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Abstract

Dynamical Systems Approach in Scalar Field Cosmologies

In this thesis flat Friedmann-Lemaitre-Robertson-Walker models with
a perfect fluid matter source and a scalar field non-minimally coupled to
matter are considered. In the first part of the thesis we study the case of
double exponential potentials. It is shown that the scalar field almost always
diverges to infinity. We find conditions on the parameter space such that the
model is able to provide an acceptable cosmological history of our Universe,
that is, a transient matter era followed by an accelerating future attractor.
It is found that only a very weak coupling can lead to a viable cosmology.
We study in the Einstein frame, the cosmological viability of the asymptotic
form of a class of f (R) theories predicting acceleration. Double exponential
potentials could take negative values with respect to the parameters. We
prove rigorously that a general class of bounded from above potentials which
fall to minus infinity as the field goes to minus infinity, forces the Hubble
function to diverge to —oo in a finite time.

In the second part of the thesis, we study more systematically scalar
fields with potentials taking negative values. We prove that the Hubble
function generically diverges to —oo in a finite time, except in case the
potential exhibits a flat plateau at infinity, tending to zero from below.
We find conditions on the parameter space which may give rise to ever
expanding or collapsing Universes. To illustrate our results we revisit the

double exponential potential.
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Hepiindn
Médodor Auvouixoy LuoTnudteny oe

YOyyeova Hpofrfuata Madnuatinrc Koouoroyiog

X1 Ootelfr) auTr UEAETOUUE ETMEDN, OUOYEVY X0t LGOTEOTA LUUTAVTO TOU
TEPIEYOLY WS VAN €val TEAELD pEVTTO Xou Evar PorduwTo Tedlo GULELYUEVO UE TNV
OAM. X710 Tp®TO UEEOC MEAETOUUE TNV TEQITTWOT TOU 1) GUVHETNOT BLYVAUUIXOD
ebvan ddpotopa 800 exdetindv. Amodeixvieton 6Tl To Porduwtd medlo oyeddy
mdvta Telvel oto dmeo. Bploxouue Tol SO TAUATH TWV TUPAUETEWY Yio To
oTola TO HOVTEAD TERLYPAPEL tiot XOOHOAOY XS amodeX T Lo Topla. Koouohoyuwd
amodexty| loTtoplo Vewpeitow 1 AOon TOU BUVIUIXO) GUGTAUNTOS TIOU TEQLAN-
Bdver wior petofotinn enoyr) dounong VANG 1 omolo oxohouvdeiton and pla emi-
TOUVOUEVY ETOY T TOL avTioTolyel o euoTadr Abor Tou cucTHUUTOS. ATo-
OECYUETAL OTL Yol VoL €YOUUE PO x0oUoAoYXT loTopla, 10 Tedio mpénel
vo ebvar ToAD ac¥evide culeuyuévo e TNV UAN. LuvopTAoelc Ue OImAd ex-
YeTd Suvauixd Tou Toeouotdlouy oAxd VeTixd UEyioTo, TeElVouy GTO —00
btav ¢ — —oo xau 610 07 btav ¢ — oo unopolv va mpoxvhouy xon wg
QOUUTTWTIXH Hop@n duvauxody Yewplodv f(R) mou tpoBiénouvy emttdyuvon.
Tétolo duvoUIXd UTOPOYUY VoL TAEVOUY XL AEVNTIXES TYIEC.

270 0e0TEQO PEEOG AMOBELXVOOUNE OTL YL TNV YEVIXT] XATNYoplo ouT®Y
TV dLVaUIX®Y, 1) cuvdpTtnon Hubble aroxiivel o menepacuévo ypdvo. Amo-
OEYUOUNE OTL BLAPOPES OUADES BUVIUIXMY TIOL TUEVOLY ARVNTIXES TUIES 0ON-
YOOV OE XUTAUPEEOVTO LUUTUVTA, EXTOS ATO XATOLa BUVOULXS TTOL TElVOLY GTO

0~ xodde ¢ — o0.

vil
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to become a mathematician”.

—Hilbert’s response upon hearing
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Chapter 1

Outline and Conventions

1.1 Introduction and Outline

Cosmology is the study of the origin, the evolution, the structure and the
fate of our Universe. The basis of physical cosmology is the cosmological
principle, an assumption justified by observations, which states that the
Universe, as far as we can detect, is homogeneous and isotropic at suffi-
ciently large scales. This simplifies the study of the large scale structure
and dynamics of the Universe and allows the study of the Universe as an
entity. The cosmological principle implies that there is a universal factor,
the scale factor a, that relates the distance between two objects, e.g. a pair
of galaxy clusters, at any arbitrary time ¢. The scale factor, a = a(t), is a
dimensionless function of time only, the exact form of which remains one of
the major current problems of cosmology.

Observational data from 1998, [1,2], indicate that we live in a Universe
that expands with an accelerated expansion rate. The visible Universe con-
sists of stars, galaxies, interstellar and intergalactic gas, mentioned collec-
tively as ordinary matter or just matter. Ordinary matter would rather
cause the Universe to either collapse or to expand with a decelerated rate.

There must be a force that does more than simply counter the mutual
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gravitational attraction of the galaxies and forces them to run away from
each other [3,4]. A variety of suggestions have been proposed the past two
decades. These proposals can be roughly grouped into two categories [5-8].
First, a “fluid” of unknown nature, the dark energy, is responsible for the
observed accelerating expansion of the Universe. Alternatively a modifica-
tion of General Relativity at cosmological distance scales is required.

The thesis is organised as follows:

For the convenience of the reader, in Chapter [2| we present the basics of
Friedman-Lemaitre-Robertson-Walker (FLRW) Universes in the context of
scalar field cosmologies. We briefly review the cosmological constant, scalar
fields and modified gravity models.

In Chapter |3| we present the results of our study on scalar fields with a
double exponential potential, V(¢) = Ve ¢ + Voe #?. We assume FLRW
models with the scalar field non-minimally coupled to a perfect fluid. We
show that the scalar field almost always diverges to infinity. We show that
double exponential potentials arise as an asymptotic form of a class of f(R)
theories predicting acceleration. We define the acceptable cosmological his-
tory of the Universe as a trajectory of the dynamical system that passes
near a point that represents a transient matter epoch and lands on a stable
point that represents the accelerated expansion. We present conditions on
the parameters under which the model provides an acceptable cosmological
history of the Universe. We discuss the role of the coupling constant and
prove that only a vanishing coupling constant can lead to a viable cosmol-
ogy. Double exponential potentials may take negative values, In particular
there is a class of double exponential potentials with potential function that
exhibits a global positive maximum, tends to zero from above as ¢ — +oo
and falls to —oo as ¢ — —o0.

In Chapter 4] we complete the analysis, started in Chapter [3 of the

class of potentials taking negative values. We prove rigorously that initially
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expanding Universes, eventually collapse in a finite time. These results
apply to both cases: scalar fields coupled to matter and uncoupled models
studied so far in the literature. We extend our analysis to other forms of
potentials that take negative values. We classify these potentials in five main
classes and we prove that the evolution almost always forces the Hubble
function to diverge to —oo in a finite time. Only potentials which tend to
zero from below may under certain conditions give rise to ever expanding
cosmologies.

Some useful formulas are presented in the Appendices. In Appendix
[A] we present general formulas related to conformal transformation used in
theories of gravity. In Appendix [B] we derive in detail the field equations in
f(R) gravity. In Appendix |C| we provide terminology and theorems of the

theory of dynamical systems we use in the present study.

1.2 Conventions and notations

In the whole thesis, we choose units in which ¢ = h = 87G = 1, where ¢ is
the speed of light, h the reduced Plank’s constant and G the gravitational
constant. Greek indices run from 0 to 3 whereas latin indices run from 1 to
3; we follow the sign conventions, [9]. The Christoffel symbols are defined

as

o ]' g,
[0, = §g ? (Ougvp + OuGou = OpGpuv) (1.1)

where 0, = 0/0z*. The Riemann tensor is

Ry, =000, — 0,10, + FZAP;, RN (1.2)

pos

and the Ricci tensor is

R/W = R)\u)\l/ = aAF/)J\/I/ - al/r;);/\ + F;)J\/I/ KJ - F:‘LO‘ KV' (13)
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The trace of the Ricci tensor is the Ricei scalar
R = R"“ = g"" Ry (1.4)
The Einstein tensor is defined by
1
ij = Rw/ — ERQMV. (15)

The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, takes the

form

ds® = Gudxtdr” = —dt* + a® <

r .
T + r? (d6* + sin® 9d¢2)> . (1.6)

where we have used pseudo-spherical coordinates (r,0,¢), a is the scale
factor and k£ = —1,0, 1 is the spatial curvature representing an open, flat or
closed Universe respectively.

The Christoffel symbols as well as the components of the Ricci and the

Einstein tensors for the metric [I.6] are given in the Appendix [A]



Chapter 2

Introduction to Scalar Field

Cosmologies

In this introductory chapter we briefly review Scalar Field Cosmologies. For

textbooks in Relativity and Cosmology we refer for example to [9H1§].

2.1 FLRW Universes and Field Equations

Hilbert derived the Einstein equations in vacuum by varying the so-called
Einstein-Hilbert action with respect to the metric tensor. The Einstein-

Hilbert action is

1
SEH = §/d4$\/—_937

where g is the determinant of the metric tensor g,,. In the presence of
matter, by adding a matter action, Sy = Swm gy, V], the total action is given
by the Einstein-Hilbert term plus the Langrangian density of the matter,

Ly, which contains all matter fields, W, collectively. The total action is

1
S = Sgg +Su = /d4ZL’\/—g (§R+ EM)
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In order to construct a cosmological model compatible to the general belief
of the time, namely that the Universe is static, Einstein introduced the

cosmological constant, A
1
S = SA + SM = /d4$€\/—g <§(R - 2A) +£M)
The Einstein field equations derived from this action are
1
R;w - iRguV + Ag;w = T;wa (21>

where the tensor 7}, describes the distribution of energy, momentum and
stresses associated to any force field.
We assume that the matter content of the Universe is described by a

perfect fluid with an energy momentum tensor of the form

T,uzz = (P + p) Uy Uy + PAuv, (22)

where u* denotes the four-velocity of a comoving observer, p is the energy
density and p is the pressure in the rest frame of the fluid. Any fluid in
FRLW Universe has to be a perfect fluid since isotropy imposes zero vis-
cosity. Note that both p and p do not depend on the spatial coordinates,
but are functions of time ¢, only. That is, only time-depended mathemat-
ical quantities exist in isotropic and homogeneous Universes. Density and

pressure are linearly related by the equation of state

p=(v—1p, (2.3)

where 7y is a parameter taking values in the integral [0,2]. For dust, v = 1,
for a relativistic fluid, radiation, v = 4/3 and for the cosmological constant,
v = 0. In general, the energy density might be the sum of more than one

components, which evolve differently with respect to a. Denoting by p and
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p the corresponding sums of density and pressure respectively, we have the

effective equation of state
P = West P,
where weg is called the effective equation of state parameter.
The Einstein’s equations (2.1]) in the FLRW metric provide the cosmo-

logical equations, as follows. The time-time component, pur = 00, is the

Friedmann equation (see Appendix [A]),

. 2
a k 1 A
bl L _ 2.4

and the 7 components give the acceleration equation

7 a\’ k
2-=— (=) —p—=+A 2.
(&) -p-S+a (2.5)

where an over-dot denotes differentiation with respect to the time ¢. Us-

ing Eq. ([24) in Eq. (2.5) to eliminate the term (a/a)®, we derive the

Raychaudhuri equation

a 1 A
S =z = 2.
S = (o3 + 5 26)

When a positive cosmological constant is present, the Universe is accelerated
for

1

When A = 0, combining Egs (2.6) and (2.3), we get

a 1+3weff
Y, 2.7
- G (2.7)

From the above we see that for A = 0, the acceleration of the Universe

depends only on the matter constituents, and the Universe is accelerating
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(@ > 0), when 1 + 3wes < 0. Then the condition for acceleration is

1
Wefr S _§ (28)

Note that the condition for acceleration implies that the pressure has the
peculiar property p < 0.
From the definition ([2.2)) and the conservation of the energy momentum

tensor, V,T*" = 0, we get the conservation equation
) a
p=-3-(p+p). (2.9)

Using ([2.3)), one obtains
p~a . (2.10)

We define the density parameter €2, as
Q= (2.11)

where p is the observed density and p. is the critical density for which the
spacial geometry of the Universe is Euclidean. The energy density for each
of the different components also denoted by Q; = p;/p. and the curvature

density by Qi = pi/pe, hence the total energy density can be written as
d Qi+ =0 (2.12)

Consequently, the geometry of the spacetime is spherical if €2 > 1, hyper-
bolic if 2 < 1, and flat if 2 = 1.

Observations [19] indicate that the value of Q is currently close to 1, i.e.,
we live in a spatially flat Euclidean Universe.

It is straightforward to obtain the function a(t) for the case of v = 1

with respect to the different values of k, as shown in Fig. 2.1l That is, in
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a(t)

Figure 2.1: The scale factor in the case of dust.

the case of dust, weg = v — 1 = 0, the condition for acceleration, , is
not satisfied. A similar behaviour of the scale factor is true for a Universe
filled with radiation, weg = v — 1 = 1/3. Therefore a Universe filled with
ordinary matter or radiation cannot be accelerated.

As mentioned in Chapter [I], there are two major approaches to obtain
acceleration: (a) modify the right hand side of Eqs and (dark
energy [20-23]), (b) modify the left hand side of and (modified
gravity).

2.1.1 Dark Energy: The cosmological constant

The simplest model of dark energy is provided by the cosmological constant.
From ({2.4) and (2.5)), we can see the contribution of A as a fluid of constant

energy with an equation of state,

pa = —pa = =4,

ie.,

WA = —1.
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Since py > 0, the cosmological constant can be thought as a matter com-
ponent with positive constant energy and negative constant pressure. We
define the Hubble function as H := a/a. When the A term completely

dominates the evolution of a flat Universe, then from ([2.4)

PN
3

and by integrating we obtain

which describes the de Sitter Universe. de Sitter solution although satisfies
the condition of acceleration, @ > 0, can not be used as a realistic model
of our Universe since we have neglected contributions from radiation and
matter completely. However, it can be thought as an approximation of the
evolution of the Universe at late times.

