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ABSTRACT

In this thesis we are interested in the numerical solution of stochastic differ-
ential equations (SDE) with solutions in a certain domain. Our goal is to
construct explicit numerical schemes that preserve that domain, mainly for
cases where the coefficients of the SDEs are non-linear.

It is well known that the forward Euler scheme diverges on super-linear
problems and the tamed Euler method does not necessarily preserve the
structure of the original problem.

We propose a new numerical scheme, using the semi-discrete method,
for various classes of stochastic differential equations. For some super-linear
problems (like the Heston 3/2-model) as well as sub-linear (like the CEV
model), which appear in the field of financial mathematics, we are able to
construct a positivity preserving scheme. Moreover, we apply our method
to problems arising in the field of molecular dynamics, where our structure
preserving scheme is able to approximate effectively some SDEs which appear
after a coarse graining procedure.

We also consider the case of Stochastic Delay Differential Equations (SD-
DEs) with non-negative solutions. Again we aim for explicit numerical
schemes that preserve positivity. We expand the semi-discrete method from
the Stochastic Ordinary Differential Equations (SODE) setting and apply it
to the constant delay case, for which we prove strong convergence (DGBM
model).

Numerical experiments support our theoretical results.

Keywords : Semi-Discrete Method, Super-Linear Drift and Diffusion,
Holder Continuous, 3/2-Model, Order of Convergence, Explicit Numerical
Scheme, Mean-Reverting CEV Process, Positivity Preserving, Strong Ap-
proximation Error, Stochastic Volatility Model, Stochastic Differential Equa-
tions, Stochastic Delay Differential Equations, Monte Carlo Simulation, Nu-
merical Methods

AMS subject classification 2010: 65C30, 65C20, 60H10, 60H35,
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Hepiindn

e auth TN SatelBr) avtixeluevo €peuvag ebvan 1) apriuntudr enthuon ctoyuoTi-
%V Blopopxtdv e€lowoewy (NAE), ol ontoleg €youv Aor oe évol GUYXEXPLUEVO
yweto. O 0TOY0C HAC EVAL 1) XATUCKHEVY| JUECWY APLIUNTIXOY OYNUSTWY To
orofa SlTNEOVY AUTO TO YW, xVPlWE OE TEQITTWOELS OOV Ol GUVTEAEOTEC
v LAE eivou pn-yeauuixof.

Eivar yvwoté 61t to jue frija mpos ta epumpds oyfuo Euler amoxhivel oe unep-
Yoouuxd TpofBifuata xou 1 eAeyyduern uédodog Euler oe dwtnpel amopaitnta
1) dopn Tou KEY o0 TEOBAAATOC.

Ipotetvoupe éva véo aprduntind oy, yenotwonowwvras Ty Hu-Awxert
uéVoo0, Yia BLdPopES XAUOELS GTOY UG TIXWY SLUPOPXKY EELCMOOEWY. T xdmola
LTEPY PGS TpoBAAuaTe (dtwe To Heston 3/2-uovtého) xadde xat yior uto-
Yeouuxd (6nwe to CEV govtélo), to onola epgavilovton 0To tedlo twv yerua-
TOOLXOVOULXGOY POUMUATIXGDY, XATOUOXEVELOUUE EVa aptdunTnd oyfua To onoio
ototneet T Vetixdtnra. Hopamépa, epapudélovue tn pédodo pag o TeofAfuaTa
Toe omolar eugaviCovion 6To TEDID TWV UOPLIXWY BUVAUIX®Y, OTOU TO TEOTEL-
vouevo oyfua To omolo Swtnpel TN dopr) T apywic eéiowong mpooeyyilel
amoteeopatxd xdnolec LAE ol onoleg tpoxintouy énetta and uior Sadixacto
amhornoinone (coarse graining).

Ocewpolye eniong Ty nepintwon Mtoyactxwmy Aagopixwy Ediomoewmy ye
Totépnon e un-apvntixég Aooelg. Zoavd 0Toyog Yog elvor dueco apriuntixd
oyt Ta omolor dlatneoly TN Yetixotnto. Enextelvouue v Hu-Auaxprtn
uedodo amd to mhaiclo Twv Yuvidony XAE otny neplntwon pe otodepr| uotéen-
on, 6émou xou amodemvioupe Woyuer) olyxhion (Loviého DGBM). Aptdunuxd
Telpduota UTooTNeIlouy Tor YewpnTixd pog anoTeAéouaToL.

Aé€eig Kheoid : Hu-Awxprty| uédodoc, Trep-yooupr Tdon xon Al-
dyvon, Holder Yuveyrc, 3/2-Movtého, TdZn Loyxhone, ‘Apeco Aprduntixd
Yyua, Awadixacta CEV e wwotnta Enavagopds oto Méco, Alatrpnon Oeti-
xotnrag, Ioyved Lgpdiua Extiunong, Ytoyactixd Moviého MetofAntotnrog,
Yroyaotinés Awagopinéc E€iowoeig, Ytoyaoctnéc Awgpopixéc Ellonoeic ye
Totépnon, llpocouolwon Monte Carlo, Aprduntiéc Médodol
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1. INTRODUCTION
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The work presented in this thesis is motivated by the following question

How can we efficiently approximate solutions of non-linear
stochastic differential equations?

The way we interpret the word efficiently is not necessarily in a computer-
time consumption approach, i.e. the use of a numerical scheme that con-
verges fast to the exact solution of our original stochastic differential equa-
tion (SDE), but in a qualitative way, in the sense that we aim for a numerical
method that preserves some properties of the solution process of the SDE.
In particular, we are interested in non-linear SDEs (solutions of linear SDEs
or SDEs reducible to linear have an analytical expression, see [KP95, Sec.
4.4]), and in general in SDEs that have no analytical solution, which never-
theless lies in a certain domain. Therefore, our goal is to construct numerical
schemes that preserve the original structure of the SDE at hand, i.e. that lie
in the same domain. The main models that we treat, arise from the field of
financial mathematics and in that setting the goal is to construct positivity
preserving numerical schemes (see Chapters 2, 3 and 4). En plus, we apply
our proposed method to a class of SDEs with solution in the interval [—1,1]
and appear in molecular dynamics (see Chapter 5). But, why the study of
SDEs is important?



10 1. Introduction

In the following section, we give a brief discussion about the concept of
SDEs and some properties of their solution processes. Notions of probability
theory and stochastic processes are given in Appendix A.

1.1 SDEs: Origin & properties of their solution.

The study of SDEs has been extensive in the last 40 years. We present briefly
their formulation and existence and uniqueness theorems. More details can
be found in ([Fri75], [Mao97], [Dks03|) and references therein.

A first approach to SDEs is as stochastic analogs of ordinary differential
equations (ODEs), where we allow some randomness in the coefficient of the
ODE. A classic example (see for instance [Mao97, Sec. 2.1]) is the simple
population growth model

dN
o5 = al) N

(1.1.1) = (r(t) + noise) - N(t),

where N(t) is the size of population at time ¢, a(t) is the relative rate of
growth at time ¢, which we assume to be subject to random environmental
effects described by the term ‘noise’. Noise can be represented by a suitable
process (W,) satisfying some properties (independent and stationary incre-
ments with zero mean, cf. [0ks03, Ch. 3|). Writing W,At = AV} implies
that the only such process (V;) with continuous paths is the Wiener process
(W) (see Def. A.3.8). Therefore (1.1.1) becomes the stochastic differential
equation

(1.1.2) AN(t) = r(t)N(t)dt + o ()N ()dW (),

with N (0) the initial size of the population and ¢ an appropriate function.
Equation (1.1.2) is in differential form. We prefer to use the stochastic inte-
gral representation of the solution process

t t
(1.1.3) Ny = Ny +/ r(s)Nsds —1—/ o(8)NydW,
0 0

where Ny = N(0) and the last integral is a stochastic integral which we
interpret in the It6 sense and discuss in Appendix A.4. SDE (1.1.3) is linear,
and admits the explicit solution [KP95, Sec. 4.4, p.120|

N, = Nyexp { /Ot(r(s) _ %UQ(S))ds + /Ota(s)dWS}.



1.2. From It6 process to a general type SDE. 11

Another field of application of SDEs is in control theory, forming the
stochastic control theory. Suppose that the fortune (F}) of a person at time
t is invested in a portion m; to a risky investment, say a stock (S;) and the
rest to a safe investment, say a bond (B;) in the following way

dSy = p-St)dt +o-St)dW(t), p>r o#0,

Tt

dB; = r- B(t)dt, r > 0.

If the person has a utility function U(F};) describing the way that the
person is satisfied w.r.t. his fortune at time ¢, the critical question is about the
choice of the optimal portfolio m; € [0, 1] which maximizes the expected utility
function of the person at a future time T, i.e. what is maxo<.,<1 EU(Fr)?

Now, assume that the person above at time ¢ = 0 has the choice of buying
a unit of the risky asset at terminal time T at a fixed price K. How much
should he be willing to pay? The above right (and not obligation) is called
European Call Option and the answer to the question was given in [BS73]
where the Black-Scholes option price formula was given. Since then, vari-
ous much more complicated options have been considered in mathematical
finance. The theoretical pricing of such options is a non-trivial task in itself.
In practice, strong approximation schemes are of interest in these situations.
Our proposed scheme has that feature, but we postulate the notion of strong
approximation in Definition 1.3.10. We just mention that we require the
realization to be close and not only the probability distribution as happens
with weak approximation schemes, see Definition 1.3.11.

1.2 From It6 process to a general type SDE.

We assume the reader is familiar with some probability essentials and some
basics of stochastic processes. Nevertheless, we give in Appendix A.2 all the
relevant theory. Beginning with a definition of an It6 process and through
the [t6 formula, we are able to reach to the SDE which is of our main interest.

Let T > 0 and (Q,F,{Fi}o<t<r,P) be a complete probability space,
meaning that the filtration {F;}o<i<r satisfies the usual conditions, i.e. is
right continuous and Fy includes all P-null sets. Let Wy, : [0, 7] x Q — R™*!
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be a m-dimensional Wiener process adapted to the filtration {F; }o<i<7, i.e.
W, = (W}, ..., W™T where (W/),j = 1,...,m are independent Brownian
motions.

First, we need to define an appropriate space of processes!.

Definition 1.2.1 We denote by LP([0,T];RY) the family of all R%-valued
measurable, {F;}-adapted processes ¢ = {o(t) }o<t<r such that

T
/ |p(s)[Pds < 00 a.s.
0

Now, we define the It6 process [Mao97, Def. 1.6.3].

Definition 1.2.2 [It6 process| An Ito process is an R¥-valued continuous
adapted process which satisfies the stochastic integral equation

(1.2.1) Xe=Xo+ /ta(s)ds + /t b(s)dWs, te€][0,T],

where the coefficients a € LX([0,T];RY) and b € L2([0, T}; R>™). The differ-
ential form of (1.2.1) is given by

(1.2.2) dX, = a(t)dt + b(t)dW,, te[0,T].

O
We use Itd stochastic calculus, i.e. we interpret the stochastic integral of
(1.2.1) in the It6 sense (see Appendix A.4).

Definition 1.2.3 [It6 formula] Let (X;) be a d-dimensional Ité process with
stochastic differential form (1.2.2). Let V. € CY*([0,T] x R%4R). Then
V(t, Xy) is again an Ito process which satisfies the following SDE

oV oV 1 7, OV
av(t, X;) = e (t, Xt) + X (t, X1)a(t) + 5 trace (b (1) %7 (t, Xt)b(t))} dt
+8—V(t X)b(t)dW,, te€[0,T]
8X y <3t ts ) .

O

1 We state the following in R?, even though in the biggest part of this thesis, we treat
scalar SDEs (d = 1).
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We are now ready to state the type of the SDE which is the main subject
here; it is the one we numerically approximate in a qualitative sense as will
be argued later on.

Consider the following stochastic differential equation (SDE)

t t
(1.2.3) X = Xo +/ a(s, Xs)ds +/ b(s, Xs)dWs, te0,T],
0 0

where the coefficients a : [0, T|xR? — R? and b : [0, T] x R? — R¥™ are mea-
surable functions and X, = (X3, ..., X{)? is independent of all {W,}o<i<7.

Definition 1.2.4 We say that SDE (1.2.3) has a unique strong solution if
there is a predictable stochastic process X : [0, T]xQ — R such that [Mao97,
Def. 2.2.1],

{a(t, X))} € L0, TERY),  {b(t, X,)} € L2([0,T|; R™™)

and

t t
P {Xt = X, —|—/ a(s, X)ds +/ b(s,XS)dWS} =1, foreveryte[0,T].
0 0

O

SDE (1.2.3) has non-autonomous coefficients, i.e. a(t,z),b(t,z) depend ex-
plicitly on t. The drift coefficient a is the infinitesimal mean of the process
X; and the diffusion coefficient VbbT is the infinitesimal standard deviation
of the process Xj;.

The concept of strong solution is that the version of W, is given in advance
and the solution constructed from it is Fi-adapted. If the coefficients a,b
are given instead and we search for a pair of processes ((X¢, W;),F:) on a
probability space (2, F,P) such that (1.2.3) holds then X, is a weak solution.
Heuristically, a strong solution is a functional of the initial condition X, and
(W). A strong solution is also a weak solution, but the converse is not true; a
well-known example is Tanaka’s equation (cf. [Dks03, Example 5.3.2]) which
has the differential form dX; = sgn(X;)dW;, X, = 0. We shall focus on SDEs
that admit strong solutions, since we are interested in the paths of them and
not only their distribution.

1.2.1 Existence & uniqueness of solutions of (1.2.3).

The existence and uniqueness of solution of (1.2.3) is due to a combination
of the following conditions:
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(a) [la(t, X1) = a(t, X2)|[3 V [1b(t, X1) — b(t, Xo)|[5 < C| X1 — X>|f3, for all
t € [0,7] and X;, X5 € RY where C >0, (Globally Lipschitz)

(a*) lla(t, X1) —a(t, X2)[[3 V [[b(t, X1) = b(t, X2)[|3 < Crl[ X1 — Xal[3, for all
t € [0, 7] when the d-vectors X, Xy are such that || X]]2 V [|Xz||2 <
R for any R > 0 where the quantity Cr depends on R, (Locally
Lipschitz)

(®) [la(t, X3V Ib(t, X3 < C(1 + [|X][3), for all (t,X) € [0,7] x R,

where the constant C' > 0, (Linear growth)

(b°) XTa(t, X) + P3||b(t, X)|I5 < C(1 + [|X]3), for all (t,X) € [0,7] x
R? and some p > 2, where the constant C' > 0, (Monotone type
condition)

In particular the pairs (a) — (b), (a*) — (b), (a*) — (b*), imply the existence
and uniqueness of the solution [Mao97, Sec. 2.3]. The same conditions hold
in ODEs. The next two examples show that Lipschitz continuity or linear
growth is essential for the existence and uniqueness of the solution.

Example 1.2.5 [Explosion in finite time] The SDE dx, = z2dt, vy = 1 has

solution x, = 7, t € [0,1). O

Example 1.2.6 [Not unique solution| The SDE dx; = 327%dt, zg = 0 has
solution x; = Ly 00)(t)(t — a)?, ¢ € [0,00) for every a. O

1.2.2  Properties of solutions of (1.2.3).

Condition (b*) implies in the case zy € LP(Q,R?),p > 2, the following mo-
ment bounds [Mao97, Th. 2.4.1|,

E[|Xi|l; < Crp(1 + E[[Xol[3),

for all ¢ € [0,T]. Moreover, if the linear growth condition (b) holds we can
also obtain uniform bounds for Esupy,<r || X[[5 for every p > 2 [Mao97,
Th. 2.4.4].
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1.3 Motivation.

SDEs of the form (1.2.3) rarely have explicit solutions, thus numerical ap-
proximations are necessary for simulations of the paths X;(w), or for approx-
imation of functionals of the form EF(X), where F' : C([0,T],R) — R can
be for example in the area of finance, the discounted payoff of a European
type derivative.

Let us recall a definition from [Sch96] concerning the life time of numerical
solution of SDEs.

Definition 1.3.7 [Life time of numerical solution] Let D C R? and consider
a process (X;) well-defined ? on the domain D, with initial condition X, € D
and such that

P{w e Q: X(t,w) ¢ D}) =0,

for all t > 0. A numerical solution (Y, )nen has a finite life time, if there
exists a stopping time 7,(w) such that

Y, =Y, ¢D as.

Otherwise, we say that it has an eternal life time. O

Equivalently, we say that the numerical integration scheme has an eternal
life time if

(1.3.1) P(Ya1 € D|Y, € D) =1.

We discretize [0, 7] with steps A,, = t,11 — tp, for n = 0,...,N — 1,
where 0 =t; <t < ... <ty =T. Moreover, let AW,, := W, ., — W, be the
increments of the Brownian motion.

The Euler method, applied to the SDE setting, already appeared in the
50’s through Maruyama |[Mar55] and thereafter has been an extensive study
on numerical approximations of solutions of SDEs (we just mention [KN13|
for a recent review on numerical methods for SDEs with applications in
finance and references therein).

The explicit Euler-Maruyama (EM) scheme for SDE (1.2.3) is given by

VEN =Y, + alty, Ya) A, + b(ta, Y,) AW,

20n the complete probability space (2, F,{Fi}o<i<7,P) the stochastic process
(X¢)o<i<T takes values in D, i.e. it is a collection of D-valued r.vs in €.



16 1. Introduction

forn=20,...,N—1, where Yy = Xy and Y,, :=Y, . It is clear that the Euler-
Maruyama scheme always has a finite life time3, see e.g. [Kah04, Prop. 4.2].
The next example concerns a well-known process and the lack of the EM
method to preserve the domain of its solution.

Example 1.3.8 /CIR/ The following linear drift model had been initially
proposed for the dynamics of the inflation rate by Cox, Ingersoll and Ross
[CIR85, (51)] and is thus named CIR. It is used in the field of finance as a
description of the stochastic volatility procedure in the Heston model [Hes93|,
but also belongs to the fundamental family of SDEs that approximate Markov
jump processes |[EK86|. The CIR model is described by the following SDE,

t ¢
(1.3.2) Ty = X —|—/ KA — z5)ds +/ oz dWy, te€[0,T],
0 0

where z; is independent of all {W;};>0, xo > 0 a.s. and the parameters k, A, &
are positive. Parameter \ is the level of the interest rate z; where the drift
is zero, meaning that when z; is below A the drift is positive, whereas in the
other case it is negative. As A grows, the range of the positive drift becomes
wider. Parameter s defines the slope of the drift. The condition x > 0 is
necessary for the stationarity of the process x;. (The stationary distribution of
(7;) is gamma with shape parameter 2\x/0? and scale parameter 0%/(2k). In
particular it holds that Ez; = zoe " + A(1 — ™) and Varz, = zoo?(e " —
e )/ + Ao*(1 — e )?/(2k) c.f. [Shr04, Example 4.4.11]). When & is
negative, the main term of the slope, —k, is positive and given the diffusion
0./, the process x; blows up. The condition 0% < 2k) implied by the
Feller test [Fel51, Case (ii),p.173| is necessary and sufficient for the process
not to reach the boundary zero in finite time. Problem (1.3.2) is meant for
non-negative values, since it represents rates or pricing values. Thus ‘good’
numerical schemes preserve positivity (JAGKR10], [KGR08|). The explicit
Euler scheme has not that property, since its increments are conditional
Gaussian. For example, the transition probability of the Euler scheme in
case of (1.3.2) reads as

1 (y — (z+ k(A —2)A))?
p(y‘l‘) = \/mexp{ - 2521\ }7

3 We assume that the coefficients a(t, ) and b(t, z) are not simultaneously equal to zero
for all (¢,x).

yeR, x>0,
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thus, even in the first step there is an event of negative values with positive
probability. We refer to [KN13|, between other papers, that considers Euler
type schemes, modifications of them to overcome the above drawback, and
the importance of positivity. Thus, for the same problem, the truncated Euler
scheme [DD98| has been proposed, as well as a modification of it, [HMO05],
where in a step the numerical scheme can leave (0,00) but is forced to come
back in the next steps. For the aforementioned problem there are methods
of simulation (|[BKO06], [MG10]). However, if a full sample path of the SDE
has to be simulated or the SDEs under study are a part of a bigger system
of SDEs, then numerical schemes are in general more effective. O

The next example is one more non-linear in diffusion model.

Example 1.3.9 /[CEV] The constant elasticity of the variance model [Cox75|
is used for pricing assets and given by the SDE

t t
(1.3.3) Ty = X +/ pxsds +/ oxldW,, tel0,T],
0 0

where xy is independent of {W,}o<i<r, zo > 0 ass.,, p € Rjo > 0 and 0 <
v < 1. SDE (1.3.3) has a unique strong solution if and ounly if v € [1/2,1]
and takes values in [0,00). The case v = 1/2 corresponds to CIR model
(1.3.2), whereas v = 1 corresponds to a Brownian motion, i.e. the famous
Black-Scholes model [BS73]. O

Therefore, we focus on numerical schemes with eternal life time. In
[Sch96], where the above issue was originally discussed and further extended
to methods of higher order [IKS06], the main interest is in the domain D =
R*. We study positivity preserving numerical schemes, but also treat other
cases (see Chapter 5).

The second point of interest is in strong approximations (mean-square)
of (1.2.3), in the case of super- or sub-linear drift and diffusion coefficients.
This kind of numerical schemes, whose trajectories (sample paths) are close
to those of (1.2.3) have applications in many areas - we discussed some in
Section 1.1 but the interested reader is referred for instance to [HJ15, Sec. 4]
and references therein - have theoretical interest (they provide fundamental
insight for weak-sense schemes) and generally do not involve simulations over
long-time periods or of a significant number of trajectories. A criterion of
the closeness of the sample paths of (1.2.3) and the approximation process
at final time T is the following.

Definition 1.3.10 /Strong Approzimation| A time discrete approzimation'Y
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with mazimum step size A converges strongly to X at time T if
(1.3.4) lim E|Y7 — X7|* = 0.
A—0

O

Sometimes, although not of our interest here, it suffices to have a ‘good’
approximation of the probability distribution of X7 rather than of its sample
paths. This is stated in the following.

Definition 1.3.11 [Weak Approzimation] A time discrete approzimation Y
with maximum step size A converges in the weak sense to X at time T w.r.t.
a class C of test functions ¢ : R? — R if

lim [E¢(Yr) — E¢(X7)|* =0,

for all ¢ € C. O
The above approximation is much weaker than the one provided by the
strong convergence criterion.
Relation (1.3.4) does not show the rate of convergence.

Definition 1.3.12 [Order of Strong Convergence] A time discrete approzi-
mation Y with mazrimum step size A converges strongly with order v to X
at time T if there is a C' > 0 and a A* > 0 such that

(1.3.5) VEYr — X2 < C- A,

for all A € (0, A*), where the constant C' does not depend on A. O

The order of a numerical scheme is usually less than that of the corre-
sponding deterministic one (when b = 0) because of the increments of the
Wiener process which are of root mean-square order 1/2, i.e. \/E(AW,)? =
AP

Finally, assume the setting (1.2.3) where there is no time dependence in
the coefficients a and b, and the resulting SDE is scalar and super-linear, i.e.
we consider the following SDE

t t
T = Xg +/ a(zs)ds +/ b(zs)dWs, tel0,T],
0 0
where a,b : R — R are measurable functions, zy is independent of all
{Wi}o<i<r and let the constants C' > 1,5 > o > 1 be such that

oI
(1.3.6) (la(x)| Vv [b(2)]) = % and (la(x)| A fb(x)]) < O],
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for all || > C. Then the moments of the EM scheme may explode as shown
in [HJK11, Th. 1|, which we state below.

Theorem 1.3.13 [Moment Explosion of EM scheme| Assume the setting
above. Then, there ezists a constant c € (1,00) and a sequence of non-empty
events Qn € F,N € N with P(Qn) > ¢ and |Yn(w)| > 2" for all
w € Qu and all N € N. Furthermore, if E|lzr|P < oo for a p € [1,00), then

lim Elzy — YEM|P = 0o and lim E[YFM|P = cc.
N—o0 N—o0

O

In other words, there exists a sequence of events of at least exponentially
small probability on which the EM approximations grow at least double-
exponentially fast resulting to them being unbounded in the £'-norm. (The
way the EM scheme diverges follows by the inequality E|YFM| > P(Qn)|Yn|,
see proof of [HJK11, Th. 1])

A numerical method that does not explode in the super-linear case is the
tamed Euler method, see (2.1.5) suggested in [HJ15, (4)], which is explicit
and strongly convergent. Nevertheless, it does not possess an eternal life
time.

Therefore, we also aim for a numerical scheme that does not explode. In
summary our goal is to construct numerical schemes with eternal life time,
that converge strongly to the exact solution and do not explode.

1.4 Content of thesis.

This section explains how the following chapters fit in the picture drawn in
the previous sections and especially Section 1.3. It is an outline of the content
of this thesis.

Let us rewrite the general SDE (1.2.3) in the one-dimensional case

t t
(1.4.1) Ty = Xo —l—/ a(s,zs)ds +/ b(s,xs)dWs, te€[0,T],
0 0

where z( is independent of all {W,;}o<t<r and a,b : [0,7] x R — R are
such that (1.4.1) has a unique strong solution. We introduce the auxil-
iary functions f(s,r,z,y),g9(s,r, z,y) : [0,T]> x R? = R with f(s,s,z,z) =
a(s,z),g(s,s,x,r) = b(s,x), satisfying some local Lipschitz-type conditions,
see for instance Assumption 2.2.1. Consider also the equidistant partition



20 1. Introduction

0=ty <t <..<ty=Twith A =T/N. The numerical scheme that we
propose, and call semi-discrete (SD), has the following representation in each
subinterval [t,,,t,.1], see (2.2.1)

¢ ¢
(1.4.2) Ve = Y, —|—/ f(tn, S, ur,,ys)ds +/ (tn, S, Y, ys)dAWs.
tn tn

(All the related work concerning the semi-discrete method can be found in
[Hall2, Hall4, Hallbd, Hallbc, Hall5b, Hall5a, HS16, HS15, Hall6]). The
discretized part of the original SDE is given by the first and third vari-
able of f,g. Note, that by fully discretizing the SDE, i.e. by choosing
f(s,r,z,y) = a(s,z) and g(s,r,z,y) = b(s,z), we can reproduce the ex-
plicit Euler scheme. Moreover, a main difference of the SD method and all
other numerical methods is that in each subinterval we have to solve a new
SDE, and not an algebraic equation. The natural question that arises is the
following:

How do we choose the auxiliary functions f and g7

The main idea of the SD method is to discretize only partially the original
SDE in such a way that the remaining SDE has an explicit solution. Of course
in this way, we do not produce a unique numerical scheme. Nevertheless we
are able to prove the existence of a numerical scheme that overcomes the
problems mentioned before, and make it specific in different cases separately.
Thus, our method has the following properties:

P1) Converges strongly (in the mean-square sense) to the exact solution;

)

P2) Possesses an eternal life time;
) Does not explode in some non-linear problems;
)

(
(
(P3
(P4) Ts explicit.

In Chapter 2 we apply the SD method to super-linear problems of the
form (1.3.6). Assuming moment bounds of the original SDE and the SD
approximation we prove the strong convergence of our numerical scheme
(1.4.2) to the true solution of (1.4.1). This is stated in Theorem 2.2.2 where
we show that

(1.4.3) lim E sup |y; — ¢/* = 0.
A—0 0<t<T
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The kind of discretization that we use in the super-linear examples in
Section 2.4 is multiplicative. The new SDE (1.4.2) is linear with exponential
solution in each subinterval. The domain of interest is R* and in the numer-
ical experiments Section 2.5 we treat the Heston 3/2-model with coefficients
of the form a(s,z) = kjx — kyx? and b(s, x) = ka2,

Relation (1.4.3) does not reveal the order of convergence. Nevertheless,
since our scheme is first order -we use one stochastic integral in (1.4.2)- we
know beforehand that the best we can expect is a numerical scheme with
order 1, i.e. of the type (1.3.5) with y =1

(E sup |y —zf)* < C-A.
0<t<T
We note that even when coefficients a and b are ‘good’, the same does not
hold in general for the auxiliary functions f and g respectively, thus using
standard arguments, we cannot estimate the order of convergence.

In Chapter 3 we study sub-linear models with coefficients of the form
a(s,x) = ki — kox and b(s,z) = ksz? with 1/2 < ¢ < 1. We know again
that x; > 0 a.s. and aim for a scheme that is positivity preserving. Now,
we use an additive discretization and are able to show the order of strong
convergence which under some assumptions on the coefficients k; is proved
to be (¢ — 1/2)/2, that is (see Theorem 3.2.4)

(E sup |y — It|2)1/2 <C- Ala=1/2)/2
0<t<T

Now, suppose that the initial condition xy in (1.4.1) is replaced by a
function £(t) with ¢ € [—7,0], i.e. we have some additional information on
previous times, where 7 > 0 represents the amount of information available.
This is the simplest case of equations called constant delay differential equa-
tions. We study in Chapter 4 a special model in the above setting called
Delay Geometric Brownian Motion. This model arises in the area of finan-
cial mathematics in evaluating options. We show once more the mean-square
convergence of our scheme to the exact solution of the DGBM model, see
Theorem 4.2.2.

Finally, Chapter 5 is devoted to a class of SDEs with solutions in a domain
other than R*. In particular the class of SDEs that we study admits solutions
that lie in the interval (—1, 1) and the goal is to construct a numerical scheme
that preserves that structure satisfying in the same time properties (P1) —
(P4). This kind of SDEs appear in the field of molecular dynamics and in
particular the so called 3-atom model [LL10, Sec. 4.2].
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2.1 Introduction.

We ! assume the setting in Section 1.2, with d = m =1, i.e. let T > 0 and
(Q, F,{Fi}o<t<r,P) be a complete probability space, let Wy, : [0, T]xQ — R

! This chapter is based on joint work with Nikolaos Halidias, published in Comput.
Methods Appl. Math. (2015), DOI: 10.1515/cmam-2015-0028 [HS16].
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be a one-dimensional Wiener process adapted to the filtration {F; }o<;<7 and
consider the following stochastic differential equation (SDE),

¢ ¢
(2.1.1) Ty = To + / a(s,zs)ds + / b(s,xs)dWs, te€[0,T],
0 0

where the coefficients a,b : [0,7] xR — R are measurable functions such that
(2.1.1) has a unique strong solution and x, is independent of all {W,}o<;<7.
SDE (2.1.1) has non-autonomous coefficients, i.e. a(t,x),b(t,z) depend ex-
plicitly on t.

We are interested in numerical approximations of (2.1.1) and in particular
in mean-square approximations for all the reasons discussed already in the
end of Section 1.2 and in Section 1.3.

We present some models that are super-linear in the drift and diffusion
coefficient:

e The 3/2-model [Hes97] or the inverse square root process [AG99], is
used for modeling stochastic volatility and reads,

t t
(2.1.2) =m0+ / (s — Br?)ds + / ox??dW,, te0,T],
0 0

where z is independent of {W;}o<i<r, o > 0 a.s. and 0 € R. The
conditions a > 0 and [ > 0 are necessary and sufficient for the sta-
tionarity of the process z; and such that neither zero nor infinity is
attainable in finite time [AG99, App. A].

e Super-linear models are models of the form (2.1.1) where one of the
coefficients a(-), b(+) is super-linear, i.e. when we have that

B
(2.1.3) a(x) > %, b(x) < Clz|%, for every |z| > C,
or

B
(2.1.4) b(z) > %, a(z) < Clz|®, for every |z| > C,

where > 1,8>a>0,C > 0.
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For the Heston 3/2-model there are methods of exact simulation (|[BK06],
[MG10]). However, if a full sample path of the SDE has to be simulated or
the SDEs under study are a part of a bigger system of SDEs, then numerical
schemes are in general more effective.

Problem (2.1.2) is meant for non-negative values. Thus for reasons al-
ready discussed, see Example 1.3.8 where the inverse process of (2.1.2) is
considered, we aim for a positivity preserving scheme, since the explicit EM
scheme does not possess that property.

