




SummetrÐec Lie me efarmogèc sta

Qrhmatooikonomik� Majhmatik�

Elènh Jeoq�rh PaðpoÔroglou

IoÔnioc 2020



Perieqìmena

1 Eisagwgikèc Majhmatikèc 'Ennoiec 9

1.1 Jemelei¸deic Algebrikèc 'Ennoiec . . . . . . . . . . . . . . . . 9

1.2 Jemelei¸deic Topologikèc 'Ennoiec . . . . . . . . . . . . . . . 13

1.3 StoiqeÐa Diaforik c GewmetrÐac . . . . . . . . . . . . . . . . . 17

1.4 Merikèc Diaforikèc Exis¸seic . . . . . . . . . . . . . . . . . . 21

2 Stoqastikèc DiadikasÐec 25

2.1 Basikèc 'Ennoiec JewrÐac Pijanot twn . . . . . . . . . . . . . 25

2.2 TuqaÐec Metablhtèc . . . . . . . . . . . . . . . . . . . . . . . 28

2.3 Stoqastik  DiadikasÐa . . . . . . . . . . . . . . . . . . . . . . 30

2.4 DiadikasÐec Martingale - KÐnhsh Brown . . . . . . . . . . . . . 32

2.5 Stoqastikèc Diaforikèc Exis¸seic . . . . . . . . . . . . . . . 34

3 Om�dec Lie kai Diaforikèc Exis¸seic 37

3.1 Om�dec kai 'Algebrec Lie . . . . . . . . . . . . . . . . . . . . . 37

1



2 PERIEQOMENA

3.2 Om�dec Metasqhmatism¸n Lie . . . . . . . . . . . . . . . . . . 42

3.3 Dianusmatikèc Roèc . . . . . . . . . . . . . . . . . . . . . . . . 49

3.4 Om�da Metasqhmatism¸n Lie gia M.D.E. . . . . . . . . . . . . 57

3.5 Om�dec kai Diaforikèc Exis¸seic . . . . . . . . . . . . . . . . 64

3.6 O tÔpoc thc proèktashc . . . . . . . . . . . . . . . . . . . . . 68

3.7 Analloiìthta thc M.D.E. . . . . . . . . . . . . . . . . . . . . 79

3.7.1 UpenjÔmish sthn ènnoia twn analloÐwtwn . . . . . . . . 79

3.7.2 AnalloÐwtec lÔseic kai upobibasmìc omoiìthtac . . . . 84

3.7.3 TupopoÐhsh thc analloiìthtac enìc BVP gia mÐa M.D.E. 89

3.8 Kataskeu  apeikìnishc pou susqetÐzei diaforikèc exis¸seic . . 93

3.8.1 Apeikìnish apeirost¸n gennhtìrwn . . . . . . . . . . . 93

3.8.2 Jewr mata sqetik� me tic antistrèyimec

apeikonÐseic . . . . . . . . . . . . . . . . . . . . . . . . 97

3.8.3 Klasik� apotelèsmata tou Lie . . . . . . . . . . . . . . 99

3.9 H exÐswsh thc jermìthtac . . . . . . . . . . . . . . . . . . . . 101

4 Efarmog  sta Qrhmatooikonomik� 111

4.1 Eisagwg  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.2 Genik  Perigraf  Mejìdwn thc An�lushc Om�dwn . . . . . . . 114

4.2.1 Upologismìc Apeiroel�qistwn Summetri¸n . . . . . . . 114

4.2.2 AkribeÐc lÔseic pou dÐnontai apì tic om�dec summetrÐac . 119



PERIEQOMENA 3

4.2.3 KathgoriopoÐhsh Om�dwn Diaforik¸n

Exis¸sewn . . . . . . . . . . . . . . . . . . . . . . . . . 121

4.3 To montèlo Black - Scholes . . . . . . . . . . . . . . . . . . . . 122

4.3.1 H basik  exÐswsh . . . . . . . . . . . . . . . . . . . . . 122

4.3.2 SummetrÐec . . . . . . . . . . . . . . . . . . . . . . . . . 123

4.3.3 Metasqhmatismìc thc ExÐswshc Jermìthtac . . . . . . 126

4.3.4 MetasqhmatismoÐ twn LÔsewn . . . . . . . . . . . . . . 131

4.3.5 AnalloÐwtec LÔseic . . . . . . . . . . . . . . . . . . . . 133

4.3.6 H Jemelei¸dhc LÔsh . . . . . . . . . . . . . . . . . . . 136

4.4 Montèlo Metablht¸n DÔo Paragìntwn . . . . . . . . . . . . . 140

4.4.1 H ExÐswsh Jacobs-Jones . . . . . . . . . . . . . . . . . 140

4.4.2 H KathgoriopoÐhsh Om�dwn . . . . . . . . . . . . . . . 140

4.4.3 AnalloÐwtec LÔseic . . . . . . . . . . . . . . . . . . . . 144

4.4.4 'Apeiro Ide¸dec Wc Genn torac KainoÔriwn LÔsewn . . . 148

4.5 Sumper�smata . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

BibliografÐa 151



4 PERIEQOMENA

PerÐlhyh

Oi Merikèc Diaforikèc Exis¸seic eÐnai èna apì ta episthmonik� pedÐa
èreunac me pollèc efarmogèc se polloÔc kl�douc ìpwc h kbantik  mhqanik ,
h melèth biologik¸n susthm�twn klp. H pio prìsfath jewrhtik  prosèggish
ìmwc twn M.D.E. faÐnetai na eÐnai prokaleÐ to suneq¸c auxanìmeno endafèron
twn majhmatik¸n kai ereunht¸n se antikeÐmena ìpwc ta qrhmatooikonomik� ma-
jhmatik�, oi asfalÐseic klp.

Gia th melèth mÐac M.D.E. kaloÔmaste na apant soume se dÔo jeme-
li¸dh erwt mata: An up�rqei, toul�qiston mÐa, lÔsh kai an eÐnai dunatì na
prosdiorÐsoume aut  th lÔsh (  autèc tic lÔseic) me saf neia kai na tic ka-
tagr�youme. Dustuq¸c den up�rqei k�poia algorijmik  diadikasÐa gia thn
epÐteuxh aut¸n twn stìqwn. Akìma kai an up�rqei h dunatìthta na deÐxou-
me ìti èna dojèn diaforikì prìblhma èqei lÔseic, suqn� den mporoÔme na tic
deÐxoume analutik�. O akrogwniaÐoc lÐjoc thc melèthc thc jewrÐac twn DE ka-
jÐstatai, loipìn, h paragwg  lÔsewn. ParathroÔme ìmwc ìti en¸ h arijmhtik 
an�lush almatwd¸c mac dÐnei ekplhktik� apotelèsmata, akìmh to z thma thc
eÔreshc analutik c lÔshc paramènei o kÔrioc stìqoc thc melèthc twn M.D.E..

Stìqoc aut c thc ergasÐac eÐnai na analÔsoume se b�joc mia apì tic
pio gìnimec teqnikèc gia thn eÔresh lÔsewn mia DE. Mia tètoia mèjodoc,
pou pr¸ta anaptÔqjhke apì ton souhdì majhmatikì Sophus Lie (1842-1899)
sto deÔtero misì tou 19ou ai¸na, enopoieÐ kai epekteÐnei epÐ toÔtou teqnikèc
ètsi ¸ste na par�xei akribeÐc lÔseic gia M.D.E. axiopoi¸ntac to gegonìc ìti
poll� fainìmena sthn fÔsh èqoun eswterikèc summetrÐec. O Lie anèptuxe
mÐa susthmatik  mèjodo eÔreshc analutik c lÔshc gia mÐa poikilÐa M.D.E.
mèsw suneq¸n om�dwn metasqhmatism¸n. Oi parap�nw om�dec onom�zontai
sun jwc om�dec Lie. Oi om�dec autèc eÐnai sugqrìnwc mia idiaÐterh kai e-
ntupwsiak  sugq¸neush mÐac algebrik c om�dac, topologik¸n kataskeu¸n
kai stoiqeÐwn thc an�lushc. H kentrik  idèa eÐnai na qrhsimopoi soume tic
eswterikèc summetrÐec miac M.D.E. ètsi ¸ste na mei¸soume ton arijmì twn
exarthmènwn metablht¸n. Me autìn ton trìpo h lÔsh miac M.D.E. mporeÐ na
brejeÐ lÔnontac mia diaforetik  D.E. me ligìterec anex�rthtec metablhtèc.

O Lie empneÔsthke apì th jewrÐa tou Galois gia poluwnumikèc exi-
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s¸seic. Sugkekrimèna, o Lie prosp�jhse na dhmiourg sei mia enopoihmènh
jewrÐa olokl rwshc gia sun jeic diaforikèc exis¸seic parìmoiec me thn abe-
lan  jewrÐa anaptÔqjhke gia thn epÐlush algebrik¸n exis¸sewn. Gia perÐpou
100 qrìnia kaneÐc den èqei melet sei peraitèrw aut  jewrÐa mèqri ta mèsa thc
dekaetÐac tou 1990 pou o Ovsiannikov, sthn pr¸hn Sobietik  'Enwsh, kai o
Bluman, sth DÔsh, epanèferan aut  th jewrÐa sto fwc. Apì tìte èqoun
emfanisteÐ poll� èrga sqetik� me to antikeÐmeno. Autì ofeÐletai kurÐwc sthn
uyhl  algorijmik  poluplokìthta pou qarakthrÐzei th diadikasÐa pou dÐnei tic
eswterikèc summetrÐec mÐac dedomènhc M.D.E. kai, epomènwc, oi lÔseic thc.
Mia meg�lh beltÐwsh stic sugkekrimènec efarmogèc thc prosèggishc Lie o-
feÐlontai sth qr sh sumbolik¸n upologism¸n kai gr gorwn arijmomhqan¸n.
Oi sÔgqronoi upologistèc mporoÔn eÔkola na programmatistoÔn gia na bre-
joÔn oi epijumhtèc summetrÐec, kajist¸ntac th jewrÐa akìma pio elkustik 
kai apotelesmatik .

Ta teleutaÐa qrìnia, idiaÐtera met� thn pagkìsmia oikonomik  krÐsh tou
1987, o tomèac twn qrhmatooikonomik¸n majhmatik¸n èqei ter�stia an�ptuxh
pou od ghse sto na gÐnei ènac apì touc pio melethmènouc tomeÐc sta efarmo-
smèna majhmatik�. IdiaÐterh prosoq  dìjhke se probl mata pou sqetÐzontai
me th diadikasÐa dÐkaihc timolìghshc gia mia ter�stia plhj¸ra domhmènwn
qrhmatooikonomik¸n mèswn, ìpwc sthn perÐptwsh twn qrhmatooikonomik¸n
parag¸gwn. Ta qrhmatooikonomik� par�gwga eÐnai sugkekrimènoi tÔpoi sum-
b�sewn h axÐa twn opoÐwn exart�tai apì èna upokeÐmeno periousiakì stoiqe-
Ðo. H qronik  sumperifor� thc tim c enìc tètoiou sumbolaÐou diamorf¸netai
sun jwc apì merikèc diaforikèc exis¸seic, oi opoÐec telik� prokÔptoun apì
stoqastikoÔc ìrouc. Se èna tètoio sen�rio eÐnai saf¸c idiaÐterhc shmasÐac
h Ôparxh, pijan�, monadik c eÔloghc tim c. Epiplèon, ìtan apodeiknÔetai ìti
up�rqei mia tètoia dÐkaih tim , eÐnai polÔ shmantikì na èqoume th dunatìth-
ta na katagr�youme th lÔsh aut  rht� wc analutik  sun�rthsh twn (telik�
stoqastik¸n) paramètrwn tou. Autìc eÐnai kai o lìgoc gia ton opoÐo polloÐ
majhmatikoÐ èqoun efarmìsei th jewrÐa tou Lie gia na apokt soun apotele-
smatikoÔc trìpouc sthn timolìghsh mÐac eureÐac kathgorÐac qrhmatooikonomi-
k¸n mèswn. Ja doÔme peraitèrw p¸c autèc oi teqnikèc mporeÐ na axiopoihjoÔn
gia na antl soume ìqi mìno analutikèc lÔseic all� kai jemeli¸deic lÔseic kai
sunart seic puknìthtac met�bashc pou sqetÐzontai me sugkekrimèna qrhma-
tooikonomik� montèla.

Dedomènou tou ter�stiou pedÐou efarmog¸n thc prosèggishc Lie, du-
stuq¸c den mporoÔme na antimetwpÐsoume ìlec tic dunatèc efarmogèc kai ja
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perioristoÔme oikonomikèc efarmogèc. Sugkekrimèna èqoume epilèxei na e-
sti�ste thn prosoq  mac sta montèla twn Black-Scholes kai Jacobs-Jonnes.
IdiaÐterh prosoq  ja dojei se topikèc summetrÐec me èmfash se shmeiako-
Ôc metasqhmatismoÔc, dhlad  summetrÐec pou kajorÐzontai apì apeirostoÔc
metasqhmatismoÔc twn opoÐwn ta apeirost� stoiqeÐa exart¸ntai apì thn a-
nex�rthth metablht , thn exarthmènh metablht  kai ta par�gwg� thc. Ja
jèlame na upogrammÐsoume ìti ènac apì touc kÔriouc lìgouc gia thn ter�stia
epituqÐa pou eÐqe h jewrÐa Lie ta teleutaÐa qrìnia, basÐzetai sto gegonìc ìti
parèqei mia enopoihmènh prosèggish gia th basik  antimet¸pish opoioud pote
eÐdouc M.D.E.. Sunep¸c, se aut  thn ergasÐa ja apopeirajoÔme na emba-
jÔnoume se aut  th jewrÐa.

Prosanatolizìmaste se dÔo basikoÔc �xonec. Af' enìc thn parousÐa-
sh basik¸n ennoi¸n thc 'Algebrac Lie, twn om�dwn Lie kai twn summetri¸n
pou ep�gontai apì autèc se om�dec diaforik¸n exis¸sewn kai af' etèrou thn
efarmog  touc sta proanaferjènta qrhmatooikonomik� probl mata.

H paroÔsa ergasÐa apoteleÐ metaptuqiak  diatrib  sta plaÐsio tou
Progr�mmatoc Metaptuqiak¸n Spoud¸n me tÐtlo "Analogistik� kai Qrhma-
tooikonomik� Majhmatika", tou tm matoc Statistik c kai Analogistik¸n -
Qrhmatooikonomik¸n Majhmatik¸n.
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Trimel c Epitrop :

Nikìlaoc Qalidi�c, Kajhght c sto Tm ma Statistik c kai Analo-
gistik¸n - Qrhmatooikonomik¸n Majhmatik¸n tou PanepisthmÐou Aiga-
Ðou

Stulianìc Xanjìpouloc, Anaplhrwt c Kajhght c sto Tm ma
Statistik c kai Analogistik¸n - Qrhmatooikonomik¸n Majhmatik¸n
tou PanepisthmÐou AigaÐou

Nikìlaoc PapalexÐou, EpÐkouroc Kajhght c sto Tm ma Majhma-
tik¸n tou PanepisthmÐou AigaÐou
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Kef�laio 1

Eisagwgikèc Majhmatikèc

'Ennoiec

Gia thn kalÔterh katanìhsh twn Algebr¸n Lie paratÐjentai k�poiec je-
meli¸deic ènnoiec sthn 'Algebra, thn TopologÐa, th Diaforik  GewmetrÐa.
Upotupwd¸c anafèroume k�poiouc orismoÔc apì autèc tic perioqèc twn jew-
rhtik¸n majhmatik¸n kaj¸c de did�skontai se proptuqiakì   metaptuqiakì
epÐpedo sto tm ma mac kai sunep¸c h katanìhsh thc ergasÐac apì touc foi-
thtèc tou tm matoc ja  tan adÔnath qwrÐc thn eisagwg  touc.

1.1 Jemelei¸deic Algebrikèc 'Ennoiec

1.1.1 Orismìc

MÐa (dimel c) pr�xh ∗ eÐnai mÐa apeikìnish ∗ : G × G −→ G. Sumbo-
lÐzoume sun jwc me ∗(x, y) = z   enallaktik� me x ∗ y = z, ìpou x, y, z ∈ G.

9
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Parat rhsh 1.1.1.1

MÐa dimel c pr�xh ∗ : G × G −→ G ja onom�zetai metajetik  an gia
k�je x, y ∈ G isqÔei ìti x ∗ y = y ∗ x.

Parat rhsh 1.1.1.2

MÐa dimel c pr�xh ∗ : G×G −→ G ja onom�zetai prosetairistik  an gia
k�je x, y, z ∈ G isqÔei ìti x ∗ (y ∗ z) = (x ∗ y) ∗ z.

1.1.2 Orismìc

'Estw G èna sÔnolo efodiasmèno me mia pr�xh ∗ : G × G −→ G. To ze-
Ôgoc (G, ∗) ja onom�zetai om�da an ikanopoioÔntai ta parak�tw:

i) H pr�xh eÐnai prosetairistik .

ii) Up�rqei oudètero stoiqeÐo. Dhlad  up�rqei èna stoiqeÐo e ∈ G tètoio
¸ste e ∗ g = g ∗ e = g, gia k�je g ∈ G.

iii) Gia k�je stoiqeÐo g ∈ G, up�rqei antÐstrofo stoiqeÐo, to opoÐo sumbo-
lÐzw g−1 tètoio ¸ste g ∗ g−1 = g−1 ∗ g = e.

Parat rhsh 1.1.2

MÐa om�da efodiasmènh me mÐa metajetik  pr�xh ja onom�zetai metajetik 
  abelian .

1.1.3 Orismìc

'Estw (G, ∗) mÐa om�da kai H ⊆ G. An h H efodiasmènh me thn pr�xh ∗,
eÐnai om�da, kleist  wc pro thn pr�xh ∗, dhlad  gia k�je x, y ∈ H isqÔei
x ∗ y = z, me z ∈ H, tìte h H kaleÐtai upoom�da. SumbolÐzoume me H ≤ G.
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1.1.4 Orismìc

'Estw (G, ∗) mÐa om�da kai K ⊆ G. H K efodiasmènh me thn pr�xh ∗ ja
lègetai kanonik  upoom�da thc (G, ∗) an g ∗ k ∗ g−1 ∈ K, ∀k ∈ K,
∀g ∈ G. SumbolÐzoume K / G.

1.1.5 Orismìc

'Estw (G, ∗) mÐa om�da kai H ≤ G. Ja onom�zoume aristerì sÔmploko
thc H sthn G, ∀g ∈ G, to sÔnolo gH = {gh | h ∈ H}.

Parat rhsh 1.1.5

'Omoia orÐzetai kai to dexÐ sÔmploko thc H sthn G, wc to Hg = {hg | h ∈
H}.

1.1.6 Orismìc

'Estw (G, ∗) mÐa om�da kai H ≤ G. To sÔnolo twn sumplìkwn thc H
sthn G, dhlad  to sÔnolo {gH | g ∈ G}, apoteleÐ om�da me pr�xh thn
(g1H) ∗ (g2H) = (g1 ∗ g2)H kai onom�zetai om�da phlÐko. SumbolÐzoume
G/H.

1.1.7 Orismìc

'Estw (G1, ∗1) kai (G2, ∗2) om�dec. MÐa apeikìnish ϕ : G1 → G2 ja ono-
m�zetai omomorfismìc an ∀a, b ∈ G1 isqÔei:

ϕ(a ∗1 b) = ϕ(a) ∗2 ϕ(b)
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Parat rhsh 1.1.7.1

'Enac omomorfismìc ϕ : G1 −→ G2, ìpou G1 kai G2 om�dec, ja onom�ze-
tai monomorfismìc an eÐnai epiplèon "1-1".

Parat rhsh 1.1.7.2

'Enac omomorfismìc ϕ : G1 −→ G2, ìpou G1 kai G2 om�dec, ja onom�ze-
tai epÐmorfismìc an eÐnai epiplèon "epÐ".

Parat rhsh 1.1.7.3

'Enac omomorfismìc ϕ : G1 −→ G2, ìpou G1 kai G2 om�dec, ja onom�ze-
tai isomorfismìc an eÐnai epiplèon "1-1� kai "epÐ".
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1.2 Jemelei¸deic Topologikèc 'Ennoiec

1.2.1 Orismìc

'Estw èna m  kenì sÔnolo E kai J mÐa sullog  apì uposÔnola tou E, dhla-
d  J ⊆ P(E). H sullog  J eÐnai mÐa topologÐa ston E an ikanopoieÐ tic
parak�tw idiìthtec:

(i) ∅ ∈ J , E ∈ J

(ii) An A ∈ J kai B ∈ J , tìte A ∩B ∈ J

(iii) An C ⊆ J , tìte ∪C ∈ J , ìpou C mÐa oikogèneia sunìlwn pou an koun
sthn J .

1.2.2 Orismìc

K�je mh kenì sÔnolo E sto opoÐo orÐzetai mÐa topologÐa J onom�zetai to-
pologikìc q¸roc. SumbolÐzoume (E,J ).

1.2.3 Orismìc

Anoikt� sÔnola ston topologikì q¸ro (E,J ), onom�zontai apokleistik�
ta mèlh thc topologÐac.

1.2.4 Orismìc

Kleist� sÔnola ston topologikì q¸ro (E,J ), onom�zontai apokleistik�
ta sumplhr¸mata twn anoikt¸n sunìlwn tou.

1.2.5 Orismìc

'Estw A èna uposÔnolo enìc topologikoÔ q¸rou (E,J ) kai α ∈ A èna stoi-
qeÐo tou. To a ja onom�zetai eswterikì shmeÐo tou A an up�rqei r > 0
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tètoio ¸ste B(α, r) ⊆ A.

1.2.6 Orismìc

'Estw A èna uposÔnolo enìc topologikoÔ q¸rou (E,J ). To sÔnolo twn
eswterik¸n shmeÐwn tou A ja onom�zetai pur nac   eswterikì tou su-
nìlou A. SumbolÐzoume Ao.

1.2.7 Orismìc

'Estw A èna uposÔnolo enìc topologikoÔ q¸rou (E,J ) kai α ∈ A èna stoi-
qeÐo tou. To a ja onom�zetai exwterikì shmeÐo tou A an up�rqei r > 0
tètoio ¸ste B(α, r) ⊆ Ac.

1.2.8 Orismìc

'Estw A èna uposÔnolo enìc topologikoÔ q¸rou (E,J ). To sÔnolo twn
exwterik¸n shmeÐwn tou A ja onom�zetai exwterikì tou sunìlou A. E-
nallaktik�, wc exwterikì tou A, to opoÐo sumbolÐzoume me ext(A), eÐnai to
ext(A) = (Ac)o

1.2.9 Orismìc

'Estw A èna uposÔnolo enìc topologikoÔ q¸rou (E,J ) kai α ∈ A èna stoi-
qeÐo tou. To a ja onom�zetai sunoriakì shmeÐo tou A an gia k�je r > 0
isqÔei ìti B(α, r) ∩ A 6= 0 kai B(α, r) ∩ Ac 6= 0.

1.2.10 Orismìc

'Estw A èna uposÔnolo enìc topologikoÔ q¸rou (E,J ) kai α ∈ A èna stoi-
qeÐo tou. To a ja onom�zetai shmeÐo epaf c tou A an gia k�je r > 0
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isqÔei B(α, r) ∩ A 6= ∅.

1.2.11 Orismìc

'Estw A èna uposÔnolo enìc topologikoÔ q¸rou (E,J ). To sÔnolo twn
shmeÐwn epaf c tou A ja onom�zetai k�lumma   j kh tou sunìlou A.
SumbolÐzoume A.

Parat rhsh 1.2.11

'Estw (E,J ) ènac topologikìc q¸roc kai A èna uposÔnolì tou. Onom�zoume
k�lumma   j kh tou A to sÔnolo:

A = ∩{X : X ⊇ A,Ac ∈ J }

1.2.12 Orismìc

Wc sÔnoro tou A, to opoÐo sumbolÐzoume me ∂A, orÐzoume to sÔnolo:

∂A = A− Ao

1.2.13 Orismìc

'Estw dÔo topologikoÐ q¸roi (E1,J1) kai (E2,J2) kai èstw mÐa sun�rthsh
f : (E1,J1) −→ (E2,J2). H sun�rthsh f ja lème ìti eÐnai suneq c an
isqÔei:

f−1(A) ∈ J1,∀A ∈ J2

1.2.14 Orismìc

'Estw dÔo topologikoÐ q¸roi (E1,J1) kai (E2,J2) kai èstw mÐa sun�rthsh
f : (E1,J1) −→ (E2,J2). Th sun�rthsh f ja onom�zoume omoiomorfismì
an eÐnai "1-1", "epÐ", suneq c kai me suneq  antÐstrofh sun�rthsh. Epiplèon,
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an metaxÔ dÔo topologik¸n q¸rwn up�rqei omoiomorfismìc, tìte autoÐ ja o-
nom�zontai omoiomorfikoÐ.

1.2.15 Orismìc

'Enac topologikìc q¸roc ja lème ìti eÐnai sumpag c an gia k�je anoikt 
k�luy  tou up�rqei peperasmènh upok�luyh.

1.2.16 Orismìc

quad 'Estw (E,J ) ènac topologikìc q¸roc. O (E,J ) ja onom�zetai su-
nektikìc an den up�rqei anoikt    kleist  diamèris  tou se dÔo uposÔnol�
tou.

1.2.17 Orismìc

'Estw E ènac dianusmatikìc q¸roc epÐ enìc s¸matoc K kai J mÐa topologÐa
epÐ tou E. Ja lème ìti o (E,J ) eÐnai ènac topologikìc dianusmatikìc
q¸roc an ikanopoioÔntai oi parak�tw sunj kec:

(i) H pr�xh thc prìsjeshc + : E × E −→ E, me +(x, y) = x + y, eÐnai
suneq c.