Although simple as an idea, the cosmological constant suffers from some
fundamental problems. We briefly mention the cosmological constant prob-
lem and the coincidence problem. The cosmological constant problem is the
discrepancy of more than 100 orders of magnitude between the small value
of the cosmological constant measured and the theoretical value expected
from quantum field theory. The coincidence problem is that the observed,
extremely small value of the cosmological constant is the exact one needed
in order to have a sufficient matter domination era. A slightly bigger value
of A forces a direct transition from radiation to dark matter domination
preventing the formation of matter. For the cosmological constant and

problems regarding it, see [3,/524-27].
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2.1.2 Dark Energy: Quintessence

Another popular candidate of dark energy is scalar fields with positive po-
tentials, [28,29]. Scalar fields have been already used in inflationary models,
in which the scale factor undergoes extremely rapid quasi-exponential ex-
pansion, [30,31]. In the standard inflationary scenario |[30-32], the Universe
is dominated by a real scalar field ¢, homogeneously distributed in space,
with a potential function V' (¢). The field that drives this expansion is the

so called inflaton. The action is described by

5= [dey=g (§ S0 D00,V (cb)) FSm  (213)

where S, is the action of ordinary matter. Hence the Lagrangian density

of a scalar field is

Ly = _%gwaugbauqb -V (). (2.14)

By varying (2.13) with respect to g,,, we obtain the field equations

1 m
Ry = St = (T + T0)) (2.15)
where
1
T\ = 0,00,0 — gu (§gp”8p¢8a¢ + V(gb)) , (2.16)

is the energy- momentum tensor of the scalar field. Varying ([2.13]) with

respect to ¢, we obtain the equation of motion of the scalar field
06— V' (¢) = 0, (2.17)

where the D’Alembertian is defined by O := V#V,, V, is the covariant
derivative and V' (¢) = 9V (¢)/0¢.
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In the FLRW metric, the field equations for a flat Universe become

1.
3H? =p+ §¢2 +V(9), (2.18)
: 1-
2H +3H? = —p — §¢2 + V (o), (2.19)
while the equation of motion (2.17)) takes the form
¢+3Ho+V'(¢)=0. (2.20)

From ([2.18]) and (2.19)) we can see that the contribution of the scalar field ¢
to the energy content of the Universe takes the perfect fluid form, py = wypy,

with energy density and pressure given by

1

po =58+ V() (2.21)
po= 50~ V() (2.22)

respectively. The equation of state of the scalar field is then given by,

¢* —2V(¢)

= : (2.23)
¢* +2V(9)

Wy

Eq. implies that slowly evolving scalar fields, ¢ — 0, are hardly

distinguished from the cosmological constant. From another point of view,

the cosmological constant can be thought of as a special case of a constant

scalar field. Models based on scalar fields to explain the late time cosmic

acceleration are collectively called quintessence models. For a review see
[33].

Scalar fields arise naturally in alternative theories of gravity which aim

to extend General Relativity, as for example, higher order gravity theories

[34], scalar-tensor theories with multiple scalar fields [35,36] and string

cosmologies [37,38].
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2.1.3 DModified gravity dark energy models

The most straightforward generalisation of General Relativity is obtained by
replacing the term R in the action by a smooth, otherwise arbitrary function
f(R). Under certain conditions [39,40], these models may be cosmologically
viable. There is a vast amount of studies in f(R) models in the literature
used for explaining acceleration, see for example [7,141-44] and references
therein; for discussions and reviews see [45-53].

The action of an f(R) theory is given by

5= / 4 n/ =G (R) + S (g ),

where U denotes all matter fields collectively. Varying the above action

with respect to the metric tensor, we obtain (see Appendix

PR Ry = S0 (R) + g 0f (R) = V¥ (R) = TS,

The first modified dark energy models proposed in the literature, were
constructed by adding a term 1/R to R in the Einstein—Hilbert action,
[7,54]. The term 1/R dominates as the Universe expands and produces
acceleration [55]. However these models violate the local gravity constraints
and become nonviable as general gravity theories, [8,56].

Other modifications of General Relativity are scalar-tensor theories which

include the original Brans-Dicke theory, see for example [57].

2.1.4 Acceleration in the context of General Relativ-
ity
There are also attempts to explain acceleration in the context of General

Relativity. Some authors [58,/59] attribute the observed, “apparent” as they

claim, acceleration to the inhomogeneities of the Universe. They claim that
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“the accelerated expansion of the Universe is not an observed phenomenon,
but an element of interpretation of observations, forced upon us by the
FLRW models”, see [60].

The authors of the investigations [61}62], explored the possibility that
the dark energy needed to accelerate the expansion of the Universe is at-
tributed to the energy of the cosmic fluid internal motions. As the authors
state, “in this framework, the Universe is filled with a perfect fluid, con-
sisting mainly of self-interacting dark matter, the volume elements of which

perform hydrodynamic flows”.

2.2 Scalar-Tensor theories of Gravity

In the inflationary scenarios, there exists a period of slow-roll evolution of a
scalar field, the inflaton, during which, its potential energy drives the Uni-
verse into expansion with an accelerated rate. Quintessential dark energy
models provide the simplest mechanism to obtain accelerated expansion of
the Universe within General Relativity. These models are described by an
ordinary scalar field minimally coupled to gravity. For example in [63-65]
are studied models that contain both a perfect fluid of ordinary matter
and a scalar field with an exponential potential. It is proved that in these
models (24 is a constant fraction of the total density €2, for that reason
they are called “scaling” cosmologies. Inclusion of non-minimal couplings
in scalar field cosmology is important to be considered although it increases
the mathematical difficulty of the analysis, [66,67]. In fact, the introduction
of non-minimal coupling is not a matter of taste [68]. In the string effec-
tive action, the dilaton field is generally coupled to matter in the Einstein
frame [37]. In scalar-tensor theories of gravity [66,67,69], the action in the

Einstein frame takes the form

S = /d4x\/—_g {R—[(00)* +2V (#)] +2X *Ln (G, ¥)},  (2:24)
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with

g}u/ = X_lgw/a

where x = x (¢) is the coupling function and matter fields are collectively
denoted by W. In particular, as mentioned before, for higher order gravity

theories derived from Lagrangians of the form
7 (R) + 2L G 0). (2.25)
it is well known [34] that under the conformal transformation
gur = 1" (1) G

the field equations reduce to the Einstein field equations with a scalar field
¢ as an additional matter source. The conformal equivalence can be for-
mally obtained by conformally transforming the Lagrangian (2.25)) and the

resulting action becomes [70]

S = / d'zy =g {R — [(96)% + 2V (¢)] + 22V (e* 238 xp)} .

Therefore the Lagrangian of HOG theories is a particular case of the general

scalar-tensor Lagrangian with y (¢) = eV23? in equation (2.24). Non-

minimal coupling occurs also in models of chameleon gravity [71,(72]

S [ dev=g (R = (00 +2V (0] + 260 G ),

with
:Cj/u/ = 62&1)9#1/?
where [ is a coupling constant. The same form of coupling has been pro-

posed in models of the so called coupled quintessence |73|. For more general

couplings see also [74], and [75] for a generalisation involving a scalar field
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coupled both to matter and a vector field. For the consequences of a phan-
tom field minimally coupled to gravity see for example [76].

In general, each component of the total energy momentum tensor may
not be conserved. However, the general interactions between the scalar field

and matter have to satisfy

VT = —Q,, (2:26)
VHT;I;ﬂ =Q,, (2.27)

where Tﬁ(ff), Tff;“) are the energy momentum tensors of the scalar field ¢ and
matter respectively. The term @), called the interaction term, denotes the
energy momentum exchanged between the two fluids. For @, = 0, there is
no interaction between the two fluids. The form of @), is specified by the
physical properties of the fluids and the coupling terms occurring in the

Lagrangians.



Chapter 3

Coupled Dark Energy with

Double Exponential Potentials

In this chapter we study flat FLRW models with a perfect fluid matter
source and a scalar field non-minimally coupled to matter having a double

exponential potential of the form
V(¢) = Vie™* + Vae 77, (3.1)

where «, 8 are positive constants and V7, V, are constants of arbitrary sign.

The chapter is organised as follows. In the next section we construct
the dynamical system. In Section we show some preliminary results
for non negative potentials satisfying certain assumptions in an initially
expanding Universe, the scalar field almost always diverges as ¢t — oo. In
Section we present the double exponential potential and examine its
different forms regarding the signs of the parameters V7, V5. In Section
we use expansion-normalised variables to write the system as a polynomial
three-dimensional system. We study the equilibrium points and analyse
their properties. In Section we set the conditions on the parameter

space, which allow for an acceptable cosmological history of our Universe: a

17



CHAPTER 3. COUPLED DARK ENERGY WITH DOUBLE EXPONENTIAL POTENTIALS18

transient matter era followed by an accelerating future attractor. In Section
we examine the asymptotic form of the potential in the Einstein frame

of a popular class of f (R) theories predicting acceleration.

3.1 Constructing the Dynamical System

Ordinary matter is described by a perfect fluid with equation of state

p=(v—1p,

where v is a constant value taking values in the interval (0,2). Varying the
action (2.24) with respect to the metric, we obtain the field equations

Gu =T + T3 (3.2)

v

where T,Ef) is the scalar field energy momentum tensor and T;SL“) is the
matter energy momentum tensor. The Bianchi identities imply that the to-
tal energy-momentum tensor is conserved and therefore there is an energy
exchange between the scalar field and ordinary matter. In all the above ex-
amples, the conservation of their sum is provided by the equations (compare

to [73])
VAT (9,%) = QT™V,0,  VIT(E) (9,6) = —QT™V, 6,

where @ := dIn x/d¢, depends in general on ¢ and T™ is the trace of the

matter energy-momentum tensor, i.e.,

T = g T (9,0) .



CHAPTER 3. COUPLED DARK ENERGY WITH DOUBLE EXPONENTIAL POTENTIALS19

Variation of S with respect to ¢ yields the equation of motion of the scalar
field
O¢ — V'(¢) = —QT™. (3.3)

For homogeneous and isotropic flat spacetimes the field equations (3.2))
and (3.3, reduce to the Friedmann equation

1.
BH” = p+50° +V(9); (3.4)
the Raychaudhuri equation
H=—1p_0, (3.5)
2 2"

the equation of motion of the scalar field

. . 4—3
b+ 3H+V' (6) = ——Qps (3.6)
and the conservation equation
) —37
p+3vpH = ———5—Qpo. (3.7)

Note that the presence of the trace of the energy-momentum tensor
in the right-hand side of equations and , implies that energy
exchange between radiation and the scalar field does not exist. Of course,
interaction between radiation and the scalar field is present during the warm
inflation epoch. However, as stated before, we are interested in the late time
evolution of the Universe, therefore radiation shall be neglected. As can be
seen by the conservation equation, , the set, p > 0, is invariant under
the flow of equations —. Thus if we initially assume that for some
to, p(to) is nonzero, it shall remain nonzero, vt > t,. Furthermore, if p(to) is

initially positive, it remains positive for the rest of the history. This property
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is not satisfied if we assume arbitrary interaction terms, see Ref. [77].
Setting ¢ = y, we write Egs. (3.5)-(3.7) as an autonomous dynamical

system

¢ =1y, (3.8)
j= 3y~ V'(6) + " Qp, 3.9
p=—p (?wH +2 j%y) , (3.10)
i = —%gf - %p, (3.11)
subject to the constraint
3H? = %yQ + V(o) + p. (3.12)

We recall the remarkable property of the Einstein equations that, if Eq.
is satisfied at some initial time, then it is satisfied throughout the
evolution. Also, in most quintessence models, the coupling coefficient () =
Q(¢), is postulated to be a positive constant, see for example [73].

Before attacking our main problem, some preliminary results are needed.

3.2 Non-negative Potentials

In this section we assume that the potential function of the scalar field is
non-negative with either a minimum V,,;, > 0 or bounded from below by a

non-negative value. We will need the following Lemma, proven in [7§].

Lemma 1 Suppose a function f € C!, such that f > 0, the integral
ftzo f(t)dt converges and there exists a positive constant k such that ]f| < k,
then

lim f(¢) = 0.

t—o00
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3.2.1 Potentials having non-negative minima

In this section we generalise Propositions proven in [78,/79], for our case

where an interaction term between the two matter components is present.

Assumption 1 We assume that V(¢) € C? is a potential function such
that:

1. V>0,
2. V(¢) =0 holds only for ¢ =0,

3. If A C R is such that V is bounded on A, then V' is bounded on A.

Theorem 1 Let V(¢) € C? be a potential function satisfying the Assump-
tion[l. Then
lim p=0= lim y.

t—o00 t—o00
If additionally V'(¢) > 0 for ¢ >0 and V'(¢) <0 for ¢ <0,
then

lim ¢ = +o0,0r 0 or — oco.
t——+o00

Proof. From (3.10) it follows that p = 0 is an invariant set of the system.
Hence, if initially p > 0 , it has to remain positive. Consider a trajectory
with H > 0 at some time ¢ = #. From (3.11), H(¢) is decreasing and
positive, it follows that the limit lim; ., H () exists and is a non-negative
number, say H,,. The monotonicity of H also indicates that for all ¢t > t,
H(t) < H(to). Then from the constraint (3.12)), we deduce that each of the
terms p, 3y%, and V' is bounded by 3H2(to). Let A = {¢ : V(¢) < 3H?(to)}.
Then a trajectory passing through any point xg = (¢, y, p, H) with H(ty) >
0, is such that ¢ stays inside A. From (3.11]) we get

1 [+
5/ (v* +vp) dt = H (to) — Heo.

to
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Therefore

/+OO (yz(t) + ’yp(t)) dt < 4o00.

to
We now prove that the derivative with respect to ¢ of the quantity y?(¢) +
vp(t) is bounded. Indeed

d 4-3
— (y* +p) = —6Hy* — 2yV' (¢) — 37y°pH + 5 i

= Q2—7)py
— 3y

< =2V’ () + !

Q((2—7)py.

As we already remarked, y and p are bounded; also, by our assumption on
V, V' (¢) is bounded. We conclude that the derivative of the function y?+vp
is bounded from above and therefore, Lemma (1| applies and lim; ., y (t)2 =
0 and lim;, p (t) = 0.

If additionally V'(¢) > 0 for ¢ > 0 and V'(¢) < 0 for ¢ < 0, then if
H,, = 0, the constraint implies that lim; ,o, V(¢) = 0, and by our
assumption on the potential lim; ... ¢ = 0. Suppose now that H,, > 0.
From the constraint lim .o, V(¢(t)) = 3H2. Thus there exists ¢; such that
V(¢) > 3HZ, for all t > t;. Hence, since V(0) =0, ¢ # 0, for some ¢ > ¢;.
So, suppose that ¢ > 0, for all ¢t > ¢;. The monotonicity of the potential

V(9), implies lim; o V(6(t)) = 3HZ, < limy_o V().
ioIf limy oo V(0(2)) = limyoo V (), then limy o ¢ = +o00.

i, If limy o V(0(t)) < limg_ oo V(¢), then there exists ¢ > 0 such that

limy oo V(6(t)) = V(¢). From the monotonicity of the potential, it

follows limy_,», ¢(t) = ¢. From Eq. (3.9), we have lim,_.. § = —V'(¢) <
0. Hence, there exists to > t; such that for all t > o, § < —%V’(@, ie.,

ut) = (t) = [ (s)ds < 3V (3) (¢ - 1),

to

that is as ¢ increases, y takes arbitrary large negative values, which is

contradictory since lim; ., y = 0.
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Thus, if ¢ > 0 for all £ > ¢;, then lim; ., ¢ = co. We work similarly for the
case ¢ < 0 for all t > t;, and we conclude that lim; ,.oc ¢ = —0cc. m

A large class of potentials used in scalar-field cosmological models have
a non negative minimum. Below are some examples occurring in the liter-

ature. Polynomial potentials of the form
V(p) =m2¢*", neN, n>1,
exponential or logarithmic potentials [80,81]
Vig) = qb”e_’\%m, nmeN, n,m>1, AeR,

V(g) =¢"In*" 6, nymeN, n,m>1,

double exponential potentials [82]
V(p) = Ae™ + Be™, A, B,\ k€ R",

or chameleon effective potentials [71].