One more drawback, that appears in case of super-linear problems (2.1.3)
or (2.1.4), like the special case (2.1.2), is that the moments of the scheme
may explode [HJK11, Th. 1]. A method that overcomes this drawback is the
tamed Euler method, [HJ15, (4)]. It reads:

Y5 (w) = zo(w)

and
(2.1.5)

Yn]il(w) — YN (W) + T/N -a(Y," (w)) + b(Y," (w)) AW, (w)

max{1, Z - [Za(Y,N (w)) + b(YN (w)) AW, (w)

}7

for every n € {0,1,..,N — 1}, N € N and all w € Q where AW, (w) :=

Winanr (w) — War (w). The numerical scheme (2.1.5) is explicit, does not
N

explode and converges strongly to the exact solution x; of SDE (2.1.1), i.e.,

q
)-o

for some ¢ > 0, where 7?[ =m+1-9YN+ (X —n)YY, are continuous
versions of (2.1.5) through linear interpolation. A balanced type scheme is
also proposed in [TZ13, (3.1)], which reads

. =N
(2.1.6) lim ( sup E|z, - Y,

N—oo \ 0<t<T

T/N - a(Y,N (w)) + b(V,N (w) AW, (w)

LD o) = ) ) Y T ) AW ]

where also the mean-square convergence rate is proved to be 1/2, when the
coefficients grow polynomially at infinity and satisfy a one-sided Lipschitz
condition [TZ13, Prop. 3.3| in the sense

2q
E

xn—YnN < C(1+E|x0|2w) - A1
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where A = T'/N,~ > 1 and C does not depend on A. The stability properties
of general tamed Euler schemes of the form

(2.1.8) YN (W) = YN (W) +a® (VN (W) - A+ b2 (VY (w) AW, (w),
where a® — a and b® — b as A — 0, are investigated in [Szp13] and a
result of the form (2.1.6) is recovered. Schemes of the form (2.1.8) are also
considered in [Sab15] where for the choice

A __a(t,y) A _ blty)
(219) a (tvy) - 1—|—\/Z|y|l’ (ay) 1+\/Z|y’l’

where [ comes from the polynomial growth of a, a uniform LP-convergence
result is obtained [Sab15, Th. 3|,

E sup |xt - YnN<t)’q S C- Aq/za

0<t<T

where C' is independent of A and ¢ < p. In general, all the above balanced
schemes (2.1.5), (2.1.7), (2.1.8) and (2.1.9) that treat no globally Lipschitz
coefficients, as well as the ones suggested in [HJ14] are half-order mean-
square convergent schemes. Still all of them do not preserve positivity. See
also [Zhal4] where a first-order mean-square convergent scheme is proposed
which reads

YN (w) =Y,N(w) +sin(a(Y; (w)) - A) + sin (b(Y,Y (w)) AW, (w)) -

For the aforementioned reasons there is an interest in the construction of
suitable numerical schemes. An attempt to this direction has been made by
the first author in [Hall2] and [Hall4] suggesting the semi-discrete method
(where, briefly saying, we discretize a part of the SDE). Using this method
in [Hall2| the author produced a new numerical scheme (but not unique in
this situation) for the first aforementioned problem and proved the strong
convergence of the scheme in mean-square sense. Later on, in [Hall4], the
author generalized the idea of the semi-discrete method and used this gener-
alization to approximate a class of super-linear problems, suggesting a new
numerical scheme that preserves positivity in that case, proving again the
strong convergence in the mean-square sense.

A basic feature of the semi-discrete method is that it is explicit, compared
to other interesting, but implicit methods ([MS13c|,[MS13b]), and converges
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strongly in the mean-square sense to the exact solution of the original SDE.
Moreover, the semi-discrete method preserves positivity [Hall2, Sec. 3| and
it does not explode in some super-linear problems [Hall4, Sec. 3].

Here, we generalize further the method to include non-autonomous co-
efficients, a(t,x),b(t,z) in (2.1.1) and cover cases like that of the Heston
3/2-model. The extension of [Hall4, Th. 1] to time-dependent coefficients is
not so difficult, but in order to deal with super-linear diffusion coefficients,
like for example of the form b(t,z) = B(t) - 22, we have to use auxiliary
functions g that satisfy Assumption 2.2.1 below (cf. [Hall4, Ass. Al).

2.2 'The setting and the main result.

Assumption 2.2.1 Let f(s,7,x,y),9(s,r,z,y) : [0,T]> x R*> — R be such
that
f(s,s,z,2) = a(s,x), g(s, s, x,x) = b(s, x),

where f, g satisfy the following conditions:
|f(s1, 71,21, 01) — f(S2,72, T2, y2)| < CR(\Sl — So| + [ry — 7y

+|xr — x| + |11 — Z/2|>

l9(s1,71, 01, 91) — 92,72, T2, y2)| < CR(’51 — So| + |11 — 74|
o1 — za| + Y1 — 2| + V]z1 — 2]),

for any R > 0 such that |x1| V |z2| V |y1| V |y2| < R, where the constant Cg
depends on R. O

Given the equidistant partition 0 =ty < t; < ... <ty =T and A = T/N,
we propose the semi-discrete numerical scheme

t t
(22.1) y = ytn+/ f(tn,s,ytmys)der/ G(tns 8, Yt Ys) AW, t € [ty tnga],
tn tn

where we assume that for every n < N — 1, (2.2.1) has a unique strong
solution and yy = xg a.s. In order to compare with the exact solution x;,
which is a continuous time process, we consider the following interpolation
process of the semi-discrete approximation, in a compact form,

t t
(222) Yt = y0+/ f(§737y§7ys)d8+/ 9(§,3,y§,ys)dW57
0 0
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where § = t,,, when s € [t,,, t,,+1). The representation (2.2.2) is equivalent to
(2.2.1), since for a t € [t,, t,41] we have

t1 to t
Y = yo*(/ +/ +"'+/>f(§’8’y§’y8)ds
0 t1 tn
t1 t1 t
+</ +/ +...+/)9<§,S>y§ws>dWs
0 0 tn

t1 t1
= Y+ / f(t(]u S, Ytos yS)dS + / g<t07 SvytmyS)dWS
0 0

g

Yty

to )
+/ f(t178,yt1,ys)d5+/ g(t175>yt1uys>dWS+"'
t1

t1

t t
= Yt +/ f(tnusaytnvys)ds+/ g(tnasaytn7ys)dWs‘
tn tn

The first and third variable in f, g denote the discretized part of the
original SDE. We observe from (2.2.2) that in order to solve for y;, we have
to solve an SDE and not an algebraic equation, thus in this context, we
cannot reproduce implicit schemes, but we can reproduce the Euler scheme
if we choose f(s,r,x,y) = a(s,z) and g(s,r,z,y) = b(s, x).

The numerical scheme (2.2.2) converges to the true solution z; of SDE
(2.1.1) and this is stated in the following, which is our main result.

Theorem 2.2.2 Suppose Assumption 2.2.1 holds and (2.2.1) has a unique
strong solution for every n < N — 1, where xq € LP(QQ,R),z9 > 0 a.s. Let
also
E( sup |z¢?) VE( sup |yl?) < A,
0<t<T 0<t<T
for some p > 2 and A > 0. Then the semi-discrete numerical scheme (2.2.2)
converges to the true solution of (2.1.1) in the mean-square sense, that is

(2.2.3) lim E sup |y; — z¢|* = 0.
A—0 0<t<T

O

Section 2.3 is devoted to the proof of Theorem 2.2.2. Section 2.4 gives
applications to super-linear drift and diffusion problems with non-negative
solution, one of which includes the Heston 3/2-model. Section 2.5 shows
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experimentally the order of convergence of the SD method applied to the
Heston 3/2-model. The semi-discrete scheme is strongly convergent in the
mean-square sense and preserves positivity of the solution.

2.3 Proof of Theorem 2.2.2.

We denote the indicator function of a set A by I4. The constant C'r may
vary from line to line and it may depend apart from R on other quantities,
like time T for example, which are all constant, in the sense that we do not
let them grow to infinity.

2.3.1 Error Bound for the Explicit Semi-Discrete Scheme.

Lemma 2.3.3 Let the assumptions of Theorem 2.2.2 hold. Let R > 0, and
set the stopping time Or = inf{t € [0,T] : |y;| > R or |y;| > R}. Then the
following estimate holds

E|ys/\9R - yg\_g\RP S CRAJ

where Cr does not depend on A, implying super, 4 1 Elysno, — yJQ\RP =

O(A) as A ] 0. O

Proof of Lemma 2.3.3. Let ng be an integer such that s € [t,_, t,.+1). It holds
that

2
=

SNOR SNOR
/ f(aauvyﬁayu)du + / g(@%?/a,yu)qu

tns/\GR tns/\GR

sNOr 2 SNORr 2
2 / Fityt, yas ya)du | +2 / o4, ya ya) AW
tns/\@R tns/\OR

SNOR SNOR
< QA/ (0w, ya, yu)du + 2 /

tnS/\QR tns/\GR

SNOR
CRAQ +2 (/
t

nsANlp

[Ysnor — Ysron

IA

2
g<a7 U, Yiis yu)qu>

IN

2
g<a7 U, Ya, yu)qu> )

where we have used the Cauchy-Schwarz inequality (B.1.1) and Assumption
2.2.1 for the function f. (By the fact that we want the problem (2.1.1) to be
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well posed and by the conditions on f and g we get that f, g are bounded on
bounded intervals.) Taking expectations in the above inequality gives

tn5+l/\9R
]E|ys/\€R - 5/\91?‘2 S CRA2 + 8E/ 92<a7 U, Yiis yu)du

tns/\GR

< CRAQ -+ CRA,

where in the first step we have used the BDG inequality (B.3.5) on the
diffusion term and in the second step Assumption 2.2.1 for the function g.
Thus,

2
 SUWDsertn o] ElYsnor — Yirgz|
1 s s R <
lim A Ck,

which justifies the O(A) notation, (see for example [O1v97]). O

2.3.2 Convergence of the Semi-Discrete Scheme in L.

Proposition 2.3.4 Let the assumptions of Theorem 2.2.2 hold. Let R > 0,
and set the stopping time Or = inf{t € [0,T] : |ys| > R or || > R}. Then
we have

Cr

mem,

AQ

sup Elyino, — Tenop| < [(CR + —)\/_—l— <

0<t<T

A+

m

C
_|__R + e, 1} ar,mT

Y

for any m > 1, where e, = e ™™HV2 qp = Cr+ <& and Cg does not
depend on A. It holds that lim,, 1 €, = 0. O

Proof of Proposition 2.3.4. Given the non-increasing sequence {e, }men with
em = e~ ™M t/2 and ey = 1, we introduce the following sequence of smooth
approximations of |z|, (method of Yamada and Watanabe, [YWT71])

oule) = [ "y [ ntwran

where the existence of the continuous function v, (u) with 0 < 9, (u) <
2/(mu) and support in (e, ep-1) is justified by [7"7'(du/u) = m/2. The
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following relations hold for ¢,, € C*(R;R) with ¢,,(0) = 0,
(P1> |ZL" —em-1 < ¢m(x) < |£U|,
(P2) ()] < 1 z €R,
(P3)  |om(a)] < —— ‘ k

Denote &; := y; — x;. We have that
(231) E‘gt/\GR‘ é Cm—1 + E¢m(€tAOR)-

Applying 1t6’s formula to the sequence {¢,, }men, We get

for e,, <|z| < en_1and|¢] ()] =0, otherwise.

tAOR
¢m(gt/\93) = /(; (b;@(gs)(f(éasay&ys) - f(5737x87x8))d5+Mt

1 tN\OR
+_/ Qb;;(gs)(g(é‘,S,yg,ys) —g(S,S,l’s,l’s))2d5,
0

where

tAOR
Mt . / ¢lm(gu)(g(a7u7yﬁayu> - g(u,u,xu,xu))dWU.
0

Assumption 2.2.1 for the functions f, g and the properties of ¢,,, imply

tAOR
O (Evna) g/ Cr (s — o] + 16| + 13 — s[) ds + M,
0

+1/WR 2 (s = ol + 1+ Iy — sl 5 — s]2) d
— _— s — Tg s s — g S— S S
5 ; m|55| rR\|Y Y

tAOR tAOR tAOR
CR/ ‘ys_y§‘d5+CR/ ]€S\d5+CR/ 1§ — s|ds + M,
0 0 0

+@/”R2lys vl + 3IEL° + lys — wsl + 15 — s,
m

IN

tAO |g | tAO
< Cnt o) [ s+ [ g s
(OR+%)/MR €,lds + 2 Cr
[t/A—1] [E/A=1] 1 AOR

tr+1/NOR
ty — s|°ds + C tr — s|d
memz/ te — s|? s—l—RZ/ |t — s|ds
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or

m

C( t/\@R C( t/\@R
Om(Eingy) < (Cr+ —2) / lys — ys|ds + —R/ lys — ys|*ds
me 0 mem Jo

Cr, [" Cr  C
+(OR+—R)/ 1Elds + =2 + =L A% 4 CpA + M,.
m’ J, m  me

m

Taking expectations in the above inequality yields

C tAOR C tA\OR
E¢m(Einen) < (Cr+ %)/ Elys — ys|ds 4+ (Cr + —R)/ E|&,|ds
m 0 0
OR tAOR
Elys — ys|? + CrA +EM,
mem Jo m
< <CR+—)\/_+( )A+ Cr p2y Cr
Em men, m

tNOR
+ (CR + %) / E\Ss]ds,
m 0

where we have used Lemma 2.3.3 and the fact that EM; = 0.(Note that the
function h(u) = ¢,,(E.)(9(U, u, Ya, yu) — g(u, u, ., x,,)) belongs to the space
M?2([0,t A Og]; R) of real-valued measurable F;-adapted processes such that

EftAeR u)|*du < oo. Now [Mao97, Th. 1.5.8] implies EM; = 0.) Thus
(2.3.1) becomes

C C C C
El€ion| < (Crt —T)VA+ (T + Cp)A+ —C AP+ ey,

m mem
tAOR
(CR + %> / E|gsld8
0

C C
< {(CR+m—)\/_+(—_|_CR)A R AZ—FER-Fqu earmt.

€m mem

where in the last step we have used the Gronwall inequality (B.3.6) and
arm = Cgr + % Taking the supremum over all 0 < ¢t < T implies the
statement of Proposition 2.3.4. O
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2.3.3 Convergence of the Semi-Discrete Scheme in £2.

Set the stopping time 0 = inf{t € [0,7] : |y:| > R or |x;] > R}, for some
R > 0 big enough. We have that

E sup Iyt—xtl =K SUP Iyt—:rtl Ligp>e) + E Sllp |yt—l‘t| )

0<t<T 0<t<
26 (r—2)
< E b E P+ —=——POr<T
= E ol oi‘sz' P P On =
2 ) -2
S E sup |5t/\9R| + —E SU_p (|yt|p + |$t|p) + %P(@R S T),
0<t<T po

where in the second step we have applied the Young inequality, see (B.1.2),

) 1
—_a’ q
ab < ~a’ + qaq/rb ;

for a = supgci<r |&)%,0 = Ligp<t),* = /2,4 = p/(p—2) and § > 0 and in the
third step we have used the elementary inequality (>°) | a;)P <nP~' 3"  af,
with n = 2. In other words,

PS5 A (p—2)
2.3.2) E su — 24/ <E sup | 24 +
( ) 0<t£T e t| 0<tp (Eunonl”+ p po?/(P=2)

P(Ogr <T),

where A comes from the moment bound assumption. It holds that

[z, |”
R ) +]E (]I 0r<T) R};

1 2A
< T (E sup |xt|p+]E sup ]yt|p>

0<t<T R’

P(0y < T)

AN
=
VRS
=
3
Y
A
3
[
)
L

thus (2.3.2) becomes

WHSA  2Ap—2)A
2.3.3 E — <E & .
( ) ()iltlfT |yt xt| Oililp | tAOR | p p52/(p72) Rp
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We estimate the difference |E;p9,,|?. Tt holds that

tNOR
‘gt/\QR‘Q = ‘ / (f(‘§757y§7ys> - f<5757$87$s)) ds
0

2

tN\OR
+/ (g(§787y§7y8) _9(8757I87Is))dWs
0

tAOR
§2T/ OR (|y§_$s|2+|ys_l‘s|2+|§_S|2) ds+2|Mt|2
0

tNOR tNOR tAOR
SCR/ |ys—y§|2ds—|—CR/ |55]2d8~|—C’R/ |5 — s|*ds + 2| My|?,
0 0 0

where in the second step we have used the Cauchy-Schwarz inequality and
Assumption 2.2.1 for f and

tAOR
Mt = / (g(§7 S7y§7ys) - g<87 S,ZES,ZES)) dWs
0

Writing once more fJAGR |5 — s]? = Ei%*” ft’:‘*l/\eR tx — s|?ds, taking the

supremum over all ¢t € [0, 7] and then expectations we have

TNOR
E sup |Enoyl? < CrE (/ |ys—y§|2ds) +2E sup |M;|?
0

0<t<T 0<t<T

T
—I—C'R/ E sup |Ep, | ds + CrA?
0

0<I<s

(2.3.4)

IN

TAOR
Ch / Ely, — ys*ds + SE| My [?
0

T
+CR/ E sup [Enop|*ds + CrA?,
0

0<i<s

where in the last step we have used Holder’s inequality (B.1.3) and Doob’s
martingale inequality with p = 2, since M; is an R-valued martingale that
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belongs to £2. It holds that
2

TNOR
E|M7* :=E / (9(3,5,Ys5,ys) — (s, 3, Ts, T5) ) AW
0

- E( / (905, 5,15,95) — (5, 5,70, 73) ds)
0

TNOR
< CORE (/ (lys — @ + lys — @ + lys — @s| + 8 = 5%) dS)
0
TNOR T
< C’R/ E|ys —y§|2ds+CR/ E sup |€l/\9R|2ds
0 0 0<i<s

TNOR
+OR/ E|y§—x5|d5—l—CRA2,
0

where we have used Assumption 2.2.1 for ¢g. Relation (2.3.4) becomes

TNOR T
E sup ]é't/\gR] < C’R/ E|ys —y§]2ds—|—CR/ E sup |5M9R\2d3
0 0

0<t< 0<I<s

T/\@R
+CR/ (Elys — ys| + Elys — z5]) ds + CrA®
0

T TNOR
< CrVA 4 CrA + CrA? +CR/ E sup |Ene,|*ds + CR/ E|E,|ds,
0

0<i<s

where we have used Lemma 2.3.3 and Jensen’s inequality for the concave
function ¢(x) = y/z. The integrand of the last term is bounded, from Propo-
sition 2.3.4, by

c C
KR,A,m( ) : {(CR + m—)(\/_+ A) —l— R 24 ER + e 1] AR

where s € [0, T A 0g]. Application of the Gronwall inequality implies

E sup ’(C/,t/\gR’ (CR\/K—F CRA -+ CRKR,A,m(T)) GCR S CR,A,m-
0<t<
Note that, given R > 0, the quantity Cra,, can be arbitrarily small by
choosing big enough m and small enough A. Relation (2.3.3) becomes,

2PFI5A  2(p—2)A
2
E OE?ET ‘yt — .Tt‘ < CR,A,m + D p62/(p—2)Rp

= [1 +[2—|—[3
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Given any € > 0, we may first choose d such that I, < €¢/3, then choose R
such that I3 < ¢/3, then m > 1 and finally A such that I; < €/3 concluding
E supo<i<r | — 24|* < € as required to verify (2.2.3).

2.4 Super-linear examples.

2.4.1 Example I.

We study the numerical approximation of the following SDE:
t t
(2.4.1) x, = :L‘0+/ (kl(s)xs—kg(s)xg)ds+/ ks(s)2® 2 p(xs)dW,, t € [0,T],
0 0

where ¢(+) is a locally Lipschitz and bounded function with locally Lipschitz
constant Cg, bounding constant K, x, is independent of all {W}}o<i<r, 2o €
L%(Q,R) for some 2 < p and zg > 0 a.s., E(zg) ™2 < A, k1), ka(+), k3(-) are
positive and bounded functions with kg pin > %(K¢k37max)2. Model (2.4.1)
has super-linear drift and diffusion coefficients.

We propose the following semi-discrete numerical scheme
(2.4.2)

t t
e = vo + / (Fa(s) — k()3 )ysdls + / a(5) VT (0, )9sdWe, € € [t tas].
tn tn

for n <T/A and yo = x a.s., or in a more compact form,

t

(243)  y=yot / (Fa() — o)y ysds + / s (5) VT ) s WV,

where § = t,, when s € [t,,t,11). The linear SDE (2.4.3) has a solution
which, by use of It0’s formula, has the explicit form
(2.4.4)

= roosp{ [ 0~ katohe— K305

~ 2 N t
where y;, = yt(th xO)-

Proposition 2.4.5 The semi-discrete numerical scheme (2.4.3) converges
to the true solution of (2.4.1) in the mean-square sense, that is

lim E sup |y; — 2¢]* = 0.
A=0  o<i<T
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Proof of Proposition 2.4.5.

In order to prove the proposition, we need to verify the assumptions of The-
orem 2.2.2. Let

a(s, ) = ki(s)r — ka(s)a?,  f(s,r,2,9) = (ki(s) — ka(s)2)y,
b(S, l’) = k3(3)$3/2¢<l’), g(sa T, T, y) = k‘g(s)\/}gb(x)y

We verify Assumption 2.2.1 for f. Let R > 0 such that |zi| V |zo| V |y1| V
lya| V |s| V |r| < R. We have that

|f(s,myza,y1) = f(s,m 22, 92)| = [(k1(8)(y1 — y2) — ka(s)(z1y1 — T210)|
[k1(s)[lyr — ya| + |K2(s)|([z2][y1 — vol + [y1]lz1 — 22])

(1AL, max| + [k2,max| ) [y1 — yo| + k2 max| R|21 — 22|

Cr(|z1 — 2| + [y1 — 12l)

INIAIA

thus, Assumption 2.2.1 holds for f with Cr := |k1 max| + |K2.max| R-
We verify Assumption 2.2.1 for g. Let R > 0 such that |x1| V |z2| V |y1| V
ly2| V [s] V |r] < R. We have that

lg(s,my 21, 91) — 95,7, 20, 92)| = [k3(8)v/Z10(21)y1 — k3(8)v/T20(22) Yo

< Iks(s)| (VaTlo@n) Iy — ol + el Varo(1) — v/ro(a2)
V() — VT ()]
< [Raanasd (KoVBlr = o] + RVa]0(01) = 6(a2)| + REo|V/Er — Vaa))
< |k3max| <K¢\/E|y1 — o + RPChlay — | + RK¢m>
< Cr(lor = el + I — 1l + Vi — @)

where we have used the fact that the function /2 is 1/2-Holder continuous
and Cr = |k3 max| (C}’;RB/Q V KsVRV K¢R) . Thus, Assumption 2.2.1 holds
for g. Lemmata 2.4.7 and 2.4.8 complete the proof.

Moment Bound for Original SDE.

Lemma 2.4.6 [Positivity of (z¢)] In the previous setting it holds that x; > 0
a.S. O



38 2. Super-linear stochastic differential equations

Proof of Lemma 2.4.6. Set the stopping time 0 = inf{t € [0,7] : ;' > R},
for some R > 0, with the convention that inf ) = co. Application of Itd’s
formula on (z4rp,,) 2 implies,

(xtAgR)’Q = (1’0)72 + /o R(—Q)(zs)’?’(h(s)xs — kQ(S).Tz)dS
tAOR tAOR
" / 3(.) k(5P () ds + / (—2)ks(5) () 2232 () AW,

tNOR
< (z0) 2+ / (—2ky(8)w, 2 + 2ky(s)x, ! + 3k§(s)K§x8_1)ds
0

+ / (—2)k3(s)x;3/2¢(xs) Lo,en05) () dW
0

< / MBR[_le(S)x;? + (2ka(s) + 3K2(s) K2) (25 Loy (w5) + 75 1,00 ()] ds
3—(:(:0)72 + M,
< (2 max + 3K3 0o )T + / (2ha(s) + IR K207 o ann (5)ds
+(w0) "2 + M, 0
where .
M, = /0 (—2)k3(5)x;3/2¢(9€8) Lio.tr0z) (s)dW.

Taking expectations in the above inequality and using the fact that EM, = 0,
we get that

E(zinor) > < E(x0) 7% + 2komaxT + 33 ax KT 4 (2k2 max + 3K3 a2

3,max 3,max
t
-2
x/ E(zspno,) “ds
0

S (E<x0)72 + 2k2,maXT + 3k2 KiT) e(2k2’max+3k§,maxK(§)T < C’7

3,max

where we have used Gronwall’s inequality with C' independent of R. (Note

that the function h(u) = (—2)k3(u)x;3/z¢(:pu) (0,05 (1) belongs to the space

M2([0,];R) thus [Mao97, Th. 1.5.8] implies EM; = 0.) We have that
(Tin0r) "2 = (T05) Mog<e) + (1) *Tacon) = R¥Top<n + (20) ir<op),

which implies

1 1
E ( 5 ) = RZP(QR <t)+E (—2]I(t<gR)> < C,

Tinog Ty
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thus

Pl < 0) = B( () {rr < 21) = Jim P({rr < 5}) < Jim Pl < 0) ~0.

R—o0 R—o0
R=1

We conclude that x; > 0 a.s. O

Lemma 2.4.7 In the previous setting it holds that

E( sup (z4)?) < Ay,

0<t<T

for some Ay > 0 and any 2 < p < ko min/ (K pks maz)?- O

Proof of Lemma 2.4.7. In the case all x are outside a finite ball of radius
R > 1, and s € [0,7] we have that

za(s,z) + (p — 1)b*(s,x)/2

J(s,x) = T2
_a(ka(s)z — ka(s)x?) + (p — DE3(s)[z**¢(x)]* /2
N 1+ 22
_ ki(s)2® — k()2 + 0.5(p — 1)k3 ()2 (x)
N 14 22
kl,maxx2 + (05(]) - 1)(k3,maxK¢>2 - kQ,min) ZES
S S kl max»
1+ 22 ’

where the last inequality is valid for all p such that p < 142k min/ (K k3 max)*-
Thus J(s,x) is bounded for all (s,z) € [0,7] x R, since when |z| < R we
have that J(s, x) is finite, say J(s,z) < C. Since C' is positive, application of
[Mao97, Th. 2.4.1] implies

E(xt)p < 2(p—2)/2(1 + IE;(%)IJ)eCpt7

for any 2 < p < 1+ 2ko min/ (Kgksmax)? and all t € [0, T]. Using [to’s formula
on (z,)?, with p < ko min/(Kyksmax)? (in order to use Doob’s martingale
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inequality later) we have that

()" = (w0)? + / Pl k()2 — ko(s)22)ds

+ /O p(p;1)(xs)p_Q[k3(s)x§/2¢($s)]2ds-1— /0 ps(s) ()"~ a2 p(x,) AW,

! -1
< b [ | + (P HkE ~ k) (207 dsot M,
0

< @+ /ot ki(s)(ws)Pds + M,

where M, = [ pks(s)p(xs)(x,)P"/2dW,. Taking the supremum and then
expectations in the above inequality we get

t
E( sup (z:)?) < E(x)? + pkimaxE ( sup / (xs)pds) +E sup M,
0

0<t<T 0<t<T 0<t<T

T

< E($o)p+pk1,max/ E( sup (z;)")ds + \/m
0 0<I<s 0<t<T

< (E(ﬁo)p + \/4EMTZ,) ePRrmaxT . — A

where in the last step we have used Doob’s martingale inequality to the dif-
fusion term M; and the Gronwall inequality. (Note that the function h(u) =
pks(u)p(z,)(2,)PT1/? belongs to the family M?2([0,T]; R) thus [Mao97, Th.
1.5.8] implies EM? = E([; h(u)dW,)? = E [J h2(u)du, i.e. M, € L*(Q;R).)

O
Moment Bound for Semi-Discrete Approximation.
Lemma 2.4.8 In the previous setting it holds that
E( sup (y:)") < As,
0<t<T
for some Ay > 0 and for any2<p§1/4+2(k:i;+";{¢)2. O
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Proof of Lemma 2.4.8. Set the stopping time 0g = inf{t € [0,7] : y; > R},
for some R > 0, with the convention that inf() = oo. Application of Ito’s
formula on (yne,)?, with ¢ = 4p implies,

<w@v=%w+é’2@wﬂh@—@@%mw

tAOR _
+/0 q<q2 2 ()" [ks(5)v/Yad(ys)ys]” ds

tAOR
+A 0hs(5) ()7 0 () eV,

= (z0)? + /0 ’ <Q(/€1(S) — ka(s)ys) + w

y§¢2(y§)) (ys)?ds
tAOR
+A ks (5)y/T6(ys) () VY,

t 1
< ot 0 [ () (TG e = K ) 0] (0 T (5
0
+M,

t
§<muw/h@@wmmmm+m,
0

where the last inequality is valid for ¢ < 1+ 2k2 min/ (k3 maxKy)? and

tAOR
Aaﬁié 0k (3)v /T (ys) (42) 1AW

Taking expectations and using that EM; = 0 we get

B(nan)? < Bro) + b | s )'ds
Application of the Gronwall inequality implies
E(yinor)? < E(xo)TemaT
We have that

(Ytror)" = (Wor)Lop<ty + (Y1) Lt<or) = BT op<t) + (Ye) Tii<op)-
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Thus taking expectations in the above inequality and using the estimated
upper bound for E(ysre, )¢ we arrive at

E(Z/t)qH(KQR) < ]E(g;o)qeqkl,maxT
and taking limits in both sides as R — oo we get that

lim E(y,)Uircpp) < B(ag)letFmaT,

R—o0
Fix t. The sequence (y;)(¢<g,) is non-decreasing in R since fp is increasing
in Rand t A0 — t as R — oo and (y;)<0,) — (y:)? as R — oo, thus the
monotone convergence theorem implies

E(yt)q S E(mo)qeqkl,maxT’

for any ¢ < 1+ (lﬁm—m;(b)z Following the same lines as in Lemma 2.4.7,
i.e. using again It6’s formula on (y;)P, taking the supremum and then using

Doob’s martingale inequality on the diffusion term we obtain the desired
result. Note that in this last step we need 2k min > 7(k3maxKg)?. O

Remark 2.4.9

(i) Proposition 2.4.5 implies that our explicit numerical scheme converges
in the mean-square sense. Moreover, by (2.4.4) we get that our numer-
1cal scheme preserves positivity, which is a desirable modelling property
([AGKR10], [KGR08]). Exzample (2.4.1) covers the 3/2-model (2.1.2),
in the case where ¢(-), k1(-), ka(+), k3(+) are constant and super-linear
problems both in drift and diffusion.

(i) Moreover, note that in the analysis that we followed, we did not dis-
cretize the coefficients k;. In general, by Theorem 2.2.2, we are free to
discretize any of the functions k;(+),i = 1,2,3, at any degree. Thus,
we can fully discretize every k;(+),i = 1,2,3, meaning that (2.4.2) will
become

t t
v = o, + / (a(t) — kot Jyeds + / Rt ) /T (e, s dWV,
tn tn

for t € [tn, tny1], or semi-discretize every k;(-),i = 1,2, 3,

¢ ¢
Yt = ytn“‘/ (k1(57tn)_k2(3atn)ytn)ysds_l'/ ks (S, tn)\/Ytn @ (Yt ) ysdWs,
tn

tn
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fort € [t,,tas1], where /%Z-(t, t) = ki(t),i =1,2,3. The only difference in
that situation is that we require k;(-,-),i = 1,2,3 to be locally Lipschitz
in both variables.

(7ii) One more point of discussion is the dependence on w that we can assume
on the coefficients k;. Specifically, we consider the more general SDE

t t
Ty = To +/ a,(s,z5)ds +/ bo(s,zs)dWs, te€0,T].
0 0

Then, assuming that it admits a unique strong solution, our method
seems to work. In the example discussed here, an extra condition on
the coefficients k; would be of the form

|ki(t,w)| < Cte0,T),weN,i=1,2,3.