(ii) H pr�xh tou bajmwtoÔ pollaplasiasmoÔ ∗ : K × E −→ E, me ∗(λ, x) =
λx, eÐnai suneq c.
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1.3 StoiqeÐa Diaforik c GewmetrÐac

1.3.1 Orismìc

'Estw dÔo dianusmatikoÐ q¸roi A kai E, U èna anoiktì uposÔnolo tou A
kai f : U −→ E mÐa apeikìnish. H f ja onom�zetai Gâteaux - olìmorfh
an gia k�je (x, α, ϕ) ∈ U × A× E ′ h apeikìnish:

F : C −→ C µε λ 7→ F (λ) = (ϕ ◦ f)(x+ λα)

eÐnai olìmorfh se mÐa perioq  O ∈ C.

1.3.2 Orismìc

'Estw dÔo dianusmatikoÐ q¸roi A kai E, U èna anoiktì uposÔnolo tou A
kai f : U −→ E mÐa apeikìnish. H f ja onom�zetai olìmorfh an eÐnai
suneq c kai G-olìmorfh.

1.3.3 Orismìc

'Estw Q èna mh kenì sÔnolo kai A ènac topologikìc dianusmatikìc q¸roc.
Onom�zoume topikì q�rth tou Q to diatetagmèno zeÔgoc (U,f) an U ⊆ X
kai h apeikìnish:

ϕ : U ⊆ X −→ ϕ(U) ⊆ A

eÐnai amfimonos manth, epÐ tou anoiktoÔ sunìlou ϕ(U).

Parat rhsh 1.3.3

To sÔnolo U onom�zetai pedÐo orismoÔ tou q�rth (U,f) kai h apeikìnish
f onom�zetai apeikìnish suntetagmènwn tou q�rth.
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1.3.4 Orismìc

'Estw (U,ϕ) kai (V, ψ) dÔo q�rtec tou Q, me U ∩ V 6= ∅. Oi q�rtec au-
toÐ onom�zontai olìmorfa sumbibastoÐ an ikanopoioÔntai oi parak�tw
sunj kec:

(i) Ta sÔnola ϕ(U ∩ V ) kai (ψ(U ∩ V ) einai anoikt� uposÔnolo tou A.

(ii) Oi apeikonÐseic:

ψ ◦ ϕ−1 : ϕ(U ∩ V ) −→ ψ(U ∩ V ),
ϕ ◦ ψ−1 : ψ(U ∩ V ) −→ ϕ(U ∩ V )

eÐnai olìmorfec metaxÔ twn anoikt¸n uposunìlwn tou topologikoÔ dia-
nusmatikoÔ q¸rou A.

.

Parat rhsh 1.3.4

Oi ψ ◦ ϕ−1 : ϕ(U ∩ V ) −→ ψ(U ∩ V ) kai ϕ ◦ ψ−1 : ψ(U ∩ V ) −→ ϕ(U ∩ V )
onom�zontai sunart seic metafor�c.
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1.3.5 Orismìc

'Estw mÐa oikogèneia topik¸n qart¸n tou Q A = {(Ui, ϕ) : i ∈ I}, tìte
aut  ja onom�zetai �tlac tou Q an isqÔei ìti:

X =
⋃
i∈I

Ui

1.3.6 Orismìc

'Estw A ènac �tlantac tou Q. Upojètoume ìti to montèlo ìlwn twn topolo-
gik¸n qart¸n tou A eÐnai o Ðdioc topologikìc dianusmatikìc q¸roc A. Tìte
o A onom�zetai olìmorfoc �tlac tou Q an ìloi oi q�rtec tou eÐnai, an�
dÔo, olìmorfa sumbibastoÐ.

1.3.7 Orismìc

'Estw dÔo �tlantec tou Q, A kai B. Oi A, B ja onom�zontai olìmor-
fa sumbibastoÐ an h oikogèneia sunìlwn A

⋃
B eÐnai olìmorfoc �tlac

tou Q. Enallaktik� diatup¸nontac thn Ðdia prìtash mporoÔme na poÔme ìti
k�je q�rthc tou A eÐnai olìmorfa sumbibastìc me k�je q�rth tou B. Sum-
bolÐzoume me A ∼ B.

1.3.8 Orismìc

'Estw A ènac olìmorfoc �tlantac tou Q. Ja onom�zoume ton A mègisto
olìmorfo �tlanta tou Q an den eÐnai gn sio uposÔnolo kanenìc �llou
olìmorfou �tlanta tou Q.

1.3.9 Orismìc

'Estw A ènac olìmorfoc �tlantac tou Q. O A ja onom�zetai pl rhc o-
lìmorfoc �tlac tou Q, an gia k�je, olìmorfa sumbibastì me ìlouc touc
q�rtec tou A, q�rth tou Q, èstw (U,ϕ), isqÔei ìti (U,ϕ) ∈ A.
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1.3.10 Orismìc

'Estw èna sÔnolo M efodiasmèno me mÐa metr simh sullog  uposunìlwn
Ua ⊂ M , pou onom�zontai q�rtec topik¸n suntetagmènwn kai èna proc èna
apeikonÐseic χa : Ua → Va, ìpou Va eÐnai sunektik� uposÔnola tou Rm,
pou onom�zontai apeikonÐseic topik¸n suntetagmènwn. Onom�zoume to M m-
di�stath pollaplìthta an ikanopoioÔntai ta ex c:

i) ∪aUa = M

ii) H apeikìnish χb ◦χ−1
a : χa(Ua ∩Ub)→ χb(Ua ∩Ub) eÐnai leÐa apeikìnish

iii) 'Estw x ∈ Ua kai x′ ∈ Ub dÔo diakrit� stoiqeÐa tou sunìlou M. Tìte
up�rqoun anoikt� uposÔnola A ⊂ Ua kai B ⊂ Ub, ¸ste χa(x) ∈ A,
χb(x

′) ∈ B kai χ−1
a (A) ∩ χ−1

b (B) = ∅

1.3.11 Orismìc

Onom�zoume analutik  pollaplìthta wc proc ènan topologikì dianu-
smatikì q¸ro A to zeÔgoc (X,A), ìpou A ènac mègistoc olìmorfoc q�rthc
me montèlo ton topologikì dianusmatikì q¸ro A.
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1.4 Merikèc Diaforikèc Exis¸seic

EÐnai gnwst  apì thn 'Algebra h ènnoia thc exÐswshc   tou sust matoc exi-
s¸sewn me agn¸stouc stoiqeÐa apì to R   to C. Up�rqoun ìmwc majhmatik�
probl mata pou oi �gnwstoi apoteloÔn diafìrwn t�xewn parag¸gouc sunar-
t sewn mÐac   perissìterwn metablht¸n.

1.4.1 Orismìc

Oi exis¸seic me �gnwstouc sunart seic mÐac   poll¸n metablht¸n kai twn
parag¸gwn touc onom�zontai diaforikèc exis¸seic.

Parat rhsh 1.4.1.1

Oi diaforikèc exis¸seic taxinomoÔntai se dÔo kathgorÐec:

� Tic Sun jeic Diaforikèc Exis¸seic, sto ex c S.D.E., ìpou
oi sunart seic exart¸ntai apì mÐa metablht .

� TicMerikèc Diaforikèc Exis¸seic, sto ex cM.D.E., ìpou oi
sunart seic exart¸ntai apì perissìterec apì mÐa metablhtèc.

Sthn paroÔsa ergasÐa ja asqolhjoÔme apokleistik� me tic MDE kai gia autì
ja orÐsoume basikèc ènnoiec kai ja skiagraf soume tic prwtarqikèc diadika-
sÐec epÐlushc touc. P�nw se ja sthrÐxoume sth sunèqeia thn enallaktik 
prosèggish pou ja parousi�soume.

Sumbolismìc Merik¸n Parag¸gwn

JewroÔme mia sun�rthsh n-metablht¸n, èstw u = u(x1, x2, ..., xn). Tìte ja
qrhsimopoioÔme touc parak�tw sumbolismoÔc gia tic merikèc parag¸gouc thc
�gnwsthc sun�rthshc u:

� uxi =
∂u

∂xi
,∀i = 1, 2, ..., n
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� uxixj =
∂2u

∂xi∂xj
,∀i, j = 1, 2, ..., n k.o.k.

Parat rhsh 1.4.1.2

An upojèsoume ìti oi merikèc par�gwgoi eÐnai suneqeÐc sunart seic pol-
l¸n metablht¸n, tìte gnwrÐsoume apì ton Apeirostikì Logismì ìti isqÔei
uxixj = uxjxi ,∀i, j = 1, 2, ..., n.

Parat rhsh 1.4.1.3

Parak�tw ja doÔme th genik  morf  mÐac MDE an�loga me thn t�xh thc.
'Eqoume:

� 1ης T�xhc eÐnai: F (x, y, u, ux, uy) = 0

� 2ης T�xhc eÐnai: F (x, y, u, ux, uy, uxx, uxy, uyy) = 0 k.o.k.

Parat rhsh 1.4.1.4

An h sun�rthsh F eÐnai grammik  sun�rthsh tìte kai h antÐstoiqh MDE
ja lègetai grammik .

Parat rhsh 1.4.1.5

Merikèc ”di�shmec” MDE 1ης kai 2ης t�xhc eÐnai oi ex c:

� ExÐswsh Metafor�c: ux + uy = 0ux + yuy = 0

� ExÐswsh Hopf: uux + uy = 0

� ExÐswsh Laplace: uxx + uyy = 0

� ExÐswsh Jermìthtac: uy − uxx = 0

� Kumatik  ExÐswsh: uyy − uxx = 0



1.4. MERIKES DIAFORIKES EXISWSEIS 23

Parat rhsh 1.4.1.6

Sthn paroÔsa ergasÐa ja melet soume kurÐwc thn exÐswsh jermìthtac.
H exÐswsh jermìthtac onom�sthke ètsi giatÐ mporeÐ na axiopoihjeÐ gia thn pe-
rigraf  thc di�doshc thc jermìthtac. Wstìso mporeÐ na qrhsimopoihjeÐ kai
gia thn perigraf  thc di�qushc orismènwn qhmik¸n ousi¸n gi' autì kai lègetai
epÐshc exÐswsh di�qushc. Pollèc forèc gr�fetai kai th morf : ut = kuxx.
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Kef�laio 2

Stoqastikèc DiadikasÐec

2.1 Basikèc 'Ennoiec JewrÐac Pijanot twn

2.1.1 Orismìc

Onom�zoume s-�lgebra F epÐ enìc sunìlou W, mÐa oikogèneia uposunìlwn
tou W gia thn opoÐa isqÔoun oi parak�tw idiìthtec:

i) ∅ ∈ F

ii) An F ∈ F , tìte F c ∈ F

iii) An A1, A2, ... ∈ F , tìte
⋃
i∈I Ai ∈ F

2.1.2 Orismìc

'Estw èna sÔnolo A. H mikrìterh s-�lgebra pou perimènei to A onom�zetai
el�qisth s-�lgebra pou orÐzetai apì to A kai sun jwc th sumbolÐzoume
me s(A).

25
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2.1.3 Orismìc

H el�qisth s-�lgebra pou perièqei ìla ta sÔnola (parallhlìgramma) thc
morf c (a, b] onom�zetai s-�lgebra Borel kai sumbolÐzetai me B(Rd).

2.1.4 Orismìc

'Estw F mÐa s-�lgebra epÐ enìc sunìlou W. To zeÔgoc (F ,W) onom�zetai
metr simoc q¸roc.

2.1.5 Orismìc

'Estw (F ,W) ènac metr simoc q¸roc. Onom�zoume mètro pijanìthtac
mÐa apeikìnish P : F → [0, 1] gia thn opoÐa isqÔoun ta parak�tw:

(i) P (∅) = 0, P (Ω) = 1

(ii) P (∪i∈IAi) =
∑

i∈IP (Ai), ìpou A1, A2, ... ∈ F , me Ai∩Aj = ∅, gia i 6= j.

2.1.6 Orismìc

'Estw F mÐa s-�lgebra epÐ enìc sunìlou W kai P èna mètro pijanìthtac.
Tìte h diatetagmènh tri�da (W,F ,P ) onom�zetai q¸roc pijanìthtac.

2.1.7 Orismìc

'Estw W èna sÔnolo kai F mÐa s-�lgebra. 'Ena uposÔnola F tou W, me F ∈ F
ja onom�zetai F-metr simo.

2.1.8 Axiwmatik  JemelÐwsh thc JewrÐac Pijano-
t twn

Onom�zoume axiwmatik  jemelÐwsh thc jewrÐac pijanot twn thn
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ermhneÐa tuqaÐwn peiram�twn me th qr sh thc tri�dac (W,F ,P ). Jemeliwt c
autoÔ tou trìpou ermhneÐac eÐnai o Kolmogorov.

K�je stoiqeÐo ja ermhneÔetai wc ex c:

� To sÔnolo W eÐnai o deigmatikìc q¸roc, to sÔnolo dhlad  pou
perièqei ìla ta dunat� apotelèsmata enìc tuqaÐou peir�matoc. K�je
stoiqeÐo tou deigmatikoÔ q¸rou, ω ∈ Ω, apoteleÐ mÐa pijan  èkbash tou
peir�matoc.

� H s-�lgebra F ja onom�zetai oikogèneia endeqomènwn. K�je
stoiqeÐo thc oikogèneiac endeqomènwn, F ∈ F ,   me �lla lìgia k�je
F -metr simo uposÔnolo tou W ja onom�zetai gegonìc. 'Ena gegonìc
mporeÐ na eÐnai pio perÐploko apì mÐa apl  èkbash enìc tuqaÐou peir�ma-
toc.

� To mètro pijanìthtac P eÐnai autì pou deÐqnei pìso pijanì eÐnai na
sumbeÐ èna gegonìc. Gia par�deigma an F1, F2 ∈ F , me P (F1) > P (F2),
tìte mporoÔme na poÔme ìti to F1 eÐnai pio pijanì na sumbeÐ apì to F2.
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2.2 TuqaÐec Metablhtèc

2.2.1 Orismìc

'Estw W èna sÔnolo. MÐa sun�rthsh Y : Ω→ Rd ja onom�zetai F -metr simh
an h antÐstrofh eikìna mèsw thc Y k�je anoiktoÔ uposunìlou U tou Rd eÐnai
stoiqeÐo sthc s-�lgebrac F , dhlad  an:

Y −1(U) = ω ∈ Ω : Y (ω) ∈ U ∈ F

2.2.2 Orismìc

'Estw (W,F ,P ) ènac q¸roc pijanot twn. Tìte mÐa F -metr simh sun�rthsh
X : Ω→ Rd ja onom�zetai tuqaÐa metablht .

Parat rhsh 2.2.2.1

Me �lla lìgia h tim  mÐac tuqaÐac metablht c exart�tai apì thn èkbash enìc
tuqaÐou peir�matoc.

Parat rhsh 2.2.2.2

Gia k�je tuqaÐa metablht  Q ep�getai èna mètro pou onom�zetai katano-
m  thc tuqaÐac metablht c wc ex c:

µx := P (X−1(B))

ìpou B èna sÔnolo Borel sto B(Rd).

2.2.4 Orismìc

H mèsh tim  mÐac tuqaÐac metablht c Q, sumbolÐzetai me E[X] kai orÐze-
tai wc ex c:

E[X] :=

∫
Rd
xµxdx.
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2.2.5 Orismìc

MÐa tuqaÐa metablht  Q lègetai oloklhr¸simh an isqÔei ìti E[X] <∞.
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2.3 Stoqastik  DiadikasÐa

2.3.1 Orismìc

MÐa sullog  tuqaÐwn metablht¸n me par�metro t pou an kei se èna kat�llhla
orismèno sÔnolo T , {Xt}t∈T , epÐ enìc q¸rou pijanìthtac (W,F ,P ), onom�ze-
tai stoqastik  diadikasÐa.

Parat rhsh 2.3.1.1

Blèpoume ìti mÐa stoqastik  diadikasÐa exart�tai apì dÔo metablhtèc, tic
t kai ω.

Parat rhsh 2.3.1.2

An jewr soume stajerì to t ∈ T , tìte èqoume mÐa tuqaÐa metablht  pou
orÐzetai wc ex c:

ω 7→ Xt(ω), ω ∈ Ω

Parat rhsh 2.3.1.3

An jewr soume stajerì to ω ∈ Ω, tìte onom�zoume troqi� thc Xt th su-
n�rthsh:

t 7→ Xt(ω), t ∈ T

Parat rhsh 2.3.1.4

H ènnoia thc stoqastik c diadikasÐac tautÐzetai me thn ènnoia tou mètrou
pijanìthtac se ènan kat�llhla orismèno q¸ro mètrou.
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Parat rhsh 2.3.1.5

Se pollèc peript¸seic me thn par�metro t sumbolÐzoume to qrìno, eÐte au-
tìc eÐnai suneq c, eÐnai dhlad  opoiad pote stigm  se mÐa qronik  perÐodo,
eÐte autìc eÐnai diakritìc, gia par�deigma an metr�me to qrìno se m nec, èth
ktl.
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2.4 DiadikasÐec Martingale - KÐnhsh Brown

2.4.1 Orismìc

Ja lème ìti mÐa idiìthta isqÔei sqedìn bèbaia, sto ex c ja anaferìma-
ste suntomografik� me s.b., an den isqÔei mìno se sÔnola me mètro to 0.

2.4.2 Orismìc

MÐa oikogèneia s-algebr¸n Ft, me thn idiìthta ∀s ≤ t =⇒ Fs ⊆ Ft, ja
onom�zetai di jhsh.

2.4.3 Orismìc

'Estw mÐa oikogèneia tuqaÐwn metablht¸n {Xt}t∈T . An gia k�je t ∈ T h
Xt eÐnai Ft-metr simh, tìte lème ìti h {Xt}t∈T eÐnai prosarmosmènh sth
di jhsh Ft.

2.4.4 Orismìc

'Estw (W,F ,P ) ènac q¸roc pijanot twn, Ft mÐa di jhsh sth s-�lgebra F
kai {Xt}t∈T mÐa prosarmosmènh sthn Ft sullog  oloklhr¸simwn tuqaÐwn
metablht¸n. H {Xt}t∈T ja lème ìti eÐnai martingale an isqÔei ìti:

E[Xt|Fs] = Xsσ.β.s ≤ t

2.4.5 Orismìc

Onom�zoume kÐnhsh Brown mÐa pragmatik  stoqastik  diadikasÐa Bt me
tic akìloujec idiìthtec:

i) An t0 < t1 < ... < tn, tìte oi metabolèc Bt0 , Bt1−Bt0 , Bt2−Bt1 , ..., Btn−
Btn−1 eÐnai anex�rthtec tuqaÐec metablhtèc.
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ii) Gia k�je s, t ≥ 0 èqoume ìti gia k�poio sÔnolo Borel, èstw A, isqÔei:

P (Bs+t −Bs ∈ A) =

∫
A

1

(2πt)
1
2

exp
−
|x|2

2t

Me �lla lìgia ìlec oi metabolèc thn kÐnhshc Brown akoloujoÔn thn
kanonik  katanom .

iii) Gia k�je t ∈ T , h sun�rthsh t→ Bt, dhlad  ìlec oi troqièc thc kÐnhshc
Brown eÐnai suneqeÐc me pijanìthta 1.
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2.5 Stoqastikèc Diaforikèc Exis¸seic

2.5.1 Orismìc

'Estw Bt mÐa kÐnhsh Brown, kai u, v dÔo sunart seic pou ikanopoioÔn tic
parak�tw sunj kec:

�

∫ t
0
v2(s, ω)ds <∞

�

∫ t
0
u(s, ω)ds <∞

MÐa stoqastik  diadikasÐa thc morf c:

Xt = X0 +

∫ t

0

u(s, ω)ds+

∫ t

0

v(s, ω)dBs

ja onom�zetai diadikasÐa Itô.

Parat rhsh 2.5.1

H parap�nw diadikasÐa mporeÐ na grafeÐ se diaforik  morf  wc ex c:

dXt = udt+ vdBt.

2.5.2 Orismìc

'Estw Bt mÐa m-di�stath kÐnhsh Brown, Xt ∈ Rn kai σ : Rn → Rn×m,
b : Rn → Rn pragmatikèc metr simec sunart seic. Onom�zoume stoqasti-
k  diaforik  exÐswsh mÐa exÐswsh thc morf c:

dXt = b(t,Xt)dt+ σ(t,Xt)dBt

Parat rhsh 2.5.2.1

MÐa stoqastik  diaforik  exÐswsh ja lème ìti èqei lÔsh an up�rqei mÐa dia-
dikasÐa Itô pou thn ikanopoieÐ.
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Parat rhsh 2.5.2.2

Oi lÔseic pou anafèrontai sthn Parat rhsh 2.5.2.1 ja onom�zontai tro-
qiakèc lÔseic.

Parat rhsh 2.5.2.2

Sun jwc anaferìmaste stic lÔseic twn stoqastik¸n diaforik¸n exis¸sewn
wc diadikasÐec di�qushc.
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Kef�laio 3

Om�dec Lie kai Diaforikèc

Exis¸seic

Sth sunèqeia orÐzontai ta basik� stoiqeÐa twn Algebr¸n, Om�dwn kai Sum-
metri¸n Lie me efarmogèc kurÐwc sth Diaforik  GewmetrÐa.

3.1 Om�dec kai 'Algebrec Lie

3.1.1 Orismìc

'Estw (G,J ) ènac topologikìc q¸roc, ìpou G mÐa om�da. O q¸roc autìc
kaleÐtai topologik  om�da an ikanopoioÔntai oi parak�tw proôpojèseic:

� H sun�rthsh f : G × G −→ G, me f(x, y) = x ∗ y eÐnai suneq c gia
k�je (x, y) ∈ G × G. To sÔnolo G × G ja eÐnai efodiasmèno me thn
topologÐa ginìmeno.

� H sun�rthsh g : G −→ G me g(x) = x−1 eÐnai suneq c gia k�je x ∈ G.

37



38 KEFALAIO 3. OMADES LIE KAI DIAFORIKES EXISWSEIS

Parat rhsh 3.1.1

MÐa topologik  om�da eÐnai mÐa om�da pou sèbetai tic idiìthtec tou topo-
logikoÔ q¸rou ston opoÐo oi pr�xeic thc om�dac eÐnai suneqeÐc, diathr¸ntac
idiìthtec ìpwc autèc thc sunèqeiac, thc sunektikìthtac, thc sump�geiac.

3.1.2 Je¸rhma

'Estw G mÐa om�da efodiasmènh me mÐa topologÐa. H G ja eÐnai mÐa topo-
logik  om�da an kai mìno an h g : G × G −→ G, me g(x, y) = x ∗ y−1 eÐnai
suneq c apeikìnish.

3.1.3 Orismìc

OrÐzoume wc �lgebra Lie kai sumbolÐzoume me g, ènan dianusmatikì q¸ro
epÐ enìc s¸matoc K, epÐ tou opoÐou orÐzoume to ginìmeno [ , ], pou onom�zetai
agkÔlh tou Lie kai ikanopoieÐ tic parak�tw sunj kec:

(i) An X, Y ∈ g, tìte [X, Y ] ∈ g

(ii) [X,αΥ + βZ] = α[X,Υ] + β[X,Z], ∀α, β ∈ K kai X, Y, Z ∈ g

(iii) [X, Y ] = −[Y,X], ∀X, Y ∈ g

(iv) [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0, ∀X, Y, Z ∈ g

.

Parat rhsh 3.1.3

MÐa �lgebra Lie apoteleÐ mÐa topologik  om�da, me thn idiìthta tou topolo-
gikoÔ q¸rou, h opoÐa tautìqrona apoteleÐ mÐa analutik  pollaplìthta, ìpou
oi pr�xeic thc om�dac eÐnai analutikèc apeikonÐseic.
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3.1.4 Orismìc

'Estw g mÐa �lgebra Lie. O upìqwroc s ja onom�zetai upo�lgebra thc g,
an o s eÐnai kleistìc wc proc th met�jesh, dhlad  an ∀s1, s2 ∈ s, [s1, s2] ∈ s.
Gia suntomÐa gr�foume [s, s] ⊂ s.

3.1.5 Orismìc

'Estw g mÐa �lgebra Lie kai a, b dÔo upo�lgebrec. Ja lème ìti h g eÐnai
to eujÔ �jroisma twn a kai b, an g = a + b wc dianusmatikìc q¸roc kai
[a, b] = 0. SumbolÐzoume me g = a⊕ b.

3.1.6 Orismìc

'Estw g mÐa �lgebra Lie kai a, b dÔo upo�lgebrec. Ja lème ìti h g eÐnai
to hmieujÔ �jroisma twn a kai b, an g = a + b wc dianusmatikìc q¸roc
kai [a, b] ⊂ a. SumbolÐzoume me g = a⊕s b.

Parat rhsh 3.1.6

H �lgebra thc exÐswshc jermìthtac eÐnai to hmieujÔ ajroisma

{X1, X3, X5} ⊕s {X2, X4 −
1

2
X3, X6}.

3.1.7 Orismìc

'Estw g mÐa �lgebra Lie kai s mÐa upo�lgebra. Ja onom�zoume to s ide-
¸dec thc g an [s, g] ⊂ s, dhlad  an ∀A ∈ s, B ∈ g, to [A,B] ∈ s.
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Parat rhsh 3.1.7.1

Se èna hmieujÔ �jroisma g = a⊕s b, h a apoteleÐ ide¸dec thc g.

Parat rhsh 3.1.7.2

Se èna eujÔ �jroisma g = a1 ⊕ a2 ⊕ ... ⊕ an, k�je ai, ìpou i = 1, 2, ..., n,
apoteleÐ ide¸dec thc g.

3.1.8 Orismìc

'Estw g mÐa �lgebra Lie. Tìte kèntro r thc g ja onom�zoume to mègi-
sto ide¸dec pou ikanopoieÐ th sqèsh [g, r] = 0.

Parat rhsh 3.1.8

To kèntro mÐac �lgebrac Lie eÐnai monadikì.

3.1.9 Orismìc

'Estw g mÐa �lgebra Lie kai s èna ide¸dec thc g. Tìte ∀X ∈ g, orÐzoume to
Q+s wc kl�sh isodunamÐac tou Q, pou prokÔptei apì th sqèsh X ≡ Y (mods)
an kai mìno an X − Y ∈ s. OrÐzoume thn agkÔlh Lie epÐ thc kl�shc wc ex c:

[X + s, Y + s] = [X, Y ] + s

h opoÐa eÐnai kal� orismènh efìson h s eÐnai ide¸dec. To sÔnolo ìlwn twn
kl�sewn isodunamÐac sunjètei mÐa nèa �lgebra Lie, h opoÐa onom�zetai om�da
phlÐko kai sumbolÐzetai me g/s.
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Parat rhsh 3.1.9

Ta ide¸dh mÐac �lgebrac Lie, antistoiqoÔn p�ntote se kanonikèc upoom�dec
thc antÐstoiqhc om�dac Lie.