3.2.2 Decreasing non-negative potentials

In the following we shall consider potentials satisfying the following assump-

tion.
Assumption 2 We assume that V € C? is such that:
1. V>0
2. V' (¢) <0.
3. If A CR is such that V is bounded on A, then V' is bounded on A.

The following Theorem generalises Proposition 4 proven in [78].
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Theorem 2 Let V' be a potential function satisfying the Assumption [3.

Then
Jim y=0=m p
and
i 6= +oo.

Proof. Since V (¢) > 0, it follows from that H is never zero, thus
it cannot change sign. Hence, H is always non-negative if H (t,) > 0.
Furthermore, H is decreasing in view of (3.5)), thus H (t) < H (to), for all
t > to. We then deduce from that each of the terms p, %y2 and V
is bounded by 3H (ty)>. Since H is decreasing, 3limy .o H = 1 > 0,
therefore implies that

1

+0o0
5/ (y* 4+ vp) dt = H (tg) — 1 < +o0. (3.13)
to

From Lemma [I| we know that in general, if f is a non-negative function, the
convergence of ftzo f (t)dt does not imply that lim; ,., f (¢) = 0, unless the
derivative of f is bounded. In our case and setting A = (4 — 37) Q,

d
— (" +p) = —6Hy® — 2yV' (¢) — 37y pH + A (1 — 1) Py

dt 2
< =29V (¢) + A (1 - %) Py

As we already remarked, y and p are bounded; also, by our assumption on V',
V' (¢) is bounded. We conclude that the derivative of the function y? + yp
is bounded from above and therefore, implies that lim;_,. y (t)2 =
0 and lim; o p () = 0.

The proof that, lim;_, . ¢ = 400, follows after suitable adaptation of
the arguments used in Proposition 4 in |78], and has been reproduced in
the proof of Theorem I m

If in addition, limy ;o V (¢) = 0, we conclude that H — 0 as t — oo.
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An important example of decreasing non-negative potential is the expo-
nential potential

V(p) = Voe ™, A>0, (3.14)

which has been widely studied in the literature of scalar-field cosmologies,
due to the variety of alternative theories of gravity with predict exponen-
tial potentials and also to the fact that V’/V =constant, which allows for
the introduction of expansion-normalised variables [83] during the analysis
of the dynamical system. Exponential potentials have been studied with
dynamical system techniques in the context of inflation long before the dis-
covery of cosmic acceleration [63,84-87|. Potentials of the form fall

in the class of non-negative, decreasing potentials.

3.3 Double Exponential Potentials

The content of this section constitutes the heart of the first part of this
thesis. We study the late time evolution of initially expanding flat FLRW
models, with a scalar field coupled to matter and having a potential of the
form

V(¢) = Vie " + Voe 7%, (3.15)

where «, 8 are positive constants and V7, V, are constants of arbitrary sign.
The cases 0 < f < a and 0 < a < 3 are considered as “twin” cases and not
treated separately since a mere renaming of the parameters yields to the
same conclusions. For 0 < a = 3 the case reduces to a single exponential
potential, see for example [88]. The case where f < a < 0 is simply a
reverse ¢ <> —¢. For the rest of this chapter and without loss of generality,
we assume 0 < a < . For the general case of where the parameters
are of arbitrary sign, see Chapter [l We also assume that the coupling
coefficient is a constant, of order @) < 1.

Double exponential potential is usually the asymptotic form of other
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potentials. For example in Kaluza-Klein theories with d extra dimensions

reformulated in the Einstein frame, o and /5 are [66]

2d - 2d+2)
drz WA=y —g—

The physical reason for the choice (3.15)), is that in quintessence models, the
dark energy is the energy of a slowly varying scalar field ¢ with equation of

state

Do = WP, w e~ —1.

In most of the models of dark energy, it is assumed that the cosmological
constant is zero and the potential energy, V (¢), of the scalar field driving
the present stage of acceleration, slowly decreases and eventually vanishes
as the field approaches the value ¢ = oo, [89]. In this case, after a tran-
sient accelerating stage, the speed of expansion of the Universe decreases
and the Universe reaches Minkowski regime. Double exponential potentials
of the form were investigated in [90,91]. Solutions were obtained
in [92-94] with the ansatz ¢ = AH; see also [95] for more general cou-
plings. A scalar field with a double exponential potential without coupling
to matter was investigated in [96]. For exact solutions of a scalar field
non coupled to dust with single and double exponential potentials see [82].
Quintessence cosmologies of double exponential potentials in the absence
of matter were studied in [97] with the techniques of phase space analysis.
Coupled quintessence field with a double exponential potential and galileon
like correction was considered in [98].

Interaction terms between the two matter components of the form —apgﬁ
as in with a simple exponential potential, were firstly considered in [99],
see also [100]. Although there is an energy exchange between the fluid and
the scalar field, it is easy to see that the set, p > 0, is invariant under the

flow of (3.5))-(3.7)), therefore p is nonzero if initially p (fy) is nonzero; this
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trivial physical demand is not satisfied if one assumes arbitrary interaction
terms, cf. [77].
The field equations with (3.15)) reduce to the Friedmann equation

1.
3H?> =p+ §¢2 + Vie ™ + Vae P9, (3.16)
the Raychadhuri equation
H=—1p_0, (3.17)
2 2p7 *

the equation of motion of the scalar field

. . 4—-3
&+ 3HS — aVie ™ — glae ™ = 221y, (3.18)
and the conservation equation
. 4—-3 -
p+3ypH = ———"LQpd, (3.19)

2

3.3.1 Double exponential potentials with V7, V5 > 0

For potentials (3.15)) with Vi, V5 > 0, we have already shown in Theorem
of Section [3.2] the global result

tLlinooQ5 - O’ tkinoop - 0’ and tlg»nooﬁ5 - +OO

If in addition, limy,. - V (¢) = 0, as is the case of the double exponential

potential (3.15) with Vi, V5 > 0, then we conclude that

lim H = 0.

t—o00
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\

[

Figure 3.1: Potentials (3.15) with V3 > 0,V > 0.

3.3.2 Double exponential potentials with V; > 0,15 < 0

The case V; > 0, V5 < 0, is more delicate and the asymptotic state depends
on the initial conditions. The dynamical system (3.17)-(3.19) has for V; >

0, V5 < 0, two finite equilibrium points

7 Vmax
<¢:¢ma¢:07p:07H:i 3 >a

see Fig. 3.2l They represent de Sitter and anti-de Sitter solutions and
it is easy to see that they are unstable. It is known that for potentials
having a maximum, the field near the top of the potential corresponds to the
tachyonic (unstable) mode with negative mass squared [89,[101-103]. The
other asymptotic states of the system correspond to the points at infinity,

¢ — *o0.

(i) If initially ¢ > ¢, and 3H (ty)* < Vinax, then from , V(o) re-
mains less than V.« since H is decreasing. We conclude that V' (¢ (1)) <
Vinax for all ¢ > ¢y, thus ¢ cannot pass to the left of ¢,,. In the interval
(¢pm, +00) the potential satisfies the assumptions of Theorem [2| and

therefore, ¢ — 0o as t — oc.

(i) If initially ¢o < ¢, and do is larger than the critical value ¢eie > 0,
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Figure 3.2: Potentials (3.15) with V; > 0, V5 < 0 have a local maximum at
some ¢,, and diverge to minus infinity as ¢ — —oo.

which allows for ¢ to pass on the right of ¢,,, then the conclusions of

case hold.

(iii) Finally, suppose that initially ¢g < ¢y, and ¢ is less than the critical
value q.Scrit > 0,i.e., —00 < d)o < écrit. From , H is monotonically
decreasing and not bounded below from zero, hence eventually H may
change sign. We cannot use the same argument as in Theorem
concerning the asymptotic behaviour of ¢ (t)* and p (t), since V and
V' are not bounded. A heuristic argument is the following. Suppose,
firstly, that lim; ., H = 7, where 7 is finite. But, an asymptotic
state of the form, p = (H =n,p= p*,é = ¢, = gb*> , is impossible,
i.e.; the point p cannot be an equilibrium point of the dynamical
system (3.17)-(3.19) for ¢, < ¢,,. Although we cannot exclude periodic
orbits, or strange attractors as w—limit sets for our system, numerical
experiments suggest that, H diverges to —oo. If this is the case, it
can be shown that H diverges to —oo, in a finite time. Suppose on
the contrary that, lim; ,, ., H = —o0. Since v < 2

S Ve < CE 2

¢
3H? = — 14 Vig) = - 4
5 trt S V@) =+ V9,
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hence, '
2H V
2l V)

3 .
SToHR T H?

(3.20)

Taking limits as ¢t — +o00, and since V (¢) is bounded from above

Vi) < 0.

tﬁinoo H2 —
Inequality (3.20]) implies that

~H
i —_— >
tlg-noo H? — 37/27

which is impossible, since

H d1 1 1 o
——=—— and — :
- aH M H

In view of 1} $%+p also diverges to infinity. Again, an asymptotic
state of the form, H = —oc0, ¢ +vp = oo and ¢ = finite is impossible,
therefore ¢ diverges to —oo in a finite time. The above qualitative
arguments for potentials of the form with V3 > 0,V, < 0,
establish the following result, which we prove rigorously in Chapter [4}

Theorem 3 Let V be a C! potential function with the following prop-
erties: 1. 'V is negative and monotonically increasing for ¢ < 0, with
limy, oV (¢) = —o0. 2. V has a global mazimum at some ¢, > 0 .
Suppose that the following initial conditions hold: H (tg) > 0, ¢ (to) < Om,
and —oo < gﬁ(to) < Garit, Where doiw > 0, is the critical value which allows
for ¢ to pass to the right of ¢,,. Then H and ¢ diverge to —oo in a finite

time.

This result generalises previous investigations indicating that negative
potentials may drive a flat initially expanding Universe to recollapse, see

[104H106].
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3.3.3 Double exponential potentials with 1} <0

Potentials falling into this class are either entirely negative or have a global

negative minimum, see Fig. [3.3] As we show in the next section, these

(a) (b)

Figure 3.3: Left potentials with V; < 0,V, > 0. Right [3.3(b)| poten-
tials with Vi < 0, V5 < 0.

are not physically interesting cases. Especially for potentials shown in Fig.
3.3(a), we prove in Chapter 4| that they collapse in finite time except in the
case where special assumptions on the parameters «, 5,7 and the coupling

constant () hold.

3.4 Expansion-Normalised Variables and Crit-
ical Points

There exists a well established mathematical procedure for the investigation
of scalar field cosmologies with exponential potentials in the context of
dynamical systems theory [63,83]. It consists in the introduction of the so

called, expansion-normalised variables by defining

¢ [Vieod [Voe 59 p

and a new time variable,

7 =Ina.
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Note that while x and 2 could take only real values, variables y and z may
take both real and pure imaginary values, depending on the sign of Vi, V5.
With this choice we avoid to have four different dynamical systems. The

Friedmann equation (3.16|) decouples and imposes the phase space
Q=1- (2" +y*+27), (3.22)

to the state vector (z,y, z,€2). Since

@1
dr H’

the evolution equations become

dr dedt 1 ([ ¢ GH
dr  dtdr H\6H +/6H?2
_ 86 aVie pVie® 5RQp 300 | G

+ + + +
V6H — 6H?2 V6H? V6H?  V6H3 \/6H?

3 3 34—-3 3
= -3z + \/;ayQ + \/;622 + \/; 5 7QQ + 327 + %Qx, (3.23)

@ B dyﬂ 1 (_a¢6a¢/2 eo“z’/QH)

dr  dtdr HV 3 2oH H?2

_ e ag 16y p
~V 3H? 2H 2H? 2H?
=y (—\/gowc + 327 + 3%9) : (3.24)
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dz dzdt 1 [V, _ﬁq'ge—ﬁqﬁ/? B e~ B2 FT
dr — dtdr 3 2H H?
_ fYe@ [ o H
-~V 3H2 2H H?
Ve 20 [ B6 1% v p
3H? 2H  2H? ' 2H?
=z (— ;ﬁx +32% + 3%9) , (3.25)
and the evolution of the density parameter (2 is
9 _dodt 1 ( p ol
dr  dtdr H\3H2 3H3
1 3y A=3y,_ pd | pd*
N H( 3H 2 Q3H2+3H3+3H3
_p 4-3y ¢ &  p
_3H2<37 > “H m T
4 -3y 2
=Q(-3v-v6 S Qu+ 62" + 390 ) (3.26)

The evolution of the Hubble function is

dH dHdt H

dr H

dt dr  H

1 L.y v

_H( 2% 2p)
1 v p

— g2 L1
<2H2+2H2

which decouples from the rest of the evolution equations. This is one of the
merits of the introduction of the variables (3.21]); it allows for the reduction

of the dimension of the dynamical system by one.

Using (3.22) we can eliminate €2 from (3.23)-(]3.25) and we end up with
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a three-dimensional dynamical system, (z, vy, z),

dr 3 /3 3y 3 /3
E—\/EQ—§\/;’YQ+ (?—3)16—1- (5 5’)/—\/6> QIL’2
+ <3—377)w3+< goa—\/gQ—l—g\/gny) y°

+ (\/gﬂ —V6Q + g\/§7Q> 2 — ;’y:ﬁyQ — gﬁysz,

dy 3y 3 3Y\ .2 37 2 37
LAY (AR g2 -2l 2 3.27
dr y(z 2“””( 2>m 2V o) B

dz 3y 3 37\ 2 37 o 37
dT—Z<2 265”(3 2):1: 2 T

where

P +yt+ 22 <L (3.28)

The phase space depends significantly on the signs of V;, V5. For Vi, V5 > 0,
the phase space (3.28)) is the intersection of a closed unit ball in R? with
the octants y > 0,z > 0. For V; > 0 and V5, < 0, the phase space is
the intersection of the one sheet hyperboloid 2 + y? — (Im 2)? = 1 and its
interior with the octants y > 0,z > 0. For V; < 0 and V5, > 0, the phase
space is the intersection of one sheet hyperboloid 2 — (Imy)? 4+ 2? = 1 and
its interior with the octants y > 0,z > 0 and for Vi, V5 < 0 the phase space
is the intersection of the two sheet hyperboloid z? — (Imy)? — (Im 2)? = 1
and its exterior with the octants y > 0,z > 0. The resulting dynamical
system depends on four parameters (v, o, 3, Q). Using , the effective
equation of state parameter
2H

~ (3.29)
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is written in terms of the new variables as

»*
- 1424 1P
Wet NEY:ERIEYE

= —1+222 +79Q. (3.30)

At an equilibrium point we may integrate Eq. (3.29) to obtain,

2
H~ —n—— if  we -1,
Swg £ 1) L et 7
and
H = constant, if weg = —1.

Integrating again the above equations we find that the scale factor
evolves as

2 .
a ~ t3Weg+) if weg # —1,

and

an~ e, if weg = —1.

