèltaApì thn anapar�stash Feynman − Kač, k�poio
 mpore� eÔkola na pa-rathr sei ìti h tim  enì
 tètoiou dikai¸mato
, sta pla�sia tou montèloutwn Black − Scholes, ja èqei p�nta th morf  E[e−rT Φ(ST )].To Dèlta e�nai h pr¸th par�gwgo
 th
 tim 
 tou dikai¸mato
, w
 pro
thn tim  tou upoke�menou t�tlou :
∆ =

∂

∂S0
E[e−rT Φ(ST )]

= e−rTE[
∂

∂S0

Φ(ST )]

=
e−rT

S0
E[Φ

′

(ST )ST ]2H upìjesh aut  e�nai apara�thth, diaforetik� h jewr�a den mpore� na efarmoste�.



3.2. EURWPAðK�A DIKAI�WMATA 34sto shme�o autì efarmìzoume thn olokl rwsh kat� mèlh kai pa�rnoume :
∆ =

e−rT

S0

E

[
Φ(ST )D∗

(
ST∫ T

0
DuSTdu

)]E�nai apara�thto na upologiste� to olokl rwma ∫ T

0
DuSTdu, mia
 kai jato sunant soume arketè
 forè
.

∫ T

0

DuSTdu = σSTTkai epomènw

D∗

(
ST∫ T

0
DuSTdu

)
= D∗

(
ST

σSTT

)
= D∗

(
1

σT

)
=
WT

σTopìte katal goume ìti to Dèlta enì
 eurwpaðkoÔ dikai¸mato
, d�netai apìth sqèsh :
∆ = e−rTE

[
Φ(ST )

WT

σTS0

]3.2.2 V egaTo V ega e�nai h pr¸th par�gwgo
 th
 tim 
 tou dikai¸mato
 w
 pro
 to
volatility :

V =
∂

∂σ
E[e−rT Φ(ST )]

= e−rTE[
∂

∂σ
Φ

′

(ST )]

= e−rTE[ST (WT − σT )Φ
′

(ST )]kai efarmìzwnta
 thn olokl rwsh kat� mèlh :
V = e−rTE

[
Φ(ST )D∗

(
ST (WT − σT )
∫ T

0
DuSTdu

)]kai apì ton upologismì tou Dèlta :
D∗

(
ST (WT − σT )
∫ T

0
DuSTdu

)
=

1

σT
D∗(WT ) −WT

=
1

σT
(W 2

T −

∫ T

0

DsWtds) −WT

=
W 2

T

σT
−WT −

1

σ



KEF�ALAIO 3. EFARMOG�ES STHN QRHMATOOIKONOMIK�H 35kai katal goume ìti h tim  tou V ega enì
 eurwpaðkoÔ dikai¸mato
, d�netaiapì th sqèsh :
V = e−rTE

[
Φ(ST )

(
W 2

T

σT
−WT −

1

σ

)]3.2.3 G�mmaTo G�mma e�nai h deÔterh par�gwgo
 th
 tim 
 tou dikai¸mato
, w
 pro
thn tim  tou upoke�menou t�tlou :
Γ =

∂2

∂S2
0

E[e−rT Φ(ST )]

=
e−rT

S2
0

E[Φ
′′

(ST )S2
T ]kai ìpw
 kai prin, efarmìzwnta
 thn olokl rwsh kat� mèlh :

Γ =
e−rT

S2
0

E

[
Φ

′

(ST )D∗

(
S2

T∫ T

0
DuSTdu

)]

=
e−rT

S2
0

E

[
Φ

′

(ST )D∗

(
ST

σT

)]

=
e−rT

S2
0

E

[
Φ

′

(ST )ST

(
WT

σT
− 1

)]giat�
D∗

(
ST

σT

)
=
ST

σT
D∗(1) −

1

σT

∫ T

0

DsSTds = ST

(
WT

σT
− 1

)Epeid  ìmw
 h posìthta pou br kame gia to G�mma perièqei par�gwgo, jaefarmìsoume p�li thn olokl rwsh kat� mèlh. Genik� aut  h antimet¸pishe�nai apodekt . MporoÔme na efarmìzoume thn olokl rwsh kat� mèlh,ìse
 forè
 e�nai apara�thto.
Γ =

e−rT

S2
0

E

[
Φ

′

(ST )ST

(
WT

σT
− 1

)]

=
e−rT

S2
0

E

[
Φ(ST )D∗

(
ST∫ T

0
DuSTdu

{
WT

σT
− 1

})]prèpei na upolog�soume thn posìthta
D∗

(
ST∫ T

0
DuSTdu

{
WT

σT
− 1

})
=

1

σT
D∗

(
WT

σT
− 1

)

=
1

σT

(
W 2

T

σT
−WT −

1

σ

)



3.3. ASIATIK�A DIKAI�WMATA 36kai telik� katal goume ìti to G�mma gia eurwpaðk� dikai¸mata, d�netaiapì th sqèsh
Γ = E

[
Φ(ST )

e−rT

S2
0σT

(
W 2

T

σT
−WT −

1

σ

)]Parat rhsh : Mia qr simh sqèsh metaxÔ G�mma kai V ega e�nai h akì-loujh
Γ =

V

S2
0σT3.3 Asiatik� dikai¸mataTa dikai¸mata tètoiou tÔpou e�nai ìti kai ta eurwpaðk�, mìno pou h apì-dos  tou
 exart�tai apì thn mèsh tim  tou upoke�menou t�tlou. H tim  dh-lad  enì
 tètoiou dikai¸mato
 e�nai th
 morf 
 E[e−rT Φ( 1