3.1.10 Orismìc

'Estw g mÐa �lgebra Lie. H g ja onom�zetai apl  an ta monadik� ide¸dh
thc eÐnai h g kai to {0}.

3.1.11 Orismìc

'Estw g mÐa �lgebra Lie. H g ja onom�zetai hmiapl  an ta monadik� a-
belian� ide¸dh thc eÐnai h g kai to {0}.
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3.2 Om�dec Metasqhmatism¸n Lie

3.2.1 Orismìc

'Estw M mÐa m-di�stath pollaplìthta. SumbolÐzoume me τ(M) to sÔno-
lo ìlwn twn metasqhmatism¸n tou sunìlou M . To τ(M) efodiasmèno me th
sÔnjesh sunart sewn apoteleÐ om�da h opoÐa kaleÐtai metasqhmatismìc
thc M.

3.2.1 Orismìc

'Estw (G, ∗) mÐa om�da. Tìte o omomorfismìc om�dwn π : G → τ(M) o-
nom�zetai anapar�stash thc om�dac G sto t(M). Efìson o π eÐnai
omomorfismìc om�dwn isqÔei ìti:

Parat rhsh 3.2.1.1

To parap�nw shmaÐnei ìti ∀g ∈ G, h eikìna π(g) apoteleÐ metasqhmatismì
tou M .

Parat rhsh 3.2.1.2

Efìson o π eÐnai omomorfismìc om�dwn isqÔei ìti:

π(g1 ∗ g2)π(g1) ◦ π(g2)

Parat rhsh 3.2.1.3

Onom�zoume thn apeikìnish M × G → M , me (x, g) 7→ π(g)(x), pr�xh thc
om�dac G sto M.
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Parat rhsh 3.2.1.4

'Estw T : G → τ(M) mÐa anapar�stash thc thc om�dac G sto M . Gia
k�je x, x′ ∈ Rm orÐzoume ton antistrèyimo metasqhmatismì Tg pou ikanopoieÐ
th sqèsh:

x′ = T (x, g) = Tg(x)

Epiplèon upojètoume ìti up�rqei k�poio g0 tètoio ¸ste x = Tg0(x), dhlad 
pou na metatrèpei to metasqhmatismì se tautotikì kai jewroÔme ìti eÐnai mo-
nadikì se mÐa perioq  gÔrw apì to g0.

Me ton parap�nw trìpo orÐsame, dhlad , èna metasqhmatismì Tg : Rm → Rm,
gia k�je g ∈ U , ìpou U eÐnai èna di�sthma, me g0 ∈ U .

An isqÔoun ta parap�nw lème ìti èqoume mÐa topik  monoparametri-
k  om�da.

3.2.2 Orismìc

Onom�zoume to sÔnolo G twn metasqhmatism¸n Tg sto M topik  mono-
parametrik  om�da metasqhmatism¸n an ∃U0 ⊂ U , pou na perièqei
to oudètero stoiqeÐo, èstw e me tic parak�tw idiìthtec:

i) Up�rqei monadikì e tètoio ¸ste Te = id ∈ G, ìpou id eÐnai o tautotikìc
metasqhmatismìc. (Oudètero StoiqeÐo)

ii) Gia k�je g ∈ U up�rqei g−1 ∈ U , tètoio ¸ste Tg−1 = Tg
−1 ∈ G.

(AntÐstrofo StoiqeÐo)

iii) Gia k�je g1, g2 ∈ U o Tg1Tg2 ∈ G (Kleistìthta)

3.2.3 Orismìc

Onom�zoume shmeiakì metasqhmatismì se mÐa pollaplìthta M
di�stashc m, mÐa amfimonos manth apeikìnish pou orÐzetai wc ex c:

x′ = T (x), µε x, x′ ∈ Rm
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Parat rhsh 3.2.3

SumbolÐzoume ton antÐstrofo metasqhmatismì tou T me T−1.

3.2.4 Orismìc

Lème ìti h om�da metasqhmatism¸n G sto M eÐnai suneq c an gia k�je
g1, g2 ∈ G oi metasqhmatismoÐ Tg1 , Tg2 sundèontai mèsw enìc suneqoÔc su-
nìlou stoiqeÐwn thc om�dac, dhlad  an gia h Tg1 metatrèpetai me suneq 
trìpo sthn Tg2 .

3.2.5 Orismìc

Onom�zoume r-parametrik  om�da Lie mÐa om�da G me th dom  mÐac r-
di�stathc pollaplìthtac M , gia thn opoÐa isqÔei ìti h pr�xh thc om�dac kai
h antistrof , dhlad  oi apeikonÐseic:

� m : G×G→ G, me m(ε, δ) = ε ◦ δ, ìpou ε, δ ∈ G

� i : G→ G, me i(ε) = ε−1, ìpou ε ∈ G

na eÐnai leÐec apeikonÐseic metaxÔ pollaplot twn.

Parat rhsh 3.2.5

H r-parametrik  om�da Lie sumbolÐzetai sun jwc me Gr.

3.2.6 Orismìc

'Estw G1, G2 dÔo om�dec Lie. MÐa leÐa apeikìnish ϕ : G1 → G2 ja ono-
m�zetai omomorfismìc om�dwn Lie an ∀ε, δ ∈ G isqÔei ìti:

ϕ(ε, δ) = ϕ(ε) ◦ ϕ(δ).
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Parat rhsh 3.2.6.1

'Estw f eÐnai ènac omomorfismìc om�dwn Lie. An h apeikìnish ϕ−1 eÐnai leÐa
apeikìnish tìte o f onom�zetai isomorfismìc om�dwn Lie.

Parat rhsh 3.2.6.2

Sto ex c upojètoume ìti ìlec oi pollaplìthtec eÐnai sunektik� sÔnola. Me
autìn ton trìpo esti�zoume stic summetrÐec pou eÐnai me suneq  trìpo sun-
dedemènec me to oudètero stoiqeÐo.

Parat rhsh 3.2.6.3

Se mÐa �lgebra Lie k�je shmeÐo eÐnai "ìmoio� me opoiod pote �llo gewmetrik�.
Algebrik� ìmwc èna xeqwrÐzei, to oudètero stoiqeÐo. DhmiourgeÐtai, ètsi, h
an�gkh na melet soume thn perioq  gÔrw apì to oudètero stoiqeÐo.

3.2.7 Orismìc

Onom�zoume topik  r-parametrik  om�da Lie èna sunektikì sÔnolo
V0 ⊂ V ⊂ Rr me thn pr�xh m : V × V → Rr kai thn antistrof  i : V0 → V ,
an ikanopoioÔntai oi parak�tw sunj kec:

i) Gia k�je x, y ∈ V , x ◦ y ∈ V (Kleistìthta)

ii) Gia k�je x, y, z ∈ V , (x ◦ y) ◦ z = x ◦ (y ◦ z) (Prosetairismìc)

iii) Up�rqei e ∈ V , ¸ste x ◦ e = e ◦ x = x, ∀x ∈ V (Oudètero StoiqeÐo)

iv) Gia k�je x ∈ V, ∃x−1 ∈ V , ¸ste x ◦ x−1 = x−1 ◦ x = e (AntÐstrofo
StoiqeÐo)
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Parat rhsh 3.2.7.1

Oi parap�nw idiìthtec eÐnai Ðdiec me autèc tou orismoÔ thc om�dac. 'Omwc
stic om�dec Lie èqoume mÐa idiaiterìthta: ta stoiqeÐa den orÐzontai kat' a-
n�gkh pantoÔ.

Parat rhsh 3.2.7.2

MporoÔme na poÔme ìti mÐa topik  om�da Lie eÐnai topik� isomorfik  me mÐa
perioq  tou oudèterou stoiqeÐou thc om�dac Lie.

Parat rhsh 3.2.7.3

EÐnai gnwstì ìti h mình sunektik  monoparametrik  om�da Lie eÐnai h (R,+)
kai sunep¸c to oudètero stoiqeÐo thc ja eÐnai to 0. Tìte mÐa topik  monopara-
metrik  om�da Lie eÐnai ènac q�rthc pou perièqei to 0. Sto ex c ja upojètoume
ìti se k�je monoparametrik  om�da Lie h pr�xh thc sÔnjeshc eÐnai h prìsjesh.

Parat rhsh 3.2.7.4

MporoÔme na kataskeu�zoume mÐa topik  om�da Lie wc mÐa perioq  gÔrw apì
to oudètero stoiqeÐo mÐac om�dac Lie.

3.2.8 Je¸rhma

'Estw mÐa topik  om�da Lie V0 ⊂ V ⊂ Rr, me pr�xh th sÔnjesh ◦ kai thn
antistrof  i. Tìte up�rqei mÐa om�da Lie me èna q�rth χ : U∗ → V ∗, ìpou
V ∗ ⊂ V0, e ∈ U∗ kai h apeikìnish q èqei tic idiìthtec tou omomorfismoÔ
om�dwn Lie, dhlad :

� Gia k�je ε, δ ∈ V ∗, χ(ε ◦ δ) = χ(ε) ◦ χ(δ)

� χ(e) = 0
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� χ(ε−1) = (χ(ε))−1

Parat rhsh 3.2.8.1

K�je tètoia om�da Lie eÐnai monadik . Opoiad pote �llh om�da Lie ikano-
poieÐ ta parap�nw ja eÐnai topik� isomorfik  me thn arqik .

Parat rhsh 3.2.8.2

Apì to parap�nw je¸rhma sumperaÐnoume ìti up�rqei mÐa anaparametriko-
poÐhsh gia k�je om�da Lie, h opoÐa kajist� to 0 wc oudètero stoiqeÐo kai
thn prìsjesh wc thn pr�xh thc om�dac. Autì pèra apì thn aplopoÐhsh thc
dom c thc om�dac Lie kai ètsi th dieukìlunsh thc melèthc kai thc diexagwg c
sumperasm�twn, mac epitrèpei na blèpoume k�je metasqhmatismì san mÐa ro 
se èna dianusmatikì pedÐo.

3.2.9 Je¸rhma

Gia k�je om�da Lie G up�rqei mÐa anaparametrikopoÐhsh tètoia ¸ste h kaino-
Ôria par�metroc na orÐzetai wc ex c:

ε̃ =

∫ ε

e

ds

w(s)
,

µε w(s) =
∂(s ◦ b)
∂b

∣∣∣∣∣
b=ε

Parat rhsh 3.2.9

H ε̃ anafèretai suqn� sth bibliografÐa wc kanonik  par�metroc.
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3.2.10 Orismìc

'Estw G mÐa om�da Lie kaiM mÐa pollaplìthta. Onom�zoume topik  om�da
metasqhmatism¸n Lie thn om�da pou ep�getai apì mÐa om�da Lie tètoia
¸ste na suntÐjetai apì èna anoiktì uposÔnolo U tètoio ¸ste {e}timesM ⊂
U ×M ⊂ G×M kai mÐa leÐa apeikìnish Ψ : U →M gia thn opoÐa ikanopoio-
Ôntai oi parak�tw sunj kec:

i) Ψε(Ψδ(x)) = Ψε◦δ, ìpou (x, ε) ∈ U , (ε,Ψδ(x)) ∈ U kai (ε ◦ δ, x) ∈ U

ii) Gia k�je x ∈M,Ψe(x) = x, ìpou e eÐnai to oudètero stoiqeÐo thc G

iii) Ψe−1(Ψε(x)) = x, ìpou (ε, x) ∈ U kai (ε−1,Ψε(x)) ∈ U

Parat rhsh 3.2.10

Oi monoparametrikèc om�dec metasqhmatism¸n kai oi monoparametrikèc om�dec
metasqhmatism¸n Lie diafèroun sto ìti oi deÔterec èqoun k�poiec parap�nw
proôpojèseic. Pr¸ton, h par�metroc ε eÐnai suneq c, gegonìc pou mac dÐnei th
dunatìthta na anaparametrikopoi soume thn om�da Lie ètsi ¸ste to oudètero
stoiqeÐo na eÐnai e = 0. DeÔteron, o metasqhmatismìc ofeÐlei na eÐnai leÐoc
kai na sèbetai thn pr�xh thc sÔnjeshc.

3.2.11 Orismìc

'Estw G mÐa topik  om�da metasqhmatism¸n kai M mÐa pollaplìthta. O-
nom�zoume G-troqi� thn el�qisth mh ken  om�da metablht¸n pou apoteleÐ
uposÔnolo tou M. 'Ena sÔnolo O ⊂ M apoteleÐ G-troqi� an ikanopoioÔntai
oi parak�tw sunj kec:

i) An x ∈ O kai orÐzetai h exp εv(x), tìte to x′ = exp εv(x) ∈ O

ii) An Õ ⊂ O, tìte eÐte Õ = O, eÐte Õ = ∅
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3.3 Dianusmatikèc Roèc

Se autì to kef�laio epiqeiroÔme na katano soume se megalÔtero b�joc
tic om�dec metasqhmatism¸n Lie kai kat' proèktash thn aitÐa thc eureÐac
axiopoÐhshc touc.

H melèth aut  mporeÐ na aplopoihjeÐ shmantik� an me k�poio trìpo o
nìmoc thc sÔnjeshc gia thn om�da Lie mporeÐ na gÐnei grammikìc, ètsi ¸ste
na mhn "q�nei� shmantik  plhroforÐa apì thn arqik  om�da Lie. Autì mporeÐ
na epiteuqjeÐ me thn kataskeu  algebr¸n Lie, h opoÐa prokÔptei apì thn
metatrop  Lie om�dwn se grammikèc.

K�je om�da Lie mporeÐ na metatrapeÐ se grammik  se mÐa perioq  gÔrw
apì to oudètero stoiqeÐo thc. H diadikasÐa aut  sunteleÐtai me thn proèktash
twn seir¸n Taylor stic suntetagmènec pou odhgeÐ ston orismì thc pr�xhc thc
om�dac. H sun�rthsh sÔnjeshc thc om�dac eÐnai aut  h proèktash twn seir¸n
Taylor. Me autìn ton trìpo epekteÐnoume aut  th sun�rthsh stic perioqèc
opoiasd pote pr�xhc thc om�dac.

Ac upojèsoume ìtiM mÐa pollaplìthta kai C mÐa leÐa kampÔlh epÐ tou
M h opoÐa parametrikopoieÐtai mèsw thc:

ϕ : I →M,πoυI ⊂M,µε0 ∈ I

'Etsi parathroÔme ìti gia k�je shmeÐo x ∈ C, me x = ϕ(ε) up�rqei èna
efaptìmeno di�nusma pou orÐzetai me ton parak�tw trìpo:

ϕ̇(ε) =
dϕ

dε
= (ϕ̇1(ε), ϕ̇2(ε), ..., ϕ̇m(ε))

To efaptìmeno sto shmeÐo x tou C di�nusma ja sumbolÐzetai me:

v|x = ϕ̇1(ε)
∂

∂x1

+ ϕ̇2(ε)
∂

∂x2

+ ...+ ϕ̇m(ε)
∂

∂xm
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3.3.1 Orismìc

Onom�zoume oloklhrwtik  kampÔlh enìc dianusmatikoÔ pedÐou n
mÐa leÐa kampÔlh, èstw χ = ϕ(ε), to efaptìmeno di�nusma thc opoÐac sumpÐptei
se k�je shmeÐo me thn tim  tou v se autì, majhmatik� autì apotup¸netai wc
ex c:

ϕ(ε) = ν|ϕ(ε),∀ε ∈ I

Gia tic topikèc suntetagmènec, dhlad  gia k�je x = ϕ(ε) = (ϕ1(ε), ϕ2(ε), ..., ϕm(ε)),
up�rqei mÐa lÔsh tou autìnomou sust matoc sun jwn diaforik¸n exis¸sewn:

dxi

dε
= ξi(x), i = 1, 2, ...,m

ϕ(0) = x0


Parat rhsh 3.3.1

Gia diaforetikèc oloklhrwtikèc kampÔlec pou pernoÔn apì èna shmeÐo x, ja
èqoume diaforetik� pedÐa orismoÔ I. H oloklhrwtik  kampÔlh pou antapo-
krÐnetai sto mègisto pedÐo orismoÔ ja onom�zetai megistik  oloklhrw-
tik  kampÔlh pou pern� apì to shmeÐo x.

3.3.2 Orismìc

'Estw v èna dianusmatikì pedÐo. Onom�zoume ro  pou par�getai apì
èna dianusmatikì pedÐo n thn parametrikopoihmènh megistik  oloklhrw-
tik  kampÔlh pou pern� apì to shmeÐo x kai sumbolÐzoume me Ψ(x; ε). Epiplèon
ja prèpei na ikanopoioÔntai oi ex c sunj kec:

i) Ψ(Ψ(x; ε); δ) = Ψ(x; ε+ δ)

ii) Ψ(x; 0) = x

iii) d
d

dε
Ψ(x; ε) = v|Ψ(x;ε)
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Parat rhsh 3.3.2.1

Me thn exÐswsh iii) tou parap�nw orismoÔ dhl¸noume ìti to ν eÐnai efa-
ptìmeno sto Ψ(x; ε), gia stajerì x.

Parat rhsh 3.3.2.2

Ja onom�zoume to dianusmatikì pedÐo v apeirostì genn tora thc dr�shc.

3.3.3 Orismìc

'Estw mÐa monoparametrik  om�da metasqhmatism¸n epÐ mÐac pollaplìthtac
M se èna dianusmatikì pedÐo ν Lie, exp (εv)

ν = ξ(x)∇ = ξ1
∂

∂x1

+ ξ2
∂

∂x2

+ ...+ ξm
∂

∂xm

Ja onom�zoume to ξi, i = 1, 2, ...,m apeirostì tou xi kai to antÐstoiqo
dianusmatikì pedÐo apeirostì genn tora tou exp (εv).

3.3.4 Je¸rhma

JewroÔme mÐa monoparametrik  topik  om�da metasqhmatism¸n Lie G. Tìte
h monoparametrik  oikogèneia metasqhmatism¸n x̃ = Ψε(x) se èna analutikì
dianusmatikì pedÐo ν pou ikanopoieÐ thn:

ν = ξ(x)∇ = ξ1
∂

∂x1

+ ξ2
∂

∂x2

+ ...+ ξm
∂

∂xm

apoteleÐ th monadik  lÔsh gia to autìnomo sÔsthma sun jwn diaforik¸n e-
xis¸sewn (gnwstèc kai wc exis¸seic tou Lie) pou paratÐjetai parak�tw:


dx̃

dε
= ξ(x)

x̃|ε=0 = x
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,ìpou ta ξi eÐnai oi suntelestèc tou dianusmatikoÔ pedÐou ν sto shmeÐo x.

Parat rhsh 3.3.4

Genik� gia mÐa topik  om�da metasqhmatism¸n Lie ja sumbolÐzoume to pa-
rap�nw sÔsthma wc ex c:

Ψε(x) = exp(εv)(x)

3.3.5 Je¸rhma

'Estw ν èna dianusmatikì pedÐo. Oi lÔseic tou sust matoc tou jewr matoc
3.3.3 par�goun mÐa topik  monoparametrik  om�da Lie sthn opoÐa to dianu-
smatikì pedÐo ν eÐnai efaptìmeno.

Parat rhsh 3.3.5.1

MporoÔme na fantastoÔme mÐa monoparametrik  om�da Lie se sqèsh me tic
suntetagmènec thc wc ex c:

(x̃1, x̃2, ..., x̃m) = x̃ = Ψε(x) = (X1
ε (x), X2

ε (x), ..., Xm
ε (x)),

ìpou gia k�je i = 1, 2, ...,m, oi X i
ε eÐnai leÐec apeikonÐseic.

Parat rhsh 3.3.5.2

An upojèsoume ìti h monoparametrik  om�da metasqhmatism¸n Lie efodi�ze-
tai me mÐa kanonik  par�metro kai an epekteÐnoume tic leÐec apeikonÐseic X i

ε se
seirèc Taylor se mÐa perioq  tou e = 0, tìte èqoume ton apeirostì metasqh-
matismì thc om�dac G:

x̃i = xi + εξi(x) +O(ε2), me i = 1, 2, ...,m (3.1)

ìpou:
dX i

ε(x)

dXε

∣∣∣∣∣
ε=0

= ξi(x) (3.2)
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Parat rhsh 3.3.5.3

'Estw G mÐa om�da Lie. Gewmetrik� o apeirostìc metasqhmatismìc thc G
orÐzei èna efaptìmeno di�nusma sto shmeÐo x sthn G-troqi� wc ex c:

ξ(x) = (ξ1(x), ξ2(x), ..., ξm(x))

H troqi� thc dr�shc mÐac monoparametrik c om�dac eÐnai oi megistikèc olo-
klhrwtikèc kampÔlec tou dianusmatikoÔ pedÐo ν. Ja onom�zoume to ξ efa-
ptìmeno dianusmatikì pedÐo thc om�dac G, to opoÐo gr�fetai suqn�
wc proc tic suntetagmènec tou wc ex c:

ν =
∑
i

ξi
∂

∂xi

3.3.6 Je¸rhma

'Estw x̃ = exp(εv) mÐa monoparametrik  om�da metasqhmatism¸n kai ν èna

dianusmatikì pedÐo me ν|x = ξ1(x)
∂

∂x1

+ ξ2(x)
∂

∂x2

+ ... + ξm(x)
∂

∂xm
. Tìte

x̃ = exp(εv) eÐnai isodÔnamo me to:

x̃ = Ψε(x)

= exp(εv)(x)

= x+ ενx+
ε2

2
νx+ ...

= ( 1 + ενx+
ε2

2
+ ...)x

=
∑
k=0∞

εk

k!
vkx

Parat rhsh 3.3.6.1

Gia k�je ε h apeikìnish exp(εv)(x) : M → M orÐzei ènan metasqhmatismì
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sto M . Gia diaforetik� ε prokÔptoun diaforetikoÐ metasqhmatismoÐ exp(εv).
To sÔnolo aut¸n twn metasqhmatism¸n onom�zetai oikogèneia monopa-
rametrik¸n metasqhmatism¸n.

Parat rhsh 3.3.6.2

Gia mÐa dianusmatik  ro  èqoume ìti diaforetikèc timèc thc paramètrou ε orÐzo-
ntai diaforetikoÐ metasqhmatismoÐ exp(εv). To sÔnolo aut¸n twn metasqh-
matism¸n onom�zetai monoparametrik  om�da metasqhmatism¸n.

Parat rhsh 3.3.6.3

Oi monadikìthta twn lÔsewn twn exis¸sewn tou Lie (ìpwc orÐzontai sto Je-
¸rhma 3.3.4) mac exasfalÐzei ìti h ro  pou par�getai apì to dianusmatikì
pedÐo ν sumpÐptei me thn topik  dr�sh thc G = R sto M . Anaferìmaste su-
n jwc sto metasqhmatismì exp(εv) wc thn ekjetikopoÐhsh tou dianusmatikoÔ
pedÐou ν kai sumbolÐzetai me:

x̃ = exp(εv)(x) = Ψε(x)

Parat rhsh 3.3.6.4

SunoyÐzontac gia thn sqèsh metaxÔ ro¸n dianusmatik¸n pedÐwn kai monopara-
metrik¸n topik¸n om�dwn Lie mporoÔme na poÔme ìti to dianusmatikì pedÐo ν
eÐnai o apeirostìc genn torac tou metasqhmatismoÔ kai oi troqièc thc monopa-
rametrik c om�dac dr�shc eÐnai oi oloklhrwtikèc kampÔlec tou dianusmatikoÔ
pedÐou ν. An exp(εv)(x) eÐnai mÐa monoparametrik  om�da metasqhmatism¸n
epÐ mÐac pollaplìthtac M , tìte o apeirostìc genn tor�c tou prokÔptei apì
ton upobibasmì thc exÐswshc:

d

dε
Ψ(x; ε) = v|Ψ(x;ε)

gia ε = 0 pou diamorf¸netai wc ex c:

v|x =
d

dε

∣∣∣∣∣
ε=0

exp(εv)(x)
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Parat rhsh 3.3.6.5

Up�rqoun dÔo trìpoi na brÐskoume me akrÐbeia mÐa monoparametrik  om�da
metasqhmatism¸n:

i) MporoÔme na ekfr�zoume thn om�da me ìrouc thc dunamoseir�c

∑
k=0∞

εk

k!
vkx

pou anaptÔssetai apì ton apeirostì genn tora.

ii) MporoÔme na lÔsoume to prìblhma arqik¸n tim¸n anadiatup¸nontac th
sqèsh

d

dε
Ψ(x; ε) = v|Ψ(x;ε)

wc ex c:

d

dε
[exp c(εv)x] = v|exp(εv)x

Kai lÔnoume thn parap�nw sqèsh gia ε = 0.

3.3.7 Orismìc

MÐa allag  suntetagmènwn y = ψ(x) orÐzei èna sÔnolo kanonik¸n su-
ntetagmènwn gia th monoparametrik  om�da metasqhmatism¸n Lie:

x̃ = exp(εv)(x)

an h om�da me ìrouc tètoiec suntetagmènec gÐnetai:{
ỹi = yi, ìpou i = 1, 2, ..., n− 1
ỹn = yn + ε

}
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3.3.8 Je¸rhma

Gia k�je topik  om�da metasqhmatism¸n Lie up�rqei èna sÔnolo kanonik¸n
suntetagmènwn tètoio ¸ste oi metasqhmatismoÐ:

x̃ = exp(εv)(x)

eÐnai isodÔnamoi me:{
ỹi = yi, ìpou i = 1, 2, ..., n− 1
ỹn = yn + ε

}

3.3.9 Prìtash

'Estw ν èna dianusmatikì pedÐo tètoio ¸ste na mhn "afanÐzetai� sto shmeÐo
x0 ∈M . Upì aut n thn proôpìjesh, up�rqei q�rthc topik¸n suntetagmènwn
sto x0, èstw y = (y1, y2, ..., ym), tètoio ¸ste, se ìrouc twn suntetagmènwn
tou, to dianusmatikì pedÐo ν mporeÐ na grafeÐ wc:

v =
∂

∂yi

Parat rhsh 3.3.9

EÐnai krÐsimo na katano soume th diafor� metaxÔ twn kanonik¸n paramètrwn
kai twn kanonik¸n suntetagmènwn.