For a trajectory to be cosmologically acceptable, it has to pass near a
matter point, slow enough such as to allow the construction of matter, the
matter era, and to land to an accelerated point. A critical point is a good
candidate for a matter point if it
(i) satisfies the matter condition, Q > 0,

(ii) satisfies the “right”scale factor condition, a ~ t?/3, (or equivalently, weg
close to zero), and

(iii) represents a transient phase, i.e., in the language of dynamical systems
has to be a saddle point.

On the other hand, an acceptable late attractor has to be

(iv) accelerated, weg < —1/3, and

(v) stable.



CHAPTER 3. COUPLED DARK ENERGY WITH DOUBLE EXPONENTIAL POTENTIALS36

We start the study of the system by determining its critical points. We
solve the system of equations dz/dr = 0,dy/dr = 0,dz/dr = 0, determined
by , and we get 15 critical points listed in Table at the end of
the chapter. The eigenvalues are presented in Table According to the
definition , if y, z are real, then y, z > 0 and if they are complex, (pure
imaginary numbers), then Imy, Im 2 is non negative. This means that the
points C_,D_, D ,E_, F_ and G_ are not acceptable. Furthermore, not all
of the remaining points are present in all forms of the potential with respect
to the values of «, 5, V1, V5. We will examine the different cases below.

The different forms of the potentials with respect to the different signs
of V1, V, are shown in Fig. [3.4]

(c) (d)

Figure 3.4: Potentials with 0 < oo < 5. (a) V4,Vo > 0, (b) Vi > 0,V5 < 0,
() Vi <0,V2>0,(d) 1,V2 <0

Below we list all the physically acceptable equilibria. In the next section,

we resume the cosmologically interesting cases.

Ay Following the usual terminology (see for example [104]), points A4
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correspond to kinetic-dominated solutions and exist for any potential

(3.15)). The eigenvalues are

3 3 4—3
3+\/§a, 3+\/§B, 3(2—7)%—\/64_237@

for A, and A_ respectively. Hence, point A_ is always unstable and

and

point A, is stable only for

a > V6, Q>\/642__

f)/
dvy< =
3y TS 3

but unstable otherwise. The effective equation of state is weg = 1 and
the density parameter {2 = 0. Hence these points, although exist for
all forms of the potential as shown in Fig. [3.4] cannot be used neither

as matter points nor as accelerated attractors.

B This is a fluid-kinetic scaling solution. It exists for all different signs

of V1, V5. The eigenvalues are

(4—39)°Q*—2a(4—37)Q+6v(2—7)
4(2-7) ’

(4—37)°Q*—28(4—3y)Q+67(2—1)
4(2—v ’

(4-31)°Q°-6(2-1)°

( )

Point B enters the phase space when

Q< @‘42__377’, (3.31)

for v # 4/3 and lies always in the phase space for v = 4/3, irrespec-
tively of the nature of the potential. For v < 4/3, condition ({3.31)) is
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always satisfied for sufficiently small values of @, e.g., Q < 1. Matter

point conditions (i), (ii) and (iii) are satisfied whenever

V62— (1) \/§ 27

On the other hand, point B may be an accelerated attractor if (iv)
and (v) hold, provided that (3.31) is satisfied. The condition for ac-

celeration (iv) gives

V22 =7)(2-3y)
4— 3y ’

Q < (3.33)

with v < 2/3. Assuming (3.33)), the stability condition, (v), gives
(4-37)°Q*—2a(4-37)Q+67(2—7) <0.

C, This is a kinetic-potential scaling solution and exists in potentials
with V; > 0 for a < v/6 and in potentials with V; < 0 for a > V6. Tt
cannot be used as a matter point since {2 = 0. Point C, is accelerated
for v < /2. The eigenvalues are

a?—6 ala—p) 222 —6y—a(4-37)Q
2 2 ’ 2 '

Thus, it is stable and accelerated whenever

and a < V2. (3.34)

(4_37)Q>M

Hence, it is a good candidate as an accelerated late attractor only in

potentials with V; > 0.

D, This is a potential solution and exist only in potentials with V; >
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0, V5 < 0. The eigenvalues are

~3+0F 128 —3-\0F12a8
) y 97,
2

2

therefore, this point is unstable and represents de Sitter solutions.

&, Point &, is a fluid-kinetic-potential scaling solution (see also Ref. [104]

for the uncoupled case). It enters the phase space when

20?3
<z 7,&2\/3,f0r7<

S
2
V
Wl b ol b ol

az\/3_,f0r7:

The eigenvalues are

3(a—p)y o+ Vo2 -4

20— (4=37)Q" 2(2a — (4-37) Q)"

where
0=32a—-4-37)Q)((4-37)Q—a(2—7)),
5 =5 (20— (4—37) Q) (202 =6y —a(4—37)Q)

(4=37)°Q*—2a(4—37)Q +67(2—17))

Point £, may be used for the matter epoch if it satisfies conditions

(i), (ii) and (iii). For v < 4/3, (i) is satisfied for

2 0% — 3y
< — > /3. 3.35
Q W a3 OV (3.35)

Under the assumption ({3.35)), the scale factor condition, (ii), is satis-
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fied for

1_
Q:2a4_377, V<1, a>V3 (3.36)

and using the value of @ given in ([3.36]), condition (iii) is satisfied for

3 /2—7

For v > 4/3, whenever the scale factor evolves as %3, point &, is
stable and therefore, does not represent transient solutions. For v =
4/3, £, represents radiation solutions and the scale factor evolves as

t1/2. Hence, &, is a good candidate for the matter era if it satisfies

1—7 \/§ 2—v
<1 =2 >4/ =4/ . 3.38
1EL Q=20 a5 /1] (339)

In that case, point &£, exists only for potentials with V; < 0. Hence,

when &, is used as a matter point, point C. cannot be used as the
accelerated attractor. Only point B is left as a candidate for the
accelerated era, but B does not satisfy conditions (iv) and (v), as
long as the parameters v, () and « take values in the ranges defined
by . Therefore, point £, cannot describe the transient matter
phase.

In order for £+ to be used for the accelerated epoch it has to satisfy
conditions (iv) and (v). For v > 2/3, when the point enters the phase
space, it is either unstable or non accelerated. For v < 2/3, it satisfies

condition (iv) for

2 —3y
a
4—3y 7

(3.39)
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and it is stable, (v), when

a < /67(2—7), (3.40)

and when

a— /a2 —67(2—17) OrQ>cz+\/a2—6fy(2—fy)

<
@ 4 — 3y 4 — 3y

(3.41)

otherwise. Whenever £, is an accelerated attractor, the only remain-
ing candidate for the matter epoch is point B, but B does not satisfy
the conditions (i), (ii) and (iii) for the range of the parameters ([3.39)-
(3.41)).

Fo, Gy Since 0 < a < §, then y — 0 means z — 0. Therefore, in the case
of 0 < a < f, these points are not acceptable. Points F, and G,
substitute points C, and &, respectively, in the “twin” case where

0<p<a.

3.5 Cosmologically acceptable solutions

In this section, we discuss only these equilibria which allow for a viable
cosmological history of the Universe. In Table are shown the equilibria

for Vi > 0 and

2

a<V2 <1, (4-3y)Q¢ (max{O,Za

The two critical points A. correspond to kinetic dominated solutions which
are unstable and are only expected to be relevant at early times. Point B
represents a type of scaling solution, i.e., the kinetic energy density of the

scalar field remains proportional to that of the perfect fluid. Point C, is
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Table 3.1: Equilibrium Points for viable cosmology

Label (z,vy,z2) Q Stability  a(t)

A (£1,0, O) 0 Unstable ¢/3

B 4 37 > _ 4(3“/) )222 Saddle t4(2*v)/(67(2*7)+(4*3’Y)2Q2)
6(2—y

Cy % ./ — ) Stable ¢/

R O T | ) Saddle ¢!

accelerated only in potentials with V; > 0. It corresponds to scalar field

dominated solutions which exist for sufficiently flat potentials, o < /6.
These are the same conclusions as in [79] for an exponential potential and

= /2/3, and also in [63], [104] and [96] and in the case of a scalar field non
coupled to matter, although the ranges of the parameters («, v) are different.
Point D, exists only in models with V; > 0, V5, < 0. It corresponds to
the unstable state <¢ = qﬁm,é =0,p=0,H = \/m> and represents de
Sitter solutions.

A successful cosmological model should comprise an accelerating solution
as a future attractor. It is evident that point C,, could satisfy the condition
for acceleration, weg < —1/3, provided that o < V2, compare with the
conclusions in [63]. From now on we assume this range for the parameter
a. Moreover, the equilibrium C,, is stable for all physically interesting
values of . For a cosmological theory to be acceptable, it has to possess a
matter dominated epoch followed by a late time accelerated attractor. The
saddle character of point B, implies that it represents a transient phase and
therefore, it is a good candidate for a matter point, provided that €2 is close
to one. This happens only for very small values of the coupling parameter
@ and for v close to one. Another way to see this, is the following. During
the matter era, the scale factor has to expand approximately as a ~ t%/3,
The scale factor near B evolves as a ~ tm, therefore, weg, has to be

close to zero. As seen in Table a(t) at B, evolves as t2/% when Q takes
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the values

V6 (2(4—_7; S —) <1 (3.42)

Therefore, the realistic value v = 1, corresponding to dust, is incompatible

Q=

to scalar field coupled to matter, i.e., the coupling parameter () must be
zero, see also . On the other hand, and imply that for
v = 4/3, the value of @) is undetermined. Below we summarize our results
for the particular values v = 1,4/3,2/3.

A. Dust (y = 1). The critical points of our system are those of Table
for « < V2, B > a, Q = 0. Note that the future attractor C, has
non phantom acceleration for every value of o in the interval (0,v/2). A
cosmologically acceptable trajectory should pass near B and finally land on
point C,, depending on the initial conditions. Note that A, B and C, lie
on the invariant plane z = 0 and under our assumption on «, point C, exists
only in potentials with V4 > 0. We consider the projection of the system
on the invariant set z = 0. The phase portrait is shown in Fig. [3.5
and is the same in both cases where the phase space is the intersection of
the octants y > 0,z > 0 with a sphere (V5 > 0), or with an one sheet
hyperboloid (Va2 < 0). The 3-D phase portrait is depicted in Figs [3.6] For
the case of dust and v = 1, 5 = 2,Q = 0, see Tables [3.2] [3.3]

10T
08
06 [

041

Figure 3.5: Phase portrait of the projected three-dimensional system on the
invariant set z = 0, for the case of dust, with a =1,5 =2,Q = 0.
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Table 3.2: Case of dust and V; > 0,15, >0, Q =0, a=1, g =2.

Label (z,y,2) ) Stability a(t)
Ay (£ 1 0,0) 0 sources t!/?
B (0,0,0) 1 saddle %3
C. (\/g , \/E , 0) 0 sink 2

Table 3.3: Case of dust and V; > 0,15, <0, Q =0, a=1, g=2.

Label (z,v,z2) ) Stability a(t)
Ag (£1,0,0) 0 sources t'/3
B (0,0,0) 1 saddle %3
C. Iy \/§ , 0) 0 sink 2
D, (0,4/2,1) 0 saddle €

B. Radiation (y = 4/3). The case of v = 4/3 corresponds to radiation,
and therefore there is no matter point with a scale factor a ~ /2. Instead,
point B, which coincides with the origin (0,0,0), now represents the well-
known radiation dominated solution, a ~ t'/2, as a transient phase. C, is

a future attractor for o < /2. For the case of radiation and o = 1,5 = 2,

see Tables [3.4] 3.5

Table 3.4: Case of radiation and V; > 0,V5 >0, a =1, = 2.

Label (z,v,2) 2 Stability a(t)
Ay (£ 1 0 0) 0 sources t!/3
B (0,0 1 saddle  t!/2
C, (\/; \ﬂ > 0 sink 2

C. The value v = 2/3 corresponds to ordinary matter marginally sat-
isfying the strong energy condition. Eq. 1} implies @ = /2/3. An
acceptable trajectory exists for o < /2. For these values of a and Q,

points A, are always unstable. Point B = (1/2,0,0), corresponds to the
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Table 3.5: Case of radiation and V; >0,V <0, a =1, = 2.

Label (z,y,2) ) Stability a(t)
Ag (£1,0,0) 0 sources t'/3
B (0,0,0) 1 saddle  t'/2
C, ES 0) 0 sink 2
D, (0,4/2,1) 0 saddle €

transient matter era, with 2 = 3/4. The accelerated point C, is a future

attractor. For the case of ordinary matter and o = 1, 8 = 2, see Tables

B.7

Table 3.6: Case where v =2/3 and V; > 0,V >0, Q =+/2/3, a=1, f=

2.
Label (z,y,2) 2 Stability a(t)
Ay (£1,0,0) 0 sources t/3
B (3,0,0) 3 saddle /3
¢, (Yhye0) 0 sk £

2.
Label (z,y,2) Q Stability a(?)
Az (£1,0,0) 0 sources t/3
B (30,0 3 saddle  ¢¥/3
Cy \/%, % 0> 0 sink 2
D, (0,v/2,14) 0 saddle et
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Figure 3.6: Phase plots indicating cosmologically viable trajectories, with
0<a<pB (a) Vi,Va>0,(b) Vi >0,V <0

3.6 Asymptotic form of some f(R) theories
predicting acceleration

A large class of dynamical dark energy models, [48,[108{111], is based on
the large-distance modification of gravity. We consider higher order gravity

theories in vacuum derived from Lagrangians of the form

L= f(RV=g. (3.43)

in the Einstein frame. The corresponding potential (see Appendix is

given by
1
2(f")?