T

∫ T

0
Stdt)], ant�gia E[e−rT Φ(ST )] pou e�qame prohgoumènw
. H per�ptwsh upologismoÔtwn greeks gia asiatik� dikai¸mata kai exotik� dikai¸mata genikìtera,e�nai poluplokìterh th
 apl 
 per�ptwsh
 twn eurwpaðk¸n diakiwm�twn.3.3.1 DèltaTo Dèlta gia tètoia dikai¸mata, e�nai :

∆ =
∂

∂S0

E

[
e−rT Φ

(
1

T

∫ T

0

Stdt

)]

= e−rTE

[
∂

∂S0
Φ

(
1

T

∫ T

0

Stdt

)]

=
e−rT

S0

E

[
Φ

′

(
1

T

∫ T

0

Stdt

)
1

T

∫ T

0

Stdt

]Sthn per�ptwsh aut  up�rqoun pollo� trìpoi gia na k�nei kane�
 olokl -rwsh kat� mèlh. 'Ena
 trìpo
 e�nai na jèsoume X = Y = 1
T

∫ T

0
Stdt kaitìte pa�rnoume :

∆ =
∂

∂S0
E

[
Φ

(
1

T

∫ T

0

Stdt

)
D∗

(
Y

∫ T

0
DtXdt

)]

=
e−rT

S0
E

[
Φ

(
1

T

∫ T

0

Stdt

)
D∗

( ∫ T

0
Stdt

σ
∫ T

0
tStdt

)]
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 u = 1
σ
kai F =

R
T

0
Stdt

σ
R

T

0 tStdt
, pa�rnoume

∆ =
e−rT

S0
E

[
Φ

(
1

T

∫ T

0

Stdt

)
1

T

{
WT

σ
+
T 2

T
− 1

}]opou
T =

∫ T

0
tStdt∫ T

0
Stdt

, T 2 =

∫ T

0
t2Stdt∫ T

0
Stdt

�3.3.2 V egaTo V ega ja e�nai :
V =

∂

∂σ
E

[
e−rT Φ

(
1

T

∫ T

0

Stdt

)]

= e−rTE

[
∂

∂σ
Φ

(
1

T

∫ T

0

Stdt

)]

= e−rTE

[
Φ

′

(
1

T

∫ T

0

Stdt

)
1

T

∫ T

0

∂

∂σ
Stdt

]

= e−rTE

[
Φ

′

(
1

T

∫ T

0

Stdt

)
1

T

∫ T

0

St(Wt − tσ)dt

]ai efarmìzwnta
 thn olokl rwsh kat� mèlh gia X = 1
T

∫ T

0
Stdt kai Y =

1
T

∫ T

0
St(Wt − tσ)dt, pa�rnoume ìti

V = e−rTE

[
Φ

(
1

T

∫ T

0

Stdt

)
D∗

(
Y

∫ T

0
DtXdt

)]

= e−rTE

[
Φ

(
1

T

∫ T

0

Stdt

)
D∗

(∫ T

0
StWtdt

σ
∫ T

0
tStdt

− 1

)]

= e−rTE

[
Φ

(
1

T

∫ T

0

Stdt

)(∫ T

0

∫ T

0
StWtdtdWT

σ
∫ T

0
tStdt

+

∫ T

0
t2Stdt

∫ T

0
StWtdt

(
∫ T

0
tStdt)2

−WT

)]

Me ton trìpo pou perigr�yame parap�nw, mporoÔme na upolog�soume ta
greeks gia opoiad pote dikai¸mata, efarmìzwnta
 thn olokl rwsh ka-t� mèlh ìse
 forè
 e�nai apara�thto kai qrhsimopoi¸nta
 thn kat�llhlhsun�rthsh apìdosh




3.4. O T�UPOS TWN CLARK −OCONE 383.4 O tÔpo
 twn Clark − OconeSthn par�grafo auth ja asqolhjoÔme me �llo èna shmantikì apotèlesmatou logismoÔ kat�Malliavin, ton tÔpo twn Clark−Ocone. H gen�keushtou tÔpou autoÔ, pou èqei bajiè
 r�ze
 sthn stoqastik  an�lush, èqeiqr sime
 efarmogè
 sthn jewr�a qartofulak�ou.3.4.1 Jewrhtik  prosèggishPrin proqwr soume perissìtero, e�nai apara�thto na anafèroume to para-k�tw je¸rhmaJe¸rhma 2.2.1 : (Je¸rhma anapar�stash
 twn martingale) 'Estw
Mt mia suneq 
 topik  martingale, prosarmosmènh sthn di jhsh Ft,
Ft = σ(Ws, s ≤ t) ìpou me Wt sumbol�zoume thn tupik  monodi�stathk�nhsh Brown. Tìte up�rqei mia stoqastik  diadikas�a θt, tetragwnik�oloklhr¸simh, tètoia ¸ste

Mt = E[Mt] +

∫ t

0

θsdWsgia t ≥ 0.Apìdeixh : parale�petai. Blèpe ton [30℄ �H posìthta θs, ìpw
 ja doÔme èqei idia�terh shmas�a sthn qrhmatooiko-nomik  kai o upologismì
 th
 g�netai efarmìzwnta
 ton tÔpo ton Clark−
Ocone.Orismì
 2.2.1 'EstwG èna sÔnolo Borel orismèno sto di�sthma [0, T ].Or�zoume w
 FG, thn s-�lgebra pou par�getai apì ti
 sunart sei
 th
morf 