(iv) We illustrate our method in the case ¢(x) = sin(x). Then the diffu-
sion term b(x) takes positive and negative values and thus the method
presented in [NS14] does not work since it requires b(z) > 0 in order
to use the Lamperti-type transformation; for the same reason the Mil-
stein method [HMS13] fails since [HMS13, Assumption 2.7/ is violated.
The only method that we know and can be used for this situation is the
tamed Fuler method ([HIK12[, [HJ15]) but the drawback is that it does
not preserve positivity.

Below, we compare our scheme, in the case where ky(-), ka(-), k3(+) are
constant, with the tamed FEuler method in [HJ15]. Figure 2.1 shows that
for “good” data the two methods are close. Choosing different data, we
see that tamed Euler (2.1.5) takes negative values, even in the first step.
In particular we see, that by altering the parameters we get the results
presented in Table 2.1 and shown in Figure 2.2. Note that if the tamed
FEuler takes a negative value, it explodes in the next step because of the
3/2-term, while taking the value zero in a step results in zero terms for
all the following steps.

O

2.4.2 Example II.

Consider the following stochastic differential equation:

t t
(2.4.5) x; = xg +/ (k1(s)xs — l@(s)xi’“‘ﬂds%—/ ks(s)zldWs, te[0,T],
0 0
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Set of Parameters | Time of first | Value of

(o, k1, ko, k3, A, T) | negative step step
(1,1,1000,1,1073,1) 1 —0.18
(1,1000,1,1,107%,1) 27 | —17.69

Tab. 2.1: Negative values of the tamed Euler scheme (2.1.5) for the Heston 3/2-
model.

where 1z is independent of all {W;}o<i<r,z0 € LP(2,R) for some 2 < p <

4(;% + Z(Q:% (k]?ma’:)Q and xy > 0 a.s., ki(-), ka2(), ks(-) are positive and
25

bounded functions with 2ky i, > 2=90k3 . and 1 < r < 3/2.

r 3,max

Lemma 2.4.10 [Positivity of (x;)] In the previous setting it holds that x; > 0
a.8. O

Proof of Lemma 2.4.10. The proof follows the same lines as the proof of
Lemma 2.4.6. Nevertheless, we give the details in Appendix C.2. O

The following Lemma shows uniform bounds of p-moments of (x;).

Lemma 2.4.11 In the previous setting it holds that

E( sup (z4)?) < Ay,

0<t<T

for some Ay > 0 and any2<p§%_r+ k2 min -

(kli,maz)Q :

Proof of Lemma 2.4.11. The proof follows the same lines as the proof of
Lemma 2.4.7. The details are given in Appendix C.3. O

Model (2.4.5) has super-linear drift and diffusion coefficients. We study
the numerical approximation of (2.4.5). We propose the following semi-
discrete numerical scheme for the transformed process z; = (x;)?" 2 of (2.4.5),

¢ ¢
Yt = Yt +/ (K1(s) — Ka(S)yr,, )ysds +/ K3(8)\/Ur, ysdWs, t € [tn, tnia],
tn tn

for n <T/A and yo = xo a.s., where
(2.4.6)

Ki(s) = (2r = Dki(s), Fals) = (2r — 2hy(s) - =2 =3

2

k3 (s),
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Fig. 2.1: Difference between the semi-discrete scheme and the tamed Euler scheme
(2.1.5) for xg = 1,ky = 1, ko =4, k3 =1, A =10"3,T = 1.

0.06
0.04
0.02
0’ T
0.2
-0.02 1
-0.04 |
| ytTaMeD_y;SD
(2.4.7) K3(s) = (2r — 2)ks(s),

or in a more compact form,

(2'4'8) Yt = Yo +/0 (Kl(s) - KQ(S)yé)ysds +/0 K3(S)\/%yde57

where § = t,, when s € [t,,t,41). The linear SDE (2.4.8) has a solution
which, by use of It6’s formula, has the explicit form

w=aoep { [ (i6) ~ alohs — K36 ) ds [ Kalo) .},

where y; = yi(to, zo)-
The transformation of (2.4.5). Application of Ité’s formula to the
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Fig. 2.2: The tamed Euler method (2.1.5) does not preserve positivity, xg = 1, k1 =
1000, ko = 4,k3 =1,A =1073T = 1.

400
300
200
100
O T T T T 1
0.2 0.4 0.6 0.8 1
TaMeD
Vi
function z(t,r) = 2% 2, implies

2 = 2 +/O [(2r — 2)22 7 (k1 (s)xs — ka(s)22 1)

N (2r — 2)2(2r —3)

= 29+ /0 [k‘l(s)(Qr —2)2¥ 2 — (27 — 2)ky(s)zt

+(2r - 2)2(27“ -3

t
22 S (s)2? ] ds + / (2r — 2)kz(s)x2 2l dW,
0

¢
)kg(s)x;“’_ﬂ ds + / (2r — 2)ks(s)x¥ 2 dW,
0
¢ ¢
= zo+/ (Kl(s)zs—KQ(s)zf)ds—i-/ Kg(s)z§/2dWS,
0 0

where K(-), Ks(-), K3(-) are given by (2.4.6) and (2.4.7).



2.4. Super-linear examples. 47

In order to use Proposition 2.4.5 we have to verify that

Ki(s) >0, Ky(s)>0, Ks(s)>0, 2Kymmn>TK;

Since 1 < r < 3/2 we immediately have K;(s) > 0 and K3(s) > 0. Moreover

(2r - 2)2(27" = 12(0) > %;@g (d—2r) >0,

Ky(s) = (2r — 2)ka(s) —
and is easy to see that

2K2,min > 7K§

,max*

Proposition 2.4.12 In the previous setting, the following convergence to
the true solution of (2.4.5) in the mean-square sense holds,

(2.4.9) lim E sup |y2T > — 1 =0.
A=0 o<t

Proof of Proposition 2.4.12.

In order to prove the proposition, we first transform the original SDE (2.4.5)
to an SDE of the type (2.4.1), later on verify the assumptions of Example
I to use Proposition 2.4.5, and in the end make the necessary arrangements
for the approximation of the original SDE.

Convergence Result.

We use the following inequality implied by the mean value theorem

1 _1 1 1
|yt2r p) _$f| _ |y27‘ 2 Ztr 2| e <|yt|27‘72 1 + |Zt|2r—2 1> |Zt _yt|7
to get
2
YT~ < g (ol = 1 ) = il

Set the stopping time 0p = inf{t € [0,7] : |y:|] > R or |x;] > R}, for some
R > 0 big enough. Taking the supremum and then expectations in the above
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inequality yields,
ﬁ 9 3—2r 3—2r 9
E sup ‘yt - $t| <c¢ |E sup ’yt/\03| =1 4 |Zt/\9R| r—1 |Zt/\6‘R - ytAeR|
0<t<T 0<t<T

3-2r 3-2r 9
B sup (Il = ) 12— il Tno |
0<t<T

3—2r\ P/2
*{) |2t — yel”

9 20 3-2r
< ¢, grE sup |zne, — Yenon|” + ¢o—E sup (Iytl -
0<t<T P o<t<T

(r—2)
_'_CT]W]P)(@R <7),

where in the second step we have applied the Young inequality,

) 1
2w q
abgwa +q5q/wb,

3—2r 3—2r 9
for a = swpgerer (Junl 7 + |20 ) Jzi=l?, b = Ty, w = p/2,0 = p/ (0

2),6 >0, and
2

2r—22 ©
(For all t < 0g it holds that |z;| < R or |2z < R.) It holds that

P Ta. |P
P(Or <T) < E<H(0RST)|yER| )+E( (0r<T) | 9R| )

3—2r
Cp = r=2¢,Rr1

1 2A
< oo <E sup ]yt\p—i—E sup |xt|p>

0<t<T Ry’

where A is the maximum of the bounding moment constants of (y;) and ().
Moreover, we have that,

(3—2r)p

P
B sup (Il = 4 125 ) e -l < 2978 sup (150 4 |25
0<t<T

(|l + ul?)
; (3—2r) —2r (3=2r) —zr
< 247 sup (jy T |l + [l 0P 4 |z T gl o || HE5)
0<t<T

[

B

3—2
= N !yth

_pP
2 5 T |2 20=17),

3—2r
r—lp
< 2472 sup (W0 B0y it 2

0<t<T 2 2
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where we have used again the Young inequality. When % <r < % we

have that 3;_21’” < 2(7}_1) < 2, thus it suffices to bound the moments of |z;|*
and |y;|*’. Note that by Lemma 2.4.7 the uniform bound for the moment of
(2:)* holds when 2 < p < Lﬂ”Q and by Lemma 2.4.8 the uniform bound

2(k
for the moment of (y,)* is valid for any 2 < p < 3 + 4(2?#”)2, thus for

2 < p < k2 min /\ _I_ ]{32 m”L)2 we get that

2(k3 maz)2
E sup (|zf” +[yl™) < A,
0<t<T

for some A > 0. (We also have to ensure that Lemma 2.4.11 holds, thus we
have to choose p such that 2 < p < %— k2, ”“”2 A5 k2, min 72 /\ + N k2, min

k3 ma:c k/'3 ma:c k3 maac)

kZ ,min
m whose

or equivalently we have to choose p such that 2 < p < % +
existence is ensured by the condition 2ks i > 15(k3 maz)?.)

In the case 1 < r < 2 it suffices to bound the moments of |zt|%p and
|yt|3r_f21rp Again by Lemma 2.4.7 the uniform bound for the moment of |z P

holds when 2 < p < 21T (k’?ﬂ:)g and by Lemma 2.4.8 the uniform bound for

the moment of |yt| 17 s valid for any 2 < p < 4(3 27«) + (g_;) (kk; "”"2, thus
1 k min 1 k mz’n
for2 <p <35, k;maz = \ 1 27’ + 559y (kg2 -7 We get that
E sup (Jal 757+l ) < 4,
0<t<T

for some A > 0. (We also have to ensure that Lemma 2.4.11 holds, thus we
have to choose p such that 2 < p < 3 —r+ (klm"n N L=k rmin A 1 e 2r

k3,maac)2 3—2r (k3,7na:t)2
(g_;) (k]?’"”")Q or equivalently we have to choose p such that 2 < p <

r—1 k min
(3 27") + 2(3—2r) (k;ma )2

B9 (k3 maz)?.)Thus, by the two preceding parenthetical remarks and the

r—1
25 —9r
2k2,min Z ( 1 \/ 15) (k3,ma:r)2

condition
r —

whose existence is ensured by the condition 2ks i, >

or equivalently
25 —=9r

r—1

2k2,min Z (k3,max)2

we get the bound

3—2r
E sup (Iytl -
0<t<T

3—2r p/2
) e -l < Cp)A,
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where C(p) is a constant depending on p. Collecting all the estimates to-
gether, we get

S C(p)A
E sup |72 —2? < c.gE sup |zinon — Yenonl® + o (0) )
0<t<T 0<t<T
2p— DA 1
te, (p—2) =L+ L+ 1

» 0Y0DR

Given any € > 0, we may first choose § such that Iy < ¢/3, then choose R
such that I3 < ¢/3, and finally A such that I; < €/3, which is justified by

Proposition 2.4.5 to get that Esupy<,<p [y — ;> < €, as required to verify
(2.4.9).

Remark 2.4.13 Proposition 2.4.12 implies that our explicit numerical scheme
converges in the mean-square sense. Moreover, we get that our numerical
scheme preserves positivity. SDE (2.4.5) covers super-linear problems both
wn drift and diffusion. O

2.4.3 Example III.

Consider the following stochastic differential equation:

t t
(2.4.10) z; = xo—l-/ (kl(s)xs—kg(s)x‘;)d5+/ ks(s)xto(xs)dWs, t € [0,T7,
0 0
where ¢(-) is a locally Lipschitz and bounded function with locally Lipschitz
constant Cf%, bounding constant K, x, is independent of all {W, }o<i<7, xo €
LP(,R) for every 2 < p,E|lnzy| < oo and zy > 0 a.s., ki(-), ka(), k()
are positive and bounded functions and ¢ is odd with ¢ > 2r — 1 where
3/2 < r < 2. The above conditions on the parameters imply the uniform
bound of |z;|P as shown in the following result.

Lemma 2.4.14 [Moment bound for original SDE] In the previous setting it
holds that
E( sup [zf") < Ay,
0<t<T

for some Ay > 0 and every p > 2. O

Proof of Lemma 2.4.1/. The proof follows the same lines as the proof of
Lemma 2.4.6. Nevertheless, we present the proof in Appendix C.5. n
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Model (2.4.10) has super-linear drift and diffusion coefficients. We study
the numerical approximation of (2.4.10). We propose the following semi-
discrete numerical scheme for (2.4.10)

t t
(2.4.11) yt:ytn+/ (kl(S)—kz(S)y?f)ysder/ ks(s)y, ' o (ur, )ysdWs,
tn tn

where t € [t,,t,11], for n < T/A and yo = o a.s.; (2.4.11) in more compact
form reads

t t
2412) s =+ [ (a(s) = kalohy? s+ [ Balon ol V.

where § = t,, when s € [t,,t,41). The linear SDE (2.4.12) has a solution
which, by use of 1t6’s formula, has the explicit form [KP95, Ch. 4.4, (4.10)]

v 2% (ys)

— / (a(s)—a(s)y? " —h2(s) )ds-+ / a(5) S(ya) WV, ),

where y; = y:(to, o).

Proposition 2.4.15 The following convergence to the true solution of (2.4.10)
in the mean-square sense holds,

lim E sup |y; — z4/* = 0.
A—0 0<t<T

Proof of Proposition 2.4.15.

In order to prove the proposition, we just need to verify the assumptions of
Theorem 2.2.2. Let

a(s, ) = ki(s)x — ko(s)29,  f(s,r,2,y) = (k1(s) — kao(8)z7 )y
b(S, {L‘) = ]{33(S)ZET¢(I), g(s, Tz, y) = k‘3(8)l‘r_1¢(x)y,

We verify Assumption 2.2.1 for f. The conditions on the parameters imply
that ¢ > 2. Let R > 0 such that |z1| V |22] V |y1] V |y2| V |s] V |r] < R. We
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have that

|f(87 r, T, yl) - f(sa r,Ta, y2>| - |<I€1(S)(y1 - y2) - k2(8>('xq_1y1 - xq_1y2)|
1 (3)lly1 = ol + [ masxl (1227 g1 = gol + [l — 2571))

(|k1,max| + |k2,max|Rq_1)|yl - ?/2| + |k2,max|R|xl{_1 - $3_1|

(lkl,max| + |k2,max|Rq_1>|y1 - y2‘ + 2|k2,max|(q - ]-)Rq_1|x1 - (L’g|

Cr (|r1 — 22| + [y — 12]) 5

VAN VAN VARRVAN

where we have applied the mean value theorem for the function 297!, thus As-
sumption 2.2.1 holds for f with Cr := (|k1 max| + |k2.max| R V (2| k2 max| (¢ —
1)RI7Y).

We verify Assumption 2.2.1 for g. Since 1/2 < r — 1 < 1 we have that
g1(z) = 2"~ is locally 1/2-Hoélder continuous in z, i.e.

(2.4.13) |91 (1) — g1(22)| < Cr/|z1 — 22
Let R > 0 such that || V |xo| V |y1| V |y2| V |s| V |r| < R. We have that

r—1

lg(s,r, 21,91) — g(s, 7,22, 52)| = |ks(s)zi d(a1)yr — ks(s)ah ™ d(2)ys|
< ks max] (|21 (@) ||y — vol + [yal| 2] d(a1) — 27 d(x2)

+a] o) — b p(ws)])
< ks max] (KoR "y — yo| + Rlz1 [ (1) — ¢(m2)| + REy|27" — 257 )

<| k3 max]| <K¢Rr71’y1 — ya| + R’"Cﬁ!xl — To| + RK /|21 — 952’)

<Ck <|$1 — Zo| + |th — y2| + V|21 — xz’) ,

where we have used (2.4.13) and Cg := |k3ma] ((Jj;Rr VKR K¢R> .

Thus, Assumption 2.2.1 holds for g. Lemmata 2.4.14 and 2.4.17 complete
the proof.

Lemma 2.4.16 [Positivity of (x;)] In the previous setting it holds that x; > 0
a.s. O

Proof of Lemma 2.4.16. One can use again the arguments in Lemma 2.4.6
applying Itd’s formula on (x;) 2. We present an alternative proof in Appendix
C.4. O
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Lemma 2.4.17 [Moment bound for Semi-Discrete approxzimation| In the
previous setting it holds that

E( sup (y)?) < As,

0<t<T

for some Ay > 0 and for every p > 2. O

Proof of Lemma 2.4.17. The lemma is proved in much the same way as
Lemma 2.4.8; see also Appendix C.6. ]

2.5 Numerical Experiments.

We study the numerical approximation of the following SDE,

t t
(2.5.1) Ty = To+ / (krxy — kpa?)ds + / ksa®2dW,, t € [0,T],
0 0
where g is independent of all {W; }o<i<7,ro € L*(Q, R) for some 2 < p and
zo > 0 as., E(zg) ™2 < A, ki, ks, k3 are positive constants with ky > I(ks)?.
Model (2.5.1) has super-linear drift and diffusion coefficients.
In Proposition 2.4.5 we have shown that the semi-discrete numerical
scheme? (in a more general setting with time-varying coefficients)

¢ ¢
(2.5.2) ny = U, +/ (k1 — kaye, )ysds +/ ks\/Ue, ysdWs, t € [ty tni1],
tn tn

for n <T/A and yo = x a.s., or in a more compact form,

t t
(2.5.3) ye P = yo +/ (k1 — kays)ysds +/ k3\/ysysdWi,
0 0

where § = t,,, when s € [t,,,t,,1), converges to the true solution of (2.5.1) in
the mean-square sense, that is

2.5.4 imE sup |y7P —x,/2 = 0.
t

1
A—0 0<t<T

Relation (2.5.4) does not show the order of convergence. In the following,
we compute experimentally the order of convergence.

2 The existence and uniqueness of y;'” is shown in Appendix C.1.
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The linear SDE (2.5.3) has a solution which, by use of 1t6’s formula, has
the explicit form

t X t
(2.5.5) ytSD = T exp { / (k‘l — koys — k;g%) ds + / @@dws},
0 0

where y; = y;(to, o). The semi-discrete scheme preserves positivity, which is
a desirable modeling property.

In order to estimate the endpoint error € = E|lyr — x7|, where xp is the
exact solution of (2.5.1) and yr is the semi-discrete approximation (2.5.5),
we follow a standard procedure [KPS03, Sec. 3.3]. We compute M batches
of L simulation paths. Each batch is estimated by

L
L1 i — i
€ = I Yr — I
=1

and the Monte Carlo estimator of the error

1 M 1 ML
205 g 2 2 o

j=1 i=1

requires M - L Monte Carlo sample paths. When the batch size averages
L > 15 they can be considered as Gaussian. A 100(1 — «)% confidence
interval for the error € is determined by endpoints of the form

| M
€xti_anm-1- MOL—1) Z(@' — €)%
7j=1

We simulate 100 - 100 = 10000 paths®. The choice for L = 100 is considered
in [KPS03, p.118|. We should not forget to change the student t-test quantile
t1—a.m—1 When we change the number M of batches or the significance level
«. Table 2.2 shows values of t-test quantiles for different values of M and «.
In the experiments we consider 98% confidence intervals.

We discretize with a number of steps in power of 2. The iterative SD-
procedure reads

k3,

?Jfﬁl = Yt, €XPp { (kl — kayt, — T) A+ kgx/ytnAWn},

3 We simulate with 3.06GHz Intel Pentium, 1.49GB of RAM in Matlab R2014b Software.
The effort made is just for the purpose of the order of convergence and not for the efficiency
of the computer code-time.
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M| 10 20 30 40 60 100 200
toor—1 | 1.83 173 170 168 1.67 1.66 1.65
toosar—1 | 226 2.09 2.05 2.02 200 1.98 197
toosar—1 | 282 254 246 243 239 2.36 2.35
tooon—1 | 325 2.86 276 2.71 2.66 2.63 2.60

Tab. 2.2: t-test quantiles, batches, level of confidence.

forn=0,...,N — 1, where AW,, := W,

Brownian motion.

We want to compare our results with another method that preserves
positivity. This is an implicit Milstein scheme proposed in [HMS13, Sec.
2.2|, which takes the form

HMS _

1

ytn+1

2(ky + %(k3)2)A

(—(1—k:1A)

_ th

3

are the increments of the

3
+\/(1 — k1) + 4k + Z(k3)2)A(ytn + kwffAWn + Z<k3)2yt2n(AWn>2)>'

As a reference solution, we take the value of y2*5 at A =271 as in the
numerical experiment in [HMS13, Sec. 4.1], and in the second experiment
y2P at A = 27 since we have shown by (2.5.4) that it strongly converges
to the exact solution. We plot in a log,-log, scale. The results are presented
in Tables 2.3 and 2.4 and they are also shown in Figure 2.3 for the first

experiment (as the situation is quite similar for the other experiment).

Step A 98% SD-Error 98% HMS-Error
21 0.01478805 + 1.36 - 10~° | 0.03968881 + 1.38 - 10~°
23 0.01461442 +1.43-107° | 0.0073555 + 1.43 - 10~°
25 0.00147411 +1.19-107° | 0.00174620 + 1.18 - 1075
27 0.0004872+7.92-10°% | 0.0005787 +9.96 - 106
279 1 0.00044181 +7.35-107% | 0.00044875 + 8.11-1076
2-11 1 0.00042386 + 7.62- 1075 | 0.00042411 + 7.63- 1076
2-13 0.0003137 +5.16-107% | 0.00031381 £ 5.15-1076

Tab. 2.3: Error & step size of SD and HMS approximation of (2.5.1) with HMS
exact solution and 32 digits of accuracy.

The following points of discussion are worth mentioning.



56

2. Super-linear stochastic differential equations

Fig. 2.3: SD and HMS method applied to SDE (2.5.1) with parameters k; =

0.1,k = %(k3)2,k3 = V0.2, = 700,29 = 1,7 = 1 and 32 digits of

accuracy.
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The SD method and the HMS method are very close, with SD perform-
ing slightly better, except only for the step size A = 273, The same
situation appears in both cases, i.e. independently of the choice of the
reference solution, which is a positive feature of SD.

A linear regression with the method of least squares fit, in the case one
considers only the first four points with steps A = 271,273 275 2°7
produced values consistent with the strong order of convergence equal
to 1 for both SD and HMS methods, whereas considering all the seven
points, values close to 1/2. Table 2.5 presents the exact values of order
of convergence. We see that the order of convergence of SD for problem
(2.5.1) is at least 1/2.

The confidence intervals are of such an order that indicates that we do
not need to increase the number of batches M. All the above calcula-
tions are made evaluating with 32 digits.

For small A it may happen that the global error will begin to increase
as A is further decreased [KPS03, p.97|. This effect is due to the
roundoff error which influences the calculated global error. In practice,



2.5. Numerical Experiments. 57

Step A 98% SD-Error 98% HMS-Error
2-1 10.01478262+1.36-107° | 0.03969424 + 1.38 - 10~°
273 0.01460899 4+ 1.43 - 10~° | 0.00736093 + 1.43 - 10~°

=5 0.0014687 +£1.18-107° | 0.00175161 +1.18 - 10~°

7 | 0.00048522 +7.89-10"% | 0.00058162 £ 9.99 - 1076

-9 10.00044126 + 7.35-107% |  0.00044942 + 8.15-10~¢

2-11 1 0.00042361 +7.62-10°% | 0.00042413 + 7.63 - 10~¢

2713 1 0.00031367 +£5.14-107% | 0.00031384 £ 5.12- 1076

Tab. 2.4: Error & step size of SD and HMS approximation of (2.5.1) with SD exact
solution and 32 digits of accuracy.

No

Order of SD with HMS ref.sol. | Order of HMS with HMS ref.sol.

(with SD ref.sol.) (with SD ref.sol.)
4 0.904 (0.905) 1.019 (1.017)
7 0.511(0.511) 0.556 (0.556)

Tab. 2.5: Order of convergence of SD and HMS approximation of (2.5.1) with HMS
(SD) exact solution with 32 digits of accuracy.

that implies the existence of a minimum step size A, for each initial
value problem, below which the accuracy of the approximations through
a specific method cannot be improved.

e Convergence of a numerical scheme does not alone guarantee its prac-
tical value [KPS03, p.129]. It may be numerical unstable. Moreover,
in practice, the computer time consumed to provide a desired level of
accuracy, is of great importance. As mentioned in Footnote 3, we do
not claim that the SD method performs well in that aspect, because
of the exponential calculations involved. However, it seems that it can
reach accuracy up to four digits, as fast as the HMS method.

e We would like to see the impact of the parameter A\. The SD method,
seems to work, with the theoretical proof shown in Section 2.4.1, when
A is over 7. What happens below that range? The HMS method works
for A over 1/2. Moreover, as noted in Remark 2.4.9(iv), our method can
cover more general cases, in contrast to HMS, by introducing the func-
tion ¢(-) in the diffusion part, or/and by assuming random coefficients

IONIONOH
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In the following, we present the situation when we change the param-
eters of SDE (2.5.1) in such a way that we are closer to the theoretical
acceptable range (by lowering A to 70). The error now is bigger and the
rate of convergence drops to a half, for both the SD and HMS method.
To be more precise we present the results in Tables 2.6 and 2.7.

Step A 98% SD-Error 98% HMS-Error
2-1 0.10228515 + 3.53 - 10~* | 0.10105429 + 3.51 - 10~*
3 0.01790118 +3.38 - 10~ 0.02708432 +3.39 - 1074
-5 0.01243608 +2.21-10~* 0.01352563 +2.26 - 10~*
7 0.01218537 +£2.29-10~* 0.01229934 +2.31 - 1074
9 0.0122866 +2.19-10~* | 0.01228005 +2.19 - 10~*
2~ 0.01140109 +2.15-10* | 0.01138454 +2.18 - 10~*
213 0.00869149 + 1.47 - 10~* | 0.00868346 + 1.49 - 10~*

Tab. 2.6: Error & step size of SD and HMS approximation of (2.5.1) with HMS

exact solution and 32 digits of accuracy when A = 70.

No ‘ Order of SD ‘ Order of HMS
4 0.487 0.506

7 0.214 0.237

Tab. 2.7: Order of convergence of SD and HMS approximation of (2.5.1) with HMS

exact solution and 32 digits of accuracy when A = 70.

Finally, we present the case with A = 7. The rate of convergence drops
dramatically. To be more precise the order of the SD method becomes
0.03 and the order of HMS 0.034.

Regarding the tamed Fuler method, a major drawback is that it does
not preserve positivity. The proposed method SD and the implicit
Milstein scheme HMS behave in a similar way for small values of A and
retain this similarity as we lower the parameter A close to its critical
value. Nevertheless, the errors grow and the order of convergence drops
as A changes and the reason for that behavior is the fact that at the
critical A value we have moments explosions of the original process ().
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3.1 Introduction.

Consider! the following stochastic models in It6 form

Sy =So+ [ - Sudu+ [J(V,)? - S,dW,, te0,T],
(3.1.1) N
Vi = Vo + [ (k1 — kaVi)ds + [ ks(Vy)dW, t € [0,T7,

! This chapter is based on joint work with Nikolaos Halidias, published in Journal of
Probability and Statistics [HS15].
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where S; represents the underlying financially observable variable, V; is the
instantaneous volatility when p = 1 or the instantaneous variance when p =
1/2 and the Wiener processes (W;), (W;) have correlation p.

We assume that (V) is a mean-reverting CEV process of the above form,
with the coefficients k; > 0 for i = 1,2,3 and ¢ > 1/2, since the process (V})
has to be non-negative. To be more precise the above restriction on ¢ implies
that (V;) is positive, i.e. 0 is unattainable, as well as non-explosive, i.e. oo is
unattainable, as can be verified by the Feller’s classification of boundaries, see
Appendix F.1. (In particular, we get for the dynamics of the mean-reverting
CEV process (V) of (3.1.1) a boundary behavior which is determined by the
scale function (F.1.2) which reads

* Yk — koz
s(z) = / exp{ —2/ (}fg,)—infldz}dy
v 2k, _ 2ks _
:C/e {——12‘1+—HQ}d,
U mPO-20)" T 229"

for any x € I, where C' > 0. Let I = (0, 00) and take ¢ = 1. We compute

1 2]’61 2]{32
o+:—0/ S — . R VNS
sOH) ==C el = Gsa—ag? T G _2g?  TW T

when 2¢ > 1, thus by [KS88, Prop. 5.22¢| we have that P(info<; V; > 0) = 1.)
The steady-state level of V; is? k; /ky and the rate of mean-reversion is ko.

System (3.1.1) for p = ¢ = 1/2 is the Heston model. When ¢ = 1 we
get the Brennan-Schwartz model [BS80, Sec. II| that despite its simple form,
cannot provide analytical expressions for .S;.

Process (V;) for ¢ = 1/2, is know as the CIR process, see Example 1.3.8,
has received a lot of attention and we just mention the latest two contri-
butions to the study of such processes (see [Alf13], [Hall5c| and references
therein).

Process (V;) for 1/2 < ¢ <1 has been also considered for the dynamics
of the short-term interest rate [CKLS92, (1)]. The stationary distribution of
the process has also been derived in [AP07, Prop 2.2].

We aim for a positivity preserving scheme for the process (V;). The scheme
that we propose, and denote semi-discrete (SD), preserves the analytical
property of (V;) staying positive. The idea of the semi-discrete method is

2 1t holds that EV; — ki /ks as t — oo.
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that we discretize a part of the original SDE and then apply It6’s formula
(cf. [Hall2] where the method originally appeared and [Hall4|, [Hall5d],
|[HS16]). The explicit Euler scheme fails to preserve positivity, as well as
the standard Milstein scheme. We intend to apply the semi-discrete method
for the numerical approximation of (V;) in model (3.1.1) with 1/2 < ¢ < 1
and compare with other positivity preserving methods such as the balanced
implicit method (BIM) (introduced by [MPS98, (3.2)] with the positivity
preserving property [KS06, Sec. 5| and its stability properties [AKO06]; see
also [AK12| for an extended balanced method with better stability behavior)
and the balanced Milstein method (BMM) [KS06, Th. 5.9].* Finally, we
approximate the stochastic volatility model (3.1.1) with p = 1/2. In |K.J06]
a thorough treatment can be found, where also another stochastic volatility
model is suggested.

Section 3.2 provides the setting and the main results, Theorems 3.2.2 and
3.2.4, concerning the L£2-convergence of the proposed semi-discrete method
to the true solution of mean-reverting CEV processes of the form of the
stochastic volatility in (3.1.1). The rate of mean-square convergence in The-
orem 3.2.2 is logarithmic and in Theorem 3.2.4 is polynomial with magnitude
%(q— %) The main ingredient of the approach we adopt, inspired by [Hall5¢|,
is a change of the initial Brownian motion (V) to another Brownian motion
(Wt) justified by Lévy’s martingale characterization of Brownian motion, see
Theorem A.3.9.

Section 3.3 is devoted to the logarithmic rate of convergence of the pro-
posed semi-discrete scheme, while Section 3.4 concerns the proof of the poly-
nomial rate of convergence. In Section 3.5 we briefly discuss the case where
we do not alter the initial Brownian motion (W;). This approach produces
reduced convergence rate. Finally, Section 3.6 presents illustrative figures
where the behavior of the proposed scheme, regarding the order of conver-
gence, is shown and a comparison with BIM and BMM schemes is given.
In Section 3.7 we treat the full model (3.1.1) for a special case. Concluding
remarks are in Section 3.8 and in Appendix D we briefly present numerical
schemes for the integration of the variance-volatility process (V;).

3 We give in Appendix D the form of all the above schemes for the approximation of
(Ve)-
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3.2 The setting and the main results.