� Tìso oi kanonikèc par�metroi ìso kai oi kanonikèc suntetagmènec pro-
kÔptoun apì mÐa allag  q�rth suntetagmènwn.

� Oi kanonikèc par�metroi eÐnai mÐa allag  twn suntetagmènwn twn para-
mètrwn ε ¸ste h pr�xh na eÐnai h prìsjesh. Epiplèon, eÐnai aparaÐthtec
an jewr soume opoiad pote topik  om�da Lie wc ro  enìc dianusmatikoÔ
pedÐou.

� Oi kanonikèc suntetagmènec eÐnai mÐa allag  qart¸n suntetagmènwn se
mÐa pollaplìthta M . ApoteloÔn mÐa basik  mèjodo epÐlushc sun jwn
diaforik¸n exis¸sewn me gnwstèc summetrÐec.
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3.4 Om�da Metasqhmatism¸n Lie gia M.D.E.

Oi summetrÐec Lie mÐac M.D.E. me fusikì trìpo orÐzoun mÐa om�da. 'O-
pwc èqou dei, mÐa tètoia om�da ja onom�zetai om�da Lie kai eÐnai antistrèyimoi
shmeiakoÐ metasqhmatismoÐ tìso twn exarthmènwn ìso kai twn anex�rthtwn
metablht¸n thc M.D.E.. Gia na mporèsoume sthn pr�xh na qrhsimopoi soume
thn om�da summetrÐac ja prèpei pr¸ta na broÔme tic lÔseic thc exÐswshc.

Arqik�, h skèyh  tan na all�xoume ìlec tic metablhtèc ètsi ¸ste na
ikanopoioÔn thn arqik  exÐswsh. Aut  h diadikasÐa apotèlese thn pr¸th
mèjodo, ìmwc katèlhge se polÔplokec mh-grammikèc diaforikèc exis¸seic kai
ètsi den exuphretoÔse th basik  mac epidÐwxh: thn aplopoÐhsh, dhlad , thc
lÔshc touc. O Sophus Lie apèdeixe pwc mÐa tètoia prosèggish den eÐnai ana-
gkaÐa. Ant' autoÔ kat�fere na anaptÔxei mÐa epark  mèjodo qrhsimopoi¸ntac
thn apeirost  montelopoÐhsh tou probl matoc, aplopoi¸ntac thn me autìn
ton trìpo sth lÔsh enìc grammikoÔ sust matoc M.D.E.. H lÔsh aut¸n twn
kajorismènwn exis¸sewn apoteleÐ ton metasqhmatismì summetrÐac.
Pr¸ta ja parousi�soume th lÔsh tou sust matoc gia algebrikèc exis¸seic
kai sth sunèqeia gia thn pio perÐplokh perÐptwsh twn diaforik¸n exis¸sewn.
Ja sumbolÐzoume th genik  perÐptwsh M.D.E. me:

F (x, {Da}|a|≤m) =
∑
|a|≤m

aa(x)Da,

ìpou:

� x ∈ RN

� a = (a1, a2, ..., aN), me ai ∈ Z, ∀i = 1, 2, ..., N

� |a| = a1 + a2 + ...+ aN to m koc tou α

� Da = ∂a1x1∂
a2
x2
...∂aNxN

Gia thn aplopoÐhsh thc parap�nw morf c ja qrhsimopoioÔme to sum-
bolismì:

F = (x, u(m)),

ìpou u(m) sumbolÐzei thn anex�rthth metablht  kai mèqri t�xhc m par�gwg�
thc.
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Se aut n thn enìthta ja jewroÔme ìti oi pollaplìthtec M èqoun di�sta-
sh N .

3.4.1 Orismìc

'Estw M mÐa pollaplìthta kai G mÐa om�da pou dra p�nw sthn M . Tìte
ja lème ìti k�je uposÔnolo tou M , èstw S, me thn idiìthta na mènei ame-
t�blhto apì touc metasqhmatismoÔ thc om�dac, dhlad  gia x ∈ S kai ε ∈ G:

exp(εv)(x) ∈ S,

ja onom�zetai G-analloÐwto.

Parat rhsh 3.4.1.1

Oi shmantikìterec kl�seic analloÐwtwn uposunìlwn eÐnai autèc pou orÐzo-
ntai apì thn "exaf�nish� mÐac   perissìterwn sunart sewn.

Parat rhsh 3.4.1.2

MÐa analloÐwth thc om�dac metasqhmatism¸n ja eÐnai mÐa sun�rthsh prag-
matik¸n metablht¸n pou paramènei amet�blhth upì touc metasqhmatismoÔc
thc om�dac.

Parat rhsh 3.4.1.3

H eÔresh enìc oloklhrwmènou sunìlou analloÐwtwn sthn pr�xh thc om�dac
eÐnai èna polÔ shmantikì prìblhma gia th melèth twn isodÔnamwn kai kanoni-
k¸n morf¸n. Sun jwc, oi troqièc kai kat' proèktash oi kanonikèc morfèc gia
thn pr�xh thc om�dac qarakthrÐzontai apìluta apì analloÐwtec.
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3.4.2 Orismìc

'Estw M mÐa pollaplìthta kai G mÐa topik  monoparametrik  om�da meta-
sqhmatism¸n pou dra sth M . Ja onom�zoume èna uposÔnolo S ∈ M G-
analloÐwto kai thn om�da G om�da summetrÐac an gia k�je x ∈ S kai
ε ∈ G isqÔei ìti:

exp(εv)(x) ∈ S.

3.4.3 Orismìc

'Estw M mÐa pollaplìthta kai G mÐa om�da Lie pou dra sthn M . Tìte
mÐa analloÐwth ja eÐnai mÐa pragmatik  sun�rthsh f : M → R, me:

f(x̃) = f(exp(εv)(x)) = f(x), ∀ε ∈ G.

3.4.4 Prìtash

'Estw M mÐa pollaplìthta kai f : M → R. Tìte ta parak�tw eÐnai iso-
dÔnama:

i) H f apoteleÐ mÐa G-analloÐwth sun�rthsh

ii) H f apoteleÐ stajer� sthn troqi� thc om�dac G

iii) 'Ola ta (epÐpeda) sÔnola thc morf c
{
f(x)=c}

}
eÐnai G-analloÐwta upo-

sÔnola thc M .

3.4.5 Je¸rhma

'Estw M mÐa m-di�stath pollaplìthta kai G mÐa om�da Lie pou dra sthn
M me s-di�statec troqièc. Tìte gia k�je x ∈ M up�rqoun m− s to pl joc
analloÐwtec, èstw f 1, f 2, ..., fm−s, pou orÐzontai se mÐa perioq , èstw U , tou
x me thn idiìthta k�je analloÐwth f na gr�fetai san sun�rthsh twn jeme-
liwd¸n analloÐwtwn, me �lla lìgia:

f = H(f 1, f 2, ..., fm−s)
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Parat rhsh 3.4.5.1

DÔo shmeÐa x, y ∈ G an koun sthn Ðdia G-troqi� an kai mìno an:

f i(x) = f i(y), ∀ i = 1, 2, ...,m− s,

dhlad  an oi analloÐwtec gia ta x kai y paÐrnoun gia k�je i tic Ðdiec timèc.

Parat rhsh 3.4.5.2

To Je¸rhma 3.4.5 mac dÐnei mÐa epark  ap�nthsh sto er¸thma thc eÔreshc
topik¸n analloÐwtwn sth dr�sh thc om�dac.

3.4.6 Prìtash

'Estw M mÐa pollaplìthta kai G mÐa om�da metasqhmatism¸n Lie pou dra
sthn M , me apeirostì genn tora ν. Tìte h sun�rthsh f : M → R ja eÐnai
analloÐwth upì thn G an kai mìno an gia k�je x ∈ M kai k�je apeirostì
genn tora ν ∈ } isqÔei ìti:

v[f ] = 0.

Parat rhsh 3.4.6

Epomènwc gia mÐa monoparametrik  om�da me apeirostì genn tora:

v =
N∑
i=1

ξi
∂

∂xi

oi analloÐwtec u = f(x) ja prèpei na ikanopoioÔn thn omogen  M.D.E.:

N∑
i=1

ξi(x)
∂f(x)

∂xi
= 0

Gia na broÔme thc lÔseic thc parap�nw M.D.E. ja qrhsimopoi soume
thc mèjodo twn qarakthristik¸n, dhlad  ja antikatast soume th M.D.E. me
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S.D.E. pou ikanopoioÔn th sqèsh:

dx1

dξ1(x)
=

dx2

dξ2(x)
= ... =

dxN

dξN(x)

MporoÔme na gr�foume th genik  lÔsh sth morf :

f1(x) = c1, f2(x) = c2, . . . , fN(x) = cN ,

ìpou ci, eÐnai stajerèc olokl rwshc. Oi sunart seic f1, f2, . . . , fN pou pro-
kÔptoun apoteloÔn èna pl rec sÔnolo sunarthsiak� anex�rthtwn analloÐw-
twn thc monoparametrik c om�dac pou par�getai apì to v.

MporoÔme autì th diadikasÐa na thn epekteÐnoume se èna sÔsthma al-
gebrik¸n exis¸sewn thc morf c:

Fv = 0, v = 1, 2, ..., l

ìpou oi apeikonÐseic F eÐnai leÐec kai orÐzontai sto shmeÐo x se k�poia pol-
laplìthta. Sunep¸c mÐa lÔsh eÐnai èna shmeÐo x ∈ M gia to opoÐo isqÔei ìti
Fv(x) = 0, ∀v = 1, 2, ..., l. To sÔnolo twn lÔsewn sumbolÐzetai wc ex c:

SF = {x ∈M | Fv(x) = 0, v = 1, 2, ..., l} ⊂M

3.4.7 Orismìc

Onom�zoume summetrÐa enìc sust matoc exis¸sewn thc morf c Fv(x) =
0, ∀v = 1, 2, ..., l, èna metasqhmatismì exp(εv) pou apeikonÐzei k�je lÔsh
tou sust matoc se mÐa �llh, dhlad :

exp(SF ) = SF

Parat rhsh 3.4.7.1

'Etsi mÐa om�da G ja onom�zetai om�da summetrÐac tou sust matoc an
kai mìno an h sullog  SF apoteleÐ èna G-analloÐwto uposÔnolo tou M .
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Parat rhsh 3.4.7.2

H om�da summetrÐac enìc sust matoc exis¸sewn apeikonÐzei mÐa lÔsh tou
sust matoc se k�poia �llh. Pio analutik�, an k�poio x ∈ M apoteleÐ lÔsh
tou sust matoc, tìte to x̃ = exp(εv)(x) eÐnai epÐshc lÔsh. Me �lla lìgia an
xèroume thn om�da summetrÐac enìc sust matoc exis¸sewn kai èqoume k�poiec
lÔseic mporoÔme na kataskeu�soume kainoÔriec.

Parat rhsh 3.4.7.3

Sth ousÐa h jewrÐa om�dwn Lie parèqei th dunatìthta melèthc axiopoi¸ntac
mìno ton apeirostì genn tora thc dr�shc thc om�dac. Autì eÐnai kai to
kombikì shmeÐo sthn eÔresh om�dwn summetrÐac se èna sÔsthma diaforik¸n
exis¸sewn.

3.4.8 Prìtash

'Estw M mÐa pollaplìthta, G mÐa om�da pou dra sto M kai F : M → Rl mÐa
leÐa apeikìnish. H F ja eÐnai G-analloÐwth apeikìnish an kai mìno an k�je
epÐpedo sÔnolo {F (x) = c}, ìpou c ∈ Rl, eÐnai G-analloÐwto uposÔnolo thc
pollaplìthtac M .

3.4.9 Je¸rhma

'Estw M mÐa N -di�stath pollaplìthta kai G mÐa om�da metasqhmatism¸n
Lie pou dra sthn M . 'Estw mÐa apeikìnish F : M → Rl, h opoÐa orÐzei èna
sÔsthma algebrik¸n exis¸sewn:

Fv(x) = 0, ∀v = 1, 2, ..., l

upojètontac ìti to sÔsthma èqei megistik  t�xh tètoia ¸ste o Iakwbianìc
pÐnakac eÐnai t�xhc l gia k�je shmeÐo x ∈ M pou apoteleÐ lÔsh tou. Tìte h
om�da G eÐnai h om�da summetrÐac tou sust matoc an kai mìno an
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v[Fv(x)] = 0, ∀v = 1, 2, ..., l ìtan F (x) = 0

gia k�je apeirostì genn tora v ∈ g.
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3.5 Om�dec kai Diaforikèc Exis¸seic

Se aut n thn enìthta epiqeiroÔme na aposafhnÐsoume thn ènnoi� thc o-
m�dac summetrÐac enìc sust matoc diaforik¸n exis¸sewn.

Gia lìgouc aplìthtac, ja apofÔgoume thn perÐptwsh tou sust matoc
diaforik¸n exis¸sewn me q exarthmènec metablhtèc kai ant' autoÔ ja mele-
t soume thn aploÔsterh perÐptwsh thc mÐa diaforik c exÐswshc me N ane-
x�rthtec metablhtèc, tic opoÐec ja sumbolÐzoume me x = (x1, x2, ..., xN) kai
mporoÔme na doÔme wc suntetagmènec ston EukleÐdeio q¸ro X ≈ RN kai mÐa
exarthmènh metablht  thn opoÐa ja sumbolÐzoume me u kai mporoÔme na doÔme
wc suntetagmènh tou q¸rou U = R. Ja anaferjoÔme ston Olver [Olv93] gia
th genik  perÐptwsh twn q exarthmènwn metablht¸n. Tìte o olikìc q¸roc ja
eÐnai o EukleÐdeioc q¸roc E = X × U ≈ RN+1 tou opoÐou oi suntetagmènec
eÐnai oi anex�rthtec kai exarthmènec metablhtèc. Oi summetrÐec stic opoÐec
ja esti�soume eÐnai isomorfismoÐ metaxÔ leÐwn pollaplot twn se èna q¸ro
anex�rthtwn kai exarthmènwn metablht¸n. SumbolÐzoume:

(x̃, ỹ) = exp(εv)(x, y) = (Xε(x, u), Uε(x, u)),

ìpou oi Xε, Uε eÐnai leÐec apeikonÐseic.

Oi parap�nw apeikonÐseic suqn� anafèrontai wc shmeiakoÐ metasqh-
matismoÐ epeid  droun shmeiak� ston olikì q¸ro E. Se orismènec peript¸seic
ìmwc eÐnai pio qr simo na katafeÔgoume se eidikèc kathgorÐec metasqhma-
tism¸n. Gia par�deigma, an doÔme touc metasqhmatismoÔc b�shc, ja diapi-
st¸soume ìti epitrèpetai na droun mìno stic anex�rthtec metablhtèc kai ètsi
na èqoun th morf :

(x̃, ỹ) = exp(εv)(x, y) = (Xε(x), u)

An upojèsoume ìti h om�da eÐnai sunektik , tìte h dr�sh thc om�dac
mporeÐ na prosdioristeÐ apì aut  twn apeirost¸n gennhtìrwn thc. Tìte,
genik� èna dianusmatikì pedÐo:

v =
N∑
i=1

ξi(x, u)d∂xi + ϕ(x, u)∂u

se èna q¸ro exarthmènwn kai anex�rthtwn metablht¸n par�gei mÐa ro  exp(εv),
h opoÐa apoteleÐ topik  monoparametrik  om�da shmeiak¸n metasqhmatism¸n
sto q¸ro E.



3.5. OMADES KAI DIAFORIKES EXISWSEIS 65

Genikìtera, h om�da summetrÐac enìc sust matoc diaforik¸n exis¸se-
wn mporeÐ na oristeÐ eÐte se sqèsh me tic lÔseic tou sust matoc eÐte me to
plaÐsiì tou.

SÔmfwna me ton pr¸to orismì h om�da summetrÐac mÐac diaforik c e-
xÐswshc wc om�da metasqhmatism¸n apeikonÐzei k�je lÔsh tou sust matoc se
k�poia �llh. Autìc o orismìc ìmwc, asqoleÐtai me thn olìthta twn lÔsewn,
all� den èqei dÐnei k�poia praktik  lÔsh sto prìblhma thc eÔreshc ìlwn twn
summetri¸n miac exÐswshc.

Apì thn �llh meri�, sÔmfwna me to deÔtero orismì h om�da summe-
trÐac mÐac diaforik c exÐswshc eÐnai mÐa om�da metasqhmatism¸n thc opoÐac h
proèktash sta par�gwga pou perièqei h diaforik  exÐswsh, af nei analloÐwto
to plaÐsio thc diaforik c exÐswshc. Gia autìn ton orismì den proôpotÐjetai h
gn¸sh k�poiac lÔshc thc diaforik c exÐswshc. Epiplèon, eÐnai aparaÐthto na
tonÐsoume ìti eÐnai krÐsimh gia thn apeirost  morfopoÐhsh tou analloÐwtou
thc diaforik c exÐswshc all� kai thn eÔresh mÐac mejìdou kataskeuastikoÔ
qarakt ra gia ton upologismì twn summetri¸n, h lÔsh twn apokaloÔmenwn
prosdioristik¸n exis¸sewn.

3.5.1 Orismìc

Onom�zoume om�da summetrÐac enìc sust matoc diaforik¸n e-
xis¸sewn thn mègisth topik  om�da metasqhmatism¸n pou dra p�nw stic
anex�rthtec kai exarthmènec metablhtèc tou sust matoc, èqontac, par�llh-
la, thn idiìthta na apeikonÐzei k�je lÔsh tou sust matoc se mÐa �llh.

3.5.2 Orismìc

MÐa shmeiak  summetrÐa Lie qarakthrÐzetai apì ènan apeirostì gen-
n tora, o opoÐoc af nei th dedomènh diaforik  exÐswsh analloÐwth upì to
metasqhmatismì ìlwn twn exarthmènwn kai anex�rthtwn metablht¸n.

Pr¸ta apì ìla, ja exhg soume pwc ènac metasqhmatismìc exp(εv) se
mÐa om�da Lie dra se mÐa sun�rthsh u = f(x). Wc lÔsh mÐac diaforik c exÐsw-
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shc ja jewroÔme mÐa leÐa apeikìnish u = f(x). SumbolÐzoume to gr�fhma mÐac
sun�rthshc f pou orÐzei mÐa N -di�stath upopollaplìthta tou olikoÔ q¸rou
E = X × U wc ex c:

Γf = {(x, f(x)) : x ∈ Ω} ⊂ X × U

ìpou me Ω sumbolÐzoume to pedÐo orismoÔ thc f .

O metasqhmatismìc thc Γf wc proc thn exp(εv) leitourgeÐ wc ex c:

exp(εv)(Γf ) = {(x̃, ỹ) = exp(εv)(x, y) : (x, y) ∈ Γf}

ParathroÔme ìti to sÔnolo exp(εv)(Γf ), den eÐnai aparaÐthta ìti a-
naparist� to gr�fhma k�poiac kainoÔriac sun�rthshc, èstw f̃(x̃). 'Omwc,
mporoÔme na poÔme ìti apì th stigm  pou h G dra me leÐo trìpo kai h tautoti-
k  apeikìnish af nei amet�blhto to sÔnolo Γf , se mÐa perioq  gÔrw apì thn
tautotik  apeikìnish, dhlad  gÔrw apì to oudètero stoiqeÐo, up�rqei k�poia
leÐa sun�rthsh u = f̃(x̃) tètoia o metasqhmatismìc exp(εv)(Γf ) = Γf̃ . Para-
k�tw ja doÔme thn diadikasÐa pou ja akolouj soume an jèloume na broÔme
th sun�rthsh pou prokÔptei apì to metasqhmatismì f̃ = exp(εv)(f).

Upojètoume ìti o metasqhmatismìc dÐnetai se suntetagmènec me ton
parak�tw trìpo:

(x̃, ũ) = Ψε(x, u) = (Xε(x, u), Uε(x, u))

ìpou oi Xε, Uε eÐnai leÐec apeikonÐseic.
To gr�fhma pou prokÔptei apì autìn to metasqhmatismì me b�sh tic

suntetagmènec eÐnai to sÔnolo:{
x̃ = Xε(x, f(x)) = Xε(1× f)(x)
ũ = Uε(x, f(x)) = Uε(1× f)(x)

}

Gia na katafèroume na broÔme to f̃ ja prèpei na apaleÐyoume to x tou
prohgoÔmenou sust matoc. GnwrÐzoume ìti gia k�poio ε pou brÐsketai arket�
kont� sto tautikì stoiqeÐo, o Iakwbianìc pÐnakac den eÐnai o monadiaÐoc kai
sunep¸c mporoÔme na antistrèyoume k�je stoiqeÐo paÐrnontac:

x = (Xε(1× f))−1(x̃)

Katal goume loipìn sto ìti:

exp(εv)(f) = (Uε(1× f))(Xε(1× f))−1 (3.3)
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'Omwc o upologismìc tou parap�nw eÐnai k�je �llo par� eÔkoloc, en¸
parathroÔme ìti sthn perÐptwsh pou o metasqhmatismìc dra apokleistik� epÐ
twn anex�rthtwn metablht¸n o prohgoÔmenoc tÔpoc aplopoieÐtai shmantik�.
Gia thn akrÐbeia o metasqhmatismìc se aut n thn perÐptwsh èqei th morf :

(x̃, ũ) = exp(εv)(x, u) = (Xε(x, u), u)

'Etsi mporoÔme broÔme to:

ũ = f̃(x̃) = f(X−1
ε (x̃)) = f(X−ε(x̃))

3.5.3 Orismìc

Ja onom�zoume mÐa sun�rthsh f analloÐwth upì to metasqhmatismì thc
om�dac G an to gr�fhm� tou Γf eÐnai analloÐwto uposÔnolo.

3.5.4 Orismìc

'Estw mÐa diaforik  exÐswsh F (x, u(m). MÐa om�da summetrÐac thc M.D.E.
F (x, u(m) eÐnai mÐa topik  om�da metasqhmatism¸n G pou dra se èna anoi-
ktì sÔnolo M tou q¸rou twn anex�rthtwn kai exarthmènwn metablht¸n thc
M.D.E. me thn idiìthta ìti ìtan h sun�rthsh u = f(x) eÐnai mÐa lÔsh thc
F (x, u(m) kai o metasqhmatismìc exp(εv) orÐzetai gia k�poio ε ∈ G, tìte h
metasqhmatismènh sun�rthsh, dhlad  h u = exp(εv)(f(x)), apoteleÐ epÐshc
lÔsh thc M.D.E..
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3.6 O tÔpoc thc proèktashc

Se autì to shmeÐo èqoume skopì na orÐsoume epark¸c thn ènnoia twn dia-
forik¸n exis¸sewn me èna sumpagèc gewmetrikì antikeÐmeno. Gia thn epÐteuxh
autoÔ tou skopoÔ ja prèpei na "epekteÐnoume� ton basikì q¸ro X×U pou ana-
parist� twn q¸ro twn anex�rthtwn kai exarthmènwn metablht¸n se èna q¸ro
pou mporeÐ na anaparast sei epiplèon ta par�gwga. Gia na eÐmaste akribeÐc,
apì th stigm  pou jèloume na melet soume tic summetrÐec twn diaforik¸n
exis¸sewn eÐnai aparaÐthto na gnwrÐzoume ìqi mìno ton trìpo dr�shc twn
om�dwn metasqhmatism¸n stic anex�rthtec kai exarthmènec metablhtèc all�
kai thn epÐdrash pou èqoun stic parag¸gouc twn exarthmènwn metablht¸n.
Oi sÔgqronoi gewmètrec èqoun tupopoi sei aut  th gewmetrik  kataskeu 
mèsw tou genikoÔ orismoÔ tou q¸rou jet pou sqetÐzetai me ton olikì q¸ro
twn anex�rthtwn kai exarthmènwn metablht¸n. Oi suntetagmènec tou q¸rou
autoÔ ja anaparistoÔn tic parag¸gouc twn exarthmènwn metablht¸n.

Me autìn ton trìpo eis�goume ton olikì q¸ro X × U (m), me U (m) :=
U ×U1 × ...×Um, ìpou me Un sumbolÐzoume ton q¸ro twn parag¸gwn t�xhc
n twn opoÐwn oi suntetagmènec anaparistoÔn tic anex�rthtec kai exarthmènec
metablhtèc kaj¸c kai ta par�gwg� twn exarthmènwn metablht¸n me t�xh to
polÔ m. Ja onom�zoume ton olikì q¸ro X × U (m) q¸ro jet t�xhc m tou
upokeÐmenou q¸rou X × U .

Dedomènhc mÐac leÐac apeikìnishc u = f(x), ìpou f : X → U up�rqei
mÐa epagìmenh sun�rthsh u(m) = pr(m)f(x), thn opoÐa ja onom�zoume m-
ost  proèktash thc f , h opoÐa orÐzetai apì thn parak�tw exÐswsh:

uα = Dαf(x)

'Etsi, pr(m)f eÐnai mÐa sun�rthsh apì to Q ston q¸ro U (m) kai gia
k�je x ∈ X to pr(m)f(x) eÐnai èna di�nusma, oi suntetagmènec tou opoÐou
anaparistoÔn tic timèc thc f kai ìlec tic parag¸gouc thc t�xhc to polÔ m
sto shmeÐo x.