∫

A

dWt =

∫ T

0

IA(t)dWtìpou A ⊂ G k�poio sÔnolo Borel.Prin parousi�soume ton tÔpo twn Clark − Ocone, e�nai qr simo na pa-rousi�soume k�poia l mmata, ta opo�a ja ma
 bohj soun sthn apìdeix tou.L mma 2.2.1 'Estw g ∈ L2([0, T ]). Tìte :
E[

∫ T

0

g(t)dWt|FG] =

∫ T

0

IG(t)g(t)dWt



KEF�ALAIO 3. EFARMOG�ES STHN QRHMATOOIKONOMIK�H 39Apìdeixh : Blèpe par�rthma �L mma 2.2.2 'Estw ut mia stoqastik  diadikas�a, tètoia ¸ste ut e�nai
Ft ∩ FG metr simh kai tetragwnik� oloklhr¸simh. Tìte h ∫

G
utdWt e�nai

FG metr simh.Apìdeixh : parale�petai. Blèpe ton [4℄ �L mma 2.2.3 'Estw ut mia Ft prosarmosmènh stoqastik  diadikas�a,tètoia ¸ste E[u2
tdt] <∞. Tìte:
E[

∫ T

0

utdWt|FG] =

∫

G

E[ut|FG]dWtApìdeixh : Blèpe par�rthma �L mma 2.2.4 'Estw fn ∈ L2
S([0, T ]n). Tìte

E[In(fn)|FG] = In[fnI
⊗n
G ]ìpou fnI

⊗n
G (t1, ..., tn)= fn(t1, ..., tn)IG(t1), ..., IG(tn)Apìdeixh : Blèpe par�rthma �T¸ra e�maste se jèsh na diatup¸soume kai na apode�xoume ton tÔpo twn

Clark − OconeJe¸rhma 2.2.1 (Clark − Ocone) 'Estw F ∈ D1,2 kai FT metr simh.Tìte :
F = E[F ] +

∫ T

0

E[DtF |Ft]dWtApìdeixh : Blèpe par�rthma �O tÔpo
 autì
 den e�nai �mesa efarmìsimo
. Gia na g�nei prèpei na efar-mìsoume èna polÔ shmantikì je¸rhma th
 stoqastik 
 an�lush
, to je¸-rhma tou Girsanov.Je¸rhma 2.2.2 (Je¸rhma Girsanov) 'Estw ut mia tetragwnik� olo-klhr¸simh stoqastik  diadikas�a, pou ikanopoie� th sunj kh touNovikov
E[exp(1

2

∫ T

0
us

s)] <∞. 'Estw Wt mia k�nhsh Brown k�tw apì to mètro P .Or�zoume thn stoqastik  diadikas�a
Mt = exp

[
−

∫ t

0

usdWs −
1

2

∫ t

0

u2
sds

]



3.4. O T�UPOS TWN CLARK −OCONE 40ìpou t ∈ [0, T ]. H Mt e�nai martingale k�tw apì to mètro P . JewroÔmet¸ra to isodÔnamo mèto pijanìthta
 Q, pou d�netai apì thn par�gwgo
Radon−Nikodym

MT =
dQ

dPTìte h stoqastik  diadikas�a W̃t, pou or�zetai apì thn sqèsh
W̃t = Wt +

∫ t

0

usds

0 ≤ t ≤ T , e�nai mia k�nhsh Brown k�tw apì to mètro Q. Epiplèon h
W̃t èqei thn idiìthta anapar�stash
 martingale, dhlad  gia k�je topik 
Q−martingale Lt, up�rqei k�poia θt tetragwnik� oloklhr¸simh, tètoia¸ste :

Lt = E[Lt] +

∫ t

0

θsdWsApìdeixh : parale�petai. Blèpe ton [30℄�Skopì
 ma
 e�nai na epekte�noume ton tÔpo Clark − Ocone, me b�sh toparap�nw je¸rhma , dhlad  na gr�youme to olokl rwma p�nw sthn W̃t.Gia na g�nei autì, qreiazìmaste ta akìlouja dÔo l mmata.L mma 2.2.5 (Genikeumèno
 tÔpo
 tou Bayes) 'Estw G ∈ L(Q). Tìte
EQ[G|Ft] =

E[MTF |Ft]

MtL mma 2.2.6 'Estw F ∈ D1,2, mia FT metr simh tuqa�a metablht  kaièstw θt ∈ D1,2(L
2[0, T ]). Upojètoume ìti isqÔei
E[M2

TF
2] + E[

∫ T

0

(MTDtF )2dt] <∞kai epiplèon
E[

∫ T

0

MTF (θt +

∫ T

t

DtθsdWs +

∫ T

t

θsDtθsds)
2dt] <∞Tìte isqÔei ìti MTF ∈ D1,2 kai epiplèon

Dt(MTF ) = MTDtF −MTF (θt +

∫ T

t

DtθsdWs +

∫ T

t

θsDtθsds)



KEF�ALAIO 3. EFARMOG�ES STHN QRHMATOOIKONOMIK�H 41Apìdeixh : Blèpe par�rthma �E�maste t¸ra se jèsh na diatup¸soume ton genikeumèno tÔpo twn Clark−
OconeJe¸rhma 2.2.2 (Genikeumèno
 tÔpo
 twn Clark − Ocone) : 'Estw ìtiìle
 oi upojèsei
 tou l mmato
 2.2.6 isqÔoun. Tìte :