We consider the following SDE

¢ ¢
(3.2.1) Ty = To +/ (k1 — koxs)ds +/ k3(xs)dWy, te€[0,T],
0 0

where ky, ks, k3 are positive and 1/2 < ¢ < 1. Then, Feller’s test implies that
there is a unique strong solution such that x; > 0 a.s. when xy > 0 a.s. Let

(3.2.2)
(k3)? 2¢—1 (ks)” 2q-1
— — k ]. — 9 T T A 1 A AN 1 - k 0 (1 L L.OAN) !
folwy) =k = ka1 = )z = a5 oAy YT IA T katA)
flzﬂ;y) f;(;)
and
(3.2.3) g(w,y) = ks /7,

where f(x,z) = a(z) = k1 — kox and g(x, z) = b(z) = kg9,
Let the partition 0 =ty < t; < ... <ty =T with A =T/N and consider
the following process

t t
v2P(q) = v, + fi(ye,, ve) - A+ / fo(ys,)ds + / sgn(2)9 (Y., ys) AW,
tn tn

with yo = x( a.s. or more explicitly

SD (k3>2 2q—1
= — — B i 7 — - A
v, (q) Yt, T+ (/ﬁ ko(1 — )y, (1 + ka2 >(ytn) a0y,
(3.2.4) +/t &f (o )2 s + kg (g, )" / sgn (2,)y/Fed V.
/N " 4(1+l€26 ) tn 3\Ytn . S s S

for t € (t,, tny1], where 8 € [0, 1] represents the level of implicitness and

_ ks -3
(3.2.5) zZp = \/%—I— 2(1 n kQQA) (ytn) (Wt th)>

with

]{TQA ) k’lA (k?))z

2. = 1- a
(3.2.6) yn =1y, ( 1+ ky0A 1+ kA 4(1 + k0A)

2 (ytn)2q_1A'
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Process (3.2.4) is well defined when y,, > 0 and this is true when
1 1
—(k3)? < 4(ka N K dA2-0) < —.
(1+k29A)( 3) < dlkz A k) and A )< ko

Furthermore, (3.2.4) has jumps at nodes t¢,. Solving for y;, we end up with
the following explicit scheme

v’ = vy +/t k), -t
t n . 4(1+k20A)2 tn

ks L
bt T 1 AN 2 Sd S
(327) e Al AN

with solution in each step given by [KP95, (4.39), p.123]

v (a) = ()%,

which has the pleasant feature 372 (g) > 0.
Inspired by |Hall5c| we remove the term sgn(zs) from (3.2.4) by consid-
ering the process

t
W, ::/ sgn(zs)dWs,
0

which is a martingale with quadratic variation < Wt,Wt >= ¢ and thus
a standard Brownian motion w.r.t. its own filtration, justified by Lévy’s
theorem. Therefore, the compact form of (3.2.4) becomes

t
20 =t [ = b= 0~ ot
0

+ / By — k(1 — 0o, — —B)° et _poon Y as
: m T AL+ ko0A)

t —~
(328) ‘|’k’3 / (yg)qfﬁvydem
0

for t € (t,,tn+1] where § =t;,s € (t;,tj11], j =0,...,n and

~ { tj+1, for s € [tj,tj+1], =0
=0,.

ST\t for s€ [ty ] om— L

Consider also the process

t t N
(329) %t = X9+ / (kl — k‘gfs)ds + / k’3(53)qu5, t e [O, T]
0 0



64 3. Sub-linear stochastic differential equations

The process (z;) of (3.2.1) and the process (7;) of (3.2.9) have the same
distribution. We show in the following that Esupy<,<p 17" (q) — Tuf* —
0 as A | 0 thus the same holds for the unique solution of (3.2.1), i.e.

Esupg<,<p 477 (¢) — 24> = 0 as A | 0. To simplify notation we write W, (Z;)
as W, (x;). We end up with the following explicit scheme
(3.2.10)

vP(q) =y +/t ) (y0,)*" " ds +
¢ S TR VN e

[NIES

ks ” /t
— VYsdW,
1+k26A<yt") . VY

where y,, is as in (3.2.6).
Assumption 3.2.1 Let the parameters ky, ko, ks be positive such that

1

m(kg)Q < A(ka N ky)

and consider A > 0 such that A(2—0) < é, for 0 € [0, 1]. Moreover assume
o >0 a.s. and E(zo)? < A for some p > 4. O

Theorem 3.2.2 [Logarithmic rate of convergence| Let Assumption 3.2.1 hold.
The semi-discrete scheme (3.2.10) converges to the true solution of (3.2.1)
i the mean-square sense with rate given by

bl

C
3.2.11 E sup [v7P(q) — > < ————
(3.2.11) Ogthlyt (@) —z|* < A

where C' is independent of A and given by

C = 32 S (k) T2E0T 00 ba
€

Y

wher60<e<q—%. O

Assumption 3.2.3 Let Assumption 3.2.1 hold where now xoy € R and xq >
0. O

Theorem 3.2.4 /Polynomial rate of convergence| Let Assumption 3.2.3 hold.
The semi-discrete scheme (3.2.10) converges to the true solution of (3.2.1)
i the mean-square sense with rate given by,

(3.2.12) E sup |yPP(q) — x> < CA63),
0<t<T
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where

C = 16(ks)* T/ As(wo + k1 T)?1/ Asg s (266(k2)2T2 N S_L[i(%)(l_q)yw) :

Cyxk is a constant described in (3.4.7), X is an appropriately chosen positive

parameter which satisfies (3.4.8) and always ezist, v(\) = m -1
a

and € > 1.

In the following sections we write for simplicity y2? or y; for yP(q).

3.3 Logarithmic Rate of Convergence.

3.3.1 Moment Bounds.

Lemma 3.3.5 [Moment bound for SD approzimation/ It holds that

E sup (yt>p S ApE(xO + le)pv

0<t<T

for any p > 2, where A, := exp {p(p;)(kzg)Q (’)2;1?1 + E) T} . O

Proof of Lemma 3.3.5. We first observe that (y;) is bounded in the following
way

¢ ¢
0<y < x +/ kyds + k?3/ (?/é)q_%\/ ysdWy
0 0

¢
< xo+ kT + k’3/ (Ys)T 2 /Yy dW, := uy
0

a.s., where the lower bound comes from the construction of (y;) and the upper
bound follows from a comparison theorem. We will bound (u;) and therefore
(yt), since 0 <y < uy a.s. Set the stopping time 75 = inf{t € [0,7] : u; >
R}, for R > 0 with the convention inf () = co. Application of Ito’s formula
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on (U, )P implies
-1 tATR
(Utnrg )" = (0 + k1 T)P + I%(k‘?))z/ (us)? 2 (ys)*" 'ysds
0

t/\TR
+pk3/ ()P ()72 s d WV
0

-1 tATR
S (l’o + le)p + p(pT)(/fg)2 / (us)p’l(yg)%’lds + Mt
0

-1 tATR -1 2p—1
< (20 +kiT) + %(kzgf / (%w + () ) ds + M
0
_ 1 _ 1 2p71 tATR
S (J]O + k’lT)p + %(k3)2 (% + D ) /0 (Us)pdS + Mt7

where in the second step we have used that 0 < y; < u,, in the third step the
inequality

-1 1
P™ +

p per™
valid for t Ay > 0 and p > 1 with e = %, in the final step the fact % <qg<1
and

y<e

p
Y

tATR )
M, = phy / ()P ()4 ed V.
0

Taking expectations in the above inequality and using that M, is a local
martingale vanishing at 0, we get

—1 o T N
E(uinrg)? < E(:co+k1T)p+Z¥(k‘3)2 (p—zp = ) / E(uspry ) ds
0

< Blzo+ b T) exp {@(/@,)2 (% + 2?) T}

< APE(I'() + k‘lT)p,

where we have applied the Gronwall inequality (B.3.6).We have that

(yt/\TR)p = (yTR)pH{TRSt} + (yt)p]l{t<TR} 2 (yt)p]l{t<TR}7

thus taking expectations in the above inequality and using the estimated
upper bound for E(ui,, )P we arrive at

E(yt)p]l{t<TR} S E<yt/\TR)p S I[‘—1-:'(ut/\7'R)p S ApE<x0 + le)p,
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and taking the limit as R — oo, we get
}%gﬂ E(yt)pﬂ{t<7—R} S AP]E(IO + k’lT)p.

Let us fix t. The sequence of stopping times 7x is increasing in R and ¢t A
Tr — t as R — oo, thus the sequence (y;)"If;<-,) is non-decreasing in R and
(Ye)PLit<rpy — (y)? as R — oo. Application of the monotone convergence
theorem, see Theorem B.1.1 implies

E(y)? < ApE(xo + ki T)?,

for any p > 2. Using again Itd’s formula on (u;)P, taking the supremum
and then using Doob’s martingale inequality on the diffusion term we bound
E supg<; < (u¢)? and thus Esupge,«p(ye)?. O

Lemma 3.3.6 [Error bound for SD scheme/| Let ng be an integer such that
S € [tn,,tn,41]. Then

Elys — ysP < ApAp/2> Ely, — ys|? < ZpApﬂ’

for any p > 0, where the positive quantities /lp, gp do not depend on A. O

Proof of Lemma 3.3.6. First we take a p > 2. It holds that
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s tng+1
=il = | [ (= ka1 = O~ )+ [

s ns

tnet1 tns k)2 (4 2q—1
— / kaOysdu + / <k1 — ko(1 = O)y,,. — M) du
s s 2

+k3 / (yu) 7%\/76”/[/“

< 5t ’/ (k1 — ko1 — 0)ya — kaOyz) du|p+(k2)p9p(y§)p(tns+1 —tn,)?
(ks) (g, )27" :
pop _ (k1 — k(1 —6 — " )d
(k/’Z) 0 (y&) n5+1 S / 1 2 )ytns 4(1+k29A) ) u
#liay] [ o vmanp)
< 5 Jt, — s / by — Fa(1 = B)ya — kobyal” du
tn

s

P

(k) (ye,)* !
e 41+ kafA)

P

+(k2)P0" ((ys)" + (y5)") AP + [kr — ko(1 — O)y

] [ )t vmap).
tng
where we have used the Cauchy-Schwarz inequality. Taking expectations in
the above inequality and using Lemma 3.3.5 and the BDG inequality (B.3.5)
on the diffusion term we conclude

(331) ]E|ys - y§|p S ApAp/27

where the positive quantity Ap except on p, depends also on the parameters
k1, ko, k3,8, q, but not on A. Now, for 0 < p < 2 we get

2
Elys — ys? < (Elys — ys?)"" < A,A772,

where we have used Jensen’s inequality for the concave function ¢(x) = 2?/2,
Following the same lines, we can show that

]E|ys - y§|p S gpAp/Qa

for any 0 < p, where the positive quantity gp except on p, depends also on
the parameters ki, ko, k3, 0, ¢, but not on A. n
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For the rest of this section we rewrite again the compact form of (3.2.8)
in the following way

t t tnt1
(3.3.2) y” _950+/ fe(yg,yg)der/ g(yg,ys)dWer/ J1(Ye, ye)ds,
R 0 0 o Je

-~

hi

where fy(-,-) is given by (3.2.2) and the auxiliary process (h;) is close to (y:)
as shown in the next result.

Lemma 3.3.7 [Moment bounds involving the auxiliary process| For any s €
[0, T it holds that

(3.3.3) Elh, — 5 < C,0%, Eh,P < G,
and for s € [tn, tni1] we have that
Elhs - y§|p S épAp/Qa Il-3|h's - y§|p S 6’pAp/2v

or any p > U, where the positive quantities , ° , C , Cp ao not depena on
Y 0, where th 17 tities Cp, Cy, Cp, Cy, d td d
A. O

Proof of Lemma 3.5.7. We have that

tnt1
/ Ji(ye,,, ys)du

for any p > 0, where we have used (3.3.2). Using Lemma 3.3.5 we get the
left part of (3.3.3). Now for p > 2 and noting that

Elh? < 27'Elh, —y,|? + 22 'Ely, P
< 2TICAP + PTIAE (g + ki T) < G,

p

|h'8 - yslp = S |tn+l - S|p|fl(ytnays)|p7

we get the right part of (3.3.3), where we have used Lemma 3.3.5. The case
0 < p < 2 follows by Jensen’s inequality as in Lemma 3.3.6.
Furthermore, for s € [t,,t,+1] and p > 2 we derive that

Elh, —ysl? < 2°P7'Elhy — yul? + 2P 'Elys — s
< PTLO,AP 4 2T AL NP2 < O AP

where we have used (3.3.1) and in the same manner
E|hy — ys|P < 20 C,AP + 271 A, API2 < C, AP,

The case 0 < p < 2 follows by Jensen’s inequality. O
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3.3.2 Convergence of the auxiliary process (h;) to (x;) in L.

We will use the representation (3.3.2) and write

ht — Ty = /0 (f@(y§ay§) - f9($57$5)) ds +/0 (g(y§’ys) - g(x&xs)) dWs

Proposition 3.3.8 Let Assumption 3.2.1 hold. Then we have

ATz o L\ kot
(3.3.4) sup Elhy — x| < | J3 + 2(k3)*T— | ™,
me m

0<t<T m

for any m > 1, where e,, = e ™™*tV/2 gnd

Jg = 2(]63)2T\/A2E(ZL’0 + k1T>2\/ A4q_2.

O

Proof of Proposition 3.3.8. We use the method of Yamada and Watanabe
[YWT71] as in the proof of Proposition 2.3.4. We have that

(335) E|ht - .Tt| S €m_1 T E¢m(ht — .It),
where ¢,, is the sequence of approximations of |x|. Moreover we find that

Jo(ys, ys) — fo(wg,xs) = (ky — k(1 — 0)ys — koblys) — (k1 — koxy)
= —ko(1 = 0)(ys — vs) — k2b(ys — )
(3.3.6) — k(1 — 0)(hs — ys) + kaB(hy — ys) — (s — 24)

and

||
T
w
/\
\_/
=}
SIS
9
V)
|
a3
w
—~
8
v
~—
_
[\

|g(y§7 ys) - g(xsa $3)|2

INA IN
A
lO
/\
<@
»
/N
= /:
s &
V3
S~—
T
N
|
—
s g
\_§ \_s
vl o
_‘M N—
+ +
= =
= <
Q I
% =
| |
~—~
] 8
™ w
~ S~—
< 2
N S~——
\_/ [\

IA

2(@/ lys — s+ (Vs —$3|)2>
5)* (v

(3.3.7) )2 (Yslys — s 7™ + By — ys| + [hs — 24])

IN
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where we have used properties of Hélder continuous functions and namely
the fact that 27 is g-Hélder continuous for ¢ < 1, i.e. |29 —y? < |x —y|?, and
that x9 is 1/2-Holder continuous since ¢ > 1/2. Application of 1t6’s formula
to the sequence {d,, }men, implies

ht—xt /(b fe(ysuys> f@($57$s))d5+Mt

/ G (P (9(ys, ys) — g(xs, 2,))*ds

S /(k2(1_0)|h5_y5|+k20|hs_y§|+k2|hs_xs|)dS+Mt
0
b2(ks)? 9
T s|Ys — Ys -1 hs_ s hs_ s d
[ Gl = P =l = ) s
t t
< kg(l—Q)/ |h5—y§|ds+k’20/ |hs — ysz s — Ys|ds
0 0
t 2(ks)? ! 2(ks)?T
+k2/ ]hs—x3|ds+Mt+&/ ys!yg—ySIQq’lderi,
0 mep, 0 m

where in the second step we have used (3.3.6) and (3.3.7) and the properties
of ¢,, and
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Taking expectations in the above inequality yields

t t

B (hy — 22) < ko1 — 9)/ E|h, — yalds + k;Qe/ E|h, — yslds
0 0

2(ks)? 2(ks)?

me,, me,,

t
+k‘2/ Elhs — z4|ds
0

2(ks)*T
N 2ks)°T

t t
/ E|hs — ys|ds + / Eys|ys —y5|2q’1ds+
0 0

R ~ 2(k3)?TC, t
< k(1= TCWVA + kTCIVA + =2 A+ ky | E|hy — x4|ds
mem, 0
2(k3)? /t 2(k3)?T
N v/ E 2 E . 4q—2 N 07
T | VEWVEys —gilds + =2
. ~ 2(ks)2T t
< kyT((1—60)C, +60C)VA + %A + k:Q/ E|h, — x4|ds
m 0
2(ks)2T - v 2(ks)?T
T (k) VAE(zg + kyT)2\/ Ay s AT 2 + (ks) :
me, m

where we have used Lemma 3.3.7 in the second step and Hdélder’s inequal-
ity, Lemmata 3.3.5 and 3.3.6 in the third step and the fact that EM, = 0
(The function d(u) = ¢, (hy — ©.)(9(ya,ya) — g(xu,z,)) belongs to the
space M?([0,]; R) of real-valued measurable F;-adapted processes such that
E [, |d(u)|*du < oo; thus [Mao97, Th. 1.5.8] implies EM, = 0.) Thus (3.3.5)
becomes

=3

A
Elhy — 2] < em_1 4+ JIVA +2(ks)*TC, + J;

1
+ 2(k3)*T—
me, me, m

t
+k2/ E|hs — xs|ds
0

AT3 1 !
< ng - +2(k3)2TE+k2/ E|h5—l’5|d8
m 0
=3

A 1
< (Jg + 2(]{?3)2T—> €k2t,
mem m

where in the second step we have used the asymptotic relations, A" =
1 K
o(AT"2) as A | 0 for any k > 1/2, ey = o(2) as m — 00, VA = o2

1
m mem

for any K < 1 as m — oo, in the last step we have used the Gronwall




3.3. Logarithmic Rate of Convergence. 73

inequality and J3 is as defined in Proposition 3.3.8 while
Jl = kQT((l — 9)01 + 661)

Taking the supremum over all 0 <t < T gives (3.3.4). O

3.3.3 Convergence of the auxiliary process (h;) to (x;) in L%

Proposition 3.3.9 Let Assumption 3.2.1 hold. Then we have

Ce
(3.3.8) E sup |h; —z* <

0<t<T In(A)~! ’

where C. is independent of A and given by C, := 32 %(k3)4T2e6T2(’“2)2+k2T,
wher60<e<q—%. O

Proof of Proposition 3.3.9. We estimate the difference |&|? := |hy — z¢|*. Tt
holds that

er=| [ owers) — folwa ) ds + / (ol 1) — gl 2.)) AW
<27 [ (a1 = ), 35|+ Kol — il + ol ds + 201
< 6T (k)21 — 0)? /Ot By — ysl?ds + 6T (ky)?6? /Ot By — yal2ds
+6T(/<:2)2 /Ot |53|2d3 + 2|Mt|2,

where in the second step we have used the Cauchy-Schwarz inequality and
(3.3.6) and

M, = / (950, y5) — 9(0s 7)) AW,

Taking the supremum over all ¢t € [0, 7] and then expectations we have
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T T
E sup \6}]2 < 6T(k2)2(1 — 9)2/ E|hs — y§’2d8 + 6T(k2)292/ E|hs — y;]st
0

0<t<T 0

T
+6T(k2)2/ E sup |&[*ds +2E sup |M,|?
0 0<t<T

0<I<s
T
(3.3.9)  <6T%(ky)*((1—0)2Ay + 62Ay)A +6T(k2)2/ E sup |&*ds
0 0<I<s
+8E|Mr|?,

where in the second step we have used Lemma 3.3.6 and Doob’s martingale
inequality with p = 2, since M, is an R-valued martingale that belongs to
L% We find that

T 2 T
E|M7]> =E / l9(ys, ys) — 9(xs, xs)[dWs| = E/ 19(ys, ys) — g(xs, z5)|*ds
0 0

IN

T
2(k3)’E (/ (yslys — ys[? 7" + |hs — ys| + By — 24]) dS)
0

IN

T T
2(k3)2/ E (ys|y§ - ys‘2q71) ds =+ 2(k3)2/ E‘hs - ys‘ds
0 0

T
+2(/<;3)2/ E|&,|ds,
0

where we have used (3.3.7). Now, Lemmata 3.3.5, 3.3.6 and 3.3.7 imply

T
E|Mp2 < JoVA2T 4 2(k)2TCLA + 2(k3)2/ E|E,|ds
0

IN

T
J6Aq-%+2(k3)2/ E|&,|ds,
0

where we have used the asymptotic relations, Al = O(Aq’%) for all [ > % as

A | 0 and the quantity Jg is given by Jg := 2(k3)2T\/A2E(a:0 + ki T)24/ A4q_2.
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Relation (3.3.9) becomes

T
E sup |&]* < 8JsAT"T + JyA + 6T(k2)2/ E sup |&[*ds
0

0<t<T 0<I<s

T
—|—16(k3)2/ E sup |&]ds
0

0<I<s

-3

€m

. A 1
< 8JgAT2 +16(ks)?T <J3 + 3(/@%5) ekl

T
+6T(/€2)2/ E sup |&|*ds
0 0<I<s
_1
< 16(ky) 2T IR THOT 020 BE L a0 a2 T 6T h2)
mepn, m

2 1

Y

where we have used Proposition 3.3.8 in the second step with the sequence e,
as defined there, the Gronwall inequality in the last step and the asymptotic
relation A" = o(ng;) as m — oo, for any x > 0 and J; is independent of A
and given by J5 := 6T%(ky)2((1 — 0)2 A, + 62A,).

We take m = vIn A=, with A > 0 to be specified soon and note that
eVImA™ — (A=) as A | 0, since eV = o(n) as n — oo. Moreover we have
that

_1 1
z_ & P esVinAT A3
em 6_mT e7111A2 A*)\

Now, since ¢ > % there is an € > 0 small enough such that g — % —e> 0. We
take A = % and conclude that

Aq—% 1 €%VIHA_2?€
c = Aqi?ie? — O,
m 3

_1
as A — 0 which in turn implies the asymptotic relation 2—= = o(L) as
me m

m — 0o, with the logarithmic rate stated before. We finally artive at

E sup |&[* < 32(kg) T 2ekT+6T"(k2)? 1

)
0<t<T VInA~E

by taking 0 < € < ¢ — %, which implies (3.3.8). ]
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3.3.4 Proof of Theorem 3.2.2.

In order to finish the proof of Theorem 3.2.2 we just use the triangle inequal-
ity, Lemma 3.3.7 and Proposition 3.3.9 to get

E sup \yt—$t|2 < 2E sup \ht—ytl2+2]E sup |r€',5|2
0<t<T

0<t<T 0<t<T

C C
< 20,A% 42 << ,
- ? VInA-1 7 y/In A1

where C' = C(ky, k3, €,T), is given in the statement of Theorem 3.2.2.

3.4 Polynomial Rate of Convergence.

We work with the stochastic time change inspired by [Ber04]. We define the

process
128(k3)%q?

7<t> = A [(ys)l_q N (xs)l_q]2d8

and the stopping time

7 = inf{s € [0, 7] : 6T (ks)?s 4+ v(s) > 1}.

The process y(t) is well defined since x; > 0 a.s. and y; > 0 (see Section 3.2).
The difference |&]? := |hy — x4|? is estimated as in Section 3.3 and we get,
as in (3.3.9), that

(3.4.1) E sup |&° < JsA + 6T(k:2)2/ E sup |&|*ds + SE|M,|?,
0

0<t<r 0<i<s
where 7 a stopping time and .J5 independent of A is as in proof of Proposition
3.3.9. The main difference here will be the estimation of the last term in
(3.4.1). The approach in Section 3.3 resulted in the L' estimation E|&|

where we used the Yamada-Watanabe approach. Now, we use the Berkaoui
approach. Relation (3.3.7) becomes

19(ys,ys) — g(xs, 26)|* < 2(ks)? (yslys — ysl? " 4 (1) — (24)1]?)

2(ks)? (yslys = ys ™) + ()" = (@) () + ()" 77) %

IN

IN

(|hs - ys|2 + |€s|2) (’Ys)la

1
2(ks)? (yslys — ys|*7") + 3
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where we have used the inequality
la? — b7 (a'"? + b'"7) < 2g|a — bl

valid for all a > 0,b > 0 and % < q < 1. Consequently, we get the upper

bound
2

E|M,|* .=

/ 19(ys, ys) — g(zs, x5)|dW,

1 T
< J6Aq2+8/ Elhs — ys|*(7s) ds+8/ E|E|*(vs)'ds

11 1/
< gart g BT B Pds + g [ Bl PO ds
0 0

where we used Holder’s inequality; Jg independent of A is as in the proof of
Proposition 3.3.9. Relation (3.4.1) becomes

E sup |&)* < 8Jg ATz +6T(l€2)2/ E sup |&|*ds
0

0<t<r 0<i<s

T / " VElR, — P VE(G) s + / "EIE, () ds
) 128(ks)2q? ?

GAQ 2 vV O4A 3 ds
> " / \/ [(y s ])

D+ (o

IN

/ E sup |EP(6T (ks)2s +,)'ds

0<I<s

8J5AT2 + /C128(ks)? 2A2/ 1/ xs N 2q

/ E sup |E12(6T (k)%s + s)'ds,
0

0<i<s

IA

where we have used Lemma 3.3.7 in the second step. At this point we want
to estimate the inverse moments of (x;) and to do so we consider the trans-
formation v = 2%272¢ and apply Itd’s formula to get

t 1—2q
v = vg+ / (1 —2¢)(1 — q)(k3)* +2(1 — q)k1(vs) 720 — 2(1 — q)kyv,)ds
0 - - N - 7 W
Ko K Ko

t
+/ 2k3(1 — q) \/vsdWy,
0 Y—n—"

Ks
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for t € [0,T], where vy = (29)*"% > 0. Denote the drift coefficient of the
process (v;) by a(v;) and consider the function

av) i= afv) — A + Koy BLZDNAERTT
(kl) 2q—1

- s

WK)

where A > 0. Some elementary calculations show that this function attains

2—2q
its minimum at v*::<k1572(‘f\;1)) and a(v*) = 0, thus

a(v) > A — (Ky+n(N))v.
Consider the process ((;())) defined through

(3.4.2) G(A) =G+ /Ot()‘ — (K2 +n(N)) G)ds + /Ot K:s\/adWs,

for t € [0,T] with (o(A) = vg. Process (3.4.2) is a square root diffusion process

andwhen%—lz()or

(3.4.3) A >2(1 = q)*(ks)?,

the process is a CIR process which remains positive if (4(A) > 0. By a com-
parison theorem [KS88, Prop. 5.2.18| we obtain that v; > (;(A) > 0 a.s. or
(v)7t < (G(N) 7Y a.s. or equivalently (7;)%72 < (¢;(\))~! a.s. The inverse
moment bounds of (¢;()\)) follow by [DNSI1, (3.1)]

A
sup E(G(N))P < oo, for p > —2—
t€[0,T] K3

by choosing big enough A and particularly such that (3.4.3) holds strictly.
Therefore,

(3.4.4) E sup &% < 8JsA¢ 2 +/ E sup |&[*(6T (k2)*s + 7,) ds.
0<t<r 0 0<I<s
Relation (3.4.4) for 7 = 7; implies
T
E sup (&) < 8Js AT 2 —1—/ E sup (&)*(6T (k)*s + 7,)'ds
0

0<t<m 0<I<s
!
< 8JGAT: —1—/ E sup (&,)%du
0 0<j<u

(3.4.5) 8J5e! AT 2,

IN
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where in the last step we have used Gronwall’s inequality. Using again rela-
tion (3.4.4) for 7 = T and under the change of variables u = 67 (k2)%s + 7,
we get

. 6(k2)2T%+~7
E sup (8,5)2 < 8JgAT 2 +/ E sup (STj)Qdu
0

0<t<T 0<5<u

IA

8J AT 2 +/ E < sup (H{6(k2)2T2+7TZU}5Tj)2> du
0

0<j<u

IN

L 6(ko)2T?
8Js AT 2 —|—/ E sup (&,)%du
0

0<j<u

+ /600 P(6(k2)*T? 4+ vr > u)E ( sup (&,)2({6(k2)*T* + 7 > u}) du

(k2)?T? 0<j<u

< BJgAITT 4 8Jge kT AT 4 / P(yr > uw)E sup (&) du
0

0<j<u

< 16(]666(’“2)2T2Aq_% + 8J6Aq_% / P(vyr > u)edu,
0

where in the last steps we have used (3.4.5). We proceed by showing that
u— P(yr > u)e* € LY(R,). Markov’s inequality implies

P(yr 2 u) < e E(e77),

for any € > 0. The following bound holds

T 2.2 T
0 [(ys)liq + (ms)liq] 0

thus

(3.4.6) E(e97) <E (66128(k3)2q2fgkaw)2q72ds> ’

where —1 < 2¢—2 < 0. It remains to bound the exponential inverse moments
of (x;) defined through the stochastic integral equation (3.2.1). Exponential
inverse moments for the CIR process are known [HK08, Th. 3.1] and are
given by

(3.4.7) Ee® BG4 < e (o) HV VIR,
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K2 s 8
explicitly given in [HKO08, (10)] depends on the parameters ko, k3, T, ¢, but is
independent of (y. Thus the other condition that we require for parameter A
is

2
for0<§< (& — ) K§ _. V(/\)2K§ where the positive constant Cyg is

(3.4.8) A > 2(1 — q)V20(ks) 4+ 2(1 — ¢)%(ks)?.

When (3.4.8) is satisfied then (3.4.3) is satisfied too; thus there is actually
no restriction on the coefficient § in (3.4.7) since we can always choose ap-
propriately a A such that (3.4.8) holds. Relation (3.4.6) becomes

(3.4.9) E(e77) <E (66128(k3)2q2 foT(vs)‘lds> <E (66128(k3)2q2 fOT(gS(,\))—lds> .

We therefore require that

2
2K3

(3.4.10) 128(ks)*q’e < (v(N)"

and can always find a € > 1, such the above relation holds by choosing

appropriately A as discussed before. Relation (3.4.9) becomes

v(X)

E(e") < Cuk(¢)” 2,

and therefore
P(yp > u) < Crpe(ao) PP Neev,

where ) is chosen such that (3.4.10) holds with € > 1. We conclude

E sup (&) < 16.J5e0kT* A9—3 +8J6C'HK(x0)(1_q)V(’\)Aq_é/ e1=9udy,
0

0<t<T

S C'Aq_%>

by choosing € > 1, where C' = C(ky, ko, ks, T, q, €) := 8.J5(2e5021*T* 4 Catrc () (1=a)v()
is as given in statement of Theorem 3.2.4.

3.5 Alternative approach with reduced rate of convergence.

In this section we briefly discuss the case where instead of (3.2.8) we use
directly (3.2.4). Then, Lemmata 3.3.5, 3.3.6 and 3.3.7 still hold, i.e. the
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moment bounds and error bounds of (y7?), as well as the moment bounds
involving the auxiliary process (h;) are true. The proof of the convergence
results follow the same lines as in Sections 3.3 and Section 3.4. The error
& = hy — x; now reads

t

e, = / (foyer ) — folwa, 22)) dst / sen(z2) (9(9er ) — 9(a, 2.)) WV,

The main difference is in the estimation (3.3.7) that now becomes

+ys‘y§ - ys|2q_1 + |hs - ysl + ‘hs - xs|)

The first term on the right-hand side of the above inequality containing the
sgn(zs) will contribute in a negative way to the rate of convergence. We
do not give all the details, but just mention that in order to bound the
expectation of that term, which can be done in the following way,

E(ys)* yslsgn(zs) — 17 = E (4(ye,)*" ysliza<o})

< AE [(ye,)™ ' ys — (01,)]
HE ((41,) "Lz, <0y Ly, <ar-2¢y) +4E (4e,) Lz, <0y Ly, >a1-2¢})
< AE |(6,)*7  (ys — wr, )| + 4071

+4v/E(y, )41y P ({25 < 0} N {yy, > AI7%}),

we need to estimate the probability of z; being negative when at the same
time y;, > A7% for 0 < £ < 1.

Lemma 3.5.10 For every t € [t,,t,+1] it holds

(3.5.1) P ({Zt < O} M {ytn > Ali%}) < CkQ,k?)’g’A\/Z,
._ k: (ks)?
where Ci, ks o.n = m and A(2 —0) < 1?12 and UJrI:TA) < 4ks.