Gia par�deigma sthn perÐptwsh pou h di�stash tou q¸rou eÐnai p = 2,
me f(x, y) èqoume:

pr(2)f(x, y) = (u;ux, uy;uxx, uxy, uyy) =

(
f ;
∂f

∂x
,
∂f

∂y
,
∂2f

∂x2
,
∂2f

∂x∂y
,
∂2f

∂y2

)
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'Estw G mÐa topik  om�da metasqhmatism¸n pou dra epÐ enìc anoiktoÔ
uposunìlou M ⊂ X × U . Up�rqei mÐa epagìmenh topik  dr�sh thc G ston
m-ostì q¸ro jet M (n) thn opoÐa ja onom�zoume m-ost  proèktash thc
G kai sumbolÐzoume me pr(m)G. OrÐzoume aut n thn proèktash ètsi ¸ste na
metasqhmatÐzei tic parag¸gouc twn sunart sewn u = f(x) stic antÐstoiqec
parag¸gouc twn metasqhmatismènwn sunart sewn ũ = f̃(x̃). Pio austhr�,
èstw (x0, u

m
0 ) èna shmeÐo sto M (m). Sthn poreÐa epilègoume opoiad pote

sun�rthsh u = f(x) pou orÐzetai se mÐa perioq  tou x0, thc opoÐac to gr�fhma
brÐsketai sto M kai èqei par�gwga sto x0 ìpwc faÐnontai parak�tw:

u
(m)
0 = pr(m)f(x0)

'Estw ε ∈ G kai exp(εv)f h metasqhmatismènh sun�rthsh pou orÐzetai
sthn perioq :

(x̃0, ũ0) = exp(εv)(x0, u0)

Me autìn ton trìpo kajorÐzoume th dr�sh thc epektamènhc om�dac

metasqhmatism¸n pr(m)ε sto shmeÐo (x0, u
(m)
0 ) ektim¸ntac tic parag¸gouc thc

metasqhmatismènhc sun�rthshc exp(εv)f sto shmeÐo x̃0, dhlad :

pr(m)exp(εv)(x0, u
(m)
0 ) = (x̃0, ũ

(m)
0 )

ìpou:
ũ0 = pr(m)(exp(εv)f)(x̃0)

'Estw h diaforik  exÐswsh F = (x, u(m)) = 0 me N anex�rthtec meta-
blhtèc kai mÐa exarthmènh. Upojètoume ìti h F = (x, u(m)) eÐnai leÐa apei-
kìnish apì ton q¸ro jet, me F : X × U (m) → R.

Aut  h diaforik  exÐswsh orÐzei mÐa upokathgorÐa tou olikoÔ q¸rou
jet wc ex c:

SF = {(x, u(m)) : F (x, u(m)) = 0}

Epomènwc mÐa leÐa lÔsh aut c thc diaforik c exÐswshc eÐnai mÐa leÐa
apeikìnish, èstw u = f(x) tètoia ¸ste:

F (x, pr(m)f(x)) = 0,

ìpou to x brÐsketai se mÐa perioq  thc f .
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To parap�nw isodunameÐ ousiastik� me to aÐthma to gr�fhma thc m-
ost c proèktashc thc f

Γ
(m)
f = {(x, r(m)f(x))}

na perièqetai oloklhrwtik� sthn kathgorÐa pou orÐzei h exÐswsh

Γ
(m)
f ⊂ SF .

3.6.1 Orismìc

'Enac shmeiakìc metasqhmatismìc, èstw g : M →M , pou dra epÐ enìc q¸rou
M = X × U twn anex�rthtwn kai exarthmènwn metablht¸n onom�zetai sum-
metrÐa tou sust matoc M.D.E. F (x, u(m)) = 0 an, sthn perÐptwsh pou
h u = f(x) apoteleÐ lÔsh thc diaforik c exÐswshc kai h metasqhmatismènh
sun�rthsh f̃ = exp(εv)f eÐnai kal� orismènh, isqÔei ìti h ũ = f̃(x̃)apoteleÐ
epÐshc lÔsh thc exÐswshc.

3.6.2 Je¸rhma

Upojètoume ìti M eÐnai èna anoiktì uposÔnolo tou q¸rou X × U kai èstw
F (x, u(m)) = 0 mÐa diaforik  exÐswsh pou orÐzetai epÐ tou M me thn a-
ntÐstoiqh upokathgorÐa SF ⊂ M (m). Epiplèon, èstw G mÐa topik  om�da
metasqhmatism¸n pou dra epÐ tou M , thc opoÐac h proèktash af nei ame-
t�blhto to sÔnolo SF ⊂ M (m) ètsi ¸ste ìtan to (x, u(m)) ∈ SF èqoume ìti
pr(m)exp(εv)((x, u(m))) ∈ SF , gia k�je ε ∈ G tètoio ¸ste na orÐzetai. Tìte
mporoÔme na sumper�noume ìti h G eÐnai om�da summetrÐac tic diaforik c e-
xÐswshc pou dÐnetai apì ton orismì 3.5.4.

3.6.3 Orismìc

'Estw M ⊂ X × U èna anoiktì sÔnolo kai v èna dianusmatikì pedÐo epÐ
tou M , me thn antÐstoiqh monoparametrik  om�da exp(εv). Tìte h m-ost 
proèktash tou v, h opoÐa sumbolÐzetai me pr(m)v, orÐzetai wc o apeirostìc
genn torac thc antÐstoiqhc proektamènhc monoparametrik c
om�dac pr(m)v[exp(εv)].
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Parat rhsh 3.6.3.1

Gia k�je (x, u(m)) ∈M (m) èqoume ìti:

pr(m)v
∣∣
(x,u(m))

=
d

dε

∣∣∣∣
ε=0

pr(m)[exp(εv)](x, u(m)) (3.4)

Parat rhsh 3.6.3.2

'Ena dianusmatikì pedÐo epÐ tou M , ja parousi�zetai me th genik  morf :

pr(m)v = v∗ =
N∑
i=1

ξi(x, u(m))
∂

∂xi
+
∑
|α|≤m

ϕα(x, u(m))
∂

∂uα
(3.5)

ìpou gia to α isqÔei ìti 0 ≤ |α| ≤ m.

Parat rhsh 3.6.3.3

Sthn perÐptwsh pou to v∗ apoteleÐ proèktash enìc dianusmatikoÔ pedÐou,
èstw pr(m)v, ìpou:

v =
N∑
i=1

ξi(x, u)
∂

∂xi
+ ϕ(x, u)

∂

∂u

ja prèpei oi suntelestèc thc proèktashc na eÐnai Ðdioi me touc suntelestèc
tou v.

Parat rhsh 3.6.3.4

ProkÔptei fusik� ìti an periorÐsoume thn proektamènh om�da stic metablhtèc
mhdenik c t�xhc tìte tautÐzetai me th dr�sh thc om�dac epÐ tou M .
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Parat rhsh 3.6.3.5

Gia thn proèktash pr¸thc t�xhc isqÔei ìti:

pr(1)v = −u ∂
∂x

+ x
∂

∂u
+ (1 + u2)

∂

∂ux
(3.6)

3.6.4 Je¸rhma (Lie)

'Estw h diaforik  exÐswsh

F (x, u(m)) = 0. (3.7)

MÐa om�da metasqhmatism¸n G eÐnai mÐa om�da summetrÐac mÐac mh ekfuli-
smènhc diaforik c exÐswshc thc parap�nw morf c an kai mìno an gia k�je
apeirostì genn tora v thc G isqÔei:

pr(m)v[F (x, u(m))] = 0, για F (x, u(m)) = 0. (3.8)

Parat rhsh 3.6.4

Me ton ìro mh ekfulismènh diaforik  exÐswsh ennooÔme th M.D.E. megi-
stikoÔ bajmoÔ kai topik� epilÔsimhc me thn ènnoia pou perigr�fetai stouc
parak�tw orismoÔc.

3.6.5 Orismìc (Proôpìjesh Megistik c T�xhc)

'Estw mÐa diaforik  exÐswsh

F (x, u(m)) = 0 (3.9)

To sÔsthma ja onom�zetai megistikoÔ bajmoÔ o di�stashc 1×(N+N (m))
Iakwbianìc pÐnakac thc F :

JF (x, u(m)) = {..., ∂F
∂xi

, ...,
∂F

∂uα
, ...}

pou sèbetai thc metablhtèc t�xhc 1 (x, u(m)) ìtan:

F (x, u(m)) = 0. (3.10)
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3.6.6 Orismìc (Topik  Epilusimìthta)

'Estw mÐa diaforik  exÐswsh

F (x, u(m)) = 0.

Gia k�je shmeÐo (x0, u
m
0 ) gia to opoÐo isqÔei:

F (x0, u
(m)
0 ) = 0

up�rqei mÐa lÔsh u = f(x) gia thn opoÐa isqÔei ìti:

u
(m)
0 = pr(m)f(x0)

3.6.7 Je¸rhma (Lie)

'Estw h M.D.E. pou orÐzetai epÐ mÐac pollaplìthtac M :

F (x, u(m)) = 0.

To sÔnolo ìlwn twn apeirost¸n summetri¸n mÐac �lgebrac Lie dianusmati-
k¸n pedÐwn epÐ tou M . An epiplèon aut  h �lgebra Lie eÐnai peperasmènhc
di�stashc tìte h om�da summetrÐac tou sust matoc eÐnai topik  om�da meta-
sqhmatism¸n Lie pou dra epÐ tou M .

Parat rhsh 3.6.7

Oi exis¸seic tou jewr matoc 3.6.4 eÐnai gnwstèc wc prosdioristikèc exis¸seic
thc om�dac summetrÐac thc diaforik c exÐswshc. Shmei¸netai ìti ikanopoio-
Ôntai sugkekrimèna apì ta shmeÐa (x, u(m)) ∈ SF . An antikatast soume ton
tÔpo tou orismoÔ 3.6.3 tìte gia touc suntelestèc thc proèktashc pr(m)v,
katal goume sto sumpèrasma ìti prosdioristikèc exis¸seic eÐnai dhmiourgoÔn
èna grammikì sÔsthma uper-kajorismènwn M.D.E. gia tou suntelestèc ξi kai
ϕ tou v. Sta sun jh paradeÐgmata, mporoÔme na poÔme ìti oi prosdioristikèc
exis¸seic eÐnai stoiqei¸deic kai epilÔsimec kai ètsi mporoÔme na prosdiorÐsou-
me olìklhrh thn om�da summetrÐac thc exÐswshc.

To je¸rhma 3.6.4 apoteleÐ èna polÔ shmantikì ergaleÐo apì th stigm 
pou sundèei thn om�da summetrÐac mÐac diaforik c exÐswshc me to apeirostì
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krit rio gia to an h M.D.E. eÐnai analloÐwth upì ton proektamèno apeirostì
genn tora thc om�dac. Mènei loipìn na broÔme me akrÐbeia ènan tÔpo gia thn
proèktash enìc dianusmatikoÔ pedÐou.

Ja xekin soume me melet¸ntac mÐa sqetik� apl  perÐptwsh kai sth
sunèqeia ja epektajoÔme sth genik  perÐptwsh. 'Opwc èqoume diapist¸sei
nwrÐtera sthn paroÔsa ergasÐa h dr�sh mÐac om�dac apokleistik� epÐ twn
anex�rthtwn metablht¸n k�nei shmantik� aploÔsterh thn eÔresh antistrìfou
apì ìti sumbaÐnei sth genik  perÐptwsh. JewroÔme èna dianusmatikì pedÐo epÐ
enìc q¸rou M = Q× U wc ex c:

v =
N∑
i=1

ξi(x)
∂

∂xi

Tìte oi metasqhmatismoÐ thc om�dac exp(εv) ja eÐnai thc morf c:

(x̃, ũ) = exp(εv)(x, u) = (Xε(x), u)

ìpou to x̃i = X i
ε(x) prèpei na ikanopoieÐ thn exÐswsh:

dX i
ε(x)

dε

∣∣∣∣
ε=0

= ξi (3.11)

Ja qrhsimopoioÔme ton sun jh bibliografik� sumbolismì uj =
∂u

∂xj
.

'Opwc faÐnetai apì sth sqèsh (3.1) èqoume:

ũ = f̃ε(x̃) = f(X−1
ε (x̃)) = f(X−ε(x̃))

Epomènwc, katal goume sto:

ũj =
∂f̃ε
∂x̃j

(x̃) =
N∑
k=1

∂f

∂xk
(X−ε(x̃))

∂X−εk
∂x̃j

(x̃)

'Omwc apì th stigm  pou èqoume ìti X−ε(x̃) = x sumperaÐnoume ìti o:

ũj =
N∑
k=1

∂Xk
−ε

∂x̃j
(Xε(x))uk

eÐnai o akribeÐc tÔpoc gia thn proektamènh dr�sh thc om�dac sta par�gwga
pr¸tou bajmoÔ.
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Gia na broÔme ton apeirostì genn tora tou pr1)v prèpei na paragw-
gÐsoume sebìmenoi to ε kai na to ektim soume sto shmeÐo ε = 0. Tìte:

pr(1)v =
N∑
i=1

ξi(x)
∂

∂xi
+

N∑
j=1

ϕj(x, u(1))
∂

∂uj

Epiplèon apì th sqèsh (3.2) èqoume:

ϕj(x, u(1)) =
d

dε

∣∣∣∣
ε=0

N∑
k=1

∂Xk
−ε

∂x̃j
(Xε(x))uk.

Upojètoume ìti ìlec oi sunart seic eÐnai leÐec ètsi ¸ste na èqoume th duna-
tìthta na enall�ssoume thn t�xh thc parag¸gishc paÐrnontac thn sqèsh (3.9)
mazÐ me to gegonìc ìti ε = 0 kai h Q0(x) = x eÐnai h tautotik  apeikìnish:

∂

∂x̃j

[
dXk
−ε

dε

]
(Xε(x))|ε=0 =

∂

∂xj

[
dXk
−ε

dε

∣∣∣∣
ε=0

]
(x) =

∂ξk
∂xj

(x)

Epiplèon èqoume th sqèsh:

∑
l

∂2Xk
−ε

∂x̃j∂x̃l
(Xk
−ε(x))

X l
ε

dε
(x)

∣∣∣∣∣
ε=0

= 0

Dhlad , to parap�nw exafanÐzetai. Autì sumbaÐnei diìti, ìpwc èqoume pro
eipeÐ to Q0(x) = x eÐnai h tautotik  apeikìnish kai ètsi sto ε = 0 ìla to
x-par�gwga deÔterhc t�xhc tou Qε mhdenÐzontai.

'Eqontac l�bei upìyin ta parap�nw mporoÔme na sumper�noume ìti o
basikìc tÔpoc thc proèktashc gia thn pr(1)v prokÔptei apì thn:

ϕj(x, u(1)) = −
N∑
k=1

∂ξk
∂xj

uk

'Opwc èqoume  dh anafèrei oi suntelestèc twn ξi sumpÐptoun me touc sunte-
lestèc tou v.

Ja prèpei t¸ra no d¸soume ton orismì tou olikoÔ parag¸gou. 'Omwc
prin apì autì ja exhg soume gia poio lìgo den mporoÔme na qrhsimopoi sou-
me ton "klasikì� orismì tou parag¸gou.



76 KEFALAIO 3. OMADES LIE KAI DIAFORIKES EXISWSEIS

'Estw mÐa sun�rthsh F pou exart�tai apì èna sÔnolo anex�rthtwn
metablht¸n, èstw x = (x1, x2, ..., xN), kai mÐa exarthmènh metablht  u mazÐ
me ìla thc ta par�gwga t�xhc to polÔ m, dhlad  (u1, u2, ..., um). Gia thn
akrÐbeia mac endiafèroun ta par�gwga aut¸n twn sunart sewn wc proc ìlec
tic anex�rthtec metablhtèc. An upojèsoume ìti h u exart�tai apì to x, ja
prèpei na l�boume upìyin ìla ta par�gwga thc F wc proc ta x kai u(m), ou-
siastik� na antimetwpÐsoume thn u kai ta par�gwg� thc wc sun�rthsh tou x.

3.6.8 Orismìc

'Estw F (x, u(m)) mÐa leÐa sun�rthsh twn x, u kai twn parag¸gwn thc u t�xhc
to polÔm, pou orÐzetai epÐ enìc anoiktoÔ sunìlouM (m) ⊂ XtimesU (m). Sto
ex c ja upojètoume ìti to m apoteleÐ th megistik  t�xh twn parag¸gwn. Ja
onom�zoume olikì par�gwgo thc F wc proc ta xi thn monadik  leÐa su-
n�rthsh DiF (x, um+1) pou orÐzetai epÐ touM (m+1) kai exart�tai ta par�gwga
thc u t�xhc to polÔ m + 1 me thn idiìthta an u = f(x) eÐnai leÐa sun�rthsh
na isqÔei:

DiF (x, pr(m+1)f(x)) =
∂

∂xi
{F (x, pr(m)f(x))}

Epomènwc, h DiF prokÔptei apì thn P diaforÐzontac thn F wc proc ta xi an
antimetwpÐzoume ìla ta u kai ta par�gwg� touc wc sunart seic tou x.

3.6.9 Prìtash

Dedomènhc mÐac sun�rthshc F (x, u(m)), to i-ostì par�gwgo thc F èqei th
genik  morf :

DiF =
∂F

∂xi
+
∑
α

uαi
∂F

∂uα
(3.12)

ìpou an α = (α1, α2, ..., αk) èqoume:

uαi =
∂uα

∂xi
=

∂k+1uα

∂xi, ∂xα1∂xα2 ...∂xαk

Parat rhsh 3.6.9
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To sÔnolo thc sqèshc (3.10) perilamb�neic ìla to stoiqeÐa me pollaplo-
Ôc deÐktec t�xhc |α| ≤ m, ìpou m eÐnai ta par�gwga mègisthc t�xhc pou
emfanÐzontai sto P .

3.6.10 Je¸rhma

'Estw èna dianusmatikì pedÐo

v =
N∑
i=1

ξi(x, u)
∂

∂xi
+ ϕ(x, u)

∂

∂u

pou orÐzetai epÐ enìc anoiktoÔ sunìlou M ⊂ X × U . Tìte h m-ost  pro-
èktash tou v eÐnai to dianusmatikì pedÐo:

pr(m)v = v +
∑
α

ϕα(x, u(m))
∂

∂uα
(3.13)

pou orÐzetai epÐ tou antÐstoiqou q¸rou M (m) ⊂ X × U (m) kai to deÔtero
�jroisma epÐ tou a pou èqei pollaploÔc deÐktec kai gia thn t�xh tou jèloume
na isqÔei 0 ≤ |α| ≤ m.

H parak�tw sqèsh mac dÐnei thc sunart seic twn suntelest¸n ϕα thc
proèktashc prm)v:

ϕα(x, u(m)) = Dα

(
ϕ−

N∑
i=1

ξiui

)
+

N∑
i=1

ξiuαi (3.14)

ìpou qrhsimopoi same to sumbolismì ui =
∂u

∂xi
kai uαi

∂uα

∂xi
.

'Etsi an mac dojeÐ èna apeirostìc genn torac thc morf c:

v =

p∑
i=1

ξi(x, u)
∂

∂xi
+ ϕ(x, u)

∂

∂u

kaloÔmaste na lÔsoume to parak�tw sÔsthma S.D.E.:
dx̃i
dε

= ξi(x̃, ũ), x̃i(0) = xi

dũ

dε
= ϕ(x̃, ũ), ũ(0) = u
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3.6.11 Algìrijmoc tou Lie

Axiopoi¸ntac ìla ta "ergaleÐa� pou èqoume parousi�sei se aut n thn enìthta
mporoÔme na kataskeu�soume mÐa allhlouqÐa bhm�twn, pou onom�zetai al-
gìrijmoc tou Lie gia thn eÔresh twn summetri¸n mÐac M.D.E. m-ost c
t�xhc, h opoÐa upojètoume ìti eÐnai epilÔsimh kai megistik c t�xhc. O al-
gìrijmoc autìc apartÐzetai apì ta akìlouja b mata:

B ma 1: Dedomènhc mÐa M.D.E. t�xhc m, èstw F (x, u(m)) upologÐzoume thn pro-
èktash pr(m)v[f(x, u(m))].

B ma 2: AntikajistoÔme thn M.D.E. me thn èkfrash tou b matoc 1 apaleÐfontac
thn peritt  plhroforÐa jètontac pr(m)v[F ((x, u(m))]

∣∣
F (x,u(m))=0

B ma 3: Ex�goume tic prosdioristikèc exis¸seic apì thn proèktash jètontac to
suntelest  twn parag¸gwn twn exarthmènwn metablht¸n na eÐnai Ðsoc
me 0.

B ma 4: Tèloc, lÔnoume tic prosdioristikèc exis¸seic pou prokÔptoun.

Parat rhsh 3.6.11

O algìrijmoc tou Lie ja mac gÐnei polÔ perissìtero katanohtìc mìlic o-
loklhrwmèna h mèjodoc efarmosteÐ sth ExÐswsh thc Jermìthtac.
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3.7 Analloiìthta thc M.D.E.

'Eqoume dei stic prohgoÔmenec enìthtec p¸c mporoÔme na prosdiorÐsoume
tic eswterikèc summetrÐec pou ep�gei h dojeÐsa diaforik  exÐswsh me ènan
susthmatikì trìpo. Se aut n thn enìthta ja asqolhjoÔme me thn efarmog 
apeirost¸n metasqhmatism¸n sthn kataskeu  lÔsewn thc M.D.E..

H epif�neia twn analloÐwtwn pou antistoiqoÔn sthn om�da Lietwn sh-
meiak¸n metasqhmatism¸n odhgeÐ stic analloÐwtec lÔseic. Autèc oi lÔseic
brÐskontai apì th lÔsh thc diaforik c exÐswshc me ligìterec, apì thn arqik ,
anex�rthtec metablhtèc.

An mÐa monoparametrik  om�da metasqhmatism¸n Lie pou ep�getai apì
th M.D.E. af nei analloÐwta to pedÐo kai thn oriak  sunj kh enìc BVP,
ìpou BVP (Boundary Value Problem) eÐnai èna Prìblhma Oriak c Tim c,
tìte h lÔsh tou BVP eÐnai mÐa analloÐwth lÔsh kai ètsi to dojèn BVP upo-
bib�zetai se èna BVP me mÐa ligìterh apì to arqikì anex�rthth metablht .

3.7.1 UpenjÔmish sthn ènnoia twn analloÐwtwn

JumÐzoume, prospaj¸ntac par�llhla na d¸soume ènan kalÔtero qara-
kthrismì, thn ènnoia twn analloÐwtwn twn prohgoÔmenwn enot twn.

JewroÔme th monoparametrik  om�da metasqhmatism¸n Lie:

x̃ = exp(εv)(x) (3.15)

me apeirostì genn tora:

v =
N∑
i=1

ξi(x, u)
∂

∂xi
. (3.16)
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3.7.1.1 Orismìc

MÐa epif�neia F (x) = 0 eÐnai mÐa analloÐwth epif�neia gia mÐa monopa-
rametrik  om�da metasqhmatism¸n Lie (3.13) me apeirostì genn tora (3.14)
an kai mìno an:

F (x̃) = 0, ìtan F (x) = 0.

3.7.1.2 Orismìc

MÐa kampÔlh F (x, y) = 0 eÐnai mÐa analloÐwth kampÔlh gia mÐa mono-
parametrik  om�da metasqhmatism¸n Lie:{

x̃ = Xε(x, y)
ỹ = Yε(x, y)

}
(3.17)

me apeirostì genn tora:

v = ξx(x, y)
∂

∂x
+ ξy(x, y)

∂

∂y

an kai mìno an:

F (x̃, ỹ) = 0, ìtan F (x, y) = 0.

3.7.1.3 Orismìc

'Estw x èna shmeÐo. To x ja onom�zetai analloÐwto shmeÐo mÐa mo-
noparametrik  om�da metasqhmatism¸n Lie (3.13) an kai mìno an isqÔei ìti
x̃ ≡ x upì thn (3.13).

3.7.1.4 Je¸rhma

(i) 'Estw mÐa epif�neia pou gr�fetai sth morf  F (x) = xn−f(x1, x2, ..., xn−1) =
0. Tìte aut  ja eÐnai analloÐwth epif�neia gia thn (3.13) an kai mìno
an:
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F (x̃, ỹ) = 0 ìtan F (x) = 0.

(ii) 'Estw mÐa kampÔlh pou gr�fetai sth morf  F (x, y) = y − f(x) = 0.
Tìte aut  ja eÐnai mÐa analloÐwth kampÔlh gia thn (3.15) an kai mìno
an:

v[F (x, y)] = ξy(x, y)− ξx(x, y)f ′(x) = 0

ìtan:
F (x, y) = y − f(x) = 0,

dhlad , an kai mìno an:

ξy(x, y)− ξx(x, y)f ′(x) = 0

To je¸rhma 3.7.1.4 mac dÐnei ènan trìpo eÔreshc thc analloÐwthc epi-
f�neiac m�c dedomènhc om�dac metasqhmatism¸n Lie. Parak�tw ja doÔme mÐa
efarmog  tou prohgoÔmenou jewr matoc.

3.7.1.5 Orismìc

MÐa oikogèneia epifanei¸n thc morf c:

ω(x) = c,

ìpou c stajer�, eÐnai mÐa oikogèneia analloÐwtwn epifanei¸n gia thn (3.13)
an kai mìno an:

ω(x̃) = c̃ ìtan ω(x) = c

ìpou c̃ stajer�.

3.7.1.6 Orismìc

MÐa oikogèneia kampul¸n thc morf c:

ω(x, y) = c,

ìpou c stajer�, eÐnai mÐa oikogèneia analloÐwtwn kampul¸n thc (3.15) an kai
mìno an:



82 KEFALAIO 3. OMADES LIE KAI DIAFORIKES EXISWSEIS

ω(x̃, ỹ) = c̃ ìtan ω(x̃, ỹ) = c,

ìpou c̃ stajer�.

Apì touc parap�nw orismoÔc prokÔptei �mesa ìti:

c̃ = exp(εv)c(c)

gia k�poia sun�rthsh exp(εv)c tou c kai ε h par�metroc thc om�dac.

3.7.1.7 Je¸rhma

(i) MÐa oikogèneia epifanei¸n ω(x) = c, ìpou c stajer�, eÐnai analloÐwth
oikogèneia epifanei¸n an kai mìno an:

v[ω] = Fω(ω)

gia k�poia sun�rthsh Fω(ω) pou eÐnai �peira diaforÐsimh.