F = EQ[F ] +

∫ T

0

EQ[DtF − F

∫ T

t

DtθsdW̃s|Ft]dW̃tApìdeixh : Blèpe par�rthma �3.4.2 Efarmog  sthn qrhmatooikonomik A
 doÔme t¸ra, pw
 o genikeumèno
 tÔpo
 twn Clark−Ocone, mpore� naefarmoste� sthn qrhmatooikonomik  kai sugkekrimèna sthn jewr�a qar-tofulak�ou.Upojètoume ìti h agor� pou briskìmaste apotele�tai apì dÔo t�tlou
,ènan me k�nduno (metoq ) h opo�a akoluje� thn stoqastik  diaforik  ex�-swsh
dSt = µtStdt+ σtdWtkai èna qwr�
 k�nduno, o opo�o
 akolouje� thn stoqastik  diaforik 

dBt = rtBtdt'Estw ìti ston qrìno t èqoume sthn katoq  ma
 ξt omìloga kai ηt metoqè
.MporoÔme na kataskeu�soume to qartoful�kio (ξt, ηt), to opo�o èqei ax�a
Vt = ξtBt + ηtStApì thn jewr�a th
 qrhmatooikonomik 
, gnwr�zoume ìti èna qartoful�kioe�nai autoqrhmatodotoÔmeno, ìtan h ax�a tou proèrqetai apì thn ax�a twnt�tlwn pou to apart�zoun. Epiplèon se èna autoqrhmatodotoÔmeno qar-toful�kio, den prost�jentai kajìlou exwterik� pos� kai kat� sunèpeiaependÔontai mìno ta kèrdh tou. Epomènw
, gia na e�nai to qartoful�kiopou perigr�yame autoqrhamtodotoÔmeno, prèpei na isqÔei ìti

dVt = ξtdBt + ηtdStApì ed¸ kai sto ex 
, upojètoume ìti ergazìmaste me autoqrhmatodotoÔ-meno qartoful�kio. Apì thn sqèsh pou d�nei thn ax�a tou qartofulak�ou,
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 pro
 ton arijmì twn omolìgwn pou èqoume sthnkatoq  ma

Vt = ξtBt + ηtSt ⇒ ξt =

Vt − ηtSt

Btkai lamb�nonta
 upìyhn ìti h metoq  akolouje� thn dSt = µtSt+σtStdWt,pa�rnoume:
dVt = ξtdBt + ηtdSt

= rt[Vt − ηtStdt+ ηtdSt]

= rt[rtVt + (µt − rt)ηtSt]dt+ σtηtStdWtSkopì
 ma
 e�nai na broÔme èna qartoful�kio (ξt, ηt) to opo�o na ma
d�nei w
 telikì ploÔto thn qronik  stigm  T thn posìthta V (T, ω) =
F (ω). Jèloume dhlad  na broÔme ta b�rh ξt, ηt kaj¸
 ep�sh
 kai tonarqikì ploÔto V (0). Gia na g�nei autì, prèpei na lÔsoume thn backwardstoqastik  diaforik  ex�swsh pou br kame:

dVt = rt[rtVt + (µt − rt)ηtSt]dt+ σtηtStdWt

V (T, ω) = F (ω)kai m�lista h ep�lus  th
 ja g�nei me ton genikeumèno tÔpo twn Clark −
Ocone pou apode�xame parap�nw.Or�zoume thn stoqastik  didikas�a

θt =
µt − rt

σtkai èstw W̃t mia k�nhsh Brown ìpw
 aut  or�zetai apì to je¸rhma tou
Girsanov.

dVt = rt[rtVt + (µt − rt)ηtSt]dt+ σtηtStdWt

= rt[rtVt + (µt − rt)ηtSt]dt+ σtηtStdW̃t

−σtηtStσ
−1
t (µt − rt)dt

= rtVtdt+ σtηtStdW̃tOr�zoume thn
Nt = exp(−

∫ t

0

rsds)Vt
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dNt = exp(−

∫ t

0

rsds)σtηtStdW̃t ⇒

⇒ exp(−

∫ t

0

rsds)V (T ) = V (0) +

∫ T

0

exp(−

∫ t

0

rsds)σtηtStdW̃t (3.1)kai efarmìzwnta
 ton genikeumèno tÔpo twn Clark −Ocone sthn tuqa�ametablht  G = exp(−
∫ t

0
rsds)F (ω):

G = EQ[G] +

∫ T

0

EQ[(DtG−G

∫ T

t

DtθsdW̃s)|Ft]dW̃t (3.2)kai lìgw th
 monadikìthta
 twn (2.1),(2.2) katal goume ìti
V (0) = EQ[G]kai ìti to b�ro
 ηt ja e�nai :

ηt = exp(

∫ t

0

rsds)σ
−1
t S−1

t EQ[(DtG−G

∫ T

t

DtθsddW̃s)|Ft]

�3.4.3 Efarmog  sto montèlo Black − ScholesA
 doÔme t¸ra pw
 efarmìzetai aut  h genik  jewr�a, sthn per�ptwshtou montèlou twn Black− Scholes. Sthn per�ptwsh aut  to montèlo giathn agor� e�nai to
dSt = µStdt+ σStdt

dBt = rBtdtkai t¸ra θ = µ−r

σ
. H posìthta aut  èqei idia�terh oikonomik  shmas�a.Lègetai de�kth
 tou Sharpe kai e�nai h diafor� th
 apìdosh
 tou bèbaiouapì ton abèbaio t�tlo, diairemènh me thn metablhtìthta. Epeid  θ ∈ Rsunep�getai ìti Dtθ = 0. Sthn per�ptwsh aut  to b�ro
 tou abèbaiout�tlou ja e�nai :
ηt = er(t−T )σ−1S−1

t EQ[DtF |Ft]

= e−r(T−t)σ−1S−1
t EQ[DtF |Ft]