Conformal transformation yields the field equations in the Einstein frame

V(g) = (Rf' = 1)

Gw = T (3, 0) + T, (3, V). (3.44)

Models of the form
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where ¢ > 0, n > 1, were proposed to explain the late-time cosmic acceler-
ation in the context of f (R) gravity theories, [7,54]. The obvious idea is the
introduction of modifications to the Einstein-Hilbert Lagrangian which be-
come important at low curvatures. For these models the potential functions
in the Einstein frame have the form
,LL2(’TL + 1)n1/(n+1) (6\/2/3¢ - 1)n/(n+1)
Va(9) = — : (3.45)
2”62 2/3¢

These functions are defined only for ¢ > 0, and their behaviour is similar

to that indicated in Figure [3.2] i.e., they have a local maximum at some
¢, depending on n, and for large ¢ they approach zero exponentially. As
n — oo the potentials (3.45) approach the function

V(o) =y (VT ), (340

corresponding to the asymptotic form of these theories, [7]. Thus, (3.46]) is
a particular case of the double exponential (3.15)), with

2 1
=2a0=2/=-, Vi=-Vo=—>0
ﬁ a \/;a 1 2 9 9

cf. Figure (3.2

Note that for large ¢, V in (3.46|) behaves similarly to V,, in (3.45). In

contrast to the family (3.45)), V' in (3.46) has the nice property that it is
defined for all ¢ € R.

For the viable conditions of the asymptotic form of the potentials (3.45),
the constraint (3.28)) implies that the phase space is the set

2 +y* — (Im2)* < 1.

There are up to five critical points for that system, depending on the value

of 7. Point C, is a future attractor and has non phantom acceleration with
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Table 3.8: Equilibrium points for potentials (|3.46))

Label (z,v,2) Q Existence Stability a(t)
A (+1,0,0) 0 always unstable ¢1/?
4-3 4(5-37) V(8
3o 3 0, 0 W v<5/3  saddle $3(2=7)/(8=37)
% 2‘—f, 0 0 always stable t3
D+ (0,2 0 always saddle el
Weg = —7/9. However, in the case of dust, 7 = 1, the scale factor at matter

point B evolves as a ~ t3/° rather than the usual a ~ t*/3. The scale factor
evolves “correctly” only for v = 2/3. The absence of the standard matter
epoch is associated with the fact that matter is strongly coupled to gravity.
This result is in agreement with the general conclusions in [39,40,/112], that
these f (R) dark energy models are not cosmologically viable. In Table

we summarise the properties of the equilibria.

3.7 Conclusion

In this chapter we have focused on a general treatment of scalar fields with
a double exponential potential non-minimally coupled to a perfect fluid. A
full analysis of the equilibrium points of the resulted dynamical system is
quite complicated, yet it revealed that the model predicts a late accelerated
phase of the Universe for a wide range of the parameters, a, 3, and Q.
Moreover, there exists transient solutions representing a matter era, pre-
ceding the accelerating attractor. However, in most cases the scale factor
near these transient phases evolves as a (t) ~ t4(@) where the exponent g is
in general different from the usual 2/3. The “wrong” matter epoch is asso-
ciated with the fact that for values of () of order unity, matter is strongly
coupled to gravity. A coupling constant of order unity means that matter

feels an additional scalar force as strong as gravity itself, cf. [39]. Assuming
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that ordinary matter satisfies plausible energy conditions, i.e., v 2 1, the
coupling constant, @), has to be very small; more precisely, ¢ (Q) — 2/3,
only for () — 0. Therefore, only a very weak coupling of the scalar field to
ordinary matter can lead to acceptable cosmological histories of the Uni-
verse. This surprising result, indicates that cosmological evolution imposes
strict constraints on the choice of the correct Lagrangian of a gravity theory.
In this study we restricted ourselves to constant couplings; had we let () to
be a function of ¢ obeying a proper evolution equation, the dimension of
the dynamical system would have increased by one. In that case, it would
be very interesting to see if the dynamics leads to a very tiny value of )
at late times. Such a result could lead to a generalisation of the attractor
mechanism of scalar-tensor theories towards General Relativity, found by

Damour and Nordtvedt in the case of a massless scalar field [113,114].
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Chapter 4

Negative Potentials

Although scalar fields having non-negative potentials in FLRW models have
been studied by several authors, there is a small number of papers with
mathematically rigorous results [78}|79,115-123]. On the other hand, up to
our knowledge, there is no rigorous mathematical treatment of cosmological
models with negative potentials apart from [124,/125].

As we shall see, almost always initially expanding Universes recollapse.
The physical reason to understand why the Universe eventually collapses

when V' < 0, is that in the Friedmann equation,
3H2 = Protal,

the positive energy density of ordinary matter, as well as the positive kinetic
energy density of the scalar field, decreases in an expanding Universe. At
some moment, the total energy density piota1, including the negative contri-
bution V' (¢) < 0, vanishes. Once it happens, the Universe, stops expanding
and enters the stage of irreversible collapse [89).

In this chapter the investigation of scalar fields is extended to models
with negative potentials. It is shown rigorously that almost always initially
expanding Universes eventually collapse, independently of the particular

functional form of the potential. Collapsing models were built using homo-

51
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geneous scalar field solutions in [115/121,|123]/126,/127]. The case where a
scalar field is coupled to a perfect fluid was studied in [122,128]. The chapter
is organized as follows. In the next section we classify negative potentials
studied in the literature into five general classes. We analyse all possible
limit sets of the dynamical system and prove a number of propositions that
lead to the proof of our main result, that the Hubble function almost always
diverges to —oo in a finite time. In Section we consider the remaining

forms of the double exponential potentials as an example to our results.

4.1 Potentials taking negative values

There are several reasons to study cosmology with negative potentials,
see for example [105]. First of all, cosmology with negative potentials
is related to the cosmological constant problem. The simplest potential
used in inflationary cosmology has the form of a quadratic polynomial,
V(¢) = a?¢?, [129]. Adding a small positive constant of order of magnitude
in Planck units 107!?°, does not change any features of inflation and can
be used to describe the current observed acceleration of the Universe. As
stated in [105], surprisingly enough, the same conclusion does not hold if
we add a negative constant instead. After a long period of inflation the
Universe with V; < 0 does not behave like anti-de Sitter space as expected,
but it collapses, [101},102,130].

A second reason to study cosmology with negative potentials is that
potentials with a global positive value of maximum and unbounded from
below, under certain conditions are able to describe the present stage of in-
flation, [101,/102]. These include cosmological models in N = 2,4, 8 gauged
supergravity [101,131], as well as double exponential potentials studied by
several authors [82,/90-98,/132]; double exponential potentials with non-
minimal coupling were studied in [133]. The physical interest of these po-

tentials is described in [89], where it is shown that if initially the field ¢, is



CHAPTER 4. NEGATIVE POTENTIALS 53

near the value corresponding to the maximum of the potential, it takes time
t ~ 0.7THy'In ¢y, until the field rolls down from ¢y to the region where
V' (¢) becomes negative and the Universe collapses. This time is comparable
to the age of our Universe, H, ! “and therefore it is possible that the present
Universe is into an accelerated phase, yet it will collapse in about 18 billion
years. For detailed cosmological implications see [89,/102}/103)].

Other reasons include the relation between cosmology with negative po-
tentials to the cyclic Universe scenario.

We classify potentials taking negative values into the following five fam-

ilies.

A. Potentials having a global positive maximum, limy .. V (¢) = 0, and
are free to fall to —oo as ¢ — —oo. An example is the double exponential

potential
V(¢) =Vie ™ + Ve ™ Vi 0,6>0, V5 <0,

considered in Chapter [3] see Fig. 1.1

v

/ ¢

Figure 4.1: Potential falling into Class [A]

B. Potentials having a global positive maximum and limg_, 1o, V (¢) = —o0.
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Near the maximum, say at ¢ = 0, they can be represented as
m? ,
cf. [105]. An example is the potential
V(9) = Vo (2= cosh (V26)), V5 >0,

considered in . Potentials of this class appear in cosmological models

in N = 2,4,8 gauged supergravity [101,131]. For detailed cosmological
implications see [89[102,[103], see for example Fig. [£.2

v

Figure 4.2: Potential falling into Class

C. Potentials having a negative minimum. Two important examples include
the ekpyrotic potentials and those used in models of cyclic Universes,

see for example Fig. for reviews see Refs. [134], [135,/136].

D. Bounded from below potentials with no minimum, Fig. 4.4} As an

example, we mention the potentials
V(¢) =Voe ™ —C, V5, C,A>0,

which were considered in the context of supersymmetry theories, see for
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Figure 4.3: Potential falling into Class [C]

example Ref. .

\¥¢

Figure 4.4: Potential falling into Class

E. Potentials with V' (¢) decreasing from 400 to —oo, for example
V(p) =Wy —Vysinh(Ap), A V>0,

see Fig. (see [106] where an exact solution was obtained in the

absence of matter).

Up to now we have considered only constant coupling coefficients. In

this chapter we consider more general couplings by assuming the coupling
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Figure 4.5: Potential falling into Class [E]

coefficient ) to be a positive and bounded function of class C* such that,

Q+ = lim Q(¢) > 0. (4.1)

¢—+oo

4.1.1 Potentials falling into Class [A]

In this section we prove the Theorem [3|stated in the previous chapter. Our

system is again (3.8)—(3.11)) with @ = Q(¢) satisfying (4.1). We suppose
that a potential V' (¢) satisfies the following assumption.

Assumption 3 We assume that V(¢) € C? is such that
1. limy o V(¢p) = —o0 and limy, 1 V(¢) = 0.

2. The potential has a unique critical point ¢, > 0, with V(¢,,) > 0,
i.€., in view of , the ¢,, has to be a global maximum. Moreover ¢,,

is non degenerate, i.e., V" (¢m) < 0.

3. There exist A > 0 and M < 0 such that

V'(¢) < =AV(p),  forall¢ < M. (4.2)
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Motivation for the Assumption [3| comes from the double exponential

potential of Chapter
V(p) =VieT® +V4e®?, 0<a<fB, Vi>0V,<0,

see Fig. . In particular, condition (4.2)) establish a bound for the growth
of |V (¢)| to infinity, that must be at most exponential.
We will also assume that the function Q(¢), is bounded for all ¢ € R;

in particular, we suppose the existence of a constant A such as

2Q(9)] < A. (4.3)

The dynamical system (3.8)—(3.11]) has only two finite equilibrium points,

(6= 0m & =0,p =0, H = £/Vou/3) .

They represent de Sitter and anti-de Sitter solutions and it is easy to see
that are unstable. It is known that for potentials with a maximum, the field
near the top of the potential corresponds to the tachyonic (unstable) mode
with negative mass squared [101,|131]. The other asymptotic states of the
system correspond to the points at infinity, ¢ — 4o00.

As stated in Chapter , it can be seen that if initially ¢ (0) = @9 < P,
then there is a critical value ¢ey > 0, which allows for ¢ to pass on the
right of ¢,,. More precisely, in the case of zero coupling, () = 0, it is easy
to show that there exists a critical value of ¢, say @eir, such that if ¢g < G
and qb(O) < Gerit, then ¢ (t) remains less than ¢, for all ¢ > 0. The
argument is similar to the mechanical analogue of the motion of a particle
in the potential V (¢), according to Eq. (3.6). In the case of non-minimal
coupling, the energy density of the scalar field is not necessarily decreasing,

because there is an energy exchange between the scalar field and the fluid.
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An estimation of the maximum allowable value of ¢ can be obtained from
(3.4)), supposing that initially 3H?(ty) < V (¢) = Vinax. Indeed, since by
Eq. (3.5) H is decreasing

p(0)+ 56 (1 +V (6(1)) < Vi, for all £ >0, (4.4)

which implies that V' (¢ (t)) < Viax for all ¢ > 0, and therefore ¢ (t) < ¢, for
all t > 0. Moreover, inequality (4.4)) and initial condition on H(t) establish

a maximum allowable value of ¢,

Q.Scrit S 2Vmax .

Therefore if 0 < H(tg) < /Vinax/3, then ¢(t) never crosses the maximum
of V(¢) throughout the evolution.

The following results are crucial for our study.

Lemma 2 Let y(t) = (¢(t),y(t), p(t), H(t)) be a bounded solution such that
p(to) > 0. Then ~(t) € W*(q), where W*(q) is the stable manifold of an

Vi(ém)
3

equilibrium point q and q+ = (gbm, 0,0,+ are the equilibria of the

system.

Proof. Let I = [to,t,,), where ¢, is the supremum of the maximal right
extension of v, and Q(t) = {y(t) : t € I} U LT (), where L*(y) is the
positive limit set of v. Equation implies that H < 0 on Q. Let
E={zecQ :H=0={zeQ:y=p=0}, and let 5(t) be a solution to
the system such that n(ty) € £ and n(t) € E, for all t > ¢,. It follows that
y(t) = p(t) = 0, for all ¢ > ¢, and, from Eq. (3.8)), ¢(t) = ¢, constant for all
t > to. From Eq. (3.9) we have that V’(gbo) = 0 and then ¢y = ¢,,. Since
H =0, H(t) is constant and from Eq. it must be H = + %
Therefore £ = {q+}, i.e. is made by the two equilibria of the system.
LaSalle invariance principle (see Appendix and monotonicity of H(t)
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ensure that v(¢) converges to either q, or q_, and then it belongs to the

stable manifold of one of the two equilibria. m

Remark 1 As a consequence of the above fact, we can show that future

bounded trajectories of the system (3.8)—(3.12)) with p(ty) > 0 are non
generic. Indeed, let us first observe that, using Fq. (3.12)), we can rewrite

Eq. (3.11)) as follows
i = =3+ (1~ %) +V(9). (4.5)

Then, let us consider the equivalent system (3.8)—(3.10) with Eq. (4.5), and

study the Jacobi matrixz computed at the equilibria q4.. Since ¢, is a non
degenerate critical point for V(¢), we obtain that the stable manifold of q.
18 3—dimensional and the stable manifold of q_ is 1-dimensional. In the
latter case the result straightly follows from the previous proposition. Also
for the equilibrium q.., the result follows, taking some more care due to the
fact that, actually, Eq. selects a 3—dimensional submanifold of initial

data, which anyway can be easily checked to be transversal to W*(qy) at

q+-

By the above result one can expect in principle that solutions of the
system (3.8)—(3.12)) are generically, i.e., up to a zero-measured set of initial
data, unbounded, and our aim is now to study their qualitative behaviour.

The following result will provide sufficient conditions for a future singularity.

Lemma 3 Let v(t) be a solution to the system (3.8)—(3.12)). If there exists
t; > tg and V € R such that, for all t > t, V(¢(t)) <V, and either (i)
V <0, or (i) H(t) < — %, then H (t) negatively diverges in a finite time,

i.e. the property

Jt. > 0 such that lim H(t) = —oc.

t—t,
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holds.