Relation (8.5.1) implies that P ({z, < 0} N {y,, > A"%}) = O(VA), as A |
0. O
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Proof of Lemma 3.5.10. By the definition (3.2.5) of (2;) for t € [t,,, t,+1] and
for 0 < £ < 3, we have for the following event A := {z, < 0} N {y,, > A"}
that

1 2(1 + kA B
A = {(ytn)q2(Wt - W) < 20 1 ka0A) k: 2 )\/yn} N {y, > A%}
3

(35.2) C Ay U Ay,

where
Avi= {wimw, < 2R g e o g, 2 1,
and
A= {wi-wi, < 2EERER g e 0 (s g, > A1,

The following inclusion relations hold for the event Ay,

ks)2 Ay, )21
A C {AW, < —w\/ytn(l ke A )_ (k3)2A(yr,,)

s, )72 T T k0A) T AL ka0A)?
Ny, > 1}
_ _ 2

a ks 1+ koA 4(1 + ko A)2

c JAW 2 V- k(2 - 0)A)(1+ k0A)

B Vt_tn_ k?) \/t—tn
when A(2—0) < L and 7% < 4ky, where AW, := W, — W, . We obtain
(3.5.3)

_6 1 9 _6 9 oo 2 67('8)2/2
P(GS—B):/ \/—Q_We_“ /2du§/ e /2du:/5 e W du < 7

for every standard normal random variable GG, where in the last step we have

used [KS88, (9.20), p.112] valid for 5 > 0. Using the fact that jx/—t’; is a

standard normal r.v. and ignoring the exponential term in (3.5.3), since its
exponent is negative, we get that

ks
(3.5.4) P(A;) < 2 /(1 — k(2 — O)A)

Vi—t, < Ck2,k3797A\/z.
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The following inclusion relations hold for the event A,,

Ay
c {Awn 20 +k29A)\/ L h(1-0)A kA (,@wytn)gql}

T —

ks(ye, )2 L+ ke0A L+ koA 4(1 + kyfA)?
N{1 >y, > A%}

Q{Aan—W\/A1251_’@(1_9>A+(,ﬁ_4 (k3)? ) A }

3 1+ koA (1 + k20A) 1 + kpfA
cd AW, 2 VI =k (1=0)A)(1+ ]”M)AH
“\VE—tn ks Vi—t,

when A(1 —0) < é and % < 4k;. Using again (3.5.3) we have that

k;3 1 2 (-ko(1-0)A)(A+kgbA) n1-2¢
P(A VI— 1, A2 (k)2 Vitn
() < 2 /(1= ka1 — O)A) "
(3.5.5) i Afe Ty 1R ImDA 1HRIAATE

<
T 2y/(1 = k(1 —0)A)

Taking probabilities in the inclusion relation (3.5.2) and using (3.5.4) and
(3.5.5) we get

P(A) < P(A)+ P(4y)

ks — 2 (1—k2(1—0)A) (1 +k20A) A2
< Ci,k VA + Afe Bar?
- Fa ks 0.8 2\/(1 — ]{32(1 — Q)A)

< Ckg,kg,@,A\/Z7
. g _A72§ - . o k
since ASe = o(v/A) as A | 0. Finally, note that Cho ks 0.8 = %/m —
ks as A | 0 which justifies the O(v/A) notation. ]

Applying Lemma 3.5.10 we obtain for s € [t,, t,41] that

E(ys)* 'yslsgn(zs) — 1I° < 4v/E(ye, )2V Elys — e, [2 + 447071

+4+/ E(ytn)‘lq\/ Ckg,kg,e,A\/Z

< /A oE o + b T)a2y AgV/A 4 4n2-ie
+4\/A4qﬂi($0 + ki T)4 Okg,kg,@,AAi,
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where we have used Lemmata 3.3.6 and 3.3.5 in the final step. For ¢ = %— qu
we get the estimate
(3.5.6)

E(ys)Qq 1ys]sgn(zs) — 1\2 <4 (\/A4q To + k1 T)*Chy s .0 V 1) Ai

which in turn implies

Ai AT 2 1
(3.5.7) sup E|&| < (Jg + J3 + 3(k3)2T—> ekl
me m

0<t<T

J _12]€3 \/A4q .2130—|-k’1 )q0k2k39A\/1)

and J§ := (3/2)J;. We use the process 7(t) := (192/128)~(t) and following
the same lines as in Section 3.4 we conclude

E sup [yP(q) — zi|? < CAl-DN
0<t<T

where

C
C =8(Jy V JI) ( 6ke)*T* - i”i (o )<1—q>”@>) .

3.6 Numerical Experiments.

We discretize the interval [0, 7] with a number of steps in power of 2. The
semi-discrete (SD) scheme is given by

T\ o A (k)2
SD _ 1— _ he= 1 _ 2¢—1
Yinsa (\/yt" ( T3 508 ) T T ko A1 1 ko) V)
ks ) 2
M VAW
TN ”) )

forn = 0,...,N — 1, where AW, == W, ., — W, are the increments of
the Brownian motion which are Gaussian random variables with AW,, ~
N(0,A).

The ALF (Alfonsi) scheme [Alf13, Sec. 3] is an implicit scheme which
requires solving the non-linear equation

(3.6.2)
Yo = Y, +(1—q) (ks (Yn+1)1;’q" — koY1 —

(3.6.1)

Q(k3)2

(Yn+1>_1)A+k3<1_Q)AWm
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and then computing y;iﬁf = (Ynﬂ)l%q. The estimation of Y, in (3.6.2) can
be done for example with Newton’s method, but requires a small enough A.*
We also consider a scheme recently proposed in [Hall5c| using again the SD
method, but in a different way,

(3.6.3)
yiff(‘]) = |(Ys, (1 — ko A) + k1 A —

k3)2A pe=
TR () =0 4 k(1 — )10, [

for n = 0,..., N — 1. Note the similarity in the expressions of (3.6.3) and
the SD scheme (3.6.1) proposed here. This is not strange, because they both
rely in the same way of splitting the drift coefficient. In particular, in the
explicit HAL scheme, the following process is considered

(3.6.4) oy () =y + filye,) - A+ /t falys)ds + /t sgn(zs)g(ys)dWs,

for t € (t,, tny1] with yo = x¢ a.s. where now

2 2
f(z) =k — kox — _Q(];S) 2?7 4 —q(k;) gt g(x) = ka*

N J/ N J/
-~ -~

f1(z) fa(z)
and

Q(k3)2A
2

1—q
2 = (ytn(l — by A) + kb A — (ytn)Q‘H) + k3(1 — @) (W, — W,,).

A comparison with (3.2.2) and (3.2.3) shows that fa(z) = 2¢f2(z) and §(z) =
g(x,z), for 6 = 0. We write (3.6.4) again as

k 2 t k
y!'q) = w,+ (/ﬁ — kayr, — a(ks) (ytn)Qq_1> A —|—/ q(ks)”
tn

3)2(y )%~ lds
2 2 s

t
(3.65)  +hy / sgn(z2) () AW
tn
and the process (3.6.5) is well defined when

2 2
3.6.6 ka)? < Zk dA< — =
(3.6:6) (ha)” < ) SR (I

4 In the CIR case, i.e. when ¢ = 1/2 (3.6.2) simplifies to a solution of a quadratic
equation.
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The reader can compare again with (3.2.4) for # = 0. Solving for y;, we end

up with y74Z(q) = |z|74. The main result in [Hall5c| is

ElyfAl — a2 < O A3,

when (3.6.6) holds, implying a rate of convergence at least ¢(q — 3) which is
bigger than the rate of convergence of the SD scheme proposed here which
is at least 1(q — 1) (see Th. 3.2.4).

We also consider two more linear-implicit schemes that were stated in
the introduction and discussed in Appendix D. Namely, we compare with
the balanced implicit method (BIM) with appropriate weight functions to
guarantee positivity (|[KS06, Th. 5.9]), which reads

BIM (o) — Yt + k1A + k3(ye, ) (AW, + |AW,|)
Ytua 1+ kol + ka(ye )L AW,

and the balanced Milstein method (BMM) with the suggested weight func-
tions [KS06, Th. 5.9] that is given by

(3.6.7)
BMM () _ Yt + (k1 + (© = Doy, )A + k3(ys, ) IAW,, + 7(1(];3)2 (ye, ) (AW,)?
tri1 14 OkyA + q(/€23)2 |ytn‘2q_2A .

We take the relaxation parameter © to be 1/2 as recommended in [KS06,
(5.10)].

We aim to show experimentally the order of convergence for the above
positivity preserving methods for the estimation of the true solution of the
CEV model (3.2.1), i.e. the semi-discrete methods SD (3.6.1) and the HAL
scheme (3.6.3), as well as the implicit ALF scheme (3.6.2) and the linear-
implicit schemes BIM and BMM. The choice of the parameters is the same
as in [KJ06, Fig. 6] with k3 = 0.4. In particular (zo, ki, ko, k3,q,T) =
(15:16,1,0.4,2,1).

Furthermore, we would also like to reveal the dependence of the order of
the semi-discrete methods on ¢, i.e. we want to verify our theoretical results
and in particular the order shown in Theorem 3.2.4. We take the level of
implicitness of SD method (3.6.1) to be # = 1, i.e. we consider the fully
implicit scheme. We also discuss about the fully explicit scheme, that is,
when 6 = 0, but also an intermediate scheme 6 = 1/2, in Section 3.7.

We want to estimate the endpoint £2norm ¢ = /E|y(®)(T) — 7|2, of
the difference between the numerical scheme evaluated at step size A and
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the exact solution of (3.2.1). For that purpose, we compute M batches of L

simulation paths, where each batch is estimated by €; = %Zle ]yi(ﬁ) (T) —

yi(;ef)(Tﬂ2 and the Monte Carlo estimator of the error is

M L

1 A re
=\ 777 2 2 s (1) = u (D,

j=1 i=1

>

and requires M - L Monte Carlo sample paths. The reference solution is
evaluated at step size 27 of the numerical scheme. For the SD case, we have
shown in Theorems 3.2.2 and 3.2.4 that it strongly converges to the exact
solution. We simulate 100-100 = 10000 paths, where the choice for L = 100 is
as in [KPS03, p.118]. The choice of the number of trajectories M - L = 10* is
also considered in [TZ13, Sec. 5| where a fundamental mean-square theorem
is proved for SDEs with super-linear growing coefficients satisfying a one-
side Lipschitz condition, but unfortunately it is not positivity preserving. Of
course, the number of Monte Carlo paths has to be sufficiently large, so as
not to significantly hinder the mean-square errors.

We plot in a log,-log, scale and error bars represent 98%-confidence inter-
vals. The results are shown in Table 3.1 and Figure 3.1. Table 3.1 does not
present the computed Monte Carlo errors with 98%-confidence, since they
were at least 9 times smaller that the mean-square errors.

Step A | SD(# =1) | HAL ALF BIM | BMM
270 0.0352 | 0.0357 | 0.0443 | 0.0333 | 0.0358
27 0.0351 | 0.035 | 0.0445 | 0.0335 | 0.0357
279 0.0346 | 0.0351 | 0.0203 0.033 | 0.0352
2~ 11 0.0332 | 0.0337 | 0.0195 | 0.0317 | 0.0337
213 0.0251 | 0.025 | 0.0146 0.025 | 0.0253

Tab. 3.1: Error and step size of fully implicit SD, HAL. ALF, BIM and BMM
scheme for (3.2.1) with (g, k1, ka2, ks, ¢, T) = (55, 15, 1,0.4, 3, 1).

In Table 3.3 we present the computational times,® of fully implicit SD,

HAL, ALF, BIM and BMM, for the same problem. Figure 3.2 shows the

5 We simulate with 3.06GHz Intel Pentium, 1.49GB of RAM in Matlab R2014b Software.
The random number generator is Mersenne Twister. The evaluated times do not include
the random number generation time, since all the methods we compare, involve the same
amount of random numbers.
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Fig. 3.1: Convergence of fully implicit SD, HAL, ALF, BIM and BMM schemes
applied to SDE (3.2.1) with parameters o = k; = 1—16,1432 = 1,kg =
04,q=3/4and T = 1.
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Step A | SD(# = 1)-Rate | HAL-Rate | ALF-Rate | BIM-Rate | BMM-Rate

27 0.002 0.013 —0.003 —0.006 0.002
279 0.107 —0.002 0.568 0.012 0.011
2~ 0.029 0.029 0.026 0.028 0.031
213 0.203 0.216 0.21 0.172 0.208

Tab. 3.2: Experimental rates of fully implicit SD, HAL ALF, BIM and BMM

scheme for (3.2.1) with (zo, k1, ko, ks3,q,T) = (%, 1—16, 1,0.4, %, 1).

relation between the error and computer time consumption. As one can see
from Table 3.3 the CPU times for ALF are at least 1000 times bigger than
the other schemes, thus we choose in Figure 3.2 to restrict our attention to
the rest of the methods.

We show, in Table 3.4, the £2-distance between our proposed method
and the other methods for the numerical approximation of (3.2.1). We work
as before and estimate the distance

L

M
1
(3.6.8) d(GH) = | 777 22 > 5 @) =y @)P,

j=1 i=1
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Step A | Implicit SD HAL ALF BIM BMM
270 0.0000130 | 0.0000164 | 0.0221883 | 0.0000174 | 0.0000196
27 0.0000422 | 0.0000558 | 0.0841705 | 0.0000584 | 0.0000657
279 0.0001586 | 0.0002137 | 0.2453943 | 0.0002207 | 0.0002482
2-11 1 0.0006243 | 0.0008437 | 0.9768619 | 0.0008703 | 0.0009795
213 | 0.0024975 | 0.0033977 | 3.9096332 | 0.0034785 | 0.0039143

Tab. 3.3: Average computational time (in seconds) for a path, for different dis-
cretizations, for all considered positivity preserving methods for the
mean-reverting CEV process (3.2.1) with ¢ = 3/4.

between method G and H, by considering sufficient small A, and in particular
for A =1072,1073,107%.

Step A | d(SD,HAL) | d(SD,ALF) | d(SD,BIM) | d(SD,BMM)

1072 0.0005727 | 0.0716140 | 0.0038373 0.0005312
1073 0.0001577 | 0.0286630 | 0.0013460 0.0001564
1074 0.0000498 | 0.0283117 | 0.0004448 0.0000498

Tab. 3.4: The £2-distance between all the considered numerical schemes applied to
SDE (3.2.1) with parameter set g = k1 = =, ko = 1,k3 = 0.4,¢ = 3/4

16
and T = 1.

Finally, we examine the behavior of all the methods for a value of the
parameter ¢ close to 1/2. The results are shown in Table 3.5.

Step A | SD( =1) Rate | HAL Rate| BIM Rate| BMM Rate
2-10 0.05913 — | 0.05967 — | 0.05582 — | 0.05966 —
2~ 0.05818 0.023 | 0.05867 0.024 | 0.05503 0.021 | 0.05867 0.024
212 0.05458 0.092 | 0.05499 0.094 | 0.0518 0.088 | 0.05499 0.096
2-13 0.04407 0.309 | 0.04429 0.312 | 0.04244 0.287 | 0.04429 0.312

Tab. 3.5: Error and step size of fully implicit SD, HAL, BIM and BMM scheme for
(3.2.1) with (zo, k1, k2, k3, ¢, T) = (35, 75, 1,0.4,0.55,1).
The following points of discussion are worth mentioning.

e The performance of all methods, as shown in Table 3.1 and Figure
3.1, implies, in terms of error estimates, that the implicit ALF scheme
performs better, for values of discretization steps A < 279, All the
other methods, i.e. the semi-discrete SD and HAL, the BIM and BMM
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Fig. 3.2: Strong convergence error of the mean-reverting CEV process (3.2.1)

as a function of CPU time (in sec) using positivity preserving schemes
SD,HAL, ALF, BIM and BMM with z¢g = k; = %,kg =1,k3=04,9 =
3/4,T =1 and 32 digits of accuracy.
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have a similar behavior for all values of A w.r.t. error estimation as
Figure 3.1 shows. The similarity of SD, HAL, BIM and BMM is also
indicated in Table 3.4, where we see how close they are w.r.t. the £-
norm. Nevertheless, Table 3.4 also shows that in order to get an accu
racy to at least two decimal digits, which in practice may be adequate
concerning that we want for example to evaluate an option and thus
our results are in euros, we are free to use any of the above available
methods. We may then choose the fastest one, as will be discussed
later on.

The experimental strong order of convergence of implicit SD for prob-
lem (3.2.1) is 1/5 (at least 1/2(¢ — 1/2) = 1/8 as shown theoretically
and presented in Table 3.1). We also see that all methods converge
with similar orders and the theoretically rate 1 of the ALF method
[Alf13] does not hold for these values of A. Thus, again we see that
the rate in practical situations does not necessarily matter, if one has
to consider very small values of A to achieve it. Moreover, we present
in Table 3.6 the performance of the explicit SD method and see that it
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is very close to the implicit, which is of course natural to happen.

Step A | 98%-SD-Error(d = 0) | Rate

27 0.0344244 —

29 0.0342415 | 0.0038
2- 11 0.0331273 | 0.0239
213 0.0250195 | 0.2025

Tab. 3.6: The performance of fully explicit SD scheme (3.6.1) applied to SDE
6>

(3.2.1) with parameter set (xo, k1, ko, k3, q,T) = (11—6, li 1,04, %, 1)

e Table 3.5 concerns the case where the parameter ¢ is 0.55. We do not
present the ALF method since it required smaller values of A. All the
methods again behave quite the same, with the BIM performing better
w.r.t. error estimation.

e In practice, the computer time consumed to provide a desired level of
accuracy, is of great importance. Especially, in financial applications,
a scheme is considered better when except of its accuracy, it is imple-
mented faster. As mentioned before, the SD method as well as the
HAL method performs well in that aspect, compared to the implicit
ALF method, which requires the estimation of a root of a non-linear
equation in each step and is therefore time consuming. This is pre-
sented in Table 3.3 and Figure 3.2 which illustrates the advantage of
the semi-discrete method SD, performing slightly better than HAL and
BMM, better than BIM, and of course a lot better compared with ALF
(over 1000 times quicker to achieve an accuracy of almost two deci-
mal digits.) Moreover, the explicit SD, performs slightly better in that
aspect, as shown in Table 3.7.

e A negative step of a numerical method appears when the computer-
generated random variable exceeds a certain threshold, which tends to
increase as the step size A decreases. Thus, the undesirable effect of
negative values that are produced by some numerical schemes (such as
the explicit Euler (EM) and standard Milsten (M)), tends to disappear,
since after a certain small step size, the threshold exceeds the maximum
standard normal random number attainable by the computer system.
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Step A | Time/Path(in sec): Fully Explicit SD (Implicit)
27° 0.000013  (0.000013)
97 0.0000411  (0.0000422)
279 0.0001545 (0.0001586)
211 0.0006048 (0.0006243)
213 0.0024319 (0.0024975)

Tab. 3.7: Average computational time for a path (in seconds) for fully explicit SD
method for ¢ = 3/4.

3.7 Approximation of Stochastic Model (3.1.1).

So far we have focused on the process (V;), which is one part of the two-
dimensional system (3.1.1). Nevertheless, it can be treated independently,
since the only way that it interacts with the process (S;) is through the
correlation p of the Wiener processes. First we apply [t6’s formula on In(S;)
to get,

¢ 1 [t t
(3.71) InS; =1In S, —|—/ pdu — 5/ (Vo) *du +/ (Vo)PdW,, tel0,T].
0 0 0

Then, we consider two different schemes for the integration of (3.7.1).°
The first is the EM scheme which reads

tn+1

1
(3.7.2) In SEM =1n S, + pA — 5(vtn)QpA + (V;, )PAW,,,

has strong convergence order 1/2 and is easy to implement. The second
scheme, which is based on an interpolation of the drift term and an interpo-
lation of the diffusion term, considering decorrelation of the diffusion term,
including a higher order Milstein term [KJ06, Sec. 4.2], is denoted IJK and
is given by [KJ06, (137)]

6 The reason for not considering other schemes such as the two-dimensional Milstein
is that they generally are time consuming, since they involve additional random number
generation for the approximation of double Wiener integrals.



3.7. Approximation of Stochastic Model (3.1.1). 93

1JK
S

In + (Viua)?) A+ p(Vi, )PAW,

— ms%+nA——«wg

+§((th)p+

1 —
+§ppk3(Wn)q+p_1((AWn)2 - A).

(3.7.3) (Virid)") (AW, — pAW,)

We therefore consider the EM scheme (3.7.2) combined with SD (3.6.1),
the IJK scheme (3.7.3) combined with SD (3.6.1) and compare with the case
where the stochastic variance (p = 1) is integrated with BMM scheme (3.6.7),
for three different correlation parameters, p = 0, p = —0.4 and p = —0.8 with
So = 100, . = 0.05, as in [KJ06, Sec. 5|. We present in Tables 3.8, 3.9 and
3.10 and Figures 3.3, 3.4 and 3.5, the errors, in the sense of distance (3.6.8),
for all the above considered ways of numerical integration of process (.S;), for
different step sizes, as well as the average computational time (in seconds)
consumed for each discretization.

Step A | EM&SD(# =0.5) | I1JK&SD(# =0.5) | EM&BMM(O = 0.5) | [JK& BMM(© = 0.5)
270 26.901 (0.0000261) | 26.901 (0.0000159) 26.891 (0.00002) 26.890 (0.0000294)
27 27.288 (0.0000919) | 27.288 (0.0000492) 27.277 (0.0000676) 27.277 (0.0001043)
279 27.298 (0.0003595) | 27.297 (0.0001843) 27.289 (0.0002610) 27.288 (0.0004081)
2-11 | 25.057(0.0014255) | 25.058 (0.0007309) 25.051 (0.0010309) 25.051 (0.0016191)
2-13 | 19.441(0.0057322) | 19.441(0.0028928) 19.442 (0.0041177) 19.442 (0.0064721)

Tab. 3.8: 98%-Error, step size and average computational time of numerical inte-
gration of process (S;) using log—Euler or IJK method with SD or BMM
scheme for (3.1.1) with z¢p = k1 = 16,k2 =1,ks = 04,5 = 100,u =
0.05,g = 3/4,T = 1 and correlation p = 0.

Step A | EM&SD(6=0.5) |  1JK&SD(A =0.5) | EM&BMM(O =0.5) | 1JK& BMM(O = 0.5)
2775 26.382 (0.0000266) | 26.331 (0.0000161) 26.372 (0.0000202) 26.324 (0.00003)
2-7 26.448 (0.0000951) | 26.396 (0.000005) 26.439 (0.0000691) 26.389 (0.0001081)
29 25.951 (0.0003631) | 25.909 (0.000184) 25.944 (0.0002606) 25.904 (0.0004131)
2711 | 24.540(0.0014506) | 24.494 (0.0007355) 24.531 (0.0010378) 24.486 (0.0016495)
2-13 | 18.738(0.0060748) | 18.749 (0.0030185) 18.735 (0.0042868) 18.747 (0.0068395)

Tab. 3.9: 98%-Error, step size and average computational time of numerical inte-
gration of process (S;) using log—EuIer or IJK method with SD or BMM
scheme for (3.1.1) with z¢p = k1 = 16,k‘2 = 1,k3 = 04,5y = 100, =
0.05,g = 3/4,T = 1 and correlation p = —0.4
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Fig. 3.3: Strong convergence error of the financial underlying process (S;), as a
function of CPU time (in sec) using log-Euler or IJK method with SD
or BMM scheme for (3.1.1) with 2o = ki = &, ks = 1,ks = 04,5 =
100, 4 = 0.05,q = 3/4, T = 1 and correlation p = 0.
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Figures 3.3, 3.4 and 3.5 indicate that in all cases the favorable choice is
to integrate (S;) using IJK method combined with the SD scheme for (V;) in
model (3.1.1). The IJK-SD approximation of system (3.1.1) seems to be the
better one, w.r.t. CPU time, for every correlation coefficient considered.

3.8 Conclusion.

In this chapter, we exploit further the semi-discrete method (SD), origi-
nally appeared in [Hall2|, to numerically approximate stochastic processes
that appear in financial mathematics and are meant to be non-negative. In
|[HS16] we examined the Heston 3/2-model, that is a mean-reverting pro-
cess with super-linear diffusion, described by a SDE of the form (3.2.1) with
g = 3/2. Now, we deal with SDEs with sub-linear diffusion coefficients of
the type (z;)? with 1/2 < ¢ < 1. These kinds of SDEs, called mean-reverting
CEV processes, appear in stochastic models, where they represent the instan-
taneous volatility-variance of an underlying financially observable variable.
We prove theoretically the strong convergence of our proposed SD scheme,
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Fig. 3.4: Strong convergence error of the financial underlying process (S;), as a
function of CPU time (in sec) using log-Euler or IJK method with SD

or BMM scheme for (3.1.1) with 2o = k1 = &, ks = 1k = 04,5 =

100, 4 = 0.05,q = 3/4,T = 1 and correlation p = —0.4.
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revealing the order of convergence. The resulting polynomial rate is shown
in Theorem 3.2.2.We present a comparative study between various positivity
preserving schemes and the SD method seems to be the best w.r.t. CPU
time consumption. The advantage of the SD method here is that although
implicit, has an explicit formula and thus requires fewer arithmetic opera-
tions and consequently less computational time. Moreover, our method can
cover cases where (3.2.1) has time varying coefficients, i.e. ki(t), ka(t), k3(t).

We also treat the two-dimensional stochastic volatility model (3.1.1). In
order to do that, we actually integrate the process In(S;) which satisfies
a SDE of the form (3.7.1) and in the end transform back for (S;). We only
consider two different schemes for the integration of In(S;), namely the Euler-
Maruyama (EM) scheme, which is easy to implement and the IJK scheme
[KJ06, (137)] which is shown to be the most efficient method, robust and
simple as EM [KJ06]. We do not apply other two-dimensional schemes, such
as for example the Milstein scheme, since they are in general time consuming,
as they involve approximations of double Wiener integrals which require ad-
ditional random number generation. We therefore combine the EM scheme
with SD ((3.7.2) & (3.6.1)), the IJK scheme with SD ((3.7.3) & (3.6.1))
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Step A ‘ EM&SD(6 = 0.5) ‘ IJK&SD(6 = 0.5
277 25.552 (0.0000263) | 25.455 (0.0000159
2-7 25.670 (0.0000932) | 25.569 (0.0000494
2—9

| EM&BMM(O = 0.5
25.541 (0.0000199

| IJK& BMM(O = 0.5)
25.449 (0.0000296)

) )

) )
( ) 25.659 (0.0000678) 25.564 (0.0001059)
- 25.217(0.0003622) | 25.137(0.0001835) 25.208 (0.0002595) 25.132(0.0004111)
211 23.743(0.0014407) | 23.711(0.0007306) 23.734(0.0010307) 23.707 (0.0016376)
2-13 18.082 (0.005871) | 18.316(0.0029312) 18.078 (0.0041637) 18.312 (0.0066239)

Tab. 3.10: 98%-Error, step size and average computational time of numerical inte-
gration of process (S;) using log-Euler or IJK method with SD or BMM
scheme for (3.1.1) with wg = k1 = 1k, k2 = 1,k3 = 0.4, Sy = 100, p =
0.05,q = 3/4,T = 1 and correlation p = —0.8.

and compare with the case where the stochastic variance (p = %) is inte-
grated with BMM scheme (3.6.7), for three different correlation parameters,
p=0,p=—-0.4and p = —0.8 with Sy = 100, u = 0.05, as in [KJ06, Sec. 5].
The combination IJK with SD seems to be the most favorable w.r.t. CPU

time, for all the cases.
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Fig. 3.5: Strong convergence error of the financial underlying process (S;), as a
function of CPU time (in sec) using log-Euler or IJK method with SD

or BMM scheme for (3.1.1) with z¢g = k1 =

Lok = 1,ky = 04,5 =

100, 4 = 0.05,q = 3/4,T =1 and correlation p = —0.8.
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4.1 Introduction.

We ! assume the setting in Section 1.2, with d = m = 1, ie. let T > 0
and (€2, F,{Fi}o<t<r,P) be a complete probability space and let Wy, :
[0,7] x 2 — R be a one-dimensional Wiener process adapted to the filtra-

tion {F;}o<t<r. Consider the following stochastic delay differential equation
(SDDE),

€+ [o a(we_r)aods + [) b(xsr )z dW,, te€[0,T),
(4.1.1) oz, =

é(t)7 te [_7-7 0]7

where the coefficients a,b € C(R,,R,),? the function ¢ € C([—T,0], (0,0))
and 7 > 0 is a positive constant which represents the delay.

I This chapter is based on unpublished work.
2 C(A, B) the space of continuous functions ¢ : A — B with norm ||¢|| = sup,,c 4 ¢(u).
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SDDE (4.1.1) is called Delay Geometric Brownian Motion (DGBM), as
in [MS13a], and is used in financial modeling. In that setting b(-) is called
the volatility function and &(-) represents the initial data.

Consider the transformation z(x,t) = In(e "'z) = —rt+Inz, t > 0, where
r > 0.3 Then It6’s formula implies

t 1 1, 1 b1
2 =20 + / [—r + —a(xs_r)xs + (—2)62(1:5_7):134 ds + / —b(xs_r)x dW,
0 x 0o Ts

Ts 2 p
t 1 t
=In¢& —|—/ (—7“ +a(rs_,) — 2b2(x87)> ds +/ b(xs_r)dWs.
0 0

Therefore we introduce the function

O(x) = 5blw) + ! - ,

which satisfies the Novikov* condition and the equivalent martingale measure
P5 with Radon-Nikodym derivative w.r.t. P, restricted to the maturity-time
o-algebra, given by

P {_% /oT Fw)ds - /0T9<xs)dws} '

Under the above Girsanov transformation of measure [KS88, Sec. 3.5] we
have

AP

dp

§o + fot reyds + fot b(xs_r )z dW,, t e [0,T],
(4.1.2) 2 =
f(t)’ te [_7_7 O]v

where ﬁv@ =W, + fot O(xs)ds lives in the space (€, F, {E}ggtST,f”).
SDDE (4.1.2) which describes the DGBM (4.1.1) has a unique global
positive solution [MS13a, Th. 2.1] which can be computed, conditionally

3 2¢ = In(e "'x;) represents the log-price of the discounted asset and 7 the risk-free

interest rate.
Y An Tto6 integrable function 0(t,w) : [0,00) x @ — R, ie. an F;-adapted

measurable function with E(foT 02(s,w)ds) < oo, satisfies the Novikov condition if

E (exp{fOT 62(s,w)d5}) < 0.
5 P is the risk-neutral measure.
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on time-lagged information, but its unconditional distribution is not known
when ¢t > 7. Thus, numerical approximations of (4.1.2) are necessary for
simulations of the paths z;(w), as well as for approximation of functionals of
the form EF(z), where F' : C([0,T],R) — R can be the expected payoff of

an option. To simplify notation, in the following, we write (W;) for ().

4.2 The setting and the main result.

Assumption 4.2.1 Let the following conditions hold:

(i) b(-) is bounded, i.e. there is a C, > 0 such that b(x) < Cy for every
x>0

(1) b(-) is locally Lipschitz, that is

[b(x) = b(y)| < Chlz -y,

for any R > 0 such that x| V |y| < R, where the constant C% depends
on R;

(111) &(-) is Holder continuous with order v, where 0 < v < 1/2, that is

60 =€)

= < 0.
—r<u<v<0 (U - U)’Y ¢

O

Let the observation time 7" be a multiple of 7, i.e. T'= Ny7, where Ny € N.
We discretize the interval [—7,T| with equidistant steps of size A = 7/[ for
1€{2,3,...} and t, = nA =n7/l, where n = =, =l +1,..., N, ie.

g =—T7T<t g <..<ty=0<...<ty=T,

with N =1[- Ny. Thus, 0 < A < 1.
The interpolation process of the Euler-Maruyama (EM) approximation
proposed in [MS13a, Th. 6.2] reads

yEM ] Yt o rynds + [} by, )y, dWe, t € [tn, taga],
! &(t), te[-1,0]
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Under Assumption 4.2.1 it holds [MS13a, Th. 6.2]

lim E sup |yf™ — 2> = 0.
A—0 0<t<T
A drawback of the above scheme is that there is a positive probability of
taking negative values.
We propose the following semi-discrete numerical scheme

SD __ Y, T ftt Tysds + j;gt b(ytnfT)ysd” 55 te [tnathrl]:
(4.2.1) yyo = n n
£(t), te[-7,0],

or in compact form

sp [ &+ [y rysds + [} b(ysr)ysdWs, t€[0,T],
(422w ‘{50@, ! ' te [0,

where § = t,,, when s € [t,,t,11). Thus, we discretize only the diffusion term

of the SDDE (4.1.2), and to be more precise the volatility function b(-). We

observe from (4.2.1) that in order to solve for y;, we have to solve at each

step an SDDE and not an algebraic equation. Note that we can reproduce

the EM scheme if we fully discretize the drift and diffusion term of (4.1.2).
The linear SDDE (4.2.2) has an explicit solution

yD { €0 exp {fot (r — b*(ys—r)/2) ds + fgb(yg_T)dWs}, t e (0,71,
t §(1), te[-7,0].