3.5. PAR�ARTHMA : APODE�IXEIS 44ìpou F e�nai h apìdosh ston qrìno T enì
 eurwpaðkoÔ dikai¸mato
 ago-r�
. 'Eqoume dei ìti sthn per�ptwsh aut  F = Φ(ST ), opìte:
ηt =

e−r(T−t)

σSt

EQ[Φ
′

(ST )σST |Ft]

= e−r(T−t)EQ[Φ
′

(
ST

St

St)
ST

St

|Ft]

= e−r(T−t)EQ[xΦ
′

(ST−t)ST−t]x=St

�3.5 Par�rthma : Apode�xei
Sthn enìthta aut , parousi�soume ìle
 ti
 apode�xei
 tou kefala�ou.'Opw
 kai sto par�rthma tou pr¸tou kefala�ou, gia lìgou
 eukol�a
,oi pro
 apìdeixh prot�sei
 diatup¸nontai xan�.L mma 2.2.1 'Estw g ∈ L2([0, T ]). Tìte :
E[

∫ T

0

g(t)dWt|FG] =

∫ T

0

IG(t)g(t)dWtApìdeixh : Prèpei na de�xoume ìti to ∫ T

0
IG(t)g(t)dWt e�nai FG metr -simo kai epiplèon ìti

E[F

∫ T

0

g(t)dWt] = E[F

∫ T

0

IG(t)g(t)dWt]gia k�je tuqa�a metablht  F fragmènh kai FG metr simh. 'Estw g sune-q 
. Tìte:
∫ T

0

IG(t)g(t)dWt = lim
∆ti

→0

∑

i

g(ti)

∫ ti+1

ti

IG(t)dWtkai epeid  k�je ìro
 tou ajro�smato
 e�nai metr simo
, sunep�getai ìtikai to �jroisma e�nai metr simo, pou me th seir� tou sunep�getai ìti kai toìrio e�nai metr simo, sto dexiì mèlo
 th
 parap�nw isìthta
. Epomènw
to ∫ T

0
IG(t)g(t)dWt e�nai FG metr simo.'Estw t¸ra F =

∫ T

0
IA(t)dWt. Tìte:

E[F

∫ T

0

g(t)dWt] = E[

∫ T

0

IA(t)dWt

∫ T

0

g(t)dWt]

= E[

∫ T

0

IAg(t)dWt]
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E[F

∫ T

0

IAg(t)dWt] = E[

∫ T

0

IA(t)dWt

∫ T

0

IG(t)g(t)dWt]

= E[

∫ T

0

IA(t)IG(t)g(t)dWt]

= E[

∫ T

0

IA(t)g(t)dWt]mia
 kai upojèsame ìti A ⊂ G. Epomènw
 to zhtoÔmeno apode�qjhke �L mma 2.2.3 'Estw ut mia Ft prosarmosmènh stoqastik  diadikas�a,tètoia ¸ste E[u2
tdt] <∞. Tìte:
E[

∫ T

0

utdWt|FG] =

∫

G

E[ut|FG]dWtApìdeixh : Arke� na de�xoume ìti
E[F

∫ T

0

utdWt] = E[F

∫

G

E[ut|FG]dWt]gia k�je tuqa�a metablht  F th
 morf 
 F =
∫

A
dWt, ìpou A ⊂ G.'Estw F =

∫ T

0
IA(t)dWt.Tìte

E[F

∫ T

0

utdWt] = E[

∫ T

0

IA(t)dWt

∫ T

0

utdWt]

= E[

∫ T

0

IA(t)utdWt]

=

∫ T

0

E[IA(t)]dWt

=

∫

A

E[ut]dWtEpiplèon
E[F

∫

G

E[ut|FG]dWt] = E[F

∫ T

0

IG(t)E[ut|FG]dWt]

= E[

∫ T

0

IA(t)dWt

∫ T

0

IG(t)E[ut|FG]dWt]

= E[

∫ T

0

IA(t)IG(t)E[ut|FG]dWt]
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=

∫ T

0

IA(t)E[E[ut|FG]]dWt

=

∫

A

E[ut]dWtkai to zhtoÔmeno apode�qjhke�L mma 2.2.4 'Estw fn ∈ L2
S([0, T ]n). Tìte

E[In(fn)|FG] = In[fnI
⊗n
G ]ìpou fnI

⊗n
G (t1, ..., tn)= fn(t1, ..., tn)IG(t1), ..., IG(tn)Apìdeixh : Gia n = 1 isqÔei

E[I1(f1)|FG] = E[

∫ T

0

f1(t1)dWt1 |FG]

=

∫ T

0

f1(t1)IG(t1)dWtpou isqÔei apì to l mma 2.2.3. Gia n = κ, èqoume
E[Iκ+1(fκ+1)|FG]

= (κ + 1)!E[

∫ T

0

∫ tκ

0

...

∫ t2

0

fκ+1(t1, ..., tκ+1)dWt1 ...dWtκ+1 |FG]

= (κ + 1)!

∫ T

0

E[

∫ tκ

0

...

∫ t2

0

fκ+1(t1, ..., tκ+1)dWt1 ...dWtκ |FG]IG(tκ+1)dWtκ+1

= (κ + 1)!

∫ T

0

∫ tκ

0

...