Proof. To show the above, we use Eq. (3.11)) and recalling that 0 < < 2,
we have for ¢t > t;

<

BO =2

(=3H*+V). (4.6)

Therefore, considering the Cauchy problem

Z(t) =

|2

(=3Z(t)*+V), Z(t1) = H(t1),

its solution Z(t) is easily seen to diverge to —oco in a finite time. The result
follows from comparison theorems in ODE theory. =

We now prove the Theorem [3] conjectured in Chapter [3]

Theorem 4 Lety(t) = (¢(t),y(t), p(t), H(t)) a solution to the system (3.8)—
B12) such that ¢(to) < ¢m, p(to) >0, H(te) > 0, and y(to) < Perir, where
Gerit s the critical value that allows for ¢ to pass to the right of ¢m. Then

H(t) generically negatively diverges in a finite time:

Jt. > 0 such that lim H(t) = —oc. (4.7)

t—t,

Proof. According to Remark |1| bounded trajectories of the system f
are non generic, we can only consider unbounded solutions without
losing genericity. Then at least one of the components of (¢) is unbounded.
If H(t) is unbounded, then since by Eq. (3.11]), H(¢) is decreasing, then it
must be negatively unbounded, and then Lemma [3| immediately gives the
result, recalling that V(¢) is bounded from above. For the rest of the proof
we will argue by contradiction, and show that H(t) must be necessarily
unbounded.

So, suppose by contradiction that H(t) is bounded. Then, assuming for
sake of simplicity that t, = 0, Eq. implies that there exists a constant
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K > 0 such that |H(t)| < K, and also

t 1 t
/ éyg(s) ds < K, / p(s)ds < K, for all ¢ > 0. (4.8)
0 0

Moreover, since

1
3H? = V(¢) = SR

and the solution must be unbounded, then either y? or p (or both) are
unbounded (otherwise, V(¢) would be bounded that implies that ¢ is pos-
itively unbounded, which is excluded since ¢(t) < ¢,,) and then from Eq.
also V' (¢) is negatively unbounded.

Suppose that y? is bounded and p is unbounded. If p diverges to oo
then by Eq. also V(¢) diverges (to —o0). Therefore, hypotheses
from Lemma [3| are satisfied which would imply that H(t¢) is unbounded,
contradiction. Then p cannot diverge to oo, and as a consequence there
exists an increasing sequence {t, } such that p(ts,) — 400 and p(ta,—1) < p

for some fixed p. Moreover,

S Qu(e)) dr,

plta) ~ sl = [ p0ya= [ pa +

ton—1 ton—1

and boundedness of both y and H implies the existence of some positive

constant C such that

t2n
pltsn) =tz <C [ )t < CK,

ton—1
that is a contradiction because the left hand side diverges. Then y? must
necessarily be unbounded, and let us now show that even in this case we
get a contradiction. To begin, observe that Eq. (3.12]) implies

y* =3H* —p—V(¢p) < =V(¢) + 3K, (4.9)

1
2
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where we have also used |H(t)| < K, for all t > 0. Let ¢, an increasing
sequence such that y?(¢,) — +oco. Then ¢(t,) < M eventually, where M has
been defined in Eq. (otherwise V(¢(t,)) would be bounded and then,
from Eq. (4.9), y?(t,) would be). Now, if ¢(t) < M is eventually satisfied
for all ¢ sufficiently large (not only on the ¢,’s, namely) then V(¢(t)) <
V(M) < 0 eventually, and therefore the hypotheses in Lemma |3 would be
satisfied, that would mean that H(t) is unbounded. If, on the other side,
there exists an increasing sequence s,, such that s, < t, < s,.1, ¢(s,) = M

and ¢(t) < M in (s,,t,), then it must be, by Eq. (1.9)),

1
S¥(sn) < ~V(M) + 3K,

and therefore, using also the growth Assumption [3| made on V and Egs.

(B-12) and (@3),
tn
I

N e RNy GO

ly(tn)| <ly(sn)| +

+ /t VI ((1)) dt + A/t” o(t) dt

<V2(=V(M) + 3K2) + /H2
+g/ ()dt+/\/sn (—V(6(t))) dt + AK

<\/2(—V(M) + 3K2) + % /tn SH(t) dt

T\ /t" (—V(6(1)) dit + 3+ A) K

n

<V2(=V(M) +3K2) + 3+ A)K + (1 + ) / (3H?(t) — V(¢(t))) dt

2V (M) 3K + (3+ A)K + (14 \) /t” ( 2(¢) + p(t)) dt

<V2(—=V(M)+3K2)+ K (A+5+2)),
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that is a contradiction since |y(t,)| positively diverges. This means that
H(t) cannot be bounded and therefore the result follows, as said in the very

first part of this argument, from Lemma (3] =

4.1.2 Potentials falling into Class

Potentials falling into class [B] allow for a similar treatment as potentials
of class [A] In fact potentials of class [B] do not have the complication of
potentials in class [A] since they diverge to —oo on both directions. Hence,
in this section we assume that V(¢) is a potential satisfying the following

assumption.

Assumption 4 Let V(¢) € C? such that

1. liM¢_>ioo V((b) = —0Q,

2. 'V has a unique nondegenerate critical point (that has to be, in view

of (1), the global mazimum),

3. There exist X > 0 and M > 0 such that, |V'(¢)| < =AV(¢), for all
6 16l > M.

Theorem 5 Let V(¢) € C? satisfying the Assumption (d). Then H(t)

generically negatively diverges in a finite time, i.e. the property

Jt, > 0 such that lim H(t) = —oo,

t—t,

holds.

Proof. The argument follows the same line of the proof used for left un-
bounded potentials of class [A] In the present case, potentials of class [B] do
not have the complication of potentials [B] diverging to —oo on both di-
rections, and therefore, regardless of the behaviour of the scalar field, and

recalling Lemma [2], it can be proved with exactly the same argument that,
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the solution recollapses almost always and the Hubble function negatively

diverges in a finite time. m

4.1.3 Potentials falling into Classes [CHE]

In the following we incorporate cases [CHE] into a large class of potentials

V(¢) € C? satisfying some further assumptions.
Assumption 5 We assume that V(¢) € C? is such that
1. limy oo V() = 400,

2. There exists a unique ¢g € R : V(o) = 0. Moreover, V is strictly

decreasing for all ¢ < ¢,

3. limy oo 1t = —a €R, and limy, o 12 = —B R

4. limy 100 V(¢) = Voo <0 (possibly Voo = —00).

5. There exists a C*~diffeomorphism, f : (—oo, o] — [0,50), such that

(a) The limit limy, o f'(¢), exists and is equal to zero,
(b) limy,_o f(¢) =0,
7 2
: 1 V_(¢) V'(¢) _
(¢) Timg oo [f’(aﬁ) (vw) - (%) )] =0,

: I"(¢)
(d) limy_,_ o) cR.

6. If Voo = 0, then there exists a ¢p;r > 0, such that V' is strictly in-
creasing for ¢ > ¢pr. Moreover, we make a similar hypothesis to ()

above for ¢ — +oo, assuming the existence of a C*—diffeomorphism,

(@) : [oar, +00) — (0, so] such that requests — hold for g(¢),

as ¢ — +o0.

Assumptions f@ are required for situations where the scalar field

possibly diverges. In those cases, the above diffeomorphisms are needed to
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bring a neighbourhood of infinity to a neighbourhood of the origin, [115,122].
It is easy to verify that cases [C], [D] and [E] of negative potentials mentioned
in the Introduction satisfy Assumption [5] In the next section we will ex-
amine the possible w—limit sets of the system, essentially depending on the
asymptotic behavior of the scalar field ¢(t). We will see that, except one
case described in Proposition , solutions to f always recollapse
to a singularity in a finite amount of time. For what follows in this section
we suppose that V' (¢) satisfies the Assumption . We also define I to be the
maximal interval of definition of a solution to the system f and

oo := lim ¢(2),

t—supl

if it exists.

We are going to examine different situations depending on ¢.

Case ¢, = —0

We firstly analyse the case [E] when the scalar field negatively diverges in
such a way that V(¢4(t)) — 400, see for example [106]. Note that we do

not need to assume an a priori estimate on «, (.

Proposition 1 If ¢, = —oo then the property

Jt. > 0: lim H(t) = —oo0, (4.10)

t—t,

generically holds.

Proof. Since V(4(t)) = +oo, then H?(t) — 4o00. Eq. implies that
p = 0 is an invariant set. Then it follows that p > 0, if it was initially
positive. Then, from Eq.(3.11), H(¢) is decreasing. Therefore we conclude
that H (t) negatively diverges. It is left to prove that this happens in a
finite amount of time. Without loss of genericity suppose H(0) < 0. We
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divide both sides of the constraint (3.12) by H?,

%<%>2+l+£:3- (4.11)

Similarly to the previous chapter, we introduce expansion-normalised vari-

ables,

1
é - Y _ VP (4.12)
and a new time coordinate 7, defined by
7= —Ina. (4.13)
Substituting to the constraint (4.11)), we get,

V(g)a® + %uﬂ + 22 = 3. (4.14)

By differentiating with respect to the new time variable 7, we obtain,

dp dpdt 1.
e 4.1
& ddr T HYT T (4.15)

de _dedt  H( 1\ _ 1 (l1y 7p
dr dtdr  H? H)  H\2H? 2H?

1
S (§w2 + %z2> , (4.16)
du_dvdt
dr  dt dr
1 Viig)  4=3y . p 1y vpy
="\ (—3y‘ H T2 YHTam T am
V'(¢) o A-=3y 5 1 45 7,
_ _ J 41
3w + V(o) V(p)x 5 Q= SW 5w, (4.17)
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dz  dzdt 1( p _\/5H>

dr dtdr  H\2Hp H?
1 (=/p(WH+57Qy)  oH
jzi 2 JZE
_ VP (g, Ay Y e
Y7 U S S TR TER T
1 4-3
=352 <—37 - 7Qw + w? + 722) : (4.18)

where we remind that an overdot denotes differentiation with respect to time
t. We use the constraint (4.14)), to eliminate x(7) from the system (4.15])—
(4.18]), thus we come to the following system for the triple (¢(7), w(7), z(7)):

% — W (4.19)
(o oo o e
(4.20)

We recall that our assumption is, ¢, = —o0, hence we are interested in
the dynamics near the critical point “at infinity”, ¢ — —oo. Therefore, we
introduce the variable s = f(¢), where f is defined in Assumption [5|and its

derivative with respect to time 7, is

ds dfdedt 1 ., ..y ...
e waa - gl @ =1/ (1)
_ —wf’ (ffl (S)) ' (4.22)

In this way we obtain a system in the variables (w(7), 2(7), s(7)), ruled by

equations (E20), (E21) and ([@E22).
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Since V(¢(t)) is eventually positive, the system (4.20)—(4.22) is subject

to the constraint,

1
§w2 + 22 < 3. (4.23)

We consider critical points of — such that s = 0, which are
candidates to be w-limit points for the solutions we are interested in. There
are up to seven critical points which are further restricted to critical points
with w > 0, since we expect both y and H to be eventually negative and
z < 0. We are left with four admissible critical points and their (w, z)-

coordinates are then,

A:(\/é,())a
B: (/8’0)7
o 285 \/—2 (2Q )" +3(2— )2
B 2y 2— 1 ’
37 33y - 52Q B+ )
P\ e o Q- B
2 - 2 -

It is easy to check that all these points, except possibly B, do not coincide
with the origin (0,0). In the particular case when A = 0, then B = (0,0),
but the eigenvalues of the linearised system associated with this critical
point are {0,3, 27} and so this point is definitely an unstable equilibrium.

The generical situation therefore is that there exists a d > 0 : sw?+2z% >

0 eventually. Then, recalling (3.11]),

1 1 (" H(o) , "1 ,
T~ T, w3 e 2 6w

Since H (ty) < 0, we conclude that H(t) diverges in a finite amount of time.

Remark 2 The same dynamics described in the above proposition applies
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to the more general case iminf, 1V (¢(t)) = —o00. Indeed, this situation
implies again that H(t) — —o0, and in the above proposition we have proved
that the dynamics near the point “at infinity” ¢ — —oo, give necessarily rise

to solutions that completely recollapse in a finite time.

Case ¢ € R.

We briefly examine what happens if the scalar field converges to a positive

value.

Proposition 2 If ¢, € R then the property

Jt. > 0: lim H(t) = —oo0, (4.24)

t—t,

generically holds.

Proof. If ¢, € R then ¢(t) is bounded. Then, if H(t) was bounded too, by
also y(t), p(t) would be bounded so the solution would be bounded
which by Remark [l| is a non generic situation. Then H(¢) is unbounded
and since it is decreasing by , it must diverge to —oo. At this point,

Lemma (3| applies to give the result. m

Case ¢ = +0

In this situation we must split the argument into two subcases, depending
on the value of V.. We start by considering shortly the case when this limit

value is strictly negative (case , possibly —oo (case .

Proposition 3 If V, < 0 and ¢, = +00 then the property

Jt, > 0: lim H(t) = —o0, (4.25)

t—t,

generically holds.
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Proof. If ¢oo = +00 then, since Vo, < 0, there exists a V < 0, such as,
V(p(t)) <V < 0 eventually and then Lemma [3| applies to give the result.
]

A more subtle case happens when V., = 0, as is the case of the ekpyrotic
potentials. In this situation the critical point “at infinity” corresponding to
¢ — +o0o must be studied carefully, since it may give rise to ever expanding
cosmologies. Before we state the precise theorem, the following preliminary

result is needed.
Lemma 4 If Vo, =0 and ¢oo = +00, then Hoo = limy_,qp1 H(t) < 0.

Proof. Suppose by contradiction, that H,, > 0. Then,

1
§y2+p% 3HZ

and therefore

supl € R,
otherwise it would be
1/t )
H(t) = HO) =5 [ (5(5)* +70(5)) ds — —oo,
to

as t — 00, a contradiction. Using the Cauchy-Schwarz inequality we obtain,

<mw—mm%=(l}@mg2

_ (/t y(s)ds) - (/totl-y(s)ds)Z
S(Lﬁ%@w) H}%@%)

< (t—to)/tyQ(s)dsg (t—to) /t —2Fi(s) ds

to to

= 2(t —to) (H(to) — H(t)),
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that converges to the finite value 2(sup I —t¢)(H (ty) — Hx) € R, hence ¢(t)

is bounded, which is a contradiction. Therefore, H,, < 0. =

Proposition 4 Suppose that ¢ = +oo and V,, = 0. If

92— 4—3 3(2 —
LI Y0, + (2—7)y

4
0<y<=, 0K < V6 4.26
does not hold, then the property
Jt, >0: lim H(t) = —o0, (4.27)

t—t,

generically holds. Otherwise, i.e. if (4.26) holds, either 3t, > 0 : lim,_,,- H(t) =
—00, generically holds or the solution expands forever, with ¢(t) — 400 and

y(t), p(t) and H(t) infinitesimal as t — +o0.