(ii) MÐa oikogèneia epifanei¸n ω(x, y) = c, ìpou c stajer�, eÐnai mÐa anal-
loÐwth oikogèneia kampul¸n thc (3.15) an kai mìno an:

v[ω] = ξx(x, y)
∂ω

∂x
+ ξy(x, y)

∂ω

∂y
= Fω(ω)

gia k�poia sun�rthsh Fω(ω) pou eÐnai �peira diaforÐsimh.

Gia na broÔme thn analloÐwth oikogèneia epifanei¸n gia mÐa om�da
metasqhmatism¸n Lie mporoÔme, qwrÐc bl�bh thc genikìthtac, na jèsoume
Fω(ω) ≡ 1. Autì prokÔptei apì to gegonìc ìti an h ω(x) = c eÐnai mÐa
analloÐwth oikogèneia epifanei¸n tìte kai h F (ω(x)) = F (c), gia opoia-
d pote sun�rthsh F , ja eÐnai epÐshc analloÐwth oikogèneia epifanei¸n. E-
piplèon h v[F (ω(x))] = F ′(ω)v(ω) = F ′(ω)Fω(ω), tètoia ¸ste jètontac

F ′(ω) =
1

Fω(ω)
, ja èqoume v[F (ω)] ≡ 1.

JewroÔme se autì to shmeÐo th M.D.E. :

F (x, u(m)) = 0 (3.18)

O sumbolismìc eÐnai o Ðdioc ìpwc kai prohgoumènwc.
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3.7.1.8 Orismìc

H monoparametrik  om�da metasqhmatism¸n Lie:{
x̃ = Xε(x, u)
ũ = Uε(x, u)

}
(3.19)

af nei thn (3.16) analloÐwth an kai mìno an h m-ost  proèktash af nei a-
nalloÐwth thn epif�neia (3.16).

H analloiìthta thc epif�neiac (3.16) upì th m-ost  epèktash thc
(3.17), mac dÐnei thn plhroforÐa ìti h lÔsh thc u = f(x) apeikonÐzetai se
k�poia �llh lÔsh u = ϕ(x; ε) thc (3.16) upì th dr�sh thc om�dac (3.17).

Kat� sunèpeia h oikogèneia ìlwn twn lÔsewn thc M.D.E. (3.16) eÐnai
analloÐwth upì thn (3.17) an kai mìno an h (3.16) ep�gei thn (3.17).

AnakaloÔme to jemeli¸dec apotèlesma stic prosdioristikèc sunar-
t seic ìpwc anafèrontai sta jewr mata 3.6.4 kai 3.6.7.

3.7.1.9 Orismìc (Apeirostì krit rio gia thn analloiìthta
mÐac M.D.E.)

'Estw o apeirostìc genn torac thc (3.17):

v =
N∑
i=1

ξi(x, u(m))
∂

∂xi
+ ϕ(x, u)

∂

∂u
. (3.20)

kai h m-ost  proèktash tou apeirostoÔ genn tora thc (3.18):

pr(m)[v] =
N∑
i=1

ξi(x, u(m))
∂

∂xi
+
∑
α

ϕα(x, y(m))
∂

∂uα
.

Tìte h (3.17) ep�getai apì th M.D.E. (3.16) an kai mìno an:

pr(m)v[F (x, u(m))] = 0 ìtan F (x, u(m)) = 0.
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3.7.2 AnalloÐwtec lÔseic kai upobibasmìc omoi-

ìthtac

Se autì to shmeÐo, èqontac upenjumÐsei k�poiec basikèc ènnoiec, ja su-
zht soume th sunj kh analloiìthtac mÐac M.D.E. me skopì na upobib�soume
thn exÐswsh aut  se S.D.E.   se mÐa M.D.E. me ligìterec anex�rthtec meta-
blhtèc. H diadikasÐa pou ja akolouj soume èqei poll� koin� stoiqeÐa, gia
thn akrÐbeia apoteleÐ genÐkeush, me th diastatik  an�lush. Gia mÐa mikr 
eisagwg  sto sugkekrimèno jèma na anaferjoÔme sto pr¸to kef�laio tou
Bluman kai Kumei [7].

H diadikasÐac upobibasmoÔ par�gei mÐa anapar�stash omoiìthtac , h
opoÐa apoteleÐ fusik  apìdosh mÐac lÔshc omoiìthtac wc mÐa ro  pou thc
”moi�zei” eÐte se k�je qrìno eÐte se k�je klÐmaka m kouc, thc arqik c exÐsw-
shc. Epomènwc, ènac upobibasmìc omoiìthtac mac odhgeÐ se mÐa anapar�stash
pou èqei k�poio pleonèkthma se sqèsh me thn arqik .

JewroÔme kai p�li th M.D.E. thc morf c (3.16) pou ep�gei mÐa mono-
parametrik  om�da metasqhmatism¸n Lie me apeirostì genn tora ton (3.18).

3.7.2.1 Orismìc

MÐa lÔsh u = f(x) apoteleÐ mÐa analloÐwth lÔsh thc (3.16) pou antistoi-
qeÐ sto (3.18) pou ep�getai apì thn (3.16) an kai mìno an:

(i) h u = f(x) eÐnai mÐa analloÐwth epif�neia thc (3.18),

(ii) h u = f(x) epilÔei thn (3.16).

MporoÔme, loipìn, na poÔme ìti h u = f(x) eÐnai mÐa analloÐwth lÔsh
thc (3.16) an kai mìno an h u ikanopoieÐ ta ex c:

(i) v[u− f(x)] = 0 ìtan u = f(x), dhlad :

ξi(x, u)
∂u

∂xi
= ϕ(x, y) (3.21)
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(ii) F (x, u(m)) = 0.

H exÐswsh (3.19) onom�zetai sunj kh analloÐwthc epif�neiac gia amet�blhtec
lÔseic.

MporoÔme na prosdiorÐzoume tic amet�blhtec lÔseic me touc ex c trìpouc:

Mèjodoc AnalloÐwthc Morf c

3.7.2.2 Je¸rhma

MÐa monoparametrik  topik  om�da metasqhmatism¸n, èstw G, ston RN èqei
akrib¸c N−1 to pl joc sunarthsiak� anex�rthtec analloÐwtec. Opoiod po-
te sÔnolo anex�rthtwn analloÐwtwn thc morf c:

(ψ1(x) = C1, ψ2(x) = C2, ..., ψN−1(x) = CN−1)

orÐzei mÐa b�sh analloÐwtwn thc G. H b�sh aut  den eÐnai monadik . MÐa
aujaÐreth analloÐwth, èstw F (x), thc G dÐnetai apì ton tÔpo:

F = Φ(ψ1(x), ψ2(x), ..., ψN−1(x))

Me aut  th mèjodo lÔnoume thn pr¸th exÐswsh (3.19) lÔnontac thc
antÐstoiqh qarakthristik  exÐswsh gia thn u = f(x):

dx1

dξ1(x, u)
=

dx2

dξ2(x, u)
= ... =

dxN
dξN(x, u)

=
du

dϕ(x, u)
. (3.22)

An
(ψ1(x, u), ψ2(x, u), ..., ψN−1(x, u)), F (x, u)

eÐnai N anex�rthtec analloÐwtec thc (3.20) tìte h lÔsh u = f(x) dÐnetai
èmmesa apì thn analloÐwth morf :

F (x, u) = Φ(ψ1(x, u), ψ2(x, u), ..., ψN−1(x, u)), (3.23)

ìpou Φ eÐnai mÐa aujaÐreth sun�rthsh tou (ψ1(x, u), ψ2(x, u), ..., ψN−1(x, u)).
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Aut  h mikrìterhc t�xhc M.D.E. brÐsketai an antikatast soume thn
(3.21) sthn (3.16). ParathroÔme ìti an N = 2 tìte h upobibasmènh M.D.E.
eÐnai mÐa S.D.E..

3.7.2.3 Je¸rhma

Se autì to shmeÐo jewroÔme thn allag  suntetagmènwn (x′1, x
′
2, ..., x

′
N) gia

thn om�da metasqhmatism¸n G pou orÐzetai apì tic:

x′1 = ϕ(x), x′2 = ψ1(x), x′3 = ψ2(x) , ... , x′N = ψN−1(x),

ìpou ϕ eÐnai mÐa lÔsh thc exÐswshc:

v[ϕ] = 1

kai (ψ1(x), ψ2(x), ..., ψN(x)) eÐnai mÐa b�sh analloÐwtwn thc om�dac G, tìte
(x′1, x

′
2, ..., x

′
N) eÐnai èna sÔnolo kanonik¸n suntetagmènwn.

3.7.2.4 Je¸rhma

Kanonikèc suntetagmènec eÐnai mÐa allag  suntetagmènwn tètoia ¸ste
upì to sÔsthma twn nèwn suntetagmènwn o metasqhmatismìc na eÐnai h om�da
met�frashc.

Parat rhsh 3.7.2.4

UpenjumÐzoume ìti gia k�je monoparametrik  om�da up�rqoun kanonikèc su-
ntetagmènec.

3.7.2.5 Orismìc

MÐa met�frash eÐnai ènac afinikìc metasqhmatismìc qwrÐc stajer� shmeÐa.
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Parat rhsh 3.7.2.5.1

O pollaplasiasmìc pin�kwn èqei p�ntote thn arq  twn axìnwn san
stajerì shmeÐo. 'Omwc, up�rqei mÐa sun jhc mejodologÐa, pou axiopoieÐ omo-
geneÐc suntetagmènec gia thn anapar�stash mÐac met�frashc enìc dianusma-
tikoÔ pedÐou me pollaplasiasmì pin�kwn wc ex c:

Ac p�roume gia par�deigma èna 3-di�stato di�nusma, to opoÐo gr�fou-
me qrhsimopoi¸ntac 4 omogeneÐc suntetagmènec wc u = (ux, uy, uz, 1).

Gia na metafr�soume èna antikeÐmeno wc proc to di�nusma v, k�je
omogenèc di�nusma p, to opoÐo èqoume gr�yei se omogeneÐc suntetagmènec,
mporeÐ na pollaplasiasteÐ me ton pÐnaka met�frashc, pou eÐnai thc morf c:

Tv =


1 0 0 ux
0 1 0 uy
0 0 1 uz
0 0 0 1


Tìte o parak�tw pollaplasiasmìc ja d¸sei to anamenìmeno apotèle-

sma:

Tvp =


1 0 0 ux
0 1 0 uy
0 0 1 uz
0 0 0 1



px
py
pz
1

 =


px + ux
py + uy
pz + uz

1

 = p+ v

O antÐstrofoc tou pÐnaka met�frashc dÐnetai apì ton tÔpo:

T−1
v = T−v

Me parìmoio trìpo, to ginìmeno pin�kwn met�frash prokÔptei wc ex c:

TuTv = Tu+v

Epiplèon, epeid  h prìsjesh dianusm�twn eÐnai prosetairistik , ja e-
Ðnai epÐshc prosetairistikìc kai o pollaplasiasmìc pin�kwn met�frashc, se
antÐjesh me touc pÐnakec genik�.
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Parat rhsh 3.7.2.5.2

Sth fusik  gia par�deigma, h met�frash   alli¸c h kÐnhsh met�fra-
shc eÐnai h kÐnhsh pou all�zei th jèsh enìc antikeimènou, se antÐjesh me thn
peristrof . SÔmfwna me ton Whittaker:

"An èna s¸ma metakineÐtai apì mÐa jèsh se mÐa �llh, kai an oi gram-
mèc pou en¸noun ta arqik� kai telik� shmeÐa gia k�je èna apì ta shmeÐa tou
s¸matoc eÐnai èna sÔnolo apì par�llhlec eujeÐec grammèc m kouc l. ètsi ¸ste
o prosanatolismìc tou s¸matoc na paramènei amet�blhtoc, h metatìpish ono-
m�zetai met�frash par�llhlh sthn kateÔjunsh twn gramm¸n, akolouj¸ntac
mÐa apìstash l.�

3.7.2.6 Orismìc

'Enac afinikìc metasqhmatismìc eÐnai ènac grammikìc metasqhmatismìc
pou sunodeÔetai apì mÐa metatìpish. Se morf  pin�kwn stic 3 diast�seic ja
eÐnai thc morf c:

x′y′
z′

 =

α11 α12 α13

α21 α22 α23

α31 α32 α33

xy
z

+

δxδy
δz



Mèjodoc EujeÐac Antikat�stashc

Aut  h mèjodoc qrhsimopoieÐtai ìtan eÐnai adÔnato na epilÔsoume th
sunj kh analloÐwthc epif�neiac (3.19).

QwrÐc bl�bh thc genikìthtac upojètoume ìti ξn(x, u) 6= 0 kai ètsi h
(3.19) gÐnetai:

un = −
n−1∑
i=1

ξi(x, u)

ξn(x, u)
ui +

ϕ(x, y)

ξn(x, u)
(3.24)
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3.7.3 TupopoÐhsh thc analloiìthtac enìc BVP gia

mÐa M.D.E.

H efarmog  twn apeirost¸n metasqhmatism¸n se BVP gia M.D.E. e-
Ðnai polÔ pio perioristikì apì ìti gia tic S.D.E.. Gia thn akrÐbeia gia mÐa
S.D.E. opoiod pote BVP autom�twc upobib�zetai se èna BVP gia th S.D.E.
pou prokÔptei apì ton upobibasmì. Autì, ìmwc, genik� gia tic M.D.E. de
sumbaÐnei. Sthn perÐptwsh pou èqoume mÐa M.D.E. mÐa analloÐwth lÔsh pou
prokÔptei apì ton epagìmeno apeirostì genn tora lÔnei èna BVP an o apei-
rostìc genn torac af nei ìlec tic sunoriakèc sunj kec analloÐwtec. Apì
thn �llh meri� an h M.D.E. eÐnai grammik  h kat�stash aut  eÐnai ligìtero
perioristik .

JewroÔme, wc sun jwc, mia M.D.E. thc morf c:

f(x, u(m)) = 0 (3.25)

h opoÐa èqei pedÐo orismoÔ to Ω kai sunoriakèc sunj kec:

BJ(x, um−1) = 0 (3.26)

pou orÐzontai stic sunoriakèc epif�neiec:

ωJ = 0, J = 1, 2, ..., s (3.27)

Epiplèon ja upojèsoume ìti to BVP ja èqei mÐa monadik  lÔsh. Ja
jewr soume se autì to shmeÐo ènan apeirostì genn tora thc morf c:

v =
N∑
i=1

ξi(x, u)
∂

∂xi
+ ϕ(x, u)

∂

∂u
(3.28)

pou orÐzei mÐa monoparametrik  om�da metasqhmatism¸n Lie se ènan x-q¸ro,
ìpwc epÐshc kai se ènan (x, u)-q¸ro.

3.7.3.1 Orismìc

O apeirostìc genn torac v ep�getai apì èna BVP an kai mìno an isqÔoun ta
parak�tw:

(i) pr(m)v
[
F (x, u(m))

]
= 0, an F (x, u(m)) = 0 (3.29)
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(ii) v[ωJ(x)] = 0, an F (x, u(m)) = 0 (3.30)

(iii) pr(m−1)v
[
BJ(x, u(m−1))

]
= 0,

an BJ(x, u(m−1)) = 0, sta ωJ(x) = 0, J = 1, 2, ..., s
(3.31)

3.7.3.2 Je¸rhma

'Estw ìti to BVP ep�gei ton apeirostì genn tora (3.26),

(ψ1(x, u), ψ2(x, u), ..., ψN−1(x, u))

mÐa N−1-anex�rthth om�da analloÐwtwn thc (3.26) pou exart�tai mìno apì to
x kai F (x, u) mÐa om�da analloÐwtwn thc (3.26). Tìte to BVP upobib�zetai
sto:

G(X,F (m)) = 0

me pedÐo orismoÔ to ΩX se ènan X-q¸ro me sunoriakèc sunj kec:

GJ(X,F (m−1)) = 0

pou orÐzetai stic sunoriakèc epif�neiec:

vJ(X) = 0

H sunj kh (3.28) ousiastik� shmaÐnei ìti k�je sunoriak  epif�neia
ωJ(x) = 0 eÐnai mÐa analloÐwth epif�neia vJ(X) = 0 tou parak�tw apeirostoÔ
genn tora:

ξi(x)
∂

∂xi
,

o opoÐoc apoteleÐ ton periorismì tou X ston X-q¸ro.

H lÔsh thc (3.23) mazÐ me to BVP apoteleÐ mÐa analloÐwth lÔsh:

F = Φ(ψ1(x, u), ψ2(x, u), ..., ψN−1(x, u))

H analloÐwth lÔsh u = f(x) pou orÐzetai apì thn (3.23) ja ikanopoieÐ thn
parak�tw sqèsh:

v[u− f(x)] = 0, αν u = f(x),

  me �lla lìgia:

ξi
∂

∂xi
= ϕ(x, u)
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3.7.3.3 Je¸rhma

'Estw ìti o apeirostìc genn torac v eÐnai thc morf c:

v =
N∑
i=1

ξi
∂

∂xi
+ h(x)u

∂

∂u
.

Tìte h F ja eÐnai thc morf c:

F =
u

g(x)
,

gia k�poia gnwst  sun�rthsh g(x) kai ètsi mÐa analloÐwth lÔsh pou prokÔptei
apì ton apeirostì genn tora v ja èqei th "diaqwrismènh� morf :

u = g(x)Φ(X),

gia k�poia aujaÐreth sun�rthsh Φ(X) tou:

(ψ1(x, u), ψ2(x, u), ..., ψN−1(x, u))

Apì thn �llh meri�, an h M.D.E. (3.23), kai p�li mazÐ me to BVP, ep�gei
mÐa r-parametrik  om�da metasqhmatism¸n Lie me apeirostoÔc genn torec thc
morf c:

vi =
∑
j

ξij
∂

∂xj
+ ϕi(x, u)

∂

∂u
, i = 1, 2, ..., r (3.32)

tìte h monadik  lÔsh u = f(x) eÐnai mÐa analloÐwth lÔsh pou ikanopoieÐ thn
parak�tw sqèsh:

vi(u− f(x)) = 0, i = 1, 2, ..., r

3.7.3.4 Je¸rhma

Upojètw ìti to BVP ep�gei mÐa r-parametrik  om�da metasqhmatism¸n Lie
me apeirostì genn tora:

vi =
∑
j

ξij
∂

∂xj
+ hi(x)u

∂

∂u
, i = 1, 2, ..., r (3.33)

'Estw R h t�xh tou parak�tw pÐnaka:

T =


ξ11 ξ12 ... ξ1n

ξ21 ξ22 ... ξ2n

...
...

. . .
...

ξr1 ξr2 ... ξrn

 . (3.34)
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Epiplèon, èstw q = n − R kai Y1(x), Y2(x), ..., Yq(x) ènac pl rec sÔnolo
sunarthsiak� anex�rthtwn analloÐwtwn thc (3.31) ikanopoioÔn th sqèsh:

ξij(x)
∂Yl(x)

∂xj
= 0, i = 1, 2, ..., r. l = 1, 2, ..., q

'Estw:
F =

u

g(x)
, (3.35)

ìpou g mÐa gnwst  sun�rthsh pou eÐnai analloÐwth thc (3.31) kai ikanopoieÐ
th sqèsh:

vi[ω] = 0, i = 1, 2, ..., r

Tìte to BVP upobib�zetai se èna BVP me q = N − r anex�rthtec metablhtèc
Y = (Y1, Y2, ..., Yq) kai thn exarthmènh metablht  (3.33). H lÔsh tou BVP
eÐnai mÐa analloÐwth lÔsh thc "diaqwrismènhc� morf c:

u = g(x)Φ(X),

ìpou h sun�rthsh Φ(X) den èqei prosdioristeÐ.
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3.8 Kataskeu  apeikìnishc pou susqetÐzei

diaforikèc exis¸seic

Sthn prohgoÔmenh enìthta jewr same thn kataskeu  thc lÔshc mÐac de-
domènhc M.D.E. F (x, u(x)) = 0 apì �llec gnwstèc lÔseic thc M.D.E.   wc
analloÐwtec lÔseic.

Se aut n thn enìthta ja exereun soume mÐa diaforetik  prosèggish.
Gia thn akrÐbeia ja qrhsimopoi soume ton apeirostì metasqhmatismì, kai pio
sugkekrimèna thn �lgebra Lie, gia na kataskeu�soume èna metasqhmatismì
pou apeikonÐzei mÐa dedomènh M.D.E. se k�poia �llh D.E., thn epidiwkìmenh
D.E., me thn ènnoia ìti k�je lÔsh dojeÐshc D.E. apeikonÐzetai se mÐa lÔsh
thc epidiwkìmenhc D.E..

Ja asqolhjoÔme apokleistik� me '1-1' apeikonÐseic. Autì shmaÐnei ìti
prèpei na kajorÐsoume mÐa '1-1' antistoiqÐa metaxÔ twn apeirost¸n gennhtìrwn
thc dedomènhc kai epidiwkìmenhc M.D.E.. Gia ma eÐmaste pio saf c, eÐnai apa-
raÐthto k�je �lgebra textlatinLie twn apeirost¸n gennhtìrwn thc dedomènhc
M.D.E. na eÐnai isomorfik  me mÐa �lgebra Lie twn apeirost¸n gennhtìrwn
thc epidiwkìmenhc M.D.E.. MÐa tètoia apeikìnish ja eÐnai antistrèyimh, eÐnai
ìmwc dunatì na kataskeuasteÐ epÐshc mÐa mh antistrèyimh apeikìnish.

3.8.1 Apeikìnish apeirost¸n gennhtìrwn

JewroÔme th M.D.E. thc morf c:

F (x, u(m)) = 0, (3.36)

me N anex�rthtec metablhtèc x = (x1, x2, ...xN) kai mÐa exarthmènh metablht 
u. 'Opwc kai prohgoumènwc h ìlh diadikasÐa mporeÐ na epektajeÐ sth genik 
perÐptwsh enìc sust matoc D.E. me N anex�rthtec metablhtèc kai q exarth-
mènec metablhtèc. Gia autì to prìblhma anaferìmaste stouc ([7],[5]).
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Sumbolismìc

Gx: H om�da ìlwn twn epagìmenwn suneq¸n metasqhmatism¸n

gx: H �lgebra Lie tou Gx

Hx: MÐa upoom�da suneq¸n metasqhmatism¸n Hx ⊂ Gx

hx: H �lgebra Lie thc Hx, me hx ⊂ gx

exp(εv)(x): 'Enac monoparametrikìc metasqhmatismìc exp(εv)(x) ∈ Hx

v: O apeirostìc genn torac tou exp(εv)(x), v ∈ hx thc morf c:

v =
∑
i

ξxi ∂xi + vx∂u

JewroÔme thn epidiwkìmenh M.D.E. wc ex c:

P (y, u(m)) = 0 (3.37)

kai p�li me N anex�rthtec metablhtèc y = (y1, y2, ..., yN) kai mÐa exarthmènh
metablht  u. Ja qrhsimopoi soume ton parak�tw sumbolismì:

Gy: H om�da ìlwn twn epagìmenwn suneq¸n metasqhmatism¸n

gy: H �lgebra Lie tou Gy

Hy: MÐa upoom�da suneq¸n metasqhmatism¸n Hy ⊂ Gy

hy: H �lgebra Lie thc Hy, me hy ⊂ gy

exp(εw)(y): 'Enac monoparametrikìc metasqhmatismìc exp(εw)(y) ∈ Hy

w: O apeirostìc genn torac tou exp(εw)(y), w ∈ hy thc morf c:

w =
∑
i

ξyi ∂xi + vy∂u

'Estw µ mÐa apeikìnish pou metasqhmatÐzei k�je lÔsh u = U(x) thc
exÐswshc (3.34)se mÐa lÔsh v = V (y) thc exÐswshc (3.35). Fusik� autìc
o metasqhmatismìc den qrei�zetai na up�rqei ek twn protèrwn, en¸ akìma
kai an up�rqei den eÐnai gnwstìc. O stìqoc mac, se aut  th f�sh, eÐnai na
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prosdiorÐsoume mÐa mèjodo pou mac epitrèpei na anaktoÔme ènan tètoio meta-
sqhmatismì. Ja prèpei na periorÐsoume thn apeikìnish µ se mÐa sugkekrimènh
apeikìnish thc morf c: {

y = ϕ(x, u, ..., u(l))
u = ψ(x, u, ..., u(l))

}
. (3.38)

Ja sumbolÐzoume meMl th kl�sh apeikonÐsewn thc morf c (3.36) pou
exart�tai to polÔ apì to l-ostì par�gwgo thc u. Pio sugkekrimèna k�je
apeikìnish µ ∈Mm ep�gei mÐa dr�sh ìpwc faÐnetai sto parak�tw di�gramma:

F (x, u(m)) F (x̃, ũ(m))

P (y, v(m)) P (ỹ, ṽ(m))

µ

exp(εv)(x)

exp(εv)(y)

µ

(3.39)

H µ ja prèpei na apeikonÐzei opoiad pote summetrÐa exp(εv)(x) se mÐa
summetrÐa exp(εv)(y)(y) ètsi ¸ste h sÔnjesh twn parak�tw metasqhmatism¸n:

µ ◦ exp(εv)(x)(x) και exp(εv)(y)(y) ◦ µ (3.40)

par�gei thn Ðdia dr�sh epÐ tou (x, u)-q¸rou.