∫ t2

0

fκ+1(t1, ..., tκ+1)IG(t1)...IG(tκ+1)dWt1 ...dWtκ+1

= Iκ+1[fκ+1I
⊗(κ+1)
G ]

�Je¸rhma 2.2.1 (Clark − Ocone) 'Estw F ∈ D1,2 kai FT metr simh.Tìte :
F = E[F ] +

∫ T

0

E[DtF |Ft]dWtApìdeixh : 'Estw F =
∑∞

n=0 In(fn), ìpou fn ∈ L2([0, T ]n).Tote :
∫ T

0

E[DtF |Ft]dWt =

∫ T

0

E[
∞∑

n=0

nIn−1(fn(., t))|Ft]dWt
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=

∫ T

0

∞∑

n=0

nE[In−1(fn(., t))|Ft]dWt

=

∫ T

0

∞∑

n=1

nIn−1E[fn(., t)I
⊗(n−1)
[0,t] ]dWt

=

∫ T

0

∞∑

n=1

n(n− 1)!Jn−1[fn(., t)I
⊗(n−1)
[0,t] ]dWt

=

∞∑

n=1

n!Jn[fn(.)] =

∞∑

n=1

In(fn)

=

∞∑

n=0

In(fn) − I0(f0) = F − E[F ]�L mma 2.2.6 'Estw F ∈ D1,2, mia FT metr simh tuqa�a metablht  kaièstw θt ∈ D1,2(L
2[0, T ]). Upojètoume ìti isqÔei
E[M2

TF
2] + E[

∫ T

0

(MTDtF )2dt] <∞kai epiplèon
E[

∫ T

0

MTF (θt +

∫ T

t

DtθsdWs +

∫ T

t

θsDtθsds)
2dt] <∞Tìte isqÔei ìti MTF ∈ D1,2 kai epiplèon

Dt(MTF ) = MTDtF −MTF (θt +

∫ T

t

DtθsdWs +

∫ T

t

θsDtθsds)Apìdeixh : Apì ton kanìna tou ginomènou th
 parag¸gou kat�Malliavin,pou e�dame sto deÔtero kef�laio, èqoume:
Dt(MTF ) = MTDtF + FDtMT

= MTDtF − FMTDt(

∫ T

0

θsdWs +
1

2

∫ T

0

θ2
sds)kai t¸ra prèpei na upolog�soume thn posìthta Dt(

∫ T

0
θsdWs + 1

2

∫ T

0
θ2

sds).Gnwr�zoume ìti Dtθ
2
s = 2θsDtθs. Epomènw
:

Dt(

∫ T

0

θsdWs +
1

2

∫ T

0

θ2
sds) = θt +

∫ T

0

DtθsdWs +

∫ T

0

θsDtθsds



3.5. PAR�ARTHMA : APODE�IXEIS 48Epiplèon, epeid  Dt(E[F |FA]) = E[DtF |FA]IA(t)

Dtθs = Dt(E[θs|Ft])

= E[Dtθs|Ft]I[0,s](t)�Je¸rhma 2.2.2 (Genikeumèno
 tÔpo
 twn Clark − Ocone) : 'Estw ìtiìle
 oi upojèsei
 tou l mmato
 2.2.6 isqÔoun. Tìte :
F = EQ[F ] +

∫ T

0

EQ[DtF − F

∫ T

t

DtθsdW̃s|Ft]dW̃tApìdeixh : 'Estw Y = EQ[F |Ft]. Tìte apì ton genikeumèno tÔpo tou
Bayes, mporoÔme na gr�youme

Y =
E[MTF |Ft]

Mtìpou Q e�nai to nèo mètro, ìpw
 autì or�zetai apì thn par�gwgo Radon−
Nikodym mèsw tou jewr mato
 tou Girsanov kai h M−1

t e�nai �sh me
M−1

t = exp(

∫ t

0

θsdWs +
1

2

∫ t

0

θ2
sds)Efarmìzwnta
 ton tÔpo twn Clark − Ocone gia thn tuqa�a metablht 

(MTF |Ft), pa�rnoume:
E[MTF |Ft] = E[MTF ] +

∫ t

0

E[DsMTF |Fs]dWskai diair¸nta
 ìla ta mèlh me Mt, pa�rnoume:
Yt = M−1

t EQ[F ] +M−1
t

∫ t

0

E[DsMTF |Fs]dWs (3.4)kai apì to l mma 2.2.6 :
E[Dt(MTF |Ft)] = E[MT (DtF − F (θt +

∫ T

t

DtθsdW̃s))|Ft]

= MtEQ[DtF − F (θt +

∫ T

t

DtθsdW̃s)|Ft]

= MtEQ[DtF − F

∫ T

t

DtθsdW̃s|Ft] −MtYtθt

= Mtψt −MtYtθt (3.5)
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 thn (3) sthn (2), pa�rnoume:
Yt = M−1

t EQ[F ] +M−1
t

∫ t

0

MsψsdWs −M−1
t

∫ t

0

MsYsθsdWs ⇒

dYt = dM−1
t EQ[F ] + dM−1

t MsψsDWt − dM−1
t MtψtθtdWtkai epeid 

dM−1
t = M−1

t (θtdWt + θ2
t dt)katal goume ìti telik� isqÔei:

dYt = Yt(θtdWt + θ2
t dt) + ψtdWt − YtθtdWt + θtψtdt− Ytθ

2
t dt⇒

= ψt(dWt + θtdt)