The numerical scheme (4.2.2) converges to the true solution x; of SDDE
(4.1.2) and this is stated in the following, which is our main result.

Theorem 4.2.2 Suppose Assumption 4.2.1 holds. Then the semi-discrete
numerical scheme (4.2.2) converges to the true solution of (4.1.2) in the
mean-square sense, that is

(4.2.3) lim E sup |y7” — 2,? = 0.
A—0 0<t<T

O

Section 4.3 concerns the proof of Theorem 4.2.2, which shows the strong
convergence of the SD method.

Remark 4.2.3 In Assumption 4.2.1(iii), we have assumed that 0 < v < 1/2.
This is in accordance with the setting of [MS13a, Th. 6.2]. 0
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4.3 Strong Convergence of the SD scheme.

We denote the indicator function of a set A by I4. First we state moment
bounds of the solution of the original process (z;) of (4.1.2) and then prove
moment bounds of the semi-discrete approximation (y°”) given by (4.2.2).
Later on, we provide an auxiliary result, that holds between the step process
(ny ) and its continuous time approximation (y?) until the time of explosion
fOr. The process (y7P) may also appear as (y;).

4.3.1 Moment Bounds for original process and Semi-Discrete
approximation.

Lemma 4.3.4 [Moment bound of (x;)] Let Assumption 4.2.1(i). The follow-
ing bound is true

E( sup (2,)") < Ca(p),

0<t<T

for some C,(p) > 0 and any p > 1 where
Cu(p) = 3- 27271 (1 + ||€||P) exp{p(2r V Cy + (33p — 1)r? vV CHT'},

or

9p*C?
(r+0.5(p — 1)C?)

Cu(p) = €7(0) (2 . ) exp{p(r + 0.5(p — 1)CAT}.

Proof of Lemma 4.3.4. The first bound is given in [Mao97, Th. 5.4.1] and
the sharper is as stated in [MS13a, Th. 2.4]. O

Lemma 4.3.5 Let Assumptions 4.2.1(i) and 4.2.1(iit) hold. The following
bound is true

E( sup (y7°)) < Cy(p),

—7<t<T

for some Cy(p) > 0 and any p > 2. O
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Proof of Lemma 4.3.5. Set the stopping time 0 = inf{t € [0,7] : y. > R},
for some R > ||&|| > 0, with the convention that inf() = co. Application of
1t6’s formula on (yipg,)?, implies,

tANOR
(ensn)? = (€0)7 + / Py, )" ryuds
0
tINOR tAOR
pp—1 _ N
+ / plp—1) )(ys)p 2 [b(ys—r)ys)? ds + / P(ys)? b(ysr )ysdW
0 0

2
(p—1)

= (&) + /0 A R(pr + £ 9 b (ys—r)) (ys)Pds + /0 A pr<y§4)<ys)pdws

< (&)’ + (pr + @Oﬁ) / (Ys)PT0 4005 (8)ds + M,
0

where the last inequality is valid for any p > 2 and

tAOR
M, = / pb(ys ) (ye) P AWV,
0

Taking expectations and using that EM; = 0 we get

2
< E(&)relrrt™ )

(e, )’ < E(&) + (pr+p(p_”05) JR:T
0

where we have applied the Gronwall inequality. We have that

(Yernor)" = Wor) Lior<t) + (U) Lit<on) = RBLop<ty + () Lit<op),

thus taking expectations in the above inequality and using the estimated
upper bound for E(ying,)? we arrive at

E(y0)"Li<sn) < E(&o)Pel =5 R),
and taking limits in both sides as R — oo we get that

lim E(?/t)pH(KGR) < E(fo)pe(i"””(p;“cf)ﬁ
R—o0
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Fix t. The sequence (yt)p]I(KgR) is non-decreasing in R since fp is increasing
in Rand t A — t as R — oo and (y;)"Is<0,) — (y:)P as R — oo, thus the
monotone convergence theorem, Theorem B.1.1, implies

E(y)? < E(g)re(m ™5 a0,
for any p > 2. Thus for any t; € [0, T], we have

sup E(y,)? < E(&)relrr ™),

0<t<ty

which implies

sup E(y)? = sup E[§t|p\/ sup E(y:)?

—7r<t<ty —7<t<0 0<t<t1
p(p—1)

< |JEIPR(E)relrt )0,

Using again 1t6’s formula on (y;)P, taking the supremum and then expecta-
tions we have that

(s () < Bleoy + (r+ 2220t ) (s ['.pas)

0<t<T 0<t<T

+E sup M,

0<t<T

P plp—1) ! P 2
E(&)? + | pr+ —a O E(sup (y;))ds + |E sup M;
0 0<I<s 0<t<T
S (]E(é.())p‘i‘ /4EM%) e(pr+?(p;1)cg)T’

where in the last step we have used Doob’s martingale inequality to the
diffusion term M,% and Gronwall’s inequality. Thus

E( sup (557)) < (E(Eo)p+\/4EM%) IR g = €, ).

—7<t<T

IN

]

6 The function h(u) = pb(ya_-)(y. )P belongs to the family M?2([0,T]; R) thus [Mao97,
Th. 1.5.8] implies EM? = E( [} h(u)dW,,)? = E [J h*(u)du, i.e. M; € L2(;R).
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4.3.2 Error Bound for the explicit Semi-Discrete scheme.

Lemma 4.3.6 Let Assumption 4.2.1(i) hold and 0 < [£|| < oco. The follow-
g estimate holds

Ely;” — y2P|” < C,A,
where C, does not depend on A, implying supse[tns’tnsﬂ]E]ny — 2P =
O(AP/2) as A | 0. O

Proof of Lemma 4.53.6. First, we fix a p > 2. Let the integer n, be such that
S € [tn,, tn.4+1). It holds that

p
’ys - yg’p =

/ ryudu—i-/ b(Ya—r)YudW,,
tns tns

/ rYudu
tn

s

< 2P l(s— tns)p_lrp/ (yu)Pdu + 2071
tn

Ls

p

p
or—1 + 2Pt

IN

/ b(yﬁ—’r)yuqu
tn

s

p

’

/ b(ya—‘r)yuqu
tn

S

where we have used the Cauchy-Schwarz inequality. Taking expectations in
the above inequality gives

Elys — ys|? < 2p_1Ap_17‘p/ E(y.,)Pdu
tns

- pp+1 p/2
-1 (P ) g
" <2<p — e

p/2

tn5+1
/ B (o) () du
tn

E]

G
L tng+1
< 2774 PC(p) AP + 20O AT (Cy)PE / [yulPdu
t"s
< 27O, (p) AP 4 2771 CEC, (p) AP
< CA? + CAP?,

where we have used twice Holder’s inequality and the BDG inequality (B.3.5)
on the diffusion term, Assumption 4.2.1(i) and the moment bounds of (y;)?
which are valid for any 2 < p by Lemma 4.3.5. Thus,

hm Supsé[t"svtns+l] E|y5 - y§|p
A0 AP/2
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which justifies the O(AP/2) notation. Now for 0 < p < 2 we have that
E|ys - yglp < <E|ys - y§|2)p/2 < CPAp/27
where we have used Jensen’s inequality for the concave function ¢(x) =
P/2. ]
4.3.3 Convergence of the Semi-Discrete scheme in L.

Set the stopping time 0 = inf{t € [0,7] : || > Ror|z;| > R}, for some
R > 0 big enough. We have that

E sup |y, — x> = E sup |y, — z)? Iig,>) + E sup |y, — 24| Lg,<t)
0<t<T 0<t<T 0<t<T

20
< E sup |yimon — Tinogl> + —E sup |ys — z4|?
0<t<T P o<i<T

(p—2)
+WP(93 <T),

where we have applied the Young inequality,

) 1
— q
ab < a + 5q/rb,
for a = supocy<p [y — 2412, = Ligp<y, 7 = p/2,¢ =p/(p — 2) and 6 > 0, or

204
E sup |y — 2> < E sup |yinon — Tinonl’ +_E SUP (’yt|p+ |z4[7)

0<t<T 0<t<T
(p—2)
a0 =)
< E sup |yt/\GR =7UtA0R|2
0<t<
%&QA)+CMM) (p—2)
(431) —+ D p52/(p—2) IP)(HR S T)a

where we have used the elementary inequality (3.7, a;)P < nP~137" 7,:
with n = 2, and C,(p),C,(p) stand for the moment bounds of (z,), (y;7)
given in Lemmata 4.3.4 and 4.3.5. It holds that

T p
POr<T) < E (H(9R<T) s ) +E (H(03<T)| o )

Rp Rp

) C:(p) Vv Cy(p)

1
p p
< Vo (]E sup |zP + E sup |yt| 7 ,

0<t<T
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thus (4.3.1) becomes
E sup |y — 2> < E sup |Yenon —fﬂt/\eR|2
0<t<T

N +2p50x(p) v Cy(p) n 2(p —2)Cy(p) V Cy(p)'

(4.3.2) ; T

We estimate the difference (€;00,,)% := Yo — Tinoy|*- It holds that

tNOR tNOR 2
(eona)? = / (rys — r2)ds + / (b(gs—r)ys — blrs_r )s) AW,
0 0

2

IN

tNOR tNOR
o1 / P2y, — af2ds + 2 / (b(ysr s — blrer ) WV,
0 0

tAOR
< 27“2T/ (es)?ds + 2| M,|?,
0

where in the second step we have used the Cauchy-Schwarz inequality and

tANOR
M; = / (O(Ys—r)ys — b(s—r)x5) AW
0

Taking the supremum over all ¢ € [0, 7] and then expectations we have

T
E sup (emgy)’ < 27’2T/ E sup (ejpe,)°ds + 2E sup |M;|?
0

0<t<T 0<I<s 0<t<T
T
(4.3.3) < 27“2T/ E sup (ejng,)*ds + SE| My |?,
0 0<I<s

where in the last step we have used Holder’s inequality and Doob’s martingale
inequality with p = 2, since M, is an R-valued martingale that belongs to
L2 It holds that

2

TNOR
IE|]\4T|2 =FE / (b<y§—7)ys - b('rs—7'>'rs) dWS
0

- &(/ Ot~ by s
< x(f O bl — 22 2 bl — ba) ) i)

TNOR TNOR
202 / E sup |eino, [2ds + 2(CL)°E ( / (25)2ys_r — JJST|2d5> ,
0 0

0<I<s

IN
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where we have used Assumption 4.2.1(ii) and C% is the local Lipschitz con-
stant of b or

TNOR
E|Mr|? < 203/ E sup (elAgR)st
0

0<i<s
TNOR
+4(Cp)? VE(@s) ' VE|ys—r — ys—r|'ds
0
TNOR
(4.3.4) HA(CL)E ( / (2.)%ysr — x37]2d5> |
0

The second integral of (4.3.4) is estimated by the following

TNOR

T
\/E<xs)4\/]E’y§fr - ysf‘r’4d5 < V Cw(4) /\/E’y§/\9RT - Z/s/\eRfr“dS
0 0
T

eyl wE\y(g,TWR  Yorands

V([ VG € - s + [ ¢E|ys o — Yioryanlids)
VC()T sup [€(3) —&(s)[* + v/ Ca(4) \/ElyngR — Ysrog|ds

0

—T7<5<8<0

</ Co(4)(Ce) T AY + /C,(4)\/CTA,

where in the last step we have used Assumption 4.2.1(iii) and Lemma 4.3.6,
C;(4) as in Lemma 4.3.4, C¢ is the Holder constant of £ and Cjy is as in
Lemma 4.3.6. The last integral of (4.3.4) is estimated by the following

T/\QR T/\@R—T
E/ (Is)2|ys—7— - 5175—7’|2d5 S E/ <x5)2|ys - :L'5|2d8
0

—T

B [ wreras B [ e

—T

IA

IN

sup  [£(8) — £(s)|°E /O (z4)*ds + R? /OTIE sup (el/\gR)2ds

—7<5<s<0 -7 0<I<s

T
T(C’g)z'VC’w(Q)A27 + R2/0 E sup (elAgR)st,

0<i<s

IN
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where in the last step we have used Assumption 4.2.1(iii), C,(2) is as in
Lemma 4.3.4 and C¢ is the Holder constant of £. Relation (4.3.3) becomes

E sup (et/\QR)Q < 32\/Cx(4)\/C4TCl?(C’%)2A

0<t<T
+647CF(CR)* (Ce)™ (V Ca(4) V Ci(2)) A%
T
+(2r°T + 16CE + 32R*(C%)?) / E sup |Yinon — Tinop| ds
0 0<i<s

_ _ T
< C;;(C’f{;i)QAQ7 + (Cy + 32R2(C’%)2)/ E sup (61/\9R)2d5,

0  0<i<s
where the constants 53 and 54 are given by
Cs 1= 647C2(Ce)? (v Co(4) V C,(2)),  Cy := 27T + 16C2.
Application of the Gronwall inequality implies

E sup (eipne,)? < Oy (CB)2 A2 Cat 32 (CRT
0<t<T

Relation (4.3.2) becomes,

E sup (e)2 < Cy(Chy2are@rnrcynr  20Ca(p) v Cy(p)
0<t<T - D
2(p — 2)Ci(p) vV Cy(p)

T p(;?/(p_2) Rp

= Il +Iz+[3.

Given any € > 0, we may first choose 0 such that Iy < €/3, then choose R such
that I3 < €/3, and finally A such that I; < €/3 concluding Esupg,<p(e;)?* <
€ as required to verify (4.2.3).

4.4 Comments and future work.

e Assumption 4.2.1(i), for the boundedness of the volatility function b(-)
does not seem unrealistic as shown in [BBF02, (7)], [CLV99] where the
‘local’” volatility function is approximated with splines and [DFW98,
(6)-(9)], where the Deterministic Volatility Function (DVF) hypotheses
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is made and the following four models are compared

(Model0)  b(t,z) = 0.01\/ao

(Model1)  b(t,x) = 0.01V(ap+ a1z + agz?)

(Model2)  b(t,x) = 0.01V(ag+ a1z + agz? + agt + ast)
(Model3)  b(t,x) = 0.01\(ap+ a1z + asx? + azt + ast? + ast)

Model 0 is the Black-Scholes case. The rest of the models are in
quadratic form and vary only with the index level (Model 1), or de-
pend also on time. Time variation seems important and specifically
the cross-product term xt provides better explanatory power [DFW98,
p. 2072].

The above-mentioned (DVF) approach is a simple way to explain the
volatility ‘smile’ preserving the arbitrage argument. Between other
attempts in that direction, are the stochastic volatility models of Hull-
White [HWS87|, where the price of a call option on a security (with price
St) is derived

Sy = So+ [y a(s, Sy, bu)Sudu + [ 0,SudW,,  t€[0,T],

Vi = Vo + [ p(u, Vo) Vadu + [ €(u, V)V, dW, t € [0,T],

where V; = (b;)? is the instantaneous variance and the Wiener processes
Wi, W, have correlation p, and Heston model [Hes93, (1)-(2)]

Sy =So+ [y a-Sudu+ [y b,SudW,, te0,T],

be = bo — [ pbudu + [ €AW, te 0,7,
where the Wiener processes W, WN/} have correlation p. Thus, the volatil-
ity process b; follows an Ornstein-Uhlenbeck process and It6’s lemma

shows that the instantaneous variance V; = (b;)? satisfies the following
square-root, process

t ¢ N
Vi=W +/ (52 - 2“‘/5)(15 +/ 25 \% ‘/desa te [OaT]a
0 0

which has been studied lately in [Hall5d|.
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e In [MS13a], where the DGBM model was proposed, the delay effect on

various options is studied, as in FEuropean options and barrier options.
In particularly under Assumption 4.2.1(ii), it is shown that it is robust,

in the sense that if we consider another time lag 7 and the corresponding
SDDE

o+ [)rTods + [y b(Fe7)TdW,, t€[0,T],

Ty =

é(ﬂ? te [_%:7 0]7

then for the price of a European call option C; = ¢ " TE(zr — K)T,
with exercise price K and expiry date T, or for an up-and-out call
option B, := ¢ "TE(zr — K)*Ijo<s,<p, 0<t<r} With given barrier B, the
following continuity property holds

T—T—

lim ’OT - 07-| = 0, lilll |BT - B7~—| = 0.
0 T—T7—0

Assuming thus that the evolution of the asset price is described by
the DGBM model, which has the above robust property and having
established the strong convergence of SD method in Theorem 4.2.2 ,
we can now use our positivity preserving numerical scheme to evaluate
the expected payoff of the above-mentioned options. In that way the
European call option and the barrier option can be approximated by

(4.4.1) C.:=e " TE(yr — K)*
and
(4.4.2) B, == e E(yr — K)oy <p 0<i<r)

accordingly, where y; is given by (4.2.2). In particular, the following
result holds.

Proposition 4.4.7 In the framework of the DGBM model, and under
Assumption 4.2.1, the following approximations are true

(4.4.3) lim |C; —C;|=0,  lim|B, — B,| =0,
A—0 A—0

where y; is the SD method proposed in (4.2.2) and C., B, are the ex-
pected payoffs of the European call option and up-and-out call option
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given as the proposed approximations (4.4.1) and (4.4.2) but with the
process () in place of (y;). O

For sake of completeness we highlight the proof in Appendix E, where
we follow the ideas of [HMO5].

We may consider a variable interest rate, i.e. the transformation

t
2(x,t) = In(e™ Jo 75y = —/ r(s)ds +1Inz, t > 0.
0
and/or a variable delay setting, i.e. the SDDE

o+ fO CL‘51 S) reds + fo (x5, S))x aWs, te[0,T],

Ty =

5(07 te [_L70]7

where 6;(+),02(-) are Fo-measurable functions with §;(t) < nr, when
tenr AT, (n+1)7AT), for n e NU{0}, and 7 € (0,7],i = 1,2 and
L > 0 represents the level of past data available on . The case 0;(t) =
t — 7, describes constant delay models whereas the case &;(t) = | L] 7,
variable step-function delay models [AHMPO7, Model (22)].

We may consider the Kuchler-Platen setting, i.e. the SDDE
Eo + fo als,we, xer)ds + [3 b(s,wg w5 r)dWs, t € [0,T],

(1), te[-7,0],
as was introduced in [KP00).

We can also work on other SDDEs with non-negative solution as
(4.4.4)

. {§o+f0( )8+ b(xys,)?) ds + [} o(s)dWs, te[0,T],
. g(t)v te [_T> 0]7

where ¢ € (C[—7,0],R). Problem (4.4.4) has solution with z; > 0 a.s
when a > |b| > 0,0 € (C[0,00),R) and § > 1 is a quotient of odd
integers.
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5.1 Introduction.

We ! assume the setting in Section 1.2, with d = m = 1, ie. let T >
0 and (Q, F,{Fi}o<i<r,P) be a complete probability space and let W,,, :
[0,7] x 2 — R be a one-dimensional Wiener process adapted to the filtration
{Fi}o<i<r. We are interested in the numerical approximation of the following
scalar stochastic differential equation (SDE),

¢ 2 ¢
(5.1.1)  xy=m¢+ / (gzﬁ(xs)\/l —z2 - %ag) ds + c/ V1 —22dWi,
0 0

where ¢ > 0 is a positive constant and ¢(-) is a bounded and Lipschitz
continuous function with bounding constant Ky and Lipschitz constant L.
A boundary classification result, see Appendix F.1, implies that —1 < x; < 1

! This chapter is based on joint (unpublished) work with Mark Peletier and Upanshu
Sharma during my Erasmus visit at the Department of Mathematics and Computer Sci-
ence, Technische Universiteit Eindhoven. I would like to thank Erasmus for the financial
support.



116 5. Structure preserving numerical scheme in molecular dynamics

a.s. when zy € (—1,1). We therefore aim for a numerical scheme which apart
from strongly converging to the true solution of (5.1.1), produces values in
the same domain, i.e. (—1,1). In other words, we are interested in numerical
schemes that have an eternal life time, see Definition 1.3.7 and the equivalent
statement (1.3.1), which we repeat here:

Definition 5.1.1 [Eternal Life time of numerical solution] Let D C R? and
consider a process (X;) well defined on the domain D, with initial condition
Xo € D and such that

P{weQ: X(t,w) € D}) =1,
for all t > 0. A numerical solution (Y3, )nen has an eternal life time if
P(Y,41 € D|Y, € D) =1.

O

In [Sch96] the main interest is in the domain D = R*. Moreover, it is
clear that the Euler-Maruyama scheme has always a finite life time, see e.g.
[Kah04, Prop. 4.2].

The proposed SD iterative scheme for the numerical approximation of
(5.1.1) reads

(5.1.2) yiﬁl = cos (—cAWn + arccos(yy, + O(ye, )\/1 — i, - A)) ,

where AW,, :== W, ., — W,,, are the increments of the Wiener process and
the discretization step A is such that (5.1.2) is well-defined. By construction,
the SD scheme (5.1.2) possesses an eternal life time.

An attempt in that direction, i.e. in constructing explicit numerical
schemes with an eternal life time, has been made in [Hall4]. The domain of
the original SDE is RT and for a class of super-linear problems, a positivity
preserving scheme is suggested that is strongly convergent in the mean-square
sense. In Chapter 2 another class of one-dimensional SDEs with non-negative
solutions is treated, which covers cases like that of the Heston 3/2-model, a
popular model in the field of financial mathematics which is also super-linear.
The case of sub-linearities covered in Chapter 3 is also treated in [Hall5d|
and [HS15] where the domain is still R*.

The purpose of this chapter is to generalize further the method to pre-
serve the structure of the original SDE. In the previous chapters, the sug-
gested schemes preserve positivity; all the quantities appearing belong to
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the field of finance and are meant to be non-negative. The application that
motivated us now, comes from physics, and it is a model about the evolu-
tion of the trigonometric function cosine of an angle between 3 atoms of the
form (5.1.1). We are able in that case to preserve the domain of the original
process, by applying appropriately the SD method: we use an additive semi-
discretization of the drift coefficient. The SD method is problem dependent,
so there is not a unique way to treat all models.

The semi-discrete method was originally proposed in [Hall2|. Briefly
saying, a part of the SDE is discretized in a certain way such that the resulting
SDE to be solved has an analytical solution (see details in Section 5.2). This
is also a special feature of the method, since in the derivation of it, instead
of an algebraic equation a new SDE has to be solved. The SD method can
also reproduce the Euler scheme.

In Section 5.2 we provide the setting and the main goal which concerns
the mean-square convergence of the proposed structure-preserving SD scheme
(5.1.2) for the approximation of a modification of (5.1.1) with dynamics de-
scribed by W (see (5.2.5)). We chose the dynamics (5.1.1), because that
naturally arose from our application, which was the main motivation for us.
Therefore, Section 5.3 is devoted to the description of the particular form
of SDE that we study, and which was implied by a specific model, from the
field of molecular dynamics, called a 3-atom model [LL10, Sec. 4.2].

In Section 5.4 some results are stated and proved concerning the proposed
method. Finally, in Section 5.5 we make some numerical experiments.

5.2 The setting and the main goal.

Consider the partition 0 = tg < t; < ... < ty = T with uniform discretiza-
tion step A = T'/N and the following process
(5.2.1)

tn+1
w' = yt,,,+/ Aye, )/ 1 — i, ds+/ —ysd8+0/ V1 —ygsgn(z,)dWs,
tn

for t € (t,,tn1], with yo = zo a.s. and

(5.2.2) 2 = sin (—CAW,tL + arccos (ytn + &y, )/ 1 — y7 - A)) ,
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where AW! := W, — W, . Process (5.2.1) has jumps at nodes ¢, and the
solution in each step is given by, see Appendix F.2,
(5.2.3)

ytSD = cos (—cAWfL + arccos(yt, + ¢(yr, )\/1 — yfn : A)) ,t € (o, tnia],

which has the pleasant feature that y°” € [—1,1]. Process (5.2.3) is well

defined when
Y, + (Yt )\ 1 — V7, - A‘ <1

Therefore, we assume the following condition for the well-posedness of the
SD scheme (5.2.3).

Assumption 5.2.2 Let the discretization step A be such that (5.2.4) holds.
O

(5.2.4)

Remark 5.2.3 Note that in general the discretization step A satisfying (5.2.4)
1s a r.v. depending on w. The w-dependence is inherited through the incre-
ments AW, (w) which in turn affect the sequence (Y, )nen. Nevertheless, in
the application considered in Section 5.5, the step A is not a r.v. but a fixed
sufficiently small number. O

Now, we work as in Section 3.2, i.e. we consider the process
P t
(5.2.5) Wy = / sgn(zs)dWs,
0

which is a martingale with quadratic variation < /V[Z,W\t >= t and thus
a standard Brownian motion w.r.t. its own filtration, justified by Lévy’s
theorem (see Theorem A.3.9) and consequently (5.2.1) becomes

t 2 t -
(5.2.6) ¥” =y, + Py )\ /1 — 42, - A +/ (—%)yst“/ V1= y2dW,,
tn tn

Moreover, consider

t 2 t o
(5.2.7) T =g +/ <¢(fs)\/1 -T2 - %/x\g) ds + c/ V1 —22dWs.
0 0
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The process (x;) of (5.1.1) and the process (z;) of (5.2.7) have the same
distribution. Our main goal is to deduce an estimate of the form

lim E sup |y7” —2* = 0.
A—0 0<t<T

We are not able to achieve that result and restrict ourselze\s to a numerical
application of the method. To simplify notation we write W, (z;) as W, (z;).

Theorem 5.2.4 [Polynomial rate of convergence| Let Assumption 5.2.2 hold.
Then, the semi-discrete scheme (5.2.8) converges in the mean-square sense
to the true solution of (5.2.7), that is

lim E sup |y?” — 2> =0
A—0 0<t<T

O

Remark 5.2.5 The main convergence result given in Theorem 5.2.4 s still
true in the case where ¢(+) is y-Hdlder continuous function with Hélder expo-
nent 1/2 <~ <1 and Hélder constant Ly. (The case y = 1 corresponds to the
Lipschitz continuous case treated here.) The main difference now is that we
first need an L'-estimate. This can be done following the Yamada- Watanabe
approach as in Section 2.3.2 or Section 3.3.2. O

5.3 Transformation of the 3-atom model.

In this section we give the details of the 3-atom model from [LL10, Sec. 4.2].
Consider 3 atoms in R?, whose positions are given by A = (a1,as), B =
(bl,bg), C = (01702). We define XU = (CLQ — bg), Xl = (a1 — bl), X2 =
(c1 — b1), X3 = (cy — by). The state space of the dynamics is R* 3 X7 =
(X% X1 X2 X3). The full dynamics is described by the following SDE,

2
dXt — —VVE(Xt)dt + \/%th,

in differential form,? where the potential V¢ : R* — R depends on ¢ > 0,
the initial condition X;—y = X, is independent of ¢ and W; denotes a 4-d

2 These dynamics are called overdamped Langevin.
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Brownian motion. The potential V¢ is explicitly given by

Ve(X) = 2—15(| V(X0 + (X1)2 =g [+ |/ (X2)2 + (X3)2 = Iy [°)

~"~ ~~
4dAB q4BC

+W(0apc(X)),

where [, is a given equilibrium distance and f4p¢ is the angle given by the
relation

= arccos X1X2 i XOX3
Oapc(X) = <\/(X0)2 + (X1)2\/(X2)2 4 (X3)2> .

Further the function W : R — R, which is in this case a three-body potential,
is a double-well potential given by

_@ . 2 ¢n2)\2
Wof = 5 ((9 Gm) 59) ,

where the wells of W are located at 6 = 6,, £ 60. Note that VV¢: R* — R*
is explicitly given by %QABVC]AB + %QBCVC]BC +VWol =

- (VTP ) s +

8W

eve_ [ VT ) F
% (\/<X2)2 let]) \/ g))/(\j

- <\/(X2)2 leq> oL + 553

As suggested in [LL10, Sec. 4.2], we simplify the computations by making
the system invariant under rigid body motion, which can be accomplished
by setting B = (b1, b2) to (0,0) and A - e, = ay to 0 which implies X° = 0.

Thus, simplifying according to the suggestion above, we consider R? >
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XT = (X', X2 X3) where now VV¢:R? — R? is given by

(X =) g1 OW
E( | X1] )X X1
1 \/(X2) ( ) _leq 2 ow
we= |\ ooy X4 o5
L (PP Ly )y, W
S\ Voo ep ) Tow

and

0 Xixz
= aIrccos .
XT)/(X2)7 + (X9)?

Below is a plot of the original configuration of the 3-atom model.

C (X5, X5)

N .
B A(X;,0)

Moreover 8‘9)?1 = 0, thus the corresponding SDE for X' can be solved
independently (numerically or analytically if we know that X' > 0 a.s. or
X' < 0a.s.) and has the stochastic integral representation

1 1 ! 1 ’Xl 1
(5.3.1) X; =X+ = |X1 Xlds + Wt,
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where X} = a;. For the other two components we can write

P11y — /(X2)2 4 (X3)2
(5.32) X = Xg+/ Loy = VXD 4 (X3) X?2ds
U \/(X§)2+(X3)2

t Xl X3
d W2
+/of( \X1\|X3|<X2> X ”\f
3

_ 2
lleq \/(XS) ( ) X;")ds
0 € \/ X2 2 4 s

XX X2 7
/ TR <X§>2+<X§>2d”\£w’“

where the third-order polynomial f = W' is given by

(5.3.3) X} = X_+

F(O) = 2k - 0% — 6kgb,y, - 07 + k(462 + 20) - 0 — 2kg0,,0, 6 = 26,600 — 62

5.3.1 Scalar-valued coarse-graining map.

We consider the transformation £(X;) = cos 6;, that is £(X) = sgn(X) X?[(X?)?+
(X272, 1to’s formula implies

(5.3.4)
! . 1 5 [t .
00 =00+ | (—<vs><W><Xs>+BA5<XS>) ds+\/% [ v,
where
—~ tv_g
(5.3.5) W= [ o (X,

is a scalar Brownian motion. We have that

ot = () (G5 - )
X! . o 2
o <‘X1| (\/(X2)2 N (X7 (X2 + (X3)2)3/2)>
) (_él'g( o)

(X?)
((X?2)? + (X?)2)%




5.3. Transformation of the 3-atom model. 123

Moreover, g?)‘;"f)g =0
dcos 0 X! 1 (X3)?
(X232  ax2\ [XY /(X )2 (X?)? + (X3)?

— —3sgn(X' >X2<X> (<X2> (X%)2)

and
d%cosh X2X°
a(X3)2 6X3 |X1|\/X22+(X3) (X?)? +(X3>2
_ —Sgn( 1 >2 (X3)2) 3/2 2(( 2 )5/2]
= —san(X 1) << D4 (X 7 << > 2<X3>>
so that
L s(XOX ) EX)IVEX)
AL(X) = ((X2)2 + (X3)2)%2 (X2)2 + (X3)? | X3 '
Furthermore,

dcosf 00 dcosf 00
(VOVIVes) = f(‘))( oXT 9X2 T axe 'ax3)

B B sgn(X1)(X3)? .sgn(Xl)sgn(X?))X?)
- 0~ oo s (o
~ sgn(X HXx2Xx3 .sgn(Xl)sgn(X?’)XQ)
(X222 (XP)2)32 (X2)2 4 (XP)?
= JO o ooy O - (X
| X7 §X)IVEX)]
— —f(Q)((X2)2+ SEBEE = —f(arccosﬁ(X))T.
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Finally,
. C10cos8 [ leg—/(X?)? + (X3)? 2
—(VE(VVE)(X) = - 0X2 \/(Xz)z T (X3)2 X

10cost [ leg— /(X?)2 4 (X3)? X3 — (VOVW(O
+5 oX3 < \/(Xz)z (X3)2 > ( f) ()

_ lleq—\/(X2)2+(X3)2( sgn(X)(X)*  p  sen(XTXEXT Xs)
((X2)2 + (X

e V(X2)2+(X3)2 2)2 3)2)3/2°0  ((X2)2 4 (X3)2)3/2
—i—f(arccosf(X))w = f(arccosg(X))w_

The choice for the reaction coordinate £ is such that it is orthogonal to
the stiff terms of potential energy gap and gpc since (V&)(Vgap) = 0 =
(V&) (Vase).