Sugkekrimèna h sqèsh:

µ ◦ exp(εv)(x) = µ(x̃, ũ)
(
ϕ(x̃, ũ, . . . , ũ(m)), ψ(x̃, ũ, . . . , ũ(m))

)
(3.41)

me thn:
x̃ = x+ εξx(x, u, . . . , u(m)) +O(ε2)
ũ = u+ εvx(x, u, . . . , u(m)) +O(ε2)
ũ(j) = u(j) + εvx(j)(x, u, . . . , u(m+j)) +O(ε2), j = 1, 2, . . . , l

 (3.42)

Apì th mÐa merÐa èqoume:

exp(εv)(y)(y) = exp(εv)y(y)(y, v)
= (ỹ, ṽ)
=

(
ϕ(x̃, ũ, . . . , ũ(m)), ψ(x̃, ũ, . . . , ũ(m))

) (3.43)
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me: {
ỹ = y + εξy(y, v, . . . , v(m)) +O(ε2)
ṽ = v + εvy(x, v, . . . , v(m)) +O(ε2)

}
(3.44)

tètoia ¸ste: {
ξy(y, v, . . . , v(m)) = ξv(ϕ, ψ, . . . , ψ(m))
vy(y, v, . . . , v(m)) = vv(ϕ, ψ, . . . , ψ(m))

}
(3.45)

me: 
ϕ = ϕ(x, u, . . . , u(l))
ψ = ψ(x, u, . . . , u(l))
ψ(j) = ψ(j)(x, u, . . . , u(l+j)), j = 1, 2, . . . ,m

 (3.46)

Exis¸nontac touc ìrouc O(ε2) stic exis¸seic (3.49) kai (3.51),mporo-
Ôme na gr�foume se sumpag  morf , tic aparaÐthtec sunj kec pou h apeikìnish
µ ja prèpei na ikanopoieÐ: {

v(m)ϕ = wy
v(m)ψ = wu

}
(3.47)

Oi sunj kec (3.45) èqoun idi�zonta rìlo se olìklhro ton algìrijmo
pou anaptÔsoume sthn paroÔsa par�grafo. Se ènan tètoio metasqhmatismì
apì thn dojeÐsa MDE ¸ste h zhtoÔmenh MDE na up�rqei, ja prèpei k�je
apeirostìc genn torac ν ∈ hx na antistoiqeÐ se k�poion apeirostì genn tora
w ∈ hy. Epiplèon oi sunist¸sec(ϕ, ψ) tou metasqhmatismoÔ µ prèpei na ika-
nopoioÔn tic sunj kec (3.45). Autèc oi sunj kec qrhsimeÔoun, kat� k�poio
trìpo, ìpwc oi prosdioristikèc exis¸seic, dhlad  qrhsimeÔoun stic summetrÐec
miac dosmènhc MDE. Gia thn akrÐbeia upobib�zoun th fÔsh twn metablht¸n
thc apeikìnishc µ. QwrÐc tètoiou tÔpou sunj kec ja eÐnai adÔnato, kai en
gènei {aniarì}, na prosdiorÐzoume e�n ja up�rqei mia apeikìnish µ ∈Mt.
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3.8.2 Jewr mata sqetik� me tic antistrèyimec

apeikonÐseic

3.8.2.1 Je¸rhma

'Estw Gi na eÐnai om�dec Lie kai gi oi antÐstoiqec �lgebrec Lie, gia i = 1, 2.
Tìte oi g1, g2 ja eÐnai isomorfikèc an kai mìno an oi G1, G2 eÐnai topik� ana-
lutik� isomorfikèc.

Parat rhsh 3.8.2.1

Sthn eidik  perÐptwsh thc 1-1 (antistrèyimhc) apeikìnishc apì th dojeÐsa
M.D.E. sth zhtoÔmenh M.D.E. h kl�sh twn pijan¸n apeikonÐsewn Mt eÐnai
prokajorismènh. Sugkekrimèna sthn perÐptwsh pou èqoume mÐa exart¸menh
metablht , ìpwc faÐnetai sto parak�tw je¸rhma, ja èqoume ìti l = 1 dhlad 
µ ∈Mt.

3.8.2.2 Je¸rhma (Backlund 1876)

JewroÔme mia M.D.E. me mÐa exarthmènh metablht  u. Tìte mia apeikìni-
sh µ orÐzei mia antistrèyimh apeikìnish apì ton x, u, . . . , u(p)- q¸ro ston
y, v, . . . , v(p)-q¸ro gia k�je stajer� p, an kai mìno an h µ eÐnai ènac 1-1
metasqhmatismìc epaf c thc morf c:

y = ϕ(x, u, u(1))
v = ψ(x, u, u(1))
v(1) = ψ(1)(x, u, u(1)).

 (3.48)
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Parat rhsh 3.8.2.2

An epiplèon oi ϕ kai ψ eÐnai anex�rthtec thc u(1) tìte orÐzetai ènac shmeiakìc
metasqhmatismìc. MporoÔme na broÔme apotèlesma gia metasqhmatismoÔc
perissotèrwn metablht¸n ìmwe de ja melet soume aut n thn perÐptwsh se
aut n thn ergasÐa. Wstìso mporoÔme na anatrèxoume stouc [7], [5].
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3.8.3 Klasik� apotelèsmata tou Lie

Ja anakalèsoume se autì to shmeÐo ta klasik� apotelèsmata tou Lie
sthn kathgoriopoÐhsh twn grammik¸n merik¸n diaforik¸n exis¸sewn deÔte-
rhc t�xhc.

3.8.3.1 Je¸rhma

Ac jewr soume mia oikogèneia grammik¸n parabolik¸n exis¸sewn:

P (x, t)ut +Q(x, t)ux +R(x, t)uxx + S(x, t)u = 0, P 6= 0, R 6= 0. (3.49)

H prwtarqik  �lgebra Lie g thc exÐswshc (3.47) par�getai apì touc genn to-
rec twn tetrimmènwn summetri¸n, pou paratÐjetntai parak�tw:{

v1 = u∂u
vα = α(x, t)∂u

}
(3.50)

'Etsi k�je exÐswshc thc morf c (3.47) mporeÐ na upobibasteÐ se mia exÐswsh
thc morf c:

vτ = vyy + Z(y, τ)v (3.51)

apì ton isodÔnamo metasqhmatismì Lie:

y = α(x, t), αx 6= 0
τ = β(t), βt 6= 0
v = γ(x, t)v

(3.52)

H om�da twn diastol¸n pou par�getai apì ton telest  v1 antanakl� thn
omoiogèneia thc exÐswshc (3.47), en¸ h �peirh om�da me ton telest  vα ana-
parist� thn grammik  arq  thc upèrjesh gia thn exÐswsh (3.47).

An h exÐswsh (3.47) ep�gei mÐa epèktash thc prwtarqik c �lgebrac Lie
me ènan epiprìsjeto telest , onomastik� jètoume ton:

v2 = ∂t,

tìte h arqik  exÐswsh upobib�zetai sth morf :

vτ = vyy + Z(y)v (3.53)
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An epiplèon h �lgebra Lie ep�gei mÐa epèktash tri¸n epiplèon telest¸n, ac
poÔme:

v1 = ∂t
v2 = 2τ∂τ + y∂y

v3 = τ 2∂τ + τy∂y −
(

1

4
y2 +

1

2
τ

)
v∂v

(3.54)

tìte h exÐswsh (3.47) upobib�zetai sth morf :

vt = vyy +
A

y2
u (3.55)

Apì thn �llh meri�, h g ep�gei pènte epiplèon telestèc, èstw:

v1 = ∂t
v2 = 2τ∂τ + y∂y

v3 = τ 2∂τ + τy∂y −
(

1

4
y2 +

1

2
τ

)
v∂v

v4 = ∂y
v5 = 2τ∂y − yv∂v

(3.56)

h exÐswsh (3.47) mporeÐ na apeikonisteÐ sthn exÐswsh jermìthtac, dhlad :

vt = vyy (3.57)

Oi exis¸seic (3.51), (3.53) kai (3.55) mac dÐnoun tic kanonikèc morfèc
ìlwn twn grammik¸n parabolik¸n exis¸sewn deÔterhc t�xhc thc morf c (3.47)
pou ep�goun mh tetrimmènec summetrÐec.
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3.9 H exÐswsh thc jermìthtac

Se aut n thn enìthta ja efarmìsoume th jewrÐa pou perilamb�nei th mo-
nodi�stath (qwrik�) exÐswsh jermìthtac. To je¸rhma 3.6.7, se sunduasmì
me touc tÔpouc proèktashc (3.11) kai (3.12) dÐnoun mÐa pio austhr  mejodo-
logÐa gia thn eÔresh mÐac om�dac summetrÐac, se mÐa dosmènh merik  diaforik 
exÐswsh.

Ja d¸soume sto shmeÐo autì èna oloklhrwmèno par�deigma gia to p¸c
mÐa om�da Lie kai o topikìc metasqhmatismìc pou odhgeÐ sthn exÐswsh jer-
mìthtac mporeÐ na axiologhjeÐ.

Ac doÔme thn monodi�stath exÐswsh jermìthtac:

ut = uyy (3.58)

MporoÔme na anagnwrÐsoume thn exÐswsh jermìthtac me thn grammik 
upokathgorÐaX×U (2) pou prosdiorÐzetai apì thn apaloif  tou P (x, t, u(2)) =
ut − uxx. 'Estw èna dianusmatikì pedÐo sto X × U

v = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ ϕ(x, t, u)

∂

∂u
. (3.59)

Jèloume na upologÐsoume ta ξ, τ, ϕ me tètoio trìpo ¸ste h antÐstoiqh
monoparametrik  om�da exp(εv) na eÐnai om�da summetrÐac thc exÐswshc jer-
mìthtac.
Apì to je¸rhma 3.6.4, qrhsimopoi¸ntac thn deÔterh proèktash, èqoume:

pr(2)v = v + ϕx(x, t, u)
∂

∂ux
+ ϕt(x, t, u)

∂

∂ut
+

+ϕxx(x, t, u)
∂

∂uxx
+ ϕxt(x, t, u)

∂

∂uxt
+ ϕtt(x, t, u)

∂

∂utt

(3.60)

Epomènwc antikajist¸ntac to pr(2)v sthn (3.62) èqoume:

ϕt = ϕxx (3.61)

Apì thn sqèsh (3.11) mporoÔme na ektim soume tic:
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ϕt = Dt(ϕ− ξux − τut) + ξuxt + τutt

= Dtϕ− uxDtξ − utDtτ

= ϕt − ξtux + (ϕu − τt)ut − ξuuxut − τuu2
t

kai:

ϕxx = D2
x(ϕ− ξux − τut) + ξuxxx + τuxxt =

= D2
xϕ− uxD2

xξ − utD2
xτ − 2uxxDxξ − 2uxtDxτ =

= ϕxx+ (2ϕxu − ξxx)ux − τxxut + (ϕuu − 2ξxu)u
2
x − 2τxuuxut−

−ξuuu3
x + τuuu

2
xut + (ϕu − 2ξx)uxx − 2τxuxt − 3ξuuxuxx

−τuutuxx − 2τuuxuxt

(3.62)

Antikajist¸ntac thc dÔo exis¸seic sthn (3.59) kai exis¸nontac ut =
uxx brÐskoume thn exÐswsh prosdiorismoÔ thc om�dac summetrÐac thc exÐswshc
jermìthtac wc ex c:

uxtux(−2τt) (3.63)

uxt(−2τx) (3.64)

u2
xx(τu − τx) (3.65)

uxxu
2
x(−τuu) (3.66)

uxxux(ξu − 2τxu − 2ξu) (3.67)

uxx(τt − ϕu − τxx + ϕu − 2ξx) (3.68)

u3
xx(−ξuu) (3.69)

u2
x(−2ξxu + ϕuu) (3.70)

ux(ξt + 2ϕxu − ξxx) (3.71)

1(−ϕt + ϕxx) = 0 (3.72)

Prèpei t¸ra exis¸soume k�je mon¸numo me to 0. Arqik� parathroÔme ìti:

� Ta (3.61 kai 3.62) apaitoÔn to τ na exart�tai mìno apì to t.
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� Epiplèon sto (3.65) sunep�getai ìti to ξ den exart�tai apì to u

� Apì thn (3.66) sumperaÐnoume ìti ξ(x, τ) =
1

2
τtx+ σ(t).

� Epiprìsjeta apì thn (3.68) mporoÔme na sumper�noume ìti to ϕ eÐnai
grammikì sto u dhlad  ϕ(x, t, u) = β(x, t)u+α(x, t) gia k�poiec sunar-
t seic α kai β.

� 'Oswn afor� to (3.69) èqoume ìti ξt = −2βx ètsi ¸ste β = −1

8
τttx

2 −
1

2
σtx+ ρ(t).

� Tèloc apì to (3.70) mporoÔme na poÔme ìti ta α kai β eÐnai lÔseic thc
exÐswshc jermìthtac dhlad  αt = αxx, βt = βxx

'Ara èqoume:
τttt = 0
σtt = 0

ρt =
1

4
τtt

MporoÔme na sumper�noume ìti h pio genik  morf  twn suntelest¸n twn
apeirostwn summetri¸n thc exÐswshc jermìthtac eÐnai:

ξ = c1 + c4x+ 2c5t+ 4c6xt
τ = c2 + 2c4t+ 4c6t

2

ϕ = (c3 − c5x− 2c6t− c6x
2)u+ α(x, t)

'Ara sumperaÐnoume ìti h �lgebra Lie twn apeirost¸n summetri¸n thc exÐswshc
jermìthtac epekteÐnetai wc ex c:

v1 = ∂x
v2 = ∂t
v3 = x∂x + 2t∂t
v4 = 4tx∂x + 4t2∂t − (x2 + 2t)u∂u
v5 = 2t∂x − xu∂u
v6 = u∂u

mazÐ me thn �peirhc di�stashc upo�lgebra:

vα = α(t, x)∂u,

ìpou a eÐnai mÐa aujaÐreth lÔsh thc exÐswshc jermìthtac.

O pÐnakac metatrop c dÐnetai parak�tw:
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v1 v2 v3 v4 v5 v6

v1 0 0 v1 v5 −1

2
v6 0

v2 0 0 2v2 v3 −
1

2
v6 v1 0

v3 −v1 −2v2 0 2v4 v5 0

v4 −v5 −v3 +
1

2
v6 −2v4 0 0 0

v5
1

2
v6 −v1 −v1 0 0 0

v6 0 0 0 0 0 0

H monoparametrik  om�da Gi pou par�getai apì to vi dÐnei ekjetik�
ton apeirostì genn tora, dhlad  ta metasqhmatismèna shmeÐa eÐnai thc morf c
exp(εvi)(x, t, u) = (x̃, t̃, ũ). Efarmìzontac sto sÔsthma:

dx̃i
dε

= ξi(x̃, ũ) x̃i(0) = xi

dũ

dε
= ϕ(x̃, ũ), ũ(0) = u


brÐskoume:

G1 : (x+ ε, t, u)
G2 : (x, t+ ε, u)
G3 : (x, t, eεu)
G4 : (eεx, e2εt, u)
G5 : (x+ 2εt, t, u exp(−εx− εt2))

G6 :

(
x

1− 4εt
,

t

1− 4εt
, u
√

1− 4εt exp

(
−εx2

1− 4εt

))
Gα : (x, t, u) + εα(x, t))

T¸ra apì thn (3.3) kai me b�sh to gegonìc ìti k�je Gi eÐnai mÐa summetri-
k  om�da mporoÔme na sumper�noume ìti ìtan h u = f(x, t) eÐnai lÔsh thc
exÐswshc jermìthtac tìte ja apoteloÔn epÐshc lÔseic kai oi sunart seic:

u(1) = f(x− ε, t)
u(2) = f(x, t− ε)
u(3) = eεf(x, t)
u(4) = f(e−εx, e−2εt)

u(5) = e−εx+ε2tf(x− 2εt, t)

u(6) =
1√

1− 4εt
exp

(
−εx2

1 + 4εt

)
f

(
x

1 + 4εt
,

t

1 + 4εt

)
u(α) = f(x, t) + εα(x, t)).
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Se autì to shmeÐo jèloume na broÔme mia lÔsh qrhsimopoi¸ntac thn
�lgebra pou mìlic br kame.

Oi analloÐwtec lÔseic u = f(x, t) thc exÐswshc jermìthtac pou anti-
stoiqoÔn sto v6 ikanopoioÔn th sqèsh:

4xt
∂f

∂x
+ 4t2

∂f

∂t
= −(x2 + 2t)f (3.73)

MporoÔme, t¸ra, na broÔme mÐa lÔsh lÔnontac tic qarakthristikèc e-
xis¸seic:

dx

4xt
=

dt

4t2
=

du

−(x2 + 2t)
(3.74)

'Etsi prokÔpoun dÔo analloÐwtec:

X1 =
x

t
u =

√
te

x2

4t u.

'Ara oi lÔseic thc (3.73) orÐzontai apì thn analloÐwth morf 

√
te

x2

4t u = ϕ(
x

t
) (3.75)

  lÔnontac wc proc u:

u = f(x, t) =
1

t
e
−x2
4t ϕ(ζ) (3.76)

ìpou h metablht  omoiìthtac eÐnai h:

ζ =
x

t
(3.77)

Antikajist¸ntac t¸ra thn exÐswsh (3.76) me thn exÐswsh jermìthtac
paÐrnoume thn:

ϕ′′(ζ) = 0 (3.78)

kai me autìn ton trìpo oi analloÐwtec lÔseic apì ton v6 eÐnai:

u = f(x, t) =
1√
t
e−

x2

4t C1 + C2
x

t
() , (3.79)
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1.116 ìpou C1, C2 eÐnai aujaÐretec stajerèc.

'Eqoume brei  dh ìti monoparametrik  oikogèneia lÔsewn u = f(x, t; ε)
pou par�getai apì ton v6 eÐnai thc morf c:

G6 :

(
x

1− 4εt
,

t

1− 4εt
, u
√

1− 4εt exp

(
−εx2

1− 4εt

))
(3.80)

Tìte èqoume:

u = f(x, t; ε) =
1√

1− 4εt
exp

(
εx2

1− 4εt

)
f

(
x

1− εt
,

t

1− εt

)
(3.81)

Jèloume, t¸ra, na qrhsimopoi soume th mèjodo pou èqoume anafèrei
gia thn eÔresh jemeliwd¸n lÔsewn thc exÐswshc jermìthtac mèaw thc me-
jìdou analloi¸thtac gia peperasèna kai �peira pedÐa.

Ja jewr soume kai p�li th monodi�stash exÐswsh thc jermìthtac:

ut = uxx (3.82)

pou èqei pedÐo orismoÔ to: {
t > 0
a < x < b

}

UpenjumÐzoume ìti oi prosdioristikèc exis¸seic gia thn 6-parametrik 
om�da metasqhmatism¸n Lie eÐnai oi parak�tw:

ξ = c1 + c4x+ 2c5t+ 4c6xt
τ = c2 + 2c4t+ 4c6t

2

ϕ = (c3 − c5x− 2c6t− c6x
2)u+ a(x, t)

(3.83)

Apì thn analloi¸thta tou t = 0 èqoume ìti τ(0) = 0 kai ètsi:

c2 = 0

Sthn perÐptwsh pou to pedÐo orismoÔ eÐnai �peiro, dhlad  an a = −∞
kai b = ∞, den mporeÐ na up�rxei epiplèon meÐwsh twn paramètrwn apì thn
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analloi¸thta twn sunoriak¸n epifanei¸n. 'Omwc, e�n to a 6=∞ tìte h anal-
loi¸thta thc epif�neiac x = a odhgeÐ sto ξ(a, t) = 0, gia k�je t kai epomènwc
katal goume stic sqèseic: {

c1 = −c4a
2c5 = −4c6a

}

Apì thn �llh meri�, an b 6= ∞ h analloi¸thta thc epif�neiac x = b,
mac dÐnei: {

c1 = −c4b
2c5 = −4c6b

}

Sunep¸c, eÔkola katal goume sto sumpèrasma ìti an a, b 6= ∞, tìte
c1 = c4 = c5 = c6 = 0. Epomènwc, den up�rqei mh tetrimmènh om�da pou
ep�getai apì to BVP gia thn exÐswsh jermìthtac.

Wstìso, ìpwc èqoume anafèrei sunoptik� kai prohgoumènwc, apì th
stigm  pou asqoloÔmaste me mÐa grammik  M.D.E., den eÐnai aparaÐthto na
isqÔei ìti h om�da metasqhmatism¸n Lie af nei ìla ta BVP analloÐwta.

DiakrÐnoume tic parak�tw peript¸seic:

(i) 'Apeiro pedÐo orismoÔ ((a, b) = (−∞,∞))
JewroÔme to prìblhma:

ut = uxx

me sunoriakèc sunj kec:

u(±∞, t), t > 0; u(x, 0) = δ(x),

ìpou δ eÐnai h m�za Dirac.
O apeirostìc (3.83), me c2 = 0 ep�getai apì to BVP dedomènou ìti:

ϕ(x, 0)u(x, 0) = ξ(x, 0)δ′(x),

ìpou u(x, 0) = δ(x), dhlad :

ϕ(x, 0)δ(x) = ξ(x, 0)δ′(x)
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H parap�nw exÐswsh ikanopoieÐtai ìtan:

ξ(0, 0) kai ϕ(0, 0) = −∂ξ
∂x

(0, 0)

to opoÐo uponnoeÐ ìti:

c1 = 0 c3 = −c4

Me autìn ton trìpo diapist¸noume ìti mÐa om�da metasqhmatism¸n Lie
tri¸n paramètrwn af nei to BVP analloÐwto.
Oi apeirostoÐ genn torec aut c thc om�dac eÐnai:

v1 = x
∂

∂x
+ 2t

∂

∂t
− u ∂

∂u

v2 = t
∂

∂x
− 1

2
xu

∂

∂u

v3 = xt
∂

∂x
+ t2

∂

∂t
−
[
x2

4
+
t

2

]
u
∂

∂u

O pÐnakac (3.34) paÐrnei plèon th morf :

T =

 x 2t
t 0
xt t2

 . (3.84)

O pÐnakac T èqei rank(T ) = 2, ètsi ¸ste to pl joc twn anex�rthtwn
metablht¸n na ft�sei to 0. Epiplèon shmei¸noume ìti:

v3 =
1

2
v1 + v2.

Epomènwc, mÐa analloÐwth lÔsh pou antistoiqeÐ sta v1 kai v2 eÐnai e-
pÐshc lÔsh tou v3.

'Estw u = f(x1) mÐa analloÐwth lÔsh pou antistoiqeÐ sta v1 kai v2.
Tìte, apì th sqèsh:

v1[u− f(x1)] = 0

prokÔptei h analloÐwth thc morf c:

u = f(x1) =
1√
t
F1(ζ1) (3.85)

me metablht  omoiìthtac ζ1 =
x√
t
.
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H parak�tw exÐswsh:
v2[u− f(x1)] = 0

mac dÐnei analloÐwth thc morf c:

u = f(x1) = e−
x2

4t F2(ζ2)

me metablht  omoiìthtac thn ζ2 = t.

Apì th monadikìthta thc lÔshc tou BVP èqoume ìti:

1√
t
F1(ζ1) = e−

x2

4t F2(ζ2)

kai ètsi: √
ζ2F2(ζ2) = e

ζ21
4 F1(ζ1) = c,

ìpou c stajer�.

Sunep¸c, h lÔsh tou BVP eÐnai:

u =
c√
t
e−

x2

4t .

H arqik  sunj kh mac dÐnei ìti:

c =
1√
4π
.

'Epetai, loipìn, ìti:

v3

[
u− 1√

4πt
e−

x2

4t

]
= 0

(ii) HmÐ-�peiro pedÐo orismoÔ ((a, b) = (0,∞))
JewroÔme t¸ra to prìblhma:

ut = uxx (3.86)

me sunoriakèc sunj kec:

u(0, t) = 0, t > 0; u(x, 0) = δ(x− x̂) ,
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ìpou δ eÐnai h m�za Dirac.

MÐa om�da metasqhmatism¸n Lie me treÐc paramètrouc ep�gei èna BVP.
H analloiìthta thc deÔterhc epif�neiac mac dÐnei ìti:

ϕ(x, 0)u(x, 0) = ξ(x, 0)δ′(x− x̂),

ìpou u(x, 0) = δ(x− x̂), dhlad :

ϕ(x, 0)δ(x− x̂) = ξ(x, 0)δ′(x− x̂).

Epomènwc, èqoume:

ξ(x̂, 0) = 0 kai ϕ(x̂, 0) = −∂ξ
∂x

(x̂, 0)

Tìte ja prèpei na èqoume:

c4 = 0, c3 =
c6x̂

2

4
.

'Etsi to BVP ep�gei ton apeirostì genn tora:

v1 = xt
∂

partialx
+ t2

∂

∂t
+

[
x2

4
−
(
x2

4
− t

2

)]
u
∂

∂u
.

H antÐstoiqh analloÐwth lÔsh èqei thn analloÐwth morf :

u = f(x) =
1√
t

exp

(
−x

2 + x̂2

4t

)
F (ζ),

ìpou F (ζ) eÐnai mÐa aujaÐreth sun�rthsh thc metablht c omoiìthtac ζ =
x

t
.

Antikajist¸ntac th lÔsh pou èqoume breÐ apì thn exÐswsh jermìthtac (3.82),
diapist¸noume ìti h F(z) ikanopoieÐ thn parak�tw S.D.E.:

d2F (ζ)

dζ2
=
x̂2

4
F (ζ)

kai ètsi èqoume:

u = f(x) =
1√
t

(
C exp

(
−(x− x̂)2

4t

)
+D exp

(
−(x− x̂)2

4t

))
.

Lamb�nontac upìyin ta arqik� dedomèna, katal goume sto:

C = −D =
1√
4π
,

pou odhgeÐ sthn polÔ gnwst  lÔsh thc exÐswshc jermìthtac.



Kef�laio 4

Efarmog  sta

Qrhmatooikonomik�

4.1 Eisagwg 

Oi ergasÐec twn Black, Merton kai Scholes od ghsan se mÐa nèa epoq 
gia th majhmatik  montelopoÐhsh qrhmatooikonomik¸n problhm�twn. Ta mo-
ntèla touc kataskeu�zontai me ìrouc stoqastik¸n diaforik¸n exis¸sewn kai
upì sugkekrimènouc periorismoÔc, ta montèla aut� gr�fontai wc grammikèc
exeliktikèc diaforikèc exis¸seic me metablhtoÔc suntelestèc.

To eurèwc qrhsimopoioÔmeno monodi�stato montèlo, gnwstì wc mo-
ntèlo twn Black-S.choles perigr�fetai apì thn exÐswsh:

ut +
1

2
A2x2uxx +Bxux − Cu = 0 (4.1)

ìpou A, B, C eÐnai stajeroÐ suntelestèc. Oi Black kai Scholes peri-
ìrisan thn parap�nw exÐswsh sthn exÐswsh jermìthtac kai thn axiopoÐhsan
gia th lÔsh tou probl matoc tou Cauchy me eidik� arqik� dedomèna.