= ψt(

∫ t

0

θsds+Ws) = ψtW̃tkai to zhtoÔmeno apode�qjhke�
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Kef�laio 4Prosomo�wsh Monte CarloH klassik  mèjodo
 upologismoÔ twn greeks e�nai h mèjodo
 twn pepera-smènwn diafor¸n, ìmw
 h mèjodo
 aut  emfan�zei èna meg�lo prìblhma.'Oso pio meg�lh e�nai h asunèqeia th
 apìdosh
 tou dikai¸mato
, tìsomegalÔterh e�nai kai h merolhy�a tou ektimht  pou pa�rnoume. To 1999oi Fournie, Lasry, Lebyscoux, Lions, Touzi, èdwsan lÔsh se autì toprìblhma prote�nonta
 thn efarmog  tou logismoÔ kat� Malliavin giaton upologismì twn greeks. Sthn ergas�a tou
 [7℄ èdeixan ìti ta greeksmporoÔn na grafoÔn, w
 E[Φ(ST ).π], ìpou Φ(ST ) e�nai h apìdosh tou di-kai¸mato
 kai π e�nai to b�ro
 kat� Malliavin, to opo�o e�nai anex�rthtoapì thn apìdosh. Sto kef�laio autì ja apode�xoume ìti h mèjodo
 pouprìteinan e�nai m�a polÔ axiìpisth kai apotelesmatik  mèjodo
 prosomo�-wsh
 twn greeks, id�w
 sthn per�ptwsh ìpou h apìdosh tou dikai¸mato
e�nai asuneq 
. Klasikì par�deigma dikaiwm�twn me apìdosh mh suneq e�nai ta legìmena digital dikai¸mata.4.1 Digital optionsTa digital an koun se m�a eidik  kathgor�a dikaiwm�twn gnwst� kai w

binary. Ta binary e�nai dikai¸mata twn opo�wn h sun�rthsh apìdosh
den e�nai suneq 
 giat� emfan�zei �lmata, me apotèlesma na dhmiourge�taiprìblhma ìson afor� thn exasf�lish. 'Ena par�deigma tètoiwn dikaiwm�-twn e�nai ta cash or nothing   alli¸
 digital. 'Ena cash or nothing calle�nai èna dika�wma to opo�o den plhr¸nei t�pota, an h telik  tim  tou upo-ke�menou t�tlou e�nai mikrìterh apì thn tim  ex�skhsh
 kai plhr¸nei m�aqrhmatik  mon�da an e�nai megalÔterh. 'Opw
 gnwr�zoume apì to montèlotwn Black Scholes, h pijanìthta na e�nai h tim  tou upoke�menou t�tloumegalÔterh apì thn tim  ex�skhsh
 sto qrìno l xh
 tou dikai¸mato
 e�-nai N(d2). Epomènw
 h tim  enì
 tètoiou dikai¸mato
 ja e�nai e−rTN(d2).51



4.1. DIGITAL OPTIONS 52Ant�stoiqa, èna cash or nothing put den plhr¸nei t�pota an h tim  touupoke�menou t�tlou e�nai megalÔterh apì thn tim  ex�skhsh
 kai m�a qrh-matik  mon�da an e�nai mikrìterh. H tim  tou ja e�nai �sh me e−rTN(−d2).Endeiktik� anafèroume kai thn Ôparxh twn binary dikaiwm�twn asset or
nothing ta opo�a e�nai �dia me ta cash or nothing, me thn diafor� ìti plh-r¸noun èna posì �so me thn tim  tou upoke�menou t�tlou. Sto kef�laioautì ja asqolhjoÔme me eurwpaðk� digital dikai¸mata agor�
.4.1.1 Greeks gia eurwpaðk� digital dikai¸mata ago-r�
'Ena eurwpaðkì digital dika�wma agor�
 or�zetai akrib¸
 ìpw
 kai èna su-nhjismèno eurwpaðkì dika�wma agor�
, me thn monadik  diafor� ìti èqeisun�rthsh apìdosh
 th
 morf 
 Φ(ST ) = IST >K , ìpou me ST sumbo-l�zoume thn tim  tou upoke�menou t�tlou sthn l xh kai me K thn tim ex�skhsh
. Dhlad  an h telik  tim  tou upoke�menou t�tlou, èstw me-toq 
, e�nai megalÔterh apì thn tim  ex�skhsh
 plhr¸nei m�a qrhmatik mon�da, diaforetik� den plhr¸nei t�pota. Ant�jeta èna sunhjismèno eu-rwpaðkì dika�wma agor�
, plhr¸nei max(ST −K) sthn pr¸th per�ptwshkai t�pota sthn deÔterh.Skopì
 ma
 se autì to kef�laio e�nai na prosomoi¸soume me thn teqni-k  Monte Carlo to Dèlta enì
 eurwpaðkoÔ digital dikai¸mato
 agor�
.'Opw
 e�pame kai sto prohgoÔmeno kef�laio, to Dèlta enì
 dikai¸mato
e�nai o lìgo
 th
 metabol 
 th
 tim 
 tou dikai¸mato
 w
 pro
 thn meta-bol  th
 tim 
 tou upoke�menou t�tlou. Gia par�deigma, an to Dèlta enì
dikai¸mato
 e�nai 0.6, autì praktik� shma�nei ìti an metablhje� h tim  touupoke�menou t�tlou kat� èna mikrì posì, autì epifèrei m�a metabol  sthntim  tou dikai¸mato
 th
 t�xew
 tou 60% ep� tou posoÔ autoÔ. O lìgo
pou d�noume ìlh thn èmfans  ma
 sto Dèlta e�nai giat� apotele� thn b�shupologismoÔ ìlwn twn greeks. Me afethr�a thn prosomo�wsh th
 tim 
tou Dèlta, upolog�zoume eÔkola ìla ta upìloipa greeks. Gia par�deigmagia to G�mma isqÔei

gamma =
∂2C

∂S2
≈
delta(S + ∆S) − delta(S − ∆S)