Proof. By Lemma[d, H,, < 0. If Hy, is strictly negative then the results
follows from Lemma[3] Suppose now it is zero; this means that the solution
expands forever and a normalised variables scheme can be used to study the
critical point “at infinity”. We use variables (¢, z,w, z) as in Proposition
[l which are functions of a new time 7 coordinate defined by dr/dt = H.
Note that unlike the case treated in Proposition [T, now H > 0. We use
the function ¢, defined in Assumption [5| and the same arguments as in the

proof of Proposition [I} that is,

¢,  r=

are the expansion-normalised variables, and the constraint in the new vari-
ables is,

1
V(p)a® + §w2 + 22 =3,
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Differentiation with respect to the new time variable 7, yields,

dw (1, Vi ) | e (v 4=3y Vi (s)
(w 3)(w+—)+z(w+ Q + ),

dr — \2 V(g1(s)) 2 2 V(g=(s))
(4.28)

% = %z [wQ _4 _237Qw + (2% — 3)} , (4.29)

)] (1.30)

where we used the constraint, to eliminate z(7) from the system. Note that
Q is a function depending on ¢, or equivalently, Q(¢) = Q (¢7*(s)).

We are interested in solutions such that s — 0 and %wQ + 22 > 3, with
w, z > 0 eventually. Therefore, the (w, z)—coordinates of the critical points

that are admissible candidates to be w-limit points are,

A= ().

B =(0,0),

o [25e V2 (50" 13—y

Sl 247 2— ’
O G e Rty
e T T

The analysis of these critical points reveals that the only sink can be C,
and this happens precisely when holds. In this case, we obtain ever
expanding solutions such that H,, = 0, and consequently, both y and p tend
to zero; since the solution is defined for 7 — +o00, and recalling that ¢ is
an increasing function of 7, we get supl = +o0, i.e. also the corresponding
solution to — is defined for ¢t — +o0.

If the solution does not start into the basin of attraction of C, it is
unbounded, thus, %wQ + 22 — +00. Suppose by contradiction that they also

correspond to ever expanding cosmologies with H,, = 0. Then sup Il = 4o0.
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Set
=

H )
and observe that
~ 1 1( —1
d$ ~ (V (g (S)) %(,wQ ‘I‘ 722)’

1
— = _ 2 2 ~ —
ar 2\ V(g s ”2) 2

where the symbol ~ is used to denote the dominant terms. Now,

~ 1 1
i §w2+z2 -3~ §w2+z2 ~ K(w? +v2%),
for some constant K > 0, so dz/dr ~ AZ® for some A > 0, which implies

Z(1) ~ (a — br)~/? for suitable a,b > 0.

Then,
1, 5 9 drl b 1
= ~——=~—(a—0
hence,
H 1
it _ —H—(w? +v2?) = —H(T)é(a —br)
dr 2 2

from which H(7) ~ Hypv/a — br. This implies that

4 1

T
t:/ Lo [ L4
- H(o) n Hova —bo

which converges as 7 — a/b. This means that supl € R, that is a contra-
diction. Therefore, H(t) < 0 eventually. Since V(¢(t)) < 0 eventually, the
conclusion follows from Lemma 3 =

To illustrate the situation depicted in Proposition [, let us consider
as an example the double exponential potential , where we choose
a=4,8=>5and Vo = —V; = 1. For the case of dust, v = 1, and a constant
coupling @) = 1, both expansion and recollapse may take place, depending

on the initial conditions.
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With initial conditions for instance, H(0) = 1, ¢(0) = 2 and y(0) = —1
(the initial value p(0) is not arbitrary, but is determined by the constraint
(3.16))), the scalar field positively diverges in an infinite time and the Hubble
function remains always positive, tending asymptotically to zero; therefore
the Universe expands forever.

Simply changing the initial conditions, for instance y(0) = —2, then the
scalar positively diverges again, but now in a finite amount of time. Indeed,
H(t) changes sign and once it becomes negative, the solution is forced to

recollapse and develop a singularity:.

Case ¢, does not exist

In this subsection we study the case when ¢(t) neither converges nor di-

verges.

Proposition 5 If ¢, does not exist, then the property

3t, >0: lim H(t) = —oo,

t—t;
generically holds.
Proof. First we claim that
Ho= lim H(t) = —o0, (4.31)
t—supl

generically holds, by considering the following subcases.

1. Suppose liminf, ,¢,,1V(6(t)) > 0. If by contradiction, H(t) was
bounded, then from we could conclude that y(t), p(t) were
bounded too. Then, for the solution to be generic (recall again Lemma
2)), ¢(t) should be unbounded. But since V(¢4(t)) must be eventu-
ally non negative, this would imply that limsup, .1 V(¢(t)) = +o0.

Then a sequence t, — supl exists, such that H(t,)?> — 400, which
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means that H(¢,) — —oo, which is a contradiction. Thus, H(t) can-

not be bounded and therefore (4.31)) must hold.

2. Suppose liminf; ,¢,,1 V(4(¢)) < 0. In this case there exist sequences

{tn},{sn}, such that
tn,Sp —supl, t, < s, <tni1,

with V(¢ (t,)), V(¢ (s,)) < 0 and ¢(t) lies between ¢ (t,,) and ¢ (s,),
YVt € [tn,sn]). Using Cauchy-Schwarz inequality as in the proof of

Lemma [ we get

(& (ta)=¢ (50))" < (50—tn) /tsn —2H(s) ds = 2(s,—ta) (H (ta)—H(s,)),

and therefore

(6 (1) — & (5,))?
T 2 Sl (1) — H(sn))

(4.32)

Now, if by contradiction H,, € R then (4.32)) would imply that s, —
t, — +00 and as a consequence supll = +o0co. Moreover comparison
theorems in ODE would say that H(t) < z(t) in [t,, s,|, where z(t)

solves the Cauchy problem

2(t) = =(=32(t)* + V), 2(t,) = H(t,),

bO |2

and V is a (negative) constant such that V(¢) < V, for every ¢ be-
tween ¢, and ¢s. Now, observe that the solution z(¢) to the Cauchy
problem above negatively diverges for some t,, + J,, where ¢,, is uni-

formly bounded with respect to n, whereas s, — t, — +o00, and this

is a contradiction. Hence Ho, = —o0, i.e. (4.31)) holds.

In both cases (2a) and (2b) we have shown that (4.31) holds. Let us

prove that this happens in a finite amount of time. If liminf, ,q,,16(¢) € R
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then there exists a V € R, such that V(¢(t)) < V eventually, and the result
follows from Lemma [3

If liminf; g1 0(t) = —o0, ie., limsup, g1V (¢(t)) = +oo, then we
can consider the same system in normalised variables used in case (1c)
before, see Remark [2| after Proposition ]

The results proved in this section may be collected in the following main

theorem.

Theorem 6 Let V(¢) satisfy Assumption [5, Then, if either Voo < 0, or

condition,

32 =)y

2—7 >4—37
, > — —_
(4—-37)Q+

4.33
4 — 3y 2 ( )

4
0<’}/<§, 0<Q+<\/6 Q++

does not hold, then a solution to (3.8)—(3.12), up to a zero-measured set of

wnitial data, recollapses to a singularity in a finite amount of time, i.e.,

Jt.>0: lim H(t) = —oc. (4.34)

t—t,

Otherwise, if Voo = 0 and (4.33)) does hold, a solution to (3.8)—(3.12)) either

generically recollapses to a singularity in a finite time or expands forever,

with ¢(t) — +oo and y(t), p(t) and H(t) infinitesimal as t — +o0.

4.2 The Double Exponential Potential revis-
ited

To illustrate the results depicted in this chapter, we consider the general

form of the potential
V(¢) = Vie 4 Vae ™,

where «, 8, V;, Vs are nonzero real constants of arbitrary sign.



CHAPTER 4. NEGATIVE POTENTIALS 77

Without loss of generality, we assume « # 3. For a = 3 the case reduces
to a single exponential potential. Different assumptions on the parameters
a, B, V1, Vs, yield to different forms of the potentials, as shown in Table
The cases 0 < a < f and 0 < 8 < « have already been analysed in Chapter
3

Potentials shown in Fig. |4.6(a), where < 0 < f and Vi, Vo > 0,
have a strictly positive minimum, say V., and the de Sitter solution with
H = \/Viin/3, is the future attractor for the system, [79]. This follows
directly either from the original equations —, or from the system
written in the new variables. Moreover, it is easy to see that a matter
era represented by a saddle equilibrium B, precedes the final accelerated
epoch. Potentials in Fig. belong to the Class |[Ef for the “twin” cases
B<0<a, a<0< B, potentials in Fig. also belong to the Class
while potentials in Fig. have a strictly negative maximum, therefore
this is not a physically interesting case.

The case 8 < 0 < « is a mere renaming of the parameters and some
equilibria and yields to the same conclusions. The different forms of the

potentials with respect to the different signs of Vi, V5 are shown in Fig.

4.3 Conclusion

In this chapter we completed the analysis of the main classes of negative
potentials encountered in the literature. We proved that a solution to (3.8])—
(3.12) generically recollapses in a finite time, that is

Jt,. > 0 such that lim H(t) = —c0.

t—ty

We have investigated the qualitative behaviour of the Hubble function, ex-

amining all possible cases for the asymptotic behaviour of the scalar field.
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Table 4.1: Forms of the potentials V (¢) = Vie=? + Voe P9,

Parameters Vi, V5

0<a<p

b <a<0

Vi,Va >0

Vi>0,Vo<0

Vi<0,V5>0

Vi, Va <0

Parameters Vi, V5

a<0<p

Vi,Va >0

Vi>0,V5<0

Vi <0,V2>0

Vi, Vo <0

-

/-

F

78
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(c) (d)

Figure 4.6: Potentials with a < 0 < 5. (a) Vi,Vo > 0, (b) V1 > 0,V5 < 0,
(c) Vi <0,V2 >0, (d) V1,2 <0

We have found that the recollapse and the formation of a future singularity
always take place in a generic way, i.e. stable with respect to perturbations
of the initial data of the system. Moreover, recollapse is the only generical
situation allowed, except in case the potential goes to zero from below as
¢ — +oo and holds; in this case there also exists generical choices
of initial data that do not lead to recollapse, producing an ever—-expanding
cosmology where the scalar field positively diverges. Our conclusions are
valid for scalar fields coupled to matter, as well as for uncoupled models
studied so far in the literature.

Cosmology with negative potentials is the basis of the cyclic Universes in
the context of the ekpyrotic scenario. Our results may be helpful in building
solid models of cyclic cosmologies and therefore avoid the fragility of this

scenario with respect to the unknown physics at the singularity.



Chapter 5

Conclusions and Future Work

In this thesis we have focused on a general treatment of a scalar field with
a potential function, non-minimally coupled to matter.

In Chapter [3| we treated the case where the potential is the sum of two
exponentials. This form arises as the asymptotic form of other potentials.
It is therefore of great interest to see if these models are cosmologically vi-
able. To study the system we have used the expansion-normalised variables
techniques. The analysis of the critical points of the dynamical system was
complicated, it revealed though that the model predicts a late accelerated
phase of the Universe for a wide range of the parameters, «, 5,v and Q.
We found that there is a solution of the resulted dynamical system which
may represent a viable cosmological history. In fact, there exists a saddle
matter point with the appropriate time dependence of scale factor, which
allows for the construction of matter, followed by a stable accelerated point.
However, in most cases the scale factor near transient matter points evolves
as a (t) ~ 19 where the exponent ¢ is in general different from the usual
2/3. This “wrong” matter epoch is associated with the strong coupling of
order ) ~ 1; in this case it was found that the coupling constant has to be
almost to zero. This result, indicates that cosmological evolution imposes

strict constraints on the choice of the correct Lagrangian of a gravity theory.

80
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In Chapter |3| we assumed a constant coupling ). It would be interesting
to study the case where () depends on ¢ and see if the coupling constant
has to vanish for an acceptable cosmological history. Such a result could
lead to a generalisation of the attractor mechanism of scalar-tensor theories
towards General Relativity.

In Chapter [d we treated rigorously potentials that take negative val-
ues. We provided a list that includes the main classes of negative potentials
encountered in the literature. We proved that in most cases, initially ex-
panding Universes collapse in a finite time. Our results may be helpful in
building mathematical rigorous models in the cyclic scenario. It would be
interesting to extend our study on negative potentials beyond the case of
flat Universes.

Another path of future research consists of the study of theories of grav-
ity that include many coupled scalar fields with arbitrary couplings to the
curvature. They belong to a large class of theories based on the concept
of wave maps. Preliminary results indicate that under certain conditions
the action is conformally equivalent to General Relativity with a minimally

coupled scalar field.



Appendix A

Conformal Transformations

Conformal transformation techniques are used widely in theories of gravity
[10,66,,67,137]. Conformal transformations are obtained by multiplying the

metric by a non-vanishing spacetime-depended function w,

v = wzg,w. (A.1)

A conformal transformation (A.1)) keeps the sign of the line element and
the angle between two vectors unchanged. The original spacetime is the
so-called Jordan frame, while the conformal spacetime is called the Einstein

frame. The following transformation formulas hold:

g =wTtgt, g =uwy,
Ry =Ry — [(n = 2) 0305 + 9°%] 0™ (VaVpw)
+[2(n—=2) 826 — (n = 3) gug™’] w* (VawVsw),
R=w2R—2(n—1)g"%w™?(V,Vsw)
—(n=1)(n—4) g*"w™ (Vow) (Vsw),

O =w™20¢ + (n — 2) g*°w™3 (Vaw) (Vs0) .

If g, in (A.1) is the FLRW metric, the corresponding non vanishing

82
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Christoffel symbols are

@
00 =
w o a w a w a .
FO - - + - a27 FO — - + - CLQTQ’ FO = - + - 2r2 Sln2 07
11 v a 22 w o a 33 w a
- wooa = = .
Iy, =—+ -, Iy, = —r, I3, = —7rsin?6,
w ooa
N wooa ~ 1 = :
2, == 4 I2,=-  I% = —sinfcosd,
w oa r
N woa - 1 ~
3 3 3
3, ==+-, [y =—, ['55 = cot 6.
w ooa r

We also compute

0
Vaw = Oqw = Wo,, := Wa,

VoVpw = Vawg = Ogws — Féﬁw,\

= 005t — Do = 000560 — Io g,
hence,

VQV()(JJ = W,
(
—aaw, ifi=1,

_ 0 - _ . . o
ViViw = —Tw = ¢ —aara, if 1 = 2,

—aar’sin® 0w, ifi=3.