The corresponding SDE for & = cos 6, becomes

(5.3.6)
' JVEX)] 1EIVE(
6= ot [ anccongy SR - ZETE d+v[i/\V£ D] v,
~~ b(€s,Xs)
a(&s,Xs)

SDE (5.3.6) is not closed. Gyongy |Gy686, (1.3)] suggested the following
closing procedure

é} o+ (&, Xs)|&s = 55 ds+ b2(&s, Xs)[€s = &s S5
[E( A c)a

&) 55

where now the drift and diffusion coefficients are non-autonomous, i.e. they
depend explicitly on time. A way to get an autonomous equation again is
proposed in [LL10, (23)] where the authors consider

(5.3.7)

&ﬁw/ WXMdeJ7¢Ew wgwm

a(€,)
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where now the expectation is w.r.t. the measure p, given by
(5.3.8)

-1
dpi. = (/ eﬁ”“\vg(chlaz) eV O|E(X)| " do
{XeR3:£(X)=2}

S/

C.

and o, is the Hausdorff measure on the submanifold ¥, = {X € R3: £{(X) =
z} of R3, induced by the Hausdorff measure in the ambient Euclidean space
R3 D X,. The first factor in (5.3.8) is a normalizing constant, depending on
z.

The expressions for the expectations of the above coefficients w.r.t. the
measure ji, read

B (a(6, Xl = 2) = [ V600 (Florceos) 55 = 52 Y

1 . 1 1 .
= C, (f(arccos z)z/E Fe_ﬂv Xdeg, — BZ 5 ]X3|6_6V (X)daz)
1 A p(X)  gha(X)
= C.f(arccosz)z ﬁe*m A o,
.
_% 1 g qu;m]dg
ﬁ o X3’ k)
and for the diffusion coefficient it holds that
E, (B X)E=2) = | |[VEX)[dp.
DI
X T PIE SN Ve
- Oz B[ 2e + 2e ]d .
/Ez (X2)2 + (X3)26 g,

WhereZZ:{XER3:§(X):z}:{X€R3:%-z}amd

0.

C X2 +(X3) 5[‘1AB<X) ch(X>}
’X?)’ 2e

We decompose Y, = X7 U X where X5 = {(j,k) € R? : j = +2+/j2 + k2}
and (X! X2 X3) = (x, ],k). Therefore we have that,

1 ApX) | dha(X) i L 2/
x2¢ B g, = 2 e 2 (#lea) gy e a (VIR T ot
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and analogously get that
/ (X0 & (X0 prehp by, / e’ gy
z >0

| X
) 2
x/ J +k 6-%(\/@—1@)2(10;
st k|

It holds that

QAB(X) ch(X) 21 k21
fz Le Al + ldo, f2+ Lo 5 (V3P +k—leg) dot
(X) | aho(X) a P24k, 2 4k2—1
(X2)24(X3)2 B[qAB Be ) + Je+ )’ Jo+
Js. e do.  Jer T :
o 1

0 Te 32(r=leq)? rdr

fo r 1 Zze 3 (rlea) ey
V1=22Jo

z JQ ’
where we made the transformation (j, k) = (7 cos ¢, rsin ¢) and

Moreover,
2 2
(X) |, a5 (X) B
1 —p[fAp) Ity 00 1 (r—leq)
Js. =o€ 5 = ldo, B b A= 2 rdr
= 5
X2)24(X3)2 ‘1AB<X) ch(X> 0 12— (r—leq)?
fo, R g g T ey
Jo
Jy

which implies

J, V1i—22 Jy1 C
a(z) = TZf(arccos 2)z——— . = TZEZ = C'f(arccos 2)V1 — 22 — Ez,
with C' = Jy/J. Furthermore,
[qE,B(X)+q%C<X>]
IVEX)dp, = Js. X2>2+(X3>2€ * > do.
Hz (X2)24(X3)2 B[qABu() qBC<X>]
: fgz |X3\ dO‘Z
fooo r\/i—zQ 6_2%(7“_leq)2rd7’ (1 2) JO
fo " 1 — 3 (r=lea) p ly Ja
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which implies b(z) = y/C(1 — 22). The effective dynamics (5.3.7) now read
(5.3.9)

£ = &)—l—C/( (arccos&,)4/ 1 5— d3+\/7/ 1-¢ dW

SDE (5.3.9) is of the form of (5.1.1) with ¢ = \/2CB3~" and ¢(z) =

f(arccos x).

5.4 Local error of the SD method.

In this Section we provide uniform moment bounds for the original SDE and
the SD scheme as well as the local error of the proposed scheme. We remind
here that for notational reasons the processes (W, z;) stand for (W;, 7).

Lemma 5.4.6 [Moment bounds for original problem and SD approximation/
Let Assumption 5.2.2 hold. Then

E sup !M’\/E sup [y:f” <1

0<t<T

for any p > 0. O

Proof of Lemma 5.4.6. The result is trivial since we already know that (z;)
satisfying (5.2.7) has the property x; € D when zo € D,D = (—1,1), by
Appendix F.1 and regarding the bounds for the SD approximation (5.2.1), it
is clear, by its form (5.2.3), that they are valid. ]

For the rest of this section we write (5.2.1) in a compact form, introducing
an auxiliary process (h;) as

(5.4.1)
sp t t tnt1
v, _9150+/ <I>(y§,ys)d<9+/ g(ys)dWs+/ O(Ye, )\/ 1 — v, ds
R 0 0 t
ht

where § = t, when s € [t,,t,:1) and ®(a,b) = ¢(a)V1 —a? — *b/2 and
gla) = ev1 —a?.

By the above representation, the form of the discretization becomes ap-
parent. We only discretized the drift coefficient of (5.2.7) in an additive way,
so that the remaining part —(c?/2)y,dt combined with the diffusion part
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g(y:)dW; produces the analytic solution (5.2.3). The next result concerns
the local error of the proposed scheme.

Lemma 5.4.7 [Error bound for SD scheme| Let Assumption 5.2.2 hold and
ns be an integer such that s € [t,,, t,, +1]. There is a K, > 0, which does not
depend on A, such that

E‘ys - y§|p § KpAp/Qv

for any p > 0. and for any s > 0. O

Proof of Lemma 5.4.7. First we take a p > 2. Representation (5.2.1) yields

tng+1 S —C2 s P
e—wl = | [ o1 [ e [ VTG,
tng tng tng
tng+1 p K] 02 p s p
< gt / oYt )1/ 1 — yfns du| + / Eyudu + / /1 —y2dWw,
t”s tns tns
62p s s p
< KT Par+ S / lyalPdu + 37 / VI 2w,
s t"s

2 J,

where we have used the Cauchy-Schwarz inequality and K, = sup |¢|. Taking
expectations in the above inequality and using Lemma 5.4.6 and the BDG
inequality (B.3.5) on the diffusion term we conclude, as in the proof of Lemma
4.3.6,

E‘ys - yélp S KpAp/27

where the positive quantity K, depends on p and on the parameters c, K,
but not on A. The case 0 < p < 2 follows by Jensen’s inequality since

2
Ely, — ysl” < (Elys — wsl?)”” < KA.

]

Remark 5.4.8 Note that Lemmata 5.4.6 and 5.4.7 are valid when ¢(-) is
only bounded; we do not need to assume anything more for ¢(-), i.e. Lipschitz
continuily. O
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5.5 Numerical Experiments.

Let ag, a1, as be such that f(z) = 23 + as2® + a1z + ag where f(-) is the
derivative of the potential W in Section 5.3. The continuous form of the SD
scheme (5.2.3) now reads

y*P = cos (—cAWé + arccos(yy, + C f(arccosyy, )1/1 — y2, - A)) ,

where AfI/I\/;fL W, — th and is well defined when

|y, —|—€f(arccosytn)\/1 — ytzn A< 1.

We first prove a lemma which concerns the well-posedness of our proposed
scheme in that case, i.e. we want to examine when Assumption 5.2.2 holds.

Lemma 5.5.9 The SD scheme (5.2.3) is well defined for all A such that

—~ 2V2+7m—2 4+ 72 1 1
CA < :
\/§7T(7T2 + 2(11) /\ —(4&2 + a0)7T2 — 4ay /\ 7T(7T2 + Cll) /\ —CL27T2 — Qo
O

Proof of Lemma 5.5.9. We have to show that (5.2.4) holds for appropriate
A>0andallye[-1,1. If y=—1or y =1 then (5.2.4) holds trivially for
all A > 0. We therefore examine the cases —1 <y <0 and 0 <y < 1. Also,
note that ay < 0 when 6,, > 0, that a; > 0,a9 < 0 when 0,(2 — 69—7‘1) > 0 and

C > 0. We will use the following inequality [Zhu09, Th. 5],
32vI—y) @2ryT—y)”
2V2) + (VI +y) (2v2)P + (P — 2¢0) (/T F y)»’

valid for any 0 < y < 1 and p > 1. The above relation and the property
arccos(—y) = m — arccos(y) imply

{ 21T+ y

T —
(2v2)P + (np —20) (VT —y

< (arccosy)P <

)p)l/p]p < (arccosy)?

and
S
(@2 + (VI

(arccosy)P < |m —
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forany —1 <y <0and p > 1.
Case 0 <y < 1: Then

y + Cf(arccosy)y/1 — y2A < y + C((arccosy)* + ay arccos y)y/1 — y2A

— 8m3(v/1T—y)? 21—y 5
< VO viTe ety VY
= 8 (1 — y)? 2m(1 —y)
= VO T (T Mt vy VT
< y+(i- y)éfjéi:fg% <1,

Val 2v2+7—2
when CA < Von(n2ar)” Moreover,

y + O f(arccos y)\/1 — y2A > y + C(as(arccos y)* + ag) /1 — y2A

—= 4m*(1 —y)
> A
= y+c(@8+ma—®a+m>+%)
— — 47
Z y(l—QC’aQA)—I—C' CL24+7T2+CL0 A

(4day + ag)m? + 4ag
4+ 2

when CA < 4t

—(4az+ap)m2—4ag *

Case —1 < y < 0: It holds

y + O f(arccosy)y/1 — y2A < y + C((arccos y)® + ay arccosy)/1 — y2A

> C A>—1,

— 3132/ +y 5 6vI+y
C|(r— ay(m — A
= <( (16\/§+(\/1—y)3)1/3) Tl m>>

< U(W3+G1W)A§1,

when CA < —2—. Finally

w3taym”
y + O f(arccos y)\/1 — y2A > y + Clas(arccos y)* + ag) /1 — y2A
2
— 2v3vT+y
> C - 1 A
> Y+ a2<7r N ) +ao | (1+y)

2 y+6(a27r2—|—ao) (1—|—y)A 2 —1,
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when CA < O

a27r2+ao

Lemma 5.5.9 suggests the following assumption for the SD scheme to be
well-posed.

Assumption 5.5.10 Let the discretization step A be such that

—~ 2247 —2 4+ 1 1
CA < :
V27 (72 + 2ay) /\ —(4ag + ag)w? — 4ag /\ (w2 + ay) /\ —asm? — ay

O

The SD iterative scheme for the numerical approximation of (5.3.9) reads

ytsnjil = COS (—cAWn + arccos(y;, + O f (arccosyy, )1/ 1 — yan)> 7

where AWH = thH — th, are the increments of the Wiener process.
We consider the configuration as in [LL10, Sec. 5.6], i.e.

W(h) = ko

(9 00)%, ko =208, Iy =1, B =1,e =107%,

where we now take the initial angle 6y = 3. Then f(0) = W'(0) = kg0 — kgbo.
The effective dynamics are

(5.5.1)

65040 [ (i@~ 01— ~5.) e VP [ =G,

where C' = 0.999. We want to compare our proposed SD scheme
(5.5.2)

32, = cos (—V/20AW, +arccos(yn + Chy(arccos(yn) — 00)y/T—124))

with the EM scheme which reads
(5.5.3)

YoM = g+ C (Ko(arccos(yn) — 60)y/T— 42 — 4 ) - A+ V20 /1= 2ATW,

W — _sen(X! 3 3 2 y2 3 _
where AW,, = (X2)2+(X3)2X (sgn(X?)AW;: — X°)AW? and y, =

n*
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According to the notation introduced in the beginning of the section,
we have that as = 0,a7 = ky and a9 = —kyby. Note, that according to
Assumption 5.5.10, the SD scheme (5.5.2) is well-posed for all A such that

\/_7r 72 + 2kg) keeo (w2 + ko)

Since the EM scheme has a finite life time, in order to be well posed, we
examine the following modification of (5.5.3)

A<

G = ytnm(ke(arccos@m—eo> <1—y%n>+—ytn)-A

(5.5.4) +V20,/(1 — g2 ) F AT,

Below, we make a simple numerical experiment to compare the EM
scheme (5.5.4) with the proposed SD (5.5.2). For the implementation of
the SD method, we have to assume that A < 0.0021 A 0.0016 A 0.00146,
thus the step A = 1072 is sufficient. Figure 5.1 shows that EM produces
values outside the interval [—1,1], even when the time 7" = 1, where SD by
its construction does not exhibit that behavior.

Therefore, in order to make a comparative result of SD scheme with EM,
we have to consider the following modification of the EM scheme, a stopped
EM scheme (sEM), which is structure preserving,

—1, FEM

Yi
SEM __ f”}EM
(5.5.5) Y =< 1, yr > 1,

1 EM
yr ", otherwise.

If at some time tj, the EM scheme drops below 1, that is y*EM < —1, then
the stopped EM scheme y;"" = —1 and in the next step we have

yiP =y PM(1 - CA) = -1+ CA < 1,

for A < 2/6. Moreover, for the case where EM exceeds the upper boundary
1 at time g, B B
yiPM =y PM(1 - CA) =1 - CA > —1,

for A < 2/C. Thus, the stopped EM scheme (5.5.5) is well defined for A <
2/C.
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Fig. 5.1: Comparison of a path of (yF*) and (y7P) at step A = 1073, with
6o = 3. Euler method produces values outside the interval [—1, 1].

-0.92 T T T T T T T T T

© —e—y[SD

We aim to show experimentally the order of convergence of structure pre-
serving methods for the estimation of the true solution of (5.5.1). Therefore,
we consider the semi-discrete method (5.5.2). We want to verify our theoreti-
cal results and in particular the order shown in Theorem 5.2.4. Moreover, we
would like to compare SD with the EM modification (5.5.4), even though it
is not structure preserving,and with the stopped EM scheme (5.5.5) in terms
of error estimation and computer time consumption.

We estimate the endpoint £2-norm e = \/E]y(A) (T) — &%, of the differ-

ence between the numerical scheme evaluated at step size A and the exact
solution of (5.5.1). For that purpose, we compute M batches of L simulation

paths, where each batch is estimated by ¢; = + 31| |yf?) (T) — yi(;ef) (T)|?
and the Monte Carlo estimator of the error is

M L
~ 1 A re
(5.5.6) =\ 57 2o 2wy (D) = (1),
j=1 i=1

and requires M - L Monte Carlo sample paths. The reference solution is
evaluated at step size 27'4 of the numerical scheme. For the proposed SD
scheme, we have shown in Theorems 5.2.4 that it strongly converges to the
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exact solution, so we take that as a reference solution. We simulate 100-100 =
10* paths, where the choice for L = 100 is as in [KPS03, p.118]. Of course,
the number of Monte Carlo paths has to be sufficiently large, so as not to
significantly hinder the mean-square errors.

We plot in a log,-log, scale and error bars represent 98%-confidence inter-
vals. The results are shown in Table 5.1 and Figure 5.2. Table 5.1 does not
present the computed Monte Carlo errors with 98% confidence, since they
were at least 10 times smaller that the mean-square errors.

Fig. 5.2: Convergence of SD, +EM and sEM applied to SDE (5.5.1) with param-
eters (0o, kg, C,T) = (3,208,0.999,1) with 32 digits of accuracy.

-5.5
5 -]
%\_6'5—’ A — = ===
g gm=m=mTTTTT
//’///:+*V‘SD
-751 ///// 7viyl+EM
- _ - y‘sEM
r — — — Ref. slopes 1/7,1/3
-E§13 -l£.5 -iZ -1i.5 -il -1(;.5 -10
Log2(A)

Step A | SD-Error Rate +EM-Error  Rate sEM-Error Rate
2-10 0.010459 — 0.010333 — 0.010654 —
2- 11 0.010263  0.0273 0.010042 0.0412 0.009945 0.0994
212 0.009470 0.116 0.009333 0.1056 0.009269 0.1016
2713 1 0.007674 0.3034 0.007645 0.2878 0.007637  0.2794

Tab. 5.1: Error and step size of SD, +EM and sEM scheme for (5.5.1) with
(0, kg, C,T) = (3,208,0.999,1) and 32 digits of accuracy.

In Table 5.2 we present the computational times,? of the explicit numerical

3 We simulate with 3.06GHz Intel Pentium, 1.49GB of RAM in Matlab R2014b Software.
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schemes SD, the modification of EM and the stopped sEM scheme for the
same problem.

Step A SD +EM sEM
2710 1°0.000715 0.001917 0.000565
271 10.001398 0.003602 0.001088
2712 10.002768 0.007231 0.002191
2713 10.005385 0.014094 0.004183

Tab. 5.2: Average computational time for a path (in seconds) for the selected
schemes.

In Figure 5.3 we illustrate a path of the solution cos(0pc(Xt)) where
X, solves the 3-dimensional system approximated by Euler-Maruyama(EM)
method with discretization step A = 1073 and the effective dynamics (5.5.1)
computed again with SD scheme (5.5.2) and EM scheme (5.5.3), taking into
account the path of W; considered for the solution process X;.

Fig. 5.3: A sample path of the transformation & = cos(6apc(X¢)) of the solution
process and the effective dynamics ny, y;—EMa at step A = 1073,

-0.9

— % —¢

, —+ -y
092y o X

. . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time t

As we saw before in Figure 5.1, EM produced negative values, even for
time horizon T = 1, so by increasing the integration time 7', to 20 in this

The random number generator is Mersenne Twister.
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case, results in an increase of the probability of such events. In particular,
Figure 5.3 shows this oscillatory behavior.

We prefer not to compare with implicit methods, if any, which are struc-
ture preserving, since in principle they require more computational time.
Nevertheless, we present one such method. The balanced Milstein method
(BMM), proposed in [KS06], is given by the following linear implicit relation

gV = g 4T (ke<arccos<ytn> o) 1- 2 - y) A
+V2C, /1 — 42 AW, — Ty, ((AWn )
)

() D+ 8 ) (AT = 8)) (91, = 915,

for n = 0,...,N — 1 where d° and d' are appropriate weight functions.
Rearranging leads to

(1+ d(ya) Ay + d (y) (AW,)? — A))yPMM = ¢

tn+1

+(Ckg(arccos(z) — o) V1 — 22 + (d°(z) — d*(z))x) A + g(AWn),

where z = y,, and g(z) = V2CV1 =22 - z + (d*(z) — C)z - 22 The BMM
scheme is able to preserve positivity for suitable d° and d' but it is not clear
if there are functions d° and d' such that starting with an z € (—1,1) we
have that y/VM e [-1,1] too.

Moreover, there exist other interesting balanced schemes (tamed schemes),

of the form [Sab15]

TAMED (Chy(arccos(x) — Op)v/1 — 22 — 2) A + V2CV1 — 22AW,
=T — —
Yinss 1+ |Cky(arccos(z) — 6o)vV/1 — 2% — x| AP 4 2C(1 — 22) AP

or [Zhal4]

yﬁfﬁ = z+sin[(Cky(arccos(z) — 0y)V1 — 22 — ) A] +sin[V 2CV1 — a:QAWn],

but still not clear, whether they possess eternal lifetime or not.

Therefore, we choose the best candidate of the numerical methods pre-
sented above and estimate the error produced by the coarse graining pro-
cedure. In order to approximate the Coarse Graining Error (CGE), we use
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again the same Monte Carlo procedure, where now (5.5.6) reads

—

M L

—_— ].

CGE =\ | 377 2_ 2 0i5(T) = cos(O(T)) .
j=1 i=1

—

and consider again ML = 10* Monte Carlo sample paths. Here cos(6;) is an
approximation of the cosine of the angle

_oxx
IR + (X2

We use the EM scheme for the approximation of the 3-dimensional X7 =
(X1 X2 X3). In particular, we can implement, as discussed earlier in Section
5.3, any numerical scheme for the scalar SDE (5.3.1), which refers to the
evolution of the first coordinate X!, and then approximate independently the
system (X2, X3). We choose the EM scheme, since it is easy to implement.

It reads
1 (leg — |V} 2
Yl =V (14+ - ) VEA AW}
L= (1 £ v ) tet) TS

Y2 o= y2 {1 + (yeq (AR
em=tp i tn 2\2 332 tn
e VR + ()

yl y3 Y3 2
9 tn tn tn A _A 2
O AT <ni>2+mi>2) } * \ﬁ W

Y3 _ Y3 |:1 + (1 leq B \/(}/131)2 + (}/ti>2Y3
em =ty q tn 230 3379 tn
e VYE)2+ )

Yl vy? Y32 2
0) s n A \/iAWS
+f<)|l@il|l@i|(Y;i>2+<Y;i)2) % 5AW

— W} are the increments of the Brownian motions

COS QABC(t)

where AW} := W} |
(Wi),i=1.3.

Finally, to get an impression of the difference in computer time consump-
tion, between numerically solving the original system (5.3.1) — (5.3.3) and
the effective dynamics (5.5.1) using SD ( or sEM ) we present Table 5.4. We
also include the times for the new Wiener process (5.3.5).
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Step A | CGE Error using SD  Rate
2-10 0.010611 —
21 0.010268 0.0474
212 0.009499 0.1123
213 0.007671 0.3083

Tab. 5.3: Coarse-graining error estimates using EM for the original system (5.3.1)-
(5.3.3) of X and the SD scheme (5.5.2) for the evolution of the effective
dynamics (5.5.1) with 32 digits of accuracy.

Step A co@(\T)) SD + (New Wiener Process)
210 0.041374 0.000715 + 0.000298
211 0.076626 0.001398 + 0.000583
2712 0.147262 0.002768 + 0.001141
2713 0.284851 0.005385 + 0.002200

Tab. 5.4: Average computational time for a path (in seconds) for the original sys-
tem (5.3.1)-(5.3.3) of X and the SD scheme (5.5.2) for the evolution of
the effective dynamics (5.5.1) with 32 digits of accuracy.

5.6 Conclusion.

In this note, we propose a new explicit numerical scheme for a class of scalar
SDEs that appear in the field of molecular dynamics, after a coarse-graining
procedure. The qualitative feature of the scheme is its ability to preserve the
domain of the original scalar SDE, which in the specific case studied here,
is D = [—1,1]. In other words, our scheme possesses an eternal life time.
Unfortunately, we are not able to prove strong convergence of the proposed
scheme and we restrict ourselves with an application in the numerical ex-
periment Section. Our first goal is to prove a convergence result of the SD
scheme.

In previous works concerning the SD method, we have mainly focused
on SDEs with non-negative solutions which appear in the field of financial
mathematics. We want to exploit further the main idea of the SD method,
to be able first to retain some features, as the structure preserving property,
but in the same time approximate efficiently the SDE at hand and within
reasonable time limits.

The semi-discrete method is problem dependent and at least to us, there
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is no unified way of applying it. Therefore, we treat each problem separately.
The following figure is representative of the general situation we want to
handle.

Xy — £(X4) — 3
~— N ~
Full dynamics (5.3.1)—(5.3.3) Push— forward dynamics (5.3.4) Ef fective dynamics (5.3.7)

Here, we mainly dealt with the efficient numerical approximation of the ef-
fective dynamics (€,) and then estimated the coarse-graining error (CGE) be-
tween &(X;) and (Et), by computing the error Esupo<i<ry ]5()2}) —EtP, where
for the approximation of the 3-dimensional (X;) we used the EM scheme and
for the approximation of the effective dynamics the SD scheme. Moreover,
we did that for a particular choice of (§) = cos(fapc). We would like to
answer the following questions:

Question 1 : Can we generalize these ideas (estimates) for a general scalar
transformation (X)) for the same problem?

Question 2 : Can we generalize these ideas (estimates) for a vector-valued
coarse-graining map £(X), by considering for example a 4-atom model?

Furthermore, we used the EM scheme for the numerical approximation
of (X;) in order to get an estimate for £(X). Thus,

Question 3 : Can we also improve the estimation of the full dynamics
(X};) using another scheme, which may preserve qualitative features, of the
problem, when the EM fails to do so?
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We briefly review the basic notations of probability theory and stochastic
processes in order to define the Brownian motion and henceforth the stochas-
tic integral. For more details we refer to [Mao97, Ch. 1|, [@ks03, Ch. 2,3,4],
[Fri75, Ch. 1,3,4], [KS88|, [JP03] and references therein.

A.1 From a measurable space to a complete probability space.

Let Q # () be the set of all possible outcomes (events) of trials of our math-
ematical model. We are interested in a group of such events, i.e. a family of
subsets of (2, which we denote by F and call a o-algebra.

Definition A.1.1 [o-algebra] A family F of subsets of Q2 is called a o-field

or a o-algebra if

o O c F, where & is the empty set;
o Ac F implies A € F, where A® = Q\ A is the complement of A;
o Ay Ay, ... € F, implies U A; € F.

O

We call the pair (2, F) a measurable space and all elements of F are
called F-measurable sets. For a family C of subsets of €2 there exists the
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smallest o-algebra containing C, which we denote by ¢(C) and call the o-
algebra generated by C. In the case Q = R? and C is the family of all open
sets in RY, the generated o-algebra by C, denoted by B¢ = o(C), is called
Borel o-algebra and its elements Borel sets.

A function X : Q — R? is said to be F-measurable if all X;,i=1,...,d
are F-measurable (random variables), i.e. if for every i it holds:

{w: Xi(w) < a} € F for every a € R.

Now we are ready to equip our measurable space with a probability mea-
sure.

Definition A.1.2 [Probability measure] A function P : F — [0,1] is called
a probability measure on the measurable space (0, F) if

o P(Q))=1;

e [t holds P(U2,A;) = Y2 P(A;) for any sequence (A;)i>1 C F of
disjoint sets, i.e. such that A; N A; = 0,1 # j. (Countable Additivity)

O
The triple (2, F,P) is called a probability space. Let

F:={ACQ:3L,U e Fsuchthat L C A C U with P(L) = P(U)}.

Then F is a o-algebra called the completion of F. The probability space
(Q, F,P) is called complete if F = F.
Finally we introduce the notion of filtration.

Definition A.1.3 [Filtration] A collection {F;}i>o of increasing o-algebras
of F, i.e. such that Fs C F; for all 0 < s <t < o0 s called a filtration. It
18 right continuous of F; = Fi+ 1= NgsiFs for all t > 0. O

Heuristically, the filtration tells us about future time information, that is
when we are at time ¢ we know for every set in JF; whether w belongs to that
set.

When the probability (2, F,P) is complete, we say that the filtration
{Fi}i>0 satisfies the usual conditions if it is right continuous and includes all
P-null sets.
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A.2 About Stochastic Processes.

We always work with a complete probability space equipped with a fil-
tration {F;};>o satisfying the usual conditions, i.e. with the quadraple
(Q, F,{Fi}+>0,P) which is also called a stochastic basis. Actually, in the
main corpse of this thesis we consider the filtration {F; }o<i<r for 7" > 0.

Definition A.2.4 [Stochastic Process| A collection of R%-valued random vari-
ables { X, }ier is called a stochastic process with index set I and state space
R?. O
The index set we consider here is I = [0,7] for T" > 0 or in general I =
R* = [0,00). For each fixed ¢ € I we have that X;(w) : © — R is a random
variable whereas for each fixed w € Q the function X;(w) : I — R? is called
a sample path of the process.

In the following, we introduce various stochastic processes.
The R-valued process {X;}i>o is called:

e Continuous (resp. right continuous, left continuous) if for almost all
w € § the function X;(w) is continuous (resp. right continuous, left
continuous) on ¢t > 0;

e Cadlag (continue a droite limite & gauche) if it right continuous and
for almost all w € € the left limit limgy, X (w) exists and is finite for
all t > 0;

o Integrable if X, is an integrable r.v. for every ¢t > 0;
o Fi-adapted if X, is Fi-measurable for every t > 0;

o Measurable if regarded as a function of two variables, that is X (¢,w) :
Rt x Q — R? is B(R") x F-measurable;

e Progressive if for every T > 0 it holds that X (¢,w) : [0,T] x  — R? is
B([0,T]) x Fr-measurable;

e Optional (resp. Predictable) if it is O-(resp. P-)measurable, where
O(resp. P) denotes the smallest o-algebra on R X w.r.t. which every
cadlag adapted process (resp. left-continuous process) is a measurable
function of (¢, w).
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A random variable 7 :  — [0, o] is called a stopping time if {w : 7(w) <
t} € F; for every t > 0. We present a result concerning stopping times (see
e.g. [Mao97, Th. 1.3.2]).

Theorem A.2.5 [First Exit Time] Let D C R? be an open set and define
T:=inf{t >0: X, ¢ D},

with the convention inf ) = co. Then T is a stopping time called the first exit
time from D. O

Two important classes of adapted integrable stochastic processes are mar-
tingales and Markov processes. The process {M;}>¢ is called a martingale
(w.rt. Fp) if

(A.2.1) E(M|Fs) = Mg as. forall 0 < s <t < oo

and { M, }+>¢ is called a Markov process whenever for given Borel measurable
function f(-) it holds

E(f(My)|Fs) =E(f(M)|Ms) as. forall 0 < s <t < oo.

If we replace the equality sign in (A.2.1) with < we have a supermartingale,
whereas the sign > corresponds to a submartingale. A process that is either
supermartingale or submartingale is called semimartingale.

Relation (A.2.1) suggests that by considering s as the current time, then
the expected value of the process in a future time t conditional to the current
information, is equal to the current value. This is a picture of a fair game
where we can not lose or win in average. This property is used in the modeling
of no-arbitrage in financial mathematics. We refer to [Man09| for a note
about the origin of the word martingale.

Finally we introduce the notion of quadratic variation and quadratic co-
variation.

Definition A.2.6 [Quadratic Variation] The quadratic variation of a stochas-
tic process X; with continuous sample paths t — X;(w) is defined as the limit

(X)p = lim i (X () — Xy, (@)
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Intuitively, the above limit can be written as a ‘second order’ integral

T
=+ [ X
or in a differential form
d(X), = “dXi(w)dX;(w)".

A stochastic process whose trajectories ¢ — X;(w) are differentiable for al-
most all w, satisfies (X)), = 0. In the case X is a deterministic process t — ¢,
such that dX; = dt, we get the classic differential calculus result

dtdt = 0.

Definition A.2.7 [Quadratic Covariation] The quadratic covariation of the
stochastic processes Xy and Y, with continuous sample paths is defined as the
limat

(X, Z)p = Tim 3 (Xap(w) = Xr, (@) (Zap(@) = Zap, (@)

n—00
=1
O

As before, we can intuitively write it as a ‘second order’ integral or in differ-
ential form

(X, Z), = ¢ /0 X (@)AZu(w)" o d (X, 7). = “dXu(w)dZu(w)".

A.3 The Wiener Process.

The general type SDE (1.2.3) which we rewrite in differential form, high-
lighting the dependence on w,

(A.3.2) dXi(w) = a(t, Xi(w))dt + b(t, X¢(w))dWi(w),

is defined through the increments d;(w) of a process with continuous trajec-
tories. This is the Wiener process' one of the two most important stochastic
processes in the field of probability.?

I Also known as Brownian Motion. We shall adopt the name Wiener.
2 The other stochastic process is the Poisson process, see e.g. [Bil86, Sec. 23].
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The Wiener process has independent and Gaussian increments. This is
rigorously stated in the following.