S∆Sìpou ∆S e�nai mia mikr  metabol  sthn tim  tou upoke�menou t�tlou kai
delta h tim  tou Dèlta. Blèpoume loipìn ìti h sumperifor� tou Dèltaqr�zei idia�terh
 prosoq 
 giat� p�nw tou bas�zetai h exasf�lish apì todika�wma to opo�o èqoume na antimetwp�soume.
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 upojèsoume t¸ra ìti e�maste antimètwpoi me thn apl  per�ptwsh enì
sunhjismènou eurwpaðkoÔ dikai¸mato
 agor�
. Efarmìzwnta
 thn teqnik 
Monte Carlo mporoÔme na k�noume prosomo�wsh gia ton upologismì touDèlta kai me thn bo jeia k�poiou progr�mmato
 pa�rnoume èna apotèlesmasan autì tou sq mato
 4.1.
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Exact value 0.54912

Sq ma 4.1: Dèlta enì
 eurwpaðkoÔ dikai¸mato
 agor�
 me S = 100, K =
110, T = 1 èto
, σ = 0.2 kai r = 0.1. Qrhsimopoi same prosomo�wsh
Monte Carlo.ParathroÔme ìti h prosomo�wsh pou epitÔqame e�nai arket� ikanopoihtik kai m�lista se èna sqetik� mikrì arijmì epanal yewn. Autì pou ma
endiafèrei e�nai na efarmìsoume thn �dia teqnik  gia thn prosomo�wsh touDèlta enì
 eurwpaðkoÔ digital dikai¸mato
 agor�
. To apotèlesma pouja p�roume, den èqei kami� sqèsh me autì tou sq mato
 4.1, mia
 kai h apl teqnik  Monte Carlo den katafèrnei na prosomoi¸sei apotelesmatik�to problhmatikì Dèlta tou digital. Fusik� gia autì den eujÔnetai hteqnik  Monte Carlo, all� o �dio
 o qarak thra
 tou Dèlta tou digital,mia
 kai e�nai k�pw
 idia�tero
. H r�za tou probl mato
 ègkeitai stogegonì
 ìti h sun�rthsh apìdosh
 e�nai mh suneq 
 kai epomènw
 e�naiadÔnath h parag¸gis  th
. Bèbaia, to prìblhma autì epekte�netai kai se�lla dikai¸mata me sun�rthsh apìdosh
 pou den e�nai suneq 
, ìpw
 taAsiatik�. H per�ptwsh pou exet�zoume fa�netai xek�jara sto sq ma 4.2.
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Sq ma 4.2: Dèlta enì
 eurwpaðkoÔ digital dikai¸mato
 agor�
 me S =
100, K = 110, T = 1 èto
, σ = 0.2 kai r = 0.1. Qrhsimopoi sameprosomo�wsh Monte Carlo.To er¸thma e�nai an mporoÔme na k�noume k�ti gia na <<diorj¸soume>> thnprosèggis  ma
, mia
 kai e�nai apara�thto gia thn swst  exasf�lish. Thnap�nthsh thn èdwsan to 1999 oi Fournie, Lasry, Lebyscoux, Lions,
Touzi [7℄. Sthn ergas�a tou
 prote�noun èna nèo trìpo prosomo�wsh
twn greeks autìn me thn qr sh tou logismoÔ kat� Malliavin To Dèltame thn mèjodo aut  e�nai :

∆ =
∂

∂S0
E[e−rT Φ(ST )]

= e−rTE[
∂

∂S0

Φ(ST )]

=
e−rT

S0
E[Φ

′

(ST )ST ]

=
e−rT

S0

E

[
Φ(ST )D∗

(
ST∫ T

0
DuSTdu

)]

= e−rTE

[
Φ(ST )

WT

σTS0

]efarmìzwnta
 thn olokl rwsh kat� mèlh tou logismoÔ kat� Malliavinìpw
 e�dame analutikìtera sto prohgoÔmeno kef�laio. Ousiastik�, to



KEF�ALAIO 4. PROSOMO�IWSHMONTE CARLO 55mìno pou èqoume na k�noume t¸ra e�nai mia Monte Carlo prosomo�wshlamb�nonta
 ìmw
 upìyhn to b�ro
 kat� Malliavin
WT

σTS0

, pou e�nai odiorjwtikì
 ìro
. K�nonta
 thn diadikas�a aut  prokÔptei to apotèlesmatou sq mato
 4.3.
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Sq ma 4.3: Dèlta enì
 eurwpaðkoÔ digital dikai¸mato
 agor�
 me S =
100, K = 110, T = 1 èto
, σ = 0.2 kai r = 0.1 upologismèno me kai qwr�
thn mèjodo tou logismoÔ kat� Malliavin.E�nai gnwstì ìti h mèjodo
 twn peperasmènwn diafor¸n, h opo�a m�listaìpw
 e�pame apotele� ton klasikì trìpo upologismoÔ twn greeks, e�naiqeirìterh apì thn apl  prosomo�wsh Monte Carlo. Eme�
 apode�xameìti h nèa mèjodo
 pou k�nei qr sh tou logismoÔ kat� Malliavin, e�naiapotelesmatikìterh th
 prosomo�wsh
 Monte Carlo. Autìmata loipìnapodukne�etai ìti h mèjodo
 pou prìteinan oi Fournie, Lasry, k.a. e�nai hapotelesmatikìterh mèjodo
 upologismoÔ twn greeks gia thn per�ptwshìpou h apìdosh tou dikai¸mato
 pou èqoume den e�nai suneq 
 sun�rthsh.Epomènw
 oi isqurismo� ma
 sthn arq  tou kefala�ou dikai¸nontai.
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to finance. Physica A 320, pp. 548-570, 2003.[7℄ Fournié et.al. Applications of Malliavin calculus to Monte Carlo

methods in finance. Finance and Stochastics, pp. 391-412, 1999.[8℄ Fournié et.al. Applications of Malliavin calculus to Monte Carlo
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