MazÐ me thn exÐswsh (4.1), pio perÐploka montèla pou stoqeÔoun sthn

111
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ex ghsh pio sÔnjetwn problhm�twn parousi�zontai sth sÔgqronh bibliogra-
fÐa. Se autì to shmeÐo ja l�boume upìyin kai to montèlo me dÔo metablhtèc
katast�sewn pou upodeiknÔetai apì touc Jacobs kai Jones kai perigr�fetai
apì thn parak�tw exÐswsh:

ut =
1

2
A2x2uxx + ABCxyuxy +

1

2
B2y2uyy +

+ (Dxln
x

y
− Ex

3

2)ux + (Fxln
G

y
−Hyx

1

2)uy − xu (4.2)

ìpou A, B, C, D, E, F, G, H eÐnai aujaÐretoi stajeroÐ suntelestèc.

Oi Jacobs kai Jones ereÔnhsan to montèlo arijmhtik�. MÐa analutik 
melèth twn lÔsewn aut c thc exÐswshc, ìpwc epÐshc kai �llwn perÐplokwn
qrhmatooikonomik¸n majhmatik¸n montèlwn, parousi�zoun mÐa prìklhsh gia
touc majhmatikoÔc. Autì ègkeitai sto gegonìc ìti kat� kanìna aut� ta mo-
ntèla me thn exÐswsh Black-Scholes, den mporoÔn na upobibastoÔn se aplèc
exis¸seic me gnwstèc lÔseic. Sthn paroÔsa ergasÐa ja parousi�soume to
gegonìc autì gia thn exÐswsh Jacobs-Jones (4.2) qrhsimopoi¸ntac mejìdouc
apì thn an�lush om�dwn Lie.

H an�lush om�dwn Lie eÐnai mÐa majhmatik  jewrÐa pou sunjètei th
summetrÐa twn diaforik¸n exis¸sewn. O jemeliwt c aut c thc jewrÐac, o
Sophus Lie  tan o pr¸toc pou kathgoriopoÐhse diaforikèc exis¸seic me b�sh
tic om�dec summetrÐac touc kai me autìn ton trìpo anagn¸rise to sÔnolo twn
exis¸sewn pou mporoÔn na upobibastoÔn se exis¸seic qamhlìterhc t�xhc me
omadojewrhtikoÔc algorÐjmouc.

Pio sugkekrimèna, o Lie ìrise thn kathgoriopoÐhsh om�dwn twn gram-
mik¸n 2ης t�xhc merik¸n diaforik¸n exis¸sewn me dÔo anex�rthtec metablhtèc
kai anèptuxe mejìdouc gia th sunènws  touc. SÔmfwna me aut n thn kathgo-
riopoÐhsh, ìlec oi parabolikèc exis¸seic eis�gontac thn om�da summetrÐac gia
thn uyhlìterh t�xh upobib�zontai sthn exÐswsh jermìthtac. Autì kai poll�
�lla apotelèsmata pou prokÔptoun apì thn an�lush om�dwn diaforik¸n exi-
s¸sewn ja suzhthjoÔn.

Aut  h ergasÐa stoqeÔei sthn an�lush om�dwn Lie, epikentr¸nontac
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stic summetrÐec, thn kathgoriopoÐhsh kai tic amet�blhtec lÔseic, twn mo-
ntèlwn Black-Scholes kai Jacobs-Jones.



114 KEFALAIO 4. EFARMOGH STA QRHMATOOIKONOMIKA

4.2 Genik  Perigraf  Mejìdwn thc An�lu-

shc Om�dwn

Aut  h enìthta eÐnai sqediasmènh gia thn eisagwg  merik¸n mejìdwn thc
An�lushc Om�dwn Lie.

4.2.1 Upologismìc Apeiroel�qistwn Summetri¸n

4.2.1.1 Orismìc

JewroÔme tic exeliktikèc merikèc diaforikèc exis¸seic 2ης t�xhc:

ut − F (t, x, u, u(1), u(2)) = 0 (4.3)

ìpou:

� u: sun�rthsh twn anex�rthtwn metablht¸n t

� x = (x1, x2, ..., xn)

� u(1), u(2): ta sÔnola twn merik¸n diaforik¸n pr¸thc kai deÔterhc t�xhc
antÐstoiqa, me u1 = (ux1 , ux2 , ..., uxn) kai u2 = (ux1x1 , ux1x2 , ..., uxnxn)

.

Parat rhsh 4.2.1.1.1

UpenjumÐzoume ìti oi antistrèyimoi metasqhmatismoÐ twn metablht¸n x, u, t,
gia k�je i = 1, 2, ..., n:

t̃ = f(t, x, u, a)

x̃i = gi(t, x, u, a) (4.4)

ũ = h(t, x, u, a)

exart¸ntai apì th suneq  par�metro a kai lègontai metasqhmatismo-
Ð summetrÐac thc ExÐswshc (4.3), an h ExÐswsh (4.3) èqei thn Ðdia
morf  stic nèec metablhtèc t̃, x̃, ũ.
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Parat rhsh 4.2.1.1.2

To sÔnolo ìlwn twn metasqhmatism¸n aut c thc morf c, èstw G, apoteleÐ
mÐa suneq  om�da, h opoÐa perièqei ton tautotikì metasqhmatismì, dhlad :

i) Ton tautotikì metasqhmatismì, dhlad :

∗ t̃ = t

∗ x̃i = xi

∗ ũ = u

ii) Ton antÐstrofo k�je metasqhmatismoÔ apì to G kai

iii) Th sÔnjesh opoiwnd pote dÔo metasqhmatism¸n

H om�da summetrÐac G eÐnai, epÐshc, gnwst  kai wc om�da summetrÐac pou
ep�getai apì thn exÐswsh (4.3).

Parat rhsh 4.2.1.1.3

SÔmfwna me th jewrÐa Lie, h kataskeu  thc om�dac summetrÐac G eÐnai i-
sodÔnamh me ton prosdiorismì twn apeirost¸n gennhtìrwn thc, dhlad :

t̃ ≈ t+ αξ0(t, x, u)

x̃i ≈ xi + αξi(t, x, u) (4.5)

ũ ≈ u+ αη(t, x, u)

Gia autìn akrib¸c to skopì ja  tan bolikì na eis�goume to sÔmbo-
lo gia touc apeirostoÔc metasqhmatismoÔc (4.5), me tètoio trìpo ¸ste na
perigr�fontai apì ton telest :

X = ξ0(t, x, u)
∂

∂t
+ ξi(t, x, u)

∂

∂xi
+ η(t, x, u)

∂

∂u
(4.6)

O telest c (4.6) emfanÐzetai suqn� sth bibliografÐa wc apeirostìc telest c
  genn torac thc om�dac G.
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Oi metasqhmatismoÐ thc om�dac G ìpwc faÐnontai sthn (6.4) pou anti-
stoiqoÔn stouc apeirostoÔc metasqhmatismoÔc me to sÔmbolo (4.6) mporoÔn
na brejoÔn me th lÔsh twn parak�tw Lie exis¸sewn:

dt̃

dα
= ξ0(t̃, x̃, ũ)

dx̃i

dα
= ξi(t̃, x̃, ũ) (4.7)

dũ

dα
= η(t̃, x̃, ũ)

me tic ex c arqikèc sunj kec:

t̃
∣∣
a=0

= t

x̃i
∣∣
a=0

= xi

ũ|a=0 = u

Parat rhsh 4.2.1.1.3

Me b�sh ton orismì, oi metasqhmatismoÐ (4.6) dhmiourgoÔn mÐa om�da summe-
trÐac G thc exÐswshc (4.3) an h sun�rthsh ũ = ũ(t̃, x̃) ikanopoieÐ thn exÐswsh:

ũt̃ − F (t̃, x̃, ũ, ũ(1), ũ(2)) = 0 (4.8)

ìtan h sun�rthsh u = u(t, x) ikanopoieÐ thn exÐswsh (4.3).

BrÐskoume tic ũi, ũ(1), ũ(2) apì thn exÐswsh (4.4) sÔmfwna me tÔpouc
allag c metablht¸n sta par�gwga. Tìte h apeirost  morf  autwn twn tÔpwn
gr�fetai wc ex c:

ũi ≈ ut + αζ0(t, x, u, ut, u(1))

ũx̃i ≈ uxi + αζi(t, x, u, ut, u(1)) (4.9)

ũx̃ix̃j ≈ uxixj + αζij(t, x, u, ut, u(1), utxk , u(2)

ìpou oi sunart seic ζ0, ζ1, ζij prokÔptoun apì th diafìrish twn sunart sewn
ξ0, ξi, η kai dÐnontai apì touc tÔpouc thc proèktashc:

ζ0 = Dt(η)− utDt(ξ
0)− uxiDt(ξ

i)

ζi = Di(η)− utDi(ξ
0)− uxjDi(ξ

j) (4.10)

ζij = Dj(ζi)− uxixkDξk − utxiDj(ξ
0)
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Stic parap�nw sqèseic axiopoioÔme to sumbolismì:

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utxk

∂

∂uxk
+ ...

Di =
∂

∂xi
+ uxi

∂

∂u
+ utxi

∂

∂ut
+ uxixk

∂

∂uxk
+ ...

Antikajist¸ntac tic exis¸seic (4.5) kai (4.6) sto aristerì mèloc thc exÐswshc
(4.8) prokÔptei:

ũt̃ − F (t̃, x̃, ũ, ũ(1), ũ(2)) ≈ ut − F (t, x, u, u(1), u(2)) +

+α

(
ζ0 −

∂F

∂uxixj
ζij −

∂F

∂uxi
ζi −

∂F

∂u
η − ∂F

∂xi
ξi − ∂F

∂t
ξ0

)
'Etsi, lamb�nontac upìyhn thn sqèsh (4.3), an antikatastÐsoume to ut me to
F (t, x, u, u,()1 ), u(2)) sta ζ0, ζi, ζij h exÐswsh (4.8) gÐnetai:

ζ0 −
∂F

∂uxixj
ζij −

∂F

∂uxi
ζi −

∂F

∂u
η − ∂F

∂xi
ξi − ∂F

∂t
ξ0 = 0 (4.11)

H exÐswsh (4.11) orÐzei ìlec tic apeirostèc summetrÐec thc exÐswshc (4.3) kai,
sunep¸c, onom�zetai prosdioristik  exÐswsh. Sumbatik�, gr�foume thn
prosdioristik  exÐswsh sth sumpag  morf :

X(ut − F (t, x, u, u(1), u(2)))
∣∣
(4.3)

= 0 (4.12)

Sthn prokeimènh perÐptwsh to Q dhl¸nei thn proèktash tou telest  (4.6)
sta par�gwga pr¸thc kai deÔterhc t�xhc:

X = ξ0(t, x, u)
∂

∂t
+ ξi(t, x, u)

∂

∂xi
+ η(t, x, u)

∂

∂u
+ ζ0

∂

∂ut
+ ζi

∂

∂uxi
+ ζij

∂

∂uxixj
.

Me to sumbolismì |(4.3) sumbolÐzoume ton upologismì sthn exÐswsh (4.3).

Parat rhsh 4.2.1.1.4

H prosdioristik  exÐswsh (4.11)  , enallaktik�, h isodÔnamh exÐswsh (4.12)
eÐnai mÐa grammik  omogen c M.D.E. deÔterhc t�xhc me �gnwstec sunart seic
ξ0(t, x, u), ξi(t, x, u), η(t, x, u) twn "anex�rthtwn� metablht¸n t, x, u. Me thn
pr¸th mati�, aut  h exÐswsh faÐnetai na eÐnai pio perÐplokh apì thn arqik 
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Diaforik  ExÐswsh (4.3). Wstìso, autì apoteleÐ mÐa profan  poluplokìth-
ta. Pr�gmati, to aristerì mèloc thc prosdioristik c exÐswshc perilamb�nei
ta par�gwga uxi , uxixj , mazÐ me thc metablhtèc t, x, u kai tic sunart seic aut¸n
twn metablht¸n ξ0,ξi, η. Dedomènou ìti h exÐswsh (4.11) ègkurh tautotik�
se sqèsh me ìlec tic metablhtèc pou perièqei, oi metablhtèc t, x, u, uxi , uxixj
antimetwpÐzontai wc anex�rthtec. EÐnai, sunep¸c, epìmeno ìti h prosdioristi-
k  exÐswsh aposuntÐjetai se èna sÔsthma diafìrwn exis¸sewn. Kat� kanìna
autì eÐnai èna uperprosdiorizìmeno sÔsthma, dhlad  perièqei perissìterec a-
pì n+2, poÔ eÐnai o rijmìc twn agn¸stwn sunart sewn (ξ0, ξi, η), exis¸seic.
Epomènwc, stic praktikèc efarmogèc h prosdioristik  exÐswsh mporeÐ na lu-
jeÐ analutik�, se antÐjesh me thn arqik  diaforik  exÐswsh (4.3). H lÔsh thc
prosdiorioristik c exÐswshc mporeÐ na pragmatopoihjeÐ eÐte "me to qèri�   se
apokleistik� se aplèc peript¸seic, qrhsimopoi¸ntac sÔgqrona progr�mmata.
H kalÔterh parousÐash tou trìpou upologismoÔ summetri¸n me to qèri se
perÐplokec katast�seic anafèretai sto klasikì biblÐo ston tomèa autì apì
ton Ovsyannikov.
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4.2.2 AkribeÐc lÔseic pou dÐnontai apì tic om�dec

summetrÐac

H an�lush om�dwn perièqei dÔo basikoÔc trìpouc kataskeu c akrib¸n lÔse-
wn:

i) MetasqhmatismoÔc om�dwn twn gnwst¸n lÔsewn

ii) Kataskeu  analloÐwtwn lÔsewn

Om�dec Metasqhmatism¸n Gnwst¸n LÔsewn

O pr¸toc trìpoc basÐzetai sto gegonìc ìti mia om�da summetrÐac metatrèpei
opoiesd pote lÔseic thc en lìgw exÐswshc se lÔsh thc Ðdiac exÐswshc. Dh-
lad , èstw (4.4) eÐnai mia om�da metasqhmatismoÔ summetrÐac thc exÐswshc
(4.3), kai èstw mia sun�rthsh:

u = ϕ(t, x) (4.13)

pou apoteleÐ lÔsh thc exÐswshc (4.3). Dedomènou ìti (4.4) eÐnai ènac meta-
sqhmatismìc summetrÐac, h lÔsh (4.13) mporeÐ epÐshc na grafteÐ me th qr sh
twn nèwn metablht¸n wc ex c:

ũ = ϕ(t̃, x̃) (4.14)

Antikajist¸ntac ed¸, tic ũ, t̃, x̃ apì tic exis¸seic (4.4) èqoume:

h(t, x, u, a) = ϕ(f(t, x, u, a), g(t, x, u, a)).

'Eqontac lÔsei aut  thn exÐswsh se sqèsh me to u, ft�noume sthn akìloujh
monoparametrik  oikogèneia (me thn par�metro a) nèwn lÔsewn thc exÐswshc
(4.3):

u = ψa(t, x). (4.15)

Kat� sunèpeia, k�je gnwst  lÔsh apoteleÐ phg  miac pollapl¸n paramètrwn
kathgorÐac nèwn lÔsewn, upì thn proôpìjesh ìti h en lìgw diaforik  exÐsw-
sh eis�gei mia om�da summetrÐac pollapl¸n paramètrwn.
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AnalloÐwtec LÔseic

E�n mÐa om�da metasqhmatism¸n apeikonÐzei mia lÔsh ston eautì thc,
ft�noume se autì pou onom�zetai mia lÔsh analloÐwth wc proc thn om�da.
H anaz thsh autoÔ tou tÔpou lÔsewn mei¸nei ton arijmì twn anex�rthtwn
metablht¸n thc en lìgw exÐswshc. Dhlad , h amet�blhth sqèsh me mia om�da
paramètrwn mei¸nei ton arijmì twn metablht¸n kat� èna. H peraitèrw meÐwsh
mporeÐ na epiteuqjeÐ an jewr soume analloÐwtec upì tic om�dec summetrÐac
me dÔo   perissìterec paramètrouc.

Gia par�deigma, h kataskeu  aut¸n twn sugkekrimènwn lÔsewn aplo-
poieÐtai, sthn perÐptwsh thc exÐswshc (4.1), eÐte se sun jeic diaforikèc e-
xis¸seic, e�n h lÔsh eÐnai analloÐwth upì mia om�da mÐac paramètrou,   se
algebrik  sqèsh, e�n h lÔsh eÐnai analloÐwth me se mia om�da pollapl¸n
paramètrwn.

H kataskeu  lÔsewn analloÐwtwn upì monoparametrikèc om�dec eÐnai
eurèwc gnwst  sth bibliografÐa. Wc ek toÔtou, skiagraf same en suntomÐa
th diadikasÐa sthn enìthta , exet�zontac mìno èna aplì par�deigma.

Wstìso, dedomènou ìti h exÐswsh Jacobs � Jones perilamb�nei treic
anex�rthtec metablhtèc, h “meÐws ” thc se, p.q., sunhjismènec diaforikèc e-
xis¸seic apaiteÐ mia analloÐwth upì disdi�statec om�dec. 'Etsi, analÔoume
k�poiec leptomèreiec thc diadikasÐac sthn enìthta gia thn exÐswsh Jacobs �
Jones.
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4.2.3 KathgoriopoÐhsh Om�dwn Diaforik¸n

Exis¸sewn

Oi diaforikèc exis¸seic pou emfanÐzontai stic epist mec wc majhmati-
k� montèla, suqn� perilamb�noun upoprosdiorismènec paramètrouc kai/  au-
jaÐretec sunart seic orismènwn metablht¸n. Sun jwc, aut� ta aujaÐreta
stoiqeÐa (par�metroi   sunart seic) entopÐzontai peiramatik�   epilègontai
me b�sh to “krit rio thc aplìthtac”. H jewrÐa om�dwn Lie parèqei mia apl 
diadikasÐa gia ton prosdiorismì aujaÐretwn stoiqeÐwn apì �poyh summetrÐac.
Aut  h kateÔjunsh thc melèthc suqn� anafèretai wc kat�taxh twn om�dwn
Lie twn diaforik¸n exis¸sewn. Gia leptomereÐc parousi�seic twn mejìdwn
pou qrhsimopoioÔntai sthn kathgoriopoÐhsh twn diaforik¸n exis¸sewn, o a-
nagn¸sthc na anatrèxei sthn pr¸th dhmosÐeush sqetik� me autì to jèma []
pou asqoleÐtai me thn kat�taxh thc grammik c deÔterhc t�xhc M.D.E. me dÔo
anex�rthtec metablhtèc.

H kathgoriopoÐhsh om�dwn Lie twn diaforik¸n exis¸sewn mac dÐnei
to majhmatikì upìbajro thn legìmenh jewrhtik  montelopoÐhsh om�dwn (bl.
[46], tìmoc 3, kef�laio 6). An l�boume upìyin aut n thn prosèggish, tìte
jewroÔme protimìterec tic diaforikèc exis¸seic pou ep�goun perissìterec
summetrÐec. Me autìn ton trìpo, katal goume suqn� se exis¸seic pou emfa-
nÐzoun axioshmeÐwtec fusikèc idiìthtec.

Dedomènhc mÐac oikogèneiac diaforik¸n exis¸sewn, h diadikasÐa thc
kathgoriopoÐhshc om�dwn Lie xekin� me ton kajorismì thc legìmenhc prw-
tarqik c om�dac Lie aut c thc om�dac diaforik¸n exis¸sewn. AntÐstoiqa, h
�lgebra Lie thc prwtarqik c om�dac Lie onom�zetai prwtarqik  �lgebra Lie

aut¸n twn exis¸sewn kai sumbolÐzetai me LP (bl. gia par�deigma sevenpa-
per). Epiplèon, eÐnai pijanì mÐa orismènh epilog  gia ta aujaÐreta stoiqeÐa
thc om�dac twn antÐstoiqwn epagìmenwn exis¸sewn, mazÐ me thn prwtarqik 
om�da Lie, na odhg sei se epiprìsjetouc metasqhmatismoÔc summetrÐac. To
prìblhma thc kathgoriopoÐhshc om�dwn eÐnai o kajorismìc ìlwn twn austh-
r� diaforetik¸n memonwmènwn peript¸sewn ìtan èqoume k�poia epèktash thc
LP .
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4.3 To montèlo Black - Scholes

4.3.1 H basik  exÐswsh

Oi Black kai Scholes prìteinan gia th majhmatik  montelopoÐhsh thc timolìgh-
shc twn dikaiwm�twn proaÐreshc metoq¸n prìteinan thn parak�tw M.D.E.:

ut +
1

2
A2x2uxx +Bxux − Cu = 0 (4.16)

me stajeroÔc touc suntelestèc A,B,C, dhlad  tic paramètrouc tou montèlou.
'Opwc faÐnetai sthn [3] h exÐswsh (4.16) mporeÐ na metatrapeÐ sthn klassik 
exÐswsh jermìthtac, dhlad  sth morf :

ut = uyy (4.17)

en¸ proôpotÐjetai ìti A 6= 0, D ≡ B − A2

2
6= 0. Axiopoi¸ntac th sÔndesh

metaxÔ twn exis¸sewn (4.16) kai (4.17), paÐrnoume ènan akrib  tÔpo gia th
lÔsh, h opoÐa orÐzetai sto di�sthma −∞ < t < t∗, tou probl matoc Cauchy
me eidikèc arqikèc plhroforÐec sto t = t∗.
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4.3.2 SummetrÐec

Sto montèlo Black−Scholes ìpwc faÐnetai sthn (4.16), parathroÔme ìti gia
n = 1, x1 = x. Epiplèon, to sÔmbolo twn apeirost¸n summetri¸n èqei th
morf :

Q = ξ0(t, x, u)
∂

∂t
+ ξ1(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u

Se aut n thn perÐptwsh h prosdioristik  exÐswsh (4.11) gÐnetai:

ζ0 +
1

2
A2x2ζ11 +Bxζ1 − Cη + A2xuxxξ

1 +Buxξ
1 = 0 (4.18)

ìpou sÔmfwna me touc tÔpou thc proèktashc ìpwc faÐnontai sthn (4.10), oi
exis¸seic ζ0, ζ1, ζij dÐnontai apì tic:

� ζ0 = η1 + utηu − u2
t ξ

0
u − uxξ1

t − utuxξ1
u

� ζ1 = ηx + uxηu − utξ0
x − utuxξ0

x − uxξ1
x − u2

xξ
1
u

� ζ11 = ηxx + 2uxηxu + uxxηu + u2
xηuu − 2utxξ

0
x − utξ0

xx − 2utuxξ
0
xu −

− (utuxx + 2uxutx)ξ
0
u − utu2

xξ
0
uu − 2uxxξ

1
x − 2u2

xξ
1
xu − 3uxuxxξ

1
u − u3

xξ
1
uu

H lÔsh thc prosdioristik c exÐswshc (4.18) mac dÐnei ton dianusmatikì
q¸ro �peirhc di�stashc twn apeirost¸n summetri¸n thc exÐswshc (4.16) pou
perilamb�nei touc telestèc:

X1 =
∂

∂t

X2 = x
∂

∂x

X3 = 2t
∂

∂t
+ (lnx+ Dt)x

∂

∂x
+ 2Ctu

∂

∂u

X4 = A2tx
∂

∂x
+ (lnx−Dt)u

∂

∂u

X5 = 2A2t2
∂

∂t
+ 2A2tx lnx

∂

∂x
+ [(lnx−Dt)2 + 2A2Ct2 − A2t]u

∂

∂u

X6 = u
∂

∂u
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Xϕ = ϕ(t, x)
∂

∂u

ìpou:

� D = B − A2

2
,

� ϕ(t, x) eÐnai mÐa aujaÐreth lÔsh thc exÐswshc (4.16)

Oi metasqhmatismoÐ �peirhc summetrÐac ìpwc faÐnontai sthn (4.4), dhlad  oi:

� t̃ = f(t, x, u, α)

� x̃ = g(t, x, u, α)

� ũ = h(t, x, u, α)

pou antistoiqoÔn stouc genn torec twn sqèsewn gia ta Q5, Q6, Qϕ parap�nw
brÐskontai lÔnontac tic exis¸seic Lie (4.7) kai to apotèlesma eÐnai:

X1: t̃ = t+ α1,
x̃ = x,
ũ = u

X2: t̃ = t,
x̃ = xα2,
ũ = u,
α2 6= 0

X3: t̃ = tα3,

x̃ = xα3eD(α2
3−α3)t,

ũ = ueC(α2
3−1)t,

α3 6= 0

X4: t̃ = t,
x̃ = xeA

2tα4 ,

ũ = uxα4e(
1
2
A2α2

4−Dα4)t,



4.3. TO MONTELO BLACK - SCHOLES 125

X5: t̃ =
t

1 + 2A2α5t
,

x̃ = xt/(1−2A2α5t),

ũ = u
√

1− 2A2α5t exp

(
[(lnx−Dt)2 + 2A2Ct2]α5

1− 2A2α5t

)
X6: t̃ = t,

x̃ = x,
ũ = uα6,
α6 6= 0

Xϕ: t̃ = t,
x̃ = x,
ũ = u+ ϕ(t, x).

Ed¸ ta α1, α2,..., α6 apoteloÔn paramètrouc twn monoparametrik¸n
om�dwn pou par�gontai apì ta X1, X2,..., X6 antÐstoiqa kai h ϕ(t, x) eÐnai
mÐa aujaÐreth lÔsh thc exÐswshc (4.16). SumperaÐnoume loipìn ìti oi tele-
stèc X1, X2,..., X6 par�goun mÐa om�da 6 paramètrwn kai to Xϕ mÐa �peirh
om�da. H genik  om�da summetrÐac prokÔptei apì th sÔnjesh twn parap�nw
metasqhmatism¸n.

Parat rhsh 3.4.6

H om�da diastol¸n pou par�getai apì ton telest  X6 antanakl� ton omoio-
gèneia thc exÐswshc (4.16), en¸ oi �peirh om�da me ton telest  Xϕ anaparist�
thn arq  upèrjeshc pou qarakthrÐzei ta grammik� sust mata, sthn Ðdia exÐsw-
sh. Oi parap