Definition A.3.8 [Wiener Process| Let (Q, F,{Fi}+>0,P) be a stochastic ba-
sis and {Wi}iso be a real-valued continuous Fi-adapted process. We call
{Wi}iso a one-dimensional Wiener process if it has the following properties

e Wy =0 a.s.;
o Wi(w) — Ws(w) is independent of Fy;
o Wi(w)—Ws(w) ~ N(0,t—s), (Gaussian increments),

for all0 < s <t < co. A m-dimensional process {W,; }r>0 = (W}, ..., W/™) >0
is called a m-dimensional Wiener process if each {W}} is a one-dimensional
Wiener process and {W}}, ..., {W/™} are independent. O

As a consequence the Wiener process {W; }>0 satisfies the following:

o W,(w)— Wy(w) is independent of W;(w) — Wi(w), (independent incre-

ments),
o Wiin(w)—Wein(w) ~ Wi(w)—Ws(w), (stationary increments),

forall 0 <s<t<u<ooandh>0.

It can be shown that the Wiener process is a continuous square-integrable
martingale with quadratic variation (W), = t, for every ¢t > 0 which can also
be written, in a more ‘relaxed’ way as

AW (w)dWi(w) = dt.

The above result is due to the fact that the Wiener process moves that fast,
so that the second order terms can not be regarded as negligible. On the
contrary, a process with differentiable trajectories can not move that fast,
and therefore second order terms do not contribute.

Moreover, we have that (W, t), = 0, for every ¢ > 0 which can be rewritten
‘informally’ as

AW, (w)dt = 0.

The trajectories of the Wiener process are almost nowhere differentiable.

In particular, they are of unbounded variation and consequently the deriva-
tive Wi (w) = dWy(w)/dt does not exist (see |Bre68§].)
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The m-dimensional Wiener process {W;}i>0 = (W, ..., W/™)0 is a m-
dimensional continuous martingale with joint quadratic variation given by
(Wi, W), = 6t for 1 <i,j < m, where §;; is the Dirac delta function, i.e.

5 — 1, when i =y,
- 0, otherwise.

The above property characterizes the Wiener process among continuous
martingales as shown by Lévy’s characterization theorem of Brownian mo-
tion, [KS88, Th. 3.16, p.157|.

Theorem A.3.9 [Lévy/ Let M; be a m-dimensional process, which is a mar-
tingale w.r.t. the filtration {F;}i>0, with continuous paths, My =0 a.s. and
(M, M7), = &5t for 1 < 4,5 < m. Then M, is a m-dimensional Wiener
process w.r.t. {Fi}. O

A.4 It6 Integral.

The integral representation of (A.3.2) is
¢ ¢

(A43) Xi(w) = Xo(w) +/ a(s,Xs(w))d8+/ b(s, Xs(w))dWs(w).
0 0

Now we have to define the stochastic integral fot b(s, Xs(w))dWs(w). This
integral can not be defined in the ordinary way as a Stieltjes integral for
every path, since the variation of the paths is unbounded. However, under
‘reasonable’ assumptions ([Oks03, Ch. 3|), we can define the integral for a
large class of stochastic processes, in a Stieltjes way, where now the integral
depends on the intermediate points of the partitions used in the correspond-
ing limit. In particular, we consider the interval [0,7], and the following
partition which depends on an integer n,

T" = min {T, i}.
i=0,1,...,00 on
Note that T)* = T for every ¢ > 2"T. The bigger the n the better discrete
approximation of the continuous interval [0, T.

Definition A.4.10 We denote by M?([0,T|; R) the family of all real-valued
measurable, {F;}-adapted processes ¢ = {P(t) bo<i<r such that

T
H¢H(2)T = E/o |ps(w)Pds < oo0.
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We say that ¢ and ¢ are equivalent if llp — (/EH(%T =0. O
For ¢ € M?([0,T];R) we define the integral as,

/(bs JaWs (e _JLHSOZ@” [ T (@) = WL (W),

where t7 is an intermediate point of [T7*, 77" ). The choice ¢} := T}", i.e. the
left endpoint of the above interval, corresponds to the [td integral, whereas
considering the midpoint ¢} := (T]" + T} ,)/2, defines the Stratonovich inte-
gral.

The Ito integral has interesting probabilistic properties - it is a martingale
- but in the calculus it defines the classic chain rule is not valid. On the other
hand, the Stratonovich integral, even though with less probabilistic interest,
retains the chain rule and is preferred as regards the properties of the paths.

We present a classic example of a stochastic integral calculated in the Ito
and Stratonovich sense

Wt(“’)_ﬁ Ito
/ W dW >:{W(w 2 o,

Stratonovich.

13 7

Usually the sign “o” is used in the Stratonovich case to distinguish between
the two integrals fo ) o dWs(w). It is also possible to transform a SDE
written in It6 form to one in Stratonovich form and conversely [Dks03, Ch.
3]

dXi(w) = a(t, Xe(w))dt + b(t, Xi(w)) o dWi(w)
= a(t, Xy(w))dt + b(t, Xy (w))dWi(w),

where

ot z) = alt, 7) + %b(t, @%(t, 2).

In the case where b(t, x) = b(t) the drift coefficients of the corresponding It6
and Stratonovich SDEs are the same.

In general, stochastic integrals are defined in a Lebesgue way instead of
a Riemann-Stieltjes way. We define the stochastic integral first for simple
processes and then take the ‘limit’. Finally we can extend the definition to
the multi-dimensional case. For a detailed study of stochastic integration
and its connection with SDEs we refer to |Oks03| and [RVVS?]

We collect some properties of the It6 integral (¢ fo Os(w)dWs(w) :
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It is continuous as a function of ¢;

It is F;-adapted;

It is linear and additive;

It is martingale with E(/(t)|F,) = 0;
E(I2(t)|Fo) = [) E(62(w)|Fo)ds (Ito isometry)
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In this section we collect some inequalities frequently used throughout
this thesis as well as some theorems mainly from the field of probability and
stochastic processes.

B.1 Probability Related Results.

First, we present the Cauchy-Schwarz inequality (see |[HLP52, Th. 181])

(B.1.1) (/XYds)2 < (/ X2ds> (/ Y2d3> :

where we have suppressed the limits of integration and the Young inequality
(see [HLP52, Th. 61])

(B.1.2) <l Y
r q’
for non-negative a,b and conjugate exponents r, q.
In the following, we present Hdlder’s inequality (see [HLP52, Th. 189])
and a simple application of it:
For X € LP)Y € L% and r,p,q such that 1/p+1/q = 1/r with 0 < ¢ <
00,0 < r < p it holds that

(B.1.3) 1X - Yz @ry < IX W zo@m Y Izom)-
For r =1 and p > 1 inequality (B.1.3) becomes
[E(XT-Y)| < (EIX]P)VP(E]Y]7)"
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and for Y =1 (B.1.3) implies
(EIX )Y < (EIX ).

Now, we state two integration convergence theorems, see e.g. [Mao97,
Th. 1.2.2 & 1.2.3].

Theorem B.1.1 [Monotone Convergence] For an increasing sequence {X,,}
of non-negative random variables it holds

lim EX, = E(lim X,,).

n—oo n—oo

O

Theorem B.1.2 [Dominated Convergence| Let {X,} € LP(Q,R?) and Y €
LP(Q,R) for some p > 1 such that | X,| <Y a.s. and let {X,} converge in
probability to X, i.e. for every e > 0,P(w : | X, (w) — X(w)| > €) = 0 as
n — oo. Then

o X € LP(;RY);
o {X,} converges to X in LP, i.e. E|X,, — X|P = 0 as n — oo;

o lim, . EX, =EX.

B.2 Stochastic Processes Related Results.

The following inequality is an application of the well-known Doob inequality,
see e.g. [KS88, Th. 1.3.8].

Theorem B.2.3 [Doob’s Martingale Inequality] Let { M, }1>0 be a martingale
such that M; € LP(2,RY) for some p > 1. Then

p
(B.2.4) E sup |MP < (Ll) E| My,
p_

o<t<T

for T > 0. O
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B.3 Moment-Integral Inequalities.

The next result is known as Burkholder-Davis-Gundy inequality, see e.g.
[Mao97, Th. 1.7.3], [KKS88, Th. 3.28|.

Theorem B.3.4 [BDG Inequality] Let ¢ € L2(RT;R>*™). Then for every
p > 0 there exist positive constants c,, C, such that
T
| s
0

T t
/ ¢2ds / b dW,
0 0

for T'> 0. O

The universal constants c,, C}, may be chosen in the way shown in Table B.1.

p/2

< E sup
0<t<T

p/2

p
(B.3.5)  ¢,E < C,E

Y

Values of p | ¢ | C, |
(0,2) (p/2) (32/p)P"?
2 1 4

(2, OO) (Qp)—P/Q [pp+1/2(p . 1)p—1]p/2

Tab. B.1: Universal constants in the BDG inequality.

The following integral inequality has been used in theory of ODEs and
SDEs for the proof of existence, uniqueness, boundness and comparison re-

sults between other applications. It is also important in this thesis. It goes
back to 1919, see [Grol9, (7)].

Theorem B.3.5 [Gronwall’s Inequality]| Let u(-) be a Borel measurable bounded
non-negative function on [0,T], where T > 0 and let v(-) be a nonnegative
integrable function on [0,T]. If

u(t) < c+/0 v(s)u(s)ds,

for every 0 <t < T where ¢ > 0, then

(B.3.6) ult) < cexp { /O tv(s)ds} .
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C.1 Existence and Uniqueness of y?P for the Heston 3/2-model.

C.1.1 Uniqueness of solution of y2P.

Let v, y: be two solutions of SDE (2.5.3) with same initial condition, i.e.
with yo = go. By Lemma 2.4.8 they both belong to the space M?([0,T]; R)
of measurable F;-adapted processes z such that

T
E/ |2,|*ds < 0.
0

Set the stopping times 0% = inf{t € [t;_1,t;] : || > R} and 0%, = inf{t €
[ti—1,ti] 2 |9:] > R} for some R > 0 big enough and consider the stopping
times 7, = 0 A0, fori =1,..., N. Take t € [0,¢,] and e;n;1 1= Yynrt, — Jonrd -
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It holds that

t/\T}?/
’et/\T}%‘z = ’ / (f(=§757y§7y8> - f(§757g§7gs>> ds
0

t/\‘r}% 9
+/ <g<§7 Say§7ys> _g(§757g§7g8))dws‘
0

t/\T}?/ 2
S 2t1/ f(éasayﬁays)_f(§757y§7g8) ds+2’Mt|2
0
t/\Té
< 61510123/ (\ys - Qs‘z + |ys — @5‘2 + |ys — Z)s’) ds + 2’Mt‘2
0
<

t
611C%, [ leansy s + 2104
0

where in the second step we have used the Cauchy-Schwarz inequality, in the
third step the elementary inequality (Zle a;)? <3 Z?:1 a?, for appropriate

a; and Assumption 2.2.1 for f, in the last step the fact that s = 0, when
s € [0,t1], and the equality in the initial conditions yo = ¢o. Furthermore,

t/\7'}1%1
Mt = / (g(§757y§7y5> - g(§7 Sag§ag5)) dWS
0

Taking the supremum over all ¢ € [0,¢;] and then expectations we have

A

t/\T}%
E sup ]etAT}z|2 < 6t,C3E sup (/ lys —g)s|2d5> +2E sup |M,?
0<t<ty 0<t<ty 0 0<t<ty

t1
(C.1.1) < 6tlc;§/0 E sup [egars [*ds + 2K| My [

0<i<s
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where we have used Doob’s maximal inequality with p = 2, since M, is an
R-valued martingale that belongs to £2. Moreover, we have that

2

tl/\TR
EthF =K / <g<§7 S>y§7ys> - 9(5’737?3@?33)) dWs
0

tl/\T}% 9
= E / (g(§787y§7y8> _g(§787g§7g8)) ds
0

t1/\7’11%
< 3CRE </ (|?JO—?]0|2+ lys — 0s|” + |yo—?)0|) d8>
0

tiATL t
< 30k [ Bl s <30k [ B sup fen s,
0 0

0<i<s

where we have used Assumption 2.2.1 for ¢g. Thus relation (C.1.1) becomes
t1
E sup |€t/\7.1| (6thR+3C’R)/ E sup ]eMT1| ds,
0<t<t, 0 0<I<s

which by use of Gronwall’s inequality gives

E sup \et,\le
0<t<ty

Following the same arguments we can show that

2:07

0<t<ty

for every integer 1 < i < N.! Thus, if we drop the index i from the stopping
times with the meaning that 6z = inf{t € [0, 7] : |y;| > R} and 8 = inf{t €
[0,7] : || > R} for some R > 0 big enough and consider the stopping time
TR = Or N\ éR, we have that

N
E sup |emrs|? < E E sup 2 =0.
0<t<T — i<ty

Hence, y; = ¢ for all 0 <t < T a.s. which proves that the solution of SDE
(2.5.3), and in general of SDE (2.2.1) when it exists, is unique.

! For i = 2 just use the same ideas as for i = 1 and the other cases follow exactly the
same way using in every step the result of the previous step.
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C.1.2 Existence of solution of y; .

We will show the existence of the solution of SDE (2.5.2) for n = 0 and the
same procedure can be followed to show the existence of the solution of SDE
(2.5.2) for every integer n = 1,.., N — 1, i.e. the existence of the solution of
SDE (2.5.3). Application of Itd’s formula to Iny,, for 0 <t < ¢; implies

"1 1 [t 1
Iny, = Inyy + / —(k1(s) — ko(s)yo)ysds + —/ (——2) k2 (s)yoyZds
0 Ys 2 Jo Ys

t
1
+ / _kS (S>y0yde5
0

— Iny +S/Ot (kl(s) — ka(8)yo — kgz(s)m> ds + /0 t ks (5)/Tod W

Now take the exponential of both sides of (2.4.4) with § = 0 in the case
0 <t <t to verify that (2.5.5) is indeed a solution of SDE (2.5.2) for n = 0.

C.2 Proof of Lemma 2.4.10.

Set the stopping time 0z = inf{t € [0,7] : z;* > R}, for some R > 0, with
the convention that inf() = oo. Application of 1t6’s formula on (z¢ng,) >
implies,

tNOR

(Zerop) 2 = (20) 2 +/0 (=2)3 (k1 (5)as — ka(s)221)ds

+ /0 R%(m—%g(s)x?dw /O (2 ky(s) ()

tANOR
= @) [ D+ 2he)a 3k )
0
t
+/ (_2)]{3(8)33273]I(O,t/\aR)(S)dWS
0

tNOR
— / (—2/4:1(5):55_2 + (2ks(s) + Skg(s)) (I?T_AIH(OJ] (xs) + xgr_41[(1700] (ms))) ds
0

+(x0) 7 + M,

IN

t
(0) 72 + (2k2,max + 3K3 max) T + / (2ka(s) 4 3k3(5))25 > Lo ) (5)ds + My,
0
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where

t
M, ::/ (—2)ks ()27 Lo tnap) (5)dW.
0

Taking expectations in the above inequality and using the fact that EM, = 0,2
we get that

t
]E(xt/\gﬂ’)72 < E(',L‘O)72 + (2]{271‘113)( + 3k§,max)T + (2k2¢max + 3k?2),max)/ E(‘rS/\eR)72d8
0

< (E(zo) ™ 4 2k2,maxT + 3k3 a1 kAT o

where we have used Gronwall’s inequality with C independent of R. We have
that

(C.2.2) (mr0) " = (o) *Lion<t) + (20) *Licon) = RLgp<ty+ (20) *Liicop)-

By relation (C.2.2) we have that,

1 1
E ( 5 ) = RQP(HR < Yf) +E (?H(IKQR)) < C,

N n
thus
X 1 1
Pz go)_P<ﬂ {on < R}) _I%EEOPG% < R}) < lim P(0p <1) =0,
R=1

We conclude that x; > 0 a.s.

C.3 Proof of Lemma 2.4.11.

We work as in the proof of Lemma 2.4.7. In particular, we first get the bound

kl,maX:U2 + <O5(P - 1)(k3,max)2 - k2,min> xQT
1+ a2

J(S,QS’) S S kl,maxa

valid for all p such that p < 1+ 2k2 wmin/(k3.max)?, Where J(s,z) is as in the
proof of Lemma 2.4.7, which in turn implies,

E(x)? < 2(”_2)/2(1 + E(zo)p)eCpt,

? The function h(u) = (—2)ks(u)2], > Lo tr0p) (u) belongs to the space M?([0,t]; R) thus
[Mao97, Th. 1.5.8] implies EM; = 0.
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for any 2 < p < 1+ 2ko min/ (k3max)? and all ¢ € [0, T]. Using It6’s formula on

(z)P, withp < 3 —r+ (k?;::)? (in order to use Doob’s martingale inequality

later) we have that

< o [ [ + (L K k) (7] s
< (@ +p [ W)+,

where M, = fot pks(s)(z,)PT2"~1dW,. Taking the supremum and then expec-
tations in the above inequality we get

E( sup (xt)p) < (E(Cbo)p + 4EM72~) ePFLmaxT . Aq,
0<t<T V

where in the last step we have used Doob’s martingale inequality to the
diffusion term M,? and Gronwall’s inequality.

C.4 Proof of Lemma 2.4.16.

Set the stopping time 0z = inf{t € [0,T] : ;' > R}, for some R > 0,
with the convention that inf () = co. Application of It6’s formula on Inzng,
implies,

tAOR 1

Inzing, = Inxg —i—/ —(k1(s)xs — ka(s)x?)ds
0

s

tAOR 1 tAOR 1
. <_x_) B ads + [ (o)l )dv,
0 s 0 s

tAOR
= Inzg+ / (/{1(8) — kQ(S)ngl _ kg(s)mzrf2¢2($s>) ds
0

tAOR
+ / ks(s)a" 1o (xs)dW,.
0

3 The function h(u) = pks(u)d(w,)(2,)PT? 1 belongs to the family M?([0, T]; R) thus
[Mao97, Th. 1.5.8] implies EM? = E( [, h(u)dW,)? = E [ h*(u)du, i.e. M; € L2(;R).
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Taking absolute values in the above equality, then expectations, and using
Jensen’s inequality and then It6’s isometry on the diffusion term M;, we get

Ellnzine,| < Ellnzol + T(Jkimax] + |F2.max]E sup |a |9
0<t<T

kg maxKJE sup |z,/*7?) + E|M,|
0<t<T

IN

E’ ln *TO‘ + <|k1,max| + (‘kQ,maX’ + ’k3,max|2)A1 + |k3,max‘2Kq25)T

+4/4EM2 < C,

where A; is as in Lemma 2.4.14 and M, := fot ks(s)xt  p(x) Lo nap) (8)dWs.
Now, we proceed as in Lemmata 2.4.6 and 2.4.10, to get P(0r < t) | 0 as
R — oo and then conclude that P(z; < 0) <0, i.e. 2; > 0 a.s.

C.5 Proof of Lemma 2.4.14.

In the case all = are outside a finite ball of radius R > 1, and s € [0,T] we
have that

(ki (s)z — ka(s)2?) + (p — Dk3(s)[z"¢(x)]?/2
1+ 2?2
ki(s)z? — ko(s)z7™ + 0.5(p — 1)k3(s)x* ¢*(x)

- <kmxa
1+ 22 = Mlma,

J(s,z) =

where the the last inequality is valid for all p > 2 and we have used ¢+1 > 2r
and that ¢ is odd. Thus J(s,z) is bounded for all (s,z) € [0,7] x R, since
when |z| < R we have that J(s,z) is finite, say J(s,z) < C. Application of
[Mao97, Th. 2.4.1] implies

E|z, P < 2(1”’2)/2(1 + E\xo\p)eCpt,
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for any 2 < p and all ¢ € [0,7]. Using It6’s formula on |z;|P, we have that

t
i = ool + [ 5 (1272 + (p = 2o 422) )l s
t

t
s [l (e, = balat)ds + [ pha)e 2ot ),
0 . p_f
<l [l B R R ) o pas
0

4 / phs()6 ()| [P ()T VY,

J/

~
My

¢
< ]x0|p—|—C'/ |zs[Pds + My,
0

where we have used that 0 < 2r —2 < ¢ — 1 and ¢ is odd. Taking the
supremum and then expectations in the above inequality we get

t
E( sup |:]?) < E|zo' + CE ( sup / |xs\pds) +E sup M,

0<t<T 0<t<T 0<t<T

< ]E|a:o|p+C/ sup |#;/P)ds + [E sup M?
0<I<s \/  o<i<r
< (E|x0|p + ,/4EM%> T = Ay,

where in the last step we have used Doob’s martingale inequality to the
diffusion term M,* and the Gronwall inequality.

C.6 Proof of Lemma 2.4.17.

Set the stopping time 0z = inf{t € [0,T] : y, > R}, for some R > 0, with the
convention that inf () = co. Application of It6’s formula on (ying,,)?, implies,

4 The function h(u) = pks(u)P(zy )| [Pz ! belongs to the family M?([0,T];R) thus
[Mao97, Th. 1.5.8] implies EM? = E( [, h(u)dW,)? = E [ h*(u)du, i.e. M; € L>(;R).
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tAOR
(Wero)? = (w0 + / Ps(5) (0P 4 sV,

tAOR - )
R O T e (AT RC

p(p — 1)k§(3) 2r—2

= o [ (bth(0) - o)+ P DR o) v

tAOR
" / Phs(5)y B (ys) (4 P AV,
0

IA

t -1
R+ P R K2 4 B 00 iy 51
0
+(0)” + M,

t
< (wf+C / (1) Lounom (5)ds + My,
0

where we have used that ¢—1 > 2r—2 > 1, the last inequality is valid for p >

2, the constant C'is independent of R and M, := JAGR Pk (s)ys  d(ys) (ys)PAW.

Taking expectations and using that EM; = 0 we get

t
E(yns,)? < E(zo)’ +C / E(ysn0,)'ds
0
< E(xo)peCT,

where in the second step we have applied Gronwall’s inequality. We have
that

(Yernon)” = Wor) Liog<t) + W) D<oy = R o<t) + (¥e) Lit<op),

thus taking expectations in the above inequality and using the estimated
upper bound for E(y:rg,, )P we arrive at

E(y0) Loy < E(xo)Pec”
and taking limits in both sides as R — oo we get that

Jm B Lo,y < E(woye””.

Fix t. The sequence (y;)"Lt<q,) is non-decreasing in R since 0y is increasing
in Rand t N0 —tas R — oo and (y;)"I<g,) — (y)? as R — oo, thus the
monotone convergence theorem [Mao97, Th. 1.2.2] implies

E(y,)? < E(zo)Pe”,
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for any 2 < p. Following the same lines as in Lemma 2.4.14, i.e. using
again Ito’s formula on (y,)?, taking the supremum and then using Doob’s
martingale inequality on the diffusion term we obtain the desired result.
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We consider a partition of the time interval [0,7] with 0 = ¢ty < #; <
... <ty =T and discretization steps A, == t,,1 —t, forn=0,...,N — 1.
Moreover, we denote by AW, := W, . —W,, the increments of the Brownian
motion. We show in the following subsections some numerical schemes for
the approximation of

t t
‘/t = ‘/0 +/ (kfl — k‘g‘/s)ds +/ kS(Vs)qu57 t e [O7T]
0 0

and make some brief comments on them. We also denote V,, :== V] .

D.1 Standard Euler-Maruyama scheme.

The explicit Euler-Maruyama (EM) scheme for the process (V;) is given by
(D.1.1) VIEN = Vi + (k1 — kaVi) Ay + ks (Vo) TAW,,,

forn=0,...,N — 1. Clearly P(V,,41 < 0|V,, > 0) > 0, thus the EM scheme
can produce negative values with positive probability, or in the notion of
[Sch96] we say that (D.1.1) has a finite life time.

Standard Milstein scheme.

The standard one dimensional Milstein (M) scheme contains some extra
terms derived by Ito-Taylor expansion [KP95, Sec. 5|, and applied to (V})
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reads

1
VM =V, + (k1 — kaVi) Ay + ks (Vi) TAW, + 5(lfg)?q(vn)?q*l (AW,)* = A,),

forn =0,..., N —1 where we have retained terms of order (A,). Again (M)
scheme has a finite life time.

D.2 Balanced Implicit Method.

The balanced implicit method (BIM) [MPS98, (3.2)] was the first attempt
to treat the problem of invariance-preserving of specific domains of the un-
derlying process and reads

VEIM  — 4 (ky — kVo) A, + ks(V,) AW,
+ (V) An + (V) |[AW,]) (Vi = Viga),

forn=20,...,N — 1, where ¢® and ¢' are appropriate weight functions. The
choice °(x) = ky and c!(z) = kzz? ! preserves positivity [KS06, Sec. 5].
Rearranging the above equation, we get the expression
ot _ Vot kB 4 ks(Va) (AW, + AW, ]).
i 1+ kol + ks (Vi) AW, |

D.3 Balanced Milstein Method.

The balanced Milstein method (BMM), was proposed in |[KS06], for an im-
provement of the BIM in the stability behavior as well as in the rate of
convergence. It is given by the following linear implicit relation

VM = Vi + (k1 — ko Vi) Ay + k3 (Vi) AW,
1
+§(k3)2q(Vn)2q*1 (AW,)* = A,)
+ (dO(Vn)An + dl(Vn)«AWn)Q - An)) (Vn - Vn+1)v
forn = 0,...,N — 1, where d° and d' are appropriate weight functions.
The choice d’(z) = Oky + (ks)%q|z[**"2, where © € [0,1] and d'(z) = 0
implies an eternal life time for the scheme [KS06, Th. 5.9], in the sense that

P(V,y1 > 0|V, > 0) = 1. The step sizes A, have to be such that A, <

%. The relaxation parameter resembles to the implicitness parameter
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(6 in our notation). For © = 1 there is no restriction in the step size, but it is
recommended when possible [KS06, Rem. 5.10] to take © = 1/2. Rearranging

with the above specifications leads to
VBMM _ Vo4 (k1 — (1 — ©)ka Vi) Ay + ks(Va)IAW, + 2 (k3)2q(Vi) L (AW,)?
e 1+ Oky A\, + L(ks)2q|V,, 2024, |

Finally, the proposed semi-discrete (SD) scheme reads

koA A (ks)2A>
VSD — Vn 1 . 2 1 _ Vn 29—1
nH <\/ ( 1T I@HA) T kA A1+ koap )

ks 2
b :
2(1 + ka0A)

Increasing the time horizon T results in an increase of the percentage of
negative paths of EM and M. On the other hand BIM, BMM and of course SD
are not affected by that, since they preserve their positivity on any interval

[0, 7.

(vn)q—%AWn>
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E.1 Proof of Proposition 4.4.7. . . . . ... ... .... 171

E.1 Proof of Proposition 4.4.7.

For the first relation of (4.4.3) we have that

Cr = Cr| = e T|E(er - K) — E(yr - K)"|
E |(x7 — K)* = (yr — K)¥|
Elzr — yr

\/E|£L’T—yT|2 — 0 as A\LO,

VAN VANRVAN

(E.1.1)

by Theorem 4.2.2.

The other relations require a little more care. We will only sketch the
proof as one can follow [HMO05, Th. 5.1], where the result is in the setting
of SODEs, nevertheless the main idea works also here. Therefore, setting
A={0<2,<B,0<t<T}and A:={0<y < B,0<t<T}, we have
that,

|B, — B,| e TE |(zr — K) "Ly — (yr — K) 15|
E (‘(xT —K)" = (yr - K)+’ HAWT) +E (("ET - K>+HAHZC)
+E ((yr — K) T yenz)

E (|or — yrlLyng) + (B - K) (P(AN &%) + P(4°N A))

<
<

IN

(B12) < VElr—yrP + (B - K) (PANA) +P(4°N 4))

where M€ denotes the complement of a set M. The estimation of the above
probabilities boils down to the estimation' of Esupy<,<p [y: — 2;|*>. Thus,

! Details can be found in the proof of [HM05, Th. 5.1].
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using Theorem 4.2.2 one can show the second relation of (4.4.3).
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F.1 Boundary classification of one-dimensional time-
homogeneous SDEs. . . . ... ............ 173

F.2 Solution process of stochastic integral equation

F.1 Boundary classification of one-dimensional
time-homogeneous SDEs.

Let us now recall some results [KS88, Sec. 5.5] concerning the boundary
behavior of SDEs of the form,

Let I = (I,r) be an interval with —oo <[ < r < oo and define the exit time
from I to be
S:=inf{t >0: X, ¢ (I,r)}.

Let also the coefficients of (F.1.1) satisfy the following conditions

b’(x) >0, VYx €I, (Non Degeneracy), (ND),

xr+e 1
Veel, Je>0: / Md@/ < 00, (Local Integrability), (LI).

e 0?(y)
Then for ¢ € I, we can define the scale function

z _ y a(z) .
(F.1.2) s(x) ::/ e 2 i dy,

whose behavior at the endpoints of I determines the boundary behavior
of (X;) [KS88, Prop. 5.22|. In particular, we get for the transformation
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£(X) = cos@ in Section 5.3.1, that the effective dynamics (5.3.9) have a
boundary behavior which is determined by the scale function

T y _ 52 1
(o) = / exp{?@/ _f(arccosz)\/l z +6Zdz}dy

2(1 — 22)Cp-1

x y
— / exp{/ —Bf(a—r(f(;z) + 1_Z sdz}dy

B f(arccos z) 1 1 1 1
_ - — dztd
/exp{/ V(I =2)(1+2) 2 2142 2y

for any € I. Let [ = (—1,1) and take ¢ = 0. We compute

B f(arccos z)

/m ol [ - N T R

S f (arccos z)
dz}dy

/mx{/ NGEDIET)]

s(-1)+) =

thus by [KS88, Prop. 5.22a] we have that P(S = co) = 1 that is P(—1 <
&E<1)=1.
F.2  Solution process of stochastic integral equation (5.2.1).

We will show that the process (5.2.3) for n = 0, is the solution of the stochas-
tic integral equation (5.2.1) for n = 0, that is

(F.2.1) Y7 P = cos (—cW; + arccos(Vy))

satisfies . ) .
=Y, + / (—%)ysds + c/ V1= yEdWs,
0 0

for t € (0,t], with

Yb = |$0+¢($0)\/1—$%-A’ < 1.
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Relations (5.2.5) and (5.2.2) yield
th = Sgn(zt)th,
where
2y = sin (—cAW + arccos(Y))) .

The cases for n =1,..., N — 1 follow with the appropriate modifications.
We can write the increment of the Wiener process as

th:Odt+1th,
and view (F.2.1) as a function of Wy, i.e. y = V(W) with

dy

W= sin (—cW + arccos(Yp)) - (—c¢)

= /1 —y?sgn ( sin (—cW + arccos(Yp)) ) :

and

d?y

i —c? cos (—cW + arccos(Yp))

= .

Application of It6’s formula implies
1 1 ’
dy, = 5V (Wy)dt +V (W) dW,

2
C —~
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SUMMARY OF NOTATION & ABBREVIATION

Q State Space

R* [0, 00)

T4 Indicator of set A

{Fi}e=0 Filtration

P Probability Measure on the measurable space (€2, F)

W (t,w) or Wi(w) or Wy  Wiener Process

£P([0,T]; RY) Family of all R%valued measurable, {F;}-adapted processes
¢ = {6(t) Jo<i<r such that [ [¢(s)|Pds < oo as.

MP([0, T]; RY) Family of all processes ¢ € £LP([0,T]; RY) such that
E [y lo(s)|Pds < o

C'(A; B) Family of all continuous functions from A to B with
continuous derivatives up to order [

Gap Generator corresponding to a SDE with drift coeffiicient a
and diffusion coefficient b.

Gy Noise operator corresponding to a SDE with diffusion
coefficient b.

a®, AT Transpose of vector a¢ and matrix A

xVy The maximum of z,y

a.s. almost surely

cf. conferre=compare

e.g. exempli gratia=for example

ie. id est=that is

Ir.v. random variable

w.r.t. with respect to

Ch. Chapter

Def. Definition

Fig. Figure

Prop. Proposition

Rem. Remark

Sec. Section

Th. Theorem
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