\
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The fN{W are given by

'2
Roo = —3% 3% L5900 | g%
a w w a CU

. o a® O _wa  w?
R11=CL ( +2—+ +5;—+ ),
02

. . wQ
RQQ—CLT( —|—2——|— +5——+ ),

2 -2
Rg,g:aarasm(ﬂ+2&2+f+5%9+w_2).
a a w wa w

The Ricci scalar is given by

w
. 2 .2
a a W wa o w
Cn=a®(—25-% —2% 420 % )
a a w wa w
2 -2
a W wa o w
Go=a?r® (22 =5 22 422 %)
a a w wa w
.. 2 . . .2
a & wa W
Gaz=ar'sin"f|—2-—— —2——4——+ — |,
a a w wa W

84

where the 77 components have the same time-dependence for i = 1,2, 3,

i a® wa  w?
Gii —2————2——4——+ ;
a a2 w wa  w?

as expected due to isotropy.

Finally, the D’ Alembertian is,

C¢p = —% (¢5+3H¢+23¢5) :
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For w = 1, we obtain the usual formulas for the Ricci and the Einstein

tensors for homogeneous and isotropic spacetimes.



Appendix B

Field Equations of f(R)
Theories and Conformal

Equivalence

B.1 Derivation of the Field Equations

The action of an f(R) theory is given by

= / 425V =0 (R) + Sl V).

where U denotes all matter fields collectively.

By definition of the metric tensor g,,, it holds

guugyp = 557

where 6% is the Kronecker delta. From (B.1)

(69) 9 + (09"") g = 0(8);) = 0,
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since 0/, is constant. Contracting by g,,, we get

(5g;w) 5; + (5gyp) uvGps = 07

and by renaming some of the indices

5g;w = _g,upgua(sgpg-

For a metric tensor g, also holds,
g/il/g/“/ =n, (BZ)

where n is the dimension of the Riemannian space. Since n is a constant,

varying (B.2)), we get

guuégwj = _glw(sg;w-

For the determinant of the above metric, g := detg,,, we apply the Jacobi’s

formula g = trace (In g, ) . Therefore, varying the above identity, we get

detgw(xdetgﬂy) = trace((guy)_lé(g,w)),

that is,

1 v
—0g = g""0g,u,
g

or

09 = —99,,09"".
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Now varying the square root of the determinant, g, we have

1

J (\/@ = m@
1

= - My
5 \/ggg,wég
1

= _5\/§ng59“”;

and
1
6 (vV—g) = —5V=9909"" (B.3)

We now compute the variation of the Ricci scalar.

0R =6(g" Ryu)
=R, 09" + g" SR,
=R,,0g" + "SR,
=Ry, 09"
+ g (0,015, — 0,017, + 0T'7,T), + 2,60, — 6T, — 0,60, )
=R, 00" + g (Vo (oT7,) — V., (6T7,))

=R, 09" + Vp(g””él“ﬁu — g“péFgu).
For the second term and using Stoke’s theorem, we have
[ dev=ag9 (g, - gz, = o

thus
OR = R,,09".
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Varying the action with respect to the metric tensor, we get

0 =05 = 6§ (Suog + Sm)
:/d% %5 (V=3f(R)) +5(\/—_ch)}
- [t L (GF(RVG + F(R)SVG) + 6 W—_gﬁM)}
= / d'z % (f’(R)(SR\/—_ - %\/—_ggwég"”f(R)) +0 (\/—_QEM)}
= [t [FOR) R + 0050 —9,9,50) ~ Loyt ()
n / d*08 (V=gLa)
= [ (£ = G0l () + (00 - 9,9 1(1) + 2050

V=99

Since the variation dg*¥ is arbitrary, we have

f/(R)R/“’ - %gMVf(R) + (g}M/D - VMVV) f/(R) + 22—~ - 7 (\/_£M> =0

V=90g"
that is,
: 1 : 50/ =9Lm)
(R Ry = 5000 (B) + (00 = Vu¥) J'(B) = —2" 5202 (B

We define the right hand side of (B.4]) as the energy-momentum tensor,
T,uw
T .—_9 1 6(v/=9Lwm)
. V=g  dg"

The tensor T}, describes the distribution of energy, momentum and stress

associated to any force field. Using the above results into (B.4)), we derive
the Einstein field equations

PR Ry = 390 f(R)+ (900 = V, V) (B =T (B5)
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B.2 Conformal Equivalence of f(R) Theories
It was proved in [34}/138] that under the conformal transformation,

G = ['(R) Gy,

the field equations, under the assumption, f'(R) > 0, reduce to the Einstein

field equations with a scalar field as a matter source

Gp,l/ - Tuu(g) ¢),

where the energy momentum tensor is

Tyu(56) = 0606 — i (06~ 2V(9))

O = \/gln f'(R). (B.6)

Under our assumption on f/'(R), Eq. can be solved for R, to obtain a

and

function R(¢). The corresponding potential is given by

1
2(f")

V(g) = (Rf = 1)

In case of matter fields, the tensor TAEE]) is conserved,

VAT = — LV F(R) + V(R f (B)) + V(g8 — Y,V /()

— — LSRR+ VIR f (R + RV () — R (R
—_ %V,,Rf’(R) + V'R f'(R)
=~ VLRF(R) + LV.RF(R) =0
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and the Einstein tensor G, is also conserved,
VG, = 0.
One can define an effective energy momentum tensor 7, ;Sf,ﬁ) as

T = L(F(R) ~ R)guo + (1L~ /() By — (90— V. 0,) F(R),

nv

which is also conserved since

0= VG = VHTED + T3,



Appendix C

A glossary to Dynamical

Systems

For the convenience of the reader we present some definitions and theorems
of the theory of the dynamical systems we have used in this thesis. Standard

textbooks in Dynamical Systems are [83],/139-144].

C.1 Dynamical systems, trajectories and crit-
ical points

A dynamical system is described by a system of n ordinary differential equa-

tions of the form
dx

t

% = f(x), (C.1)

where x = x () € R", is a vector-valued function of the independent vari-
able t € I C R, f is at least of class C' and is defined on an open subset
of R" ie., f: E — R" defines a vector field. The set E of the dependent
variables of is called the phase space of (C.1)). If an initial condition

X(to) = Xp € E, (02)
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is given, then the system of the form

%= f(x),
X (to) = Xp, (Cv?))

is called an initial value problem. A solution or trajectory of (C.3|) starting
at X, is a function ¢ : I — R", satisfying (C.1|) for all ¢t € R, i.e.,

o(t,xo) = f(o(t,%xp)), Vtel. (C.4)

The phase portrait of a dynamical system is the set of all solutions of the
system. Without loss of generality, solutions based on time ¢y can always be
translated to tg = 0, due to vector field’s invariance to translations in time.
The following theorem is of great importance in the theory of dynamical

systems, [139].

Theorem 7 (The fundamental existence-uniqueness theorem) Suppose
that £ € C' (E) where E is an open subset of R™ containing xo. Then there

exists an € > 0 such that the initial value problem

= £(x)
x(0) = %o, (C.5)

has a unique solution x (t) on the interval [—¢,€].

The fundamental existence-uniqueness theorem ensures that the trajectories
of the system ((C.1)) do not cross. Furthermore, it is shown that the solution
can be extended on a mazximal interval of existence, I.... In fact, the

following theorem is proved.

Theorem 8 Under the hypotheses of Theorem[7, then for each point xo €

E, there is a maximal open interval I, on which the initial value problem

(C.5) has a unique solution.



APPENDIX C. A GLOSSARY TO DYNAMICAL SYSTEMS 94

The image of the solution on R" is called the orbit of the system that passes
through xq. Systems of the form (C.1]) are called autonomous because the
vector field f depends only on the variable x, that is, does not contain time

explicitly. The flow ¢, generated by the vector field f, is a smooth function

¢y B — R",
X = (bt(X) = (b(Xu t)? (C6>
satisfying,
du(x,t0) = £ (dy(x,10)), Vxo€ E and tg € I. (C.7)

C.2 Linearization

A starting point to study the dynamical system , is to determine the
critical points of and the behaviour of the system near those points.
A critical point (or equilibrium point or fixved point) of is a point X
such that

f(x0) =0. (C.8)

By Taylor’s theorem,
f(x) = f(x0) + DFf(x0)(x — x0) + O(|]x — x0])?, (C.9)

where

Df(xq) = (gﬂf)
J/ x=xg

is the Jacobi matrix and O(|x —x|)? stands for higher order terms. By the
definition of the critical point, f(x¢) = 0, thus a good first approximation
to the nonlinear vector field f near x is the linear function Df(x¢)(x — Xg),

and the local behaviour of the original system ((C.1)) near xq is qualitatively
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determined by the behaviour of the linear system
x = Df(x0)(x — xo). (C.10)

A critical point x is said to be hyperbolic if none of the eigenvalues of Df(xg)
have zero real part, otherwise it is called non-hyperbolic. If a critical point is
non-hyperbolic, linear stability techniques cannot be applied. For simplicity

we assume the critical point has been translated to the origin, i.e., xo = 0

and A := Df(0).

Theorem 9 (The Hartman—Grobman Theorem) Let f € C' in an
open E C R™ containing the origin, ¢; be the flow of the dynamical sys-
tem and 0 is a hyperbolic critical point of the (C.1)). Then there
exists a homeomorphism h of an open set U containing the origin onto an
open set V' containing the origin such that for each xo € U, there exists an

open interval Iy C R containing zero such that for all xo € U and t € Iy
ho¢y(x) = eh(x), (C.11)

i.e., h maps trajectories of (C.1) near the critical point onto trajectories of

(C.10) near the critical point and preserves the parametrization by time.

The Hartman—Grobman Theorem is very important since it states that
under certain assumptions on the matrix A, we can analyse the local be-
haviour of the nonlinear system ((C.1]) near its critical points by studying
the corresponding linear system . Therefore, the analysis of the local
behaviour of a nonlinear system near a critical point xg is reduced to

the analysis of the equivalent linear system

x = Ax. (C.12)
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The eigenvalues of the Jacobi matrix computed at the critical point de-
termines the stability of the point in question, provided the eigenvalues
have non zero real part. Two autonomous dynamical systems are said to
be topologically equivalent or to have the same qualitative structure in a
neighbourhood of a critical point if there is a homeomorphism h mapping
an open set U containing the critical point onto an open set V' containing
the critical point which maps trajectories of the first dynamical system in
U onto trajectories of the second dynamical system in V', preserving their
orientation by time.

A critical point xq is said to be stable if a solution of near X
remains close to xg for all time. A critical point that is not stable is said to
be unstable. More precisely a critical point xq of the system (|C.1) is said to
be Lyapunov stable if for every € > 0 there exists a § > 0 such that, for any
solution of starting at yo, i.e. y(to) = yo, with |xg — yo| < 9, then
|xg —y¢| < ¢, for t > ty. If a critical point xg is stable and in addition there
exists a § > 0 such that |x — xo| < ¢, implies lim;_,, ¢¢(x) = xo, then xg
is called asymptotically stable critical point. A classification regarding the

stability of critical points is given in the following definition.

Definition 1 Assuming a linear system (C.12|), then the equilibrium point

Xq, @5 said to be:

o Sink, if all of the eigenvalues of the matriz Df(xq) have negative real

part.

e Source, if all of the eigenvalues of the matriz Df(x¢) have positive real

part.

e Saddle, if it is a hyperbolic critical point and the matriz Df(xq) has at
least one eigenvalue with negative real part and at least one eigenvalue

with positive real part.
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In 2-dimensions the following theorem determines the stability of a crit-
ical point of the linear system ((C.10)) and subsequently of its topologically

equivalent nonlinear system, [139].

Theorem 10 Let § = det A and 7 = tr Df(xq) the determinant and trace

of the matrix A of the linear system x = AxX respectively.

e /fd <0 then (C.10) has a saddle at the origin.

e If§ >0 and 7 — 45 > 0 then (C.10) has a stable node at the origin

if T < 0 or an unstable node at the origin if T > 0.

o If5 >0 and 7 — 46 < 0 then (C.10) has a stable focus at the origin

if T < 0 or an unstable focus at the origin if T > 0.

e Ifo >0 and T =0 then (C.10) has a center at the origin.

Definition 2 The stable subspace E*, the center subspace E€, and the un-
stable subspace E* are the subspaces of R™, spanned by the real and imagi-
nary parts of the generalised eigenvectors w; of the real matriz Df(xq) cor-
responding to the eigenvalues \; = a; + b;, with negative, zero and positive

real parts respectively.

Theorem 11 (The Stable Manifold Theorem) Let f € C! be a func-
tion defined on an open subset E C R", 0 € E, and ¢, be the flow of .
Suppose that £(0) = 0 and that Df(0) has k eigenvalues with negative real
part and n — k eigenvalues with positive real parts. Then there exists a k-

dimensional differentiable manifold S tangent to the stable subspace E° of

the linear system (C.10) at O such that ¥t > 0, ¢¢(S) C S and ¥x, € S
tliglo Pi(x0) = 0;

there exists an n — k-dimensional differentiable manifold U tangent to the

unstable subspace E" of the linear system (C.10) at O such that Vt <
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0, ¢(U) C U and Vx, € U
lim ¢;(xg) = 0;
t——o0

Definition 3 Let ¢, be the flow of the nonlinear system (C.1). The stable
manifold of (C.1) at xq is defined as

and the unstable manifold as

W (xo) = [ &1(9).

C.3 Asymptotic Behaviour

A set S is said to be invariant under the flow ¢, if ¢;(S) C S for all t € R.
A set S is said to be positively invariant under the flow ¢, if ¢4(S) C S for
all t > 0. A point X is called an w limit point, w(x), of x € R™, if there

exists a sequence {t;},t; — oo as i — oo, such that
qb(tz, X) — Xp.

Similarly, a point x is called an « limit point, w(x), of x € R", if there

exists a sequence {t;},t; — —oo, such that
qb(ti, X) — Xp-

The set of all w limit points of a flow is called the w limit set, and the set of
all v limit points of a flow is called the o limit set. It is proved [141] that
w limit points (similar for « limit points, for the reversed flow), have the

following properties:
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(i) w(p) # 2,
(i) w(p) is closed,

(ili) w(p) is invariant under the flow,
(iv) w(p) is connected,

where p € M, M is a positively invariant set for this flow. An attracting set
A, is a closed invariant subset of R™ for which there is some neighbourhood

U of A such that for all ¢ > 0

¢(t,U) CU and ((t,U) = A.
>0
The open set U is referred to as a trapping region, and the union (J,, ¢(¢, U)
is referred to as the basin of attraction of an attracting set A. A closed
invariant set A is called an attractor if, for any two open sets U,V C A, for
allt e R
o(t,U)NnV € R — {0}.

Finally, we state the following very useful Theorem, see for example [141].

Theorem 12 (LaSalle Invariance Principle) Let M be a trapping re-
gion, V(x) a Liapunov function on M and M the union set of all trajectories
that start in the set E := {x € M| V(z) = 0} and remain in the set E for
all t > 0. Then, for allz € M, ¢(x) = M ast — oc.
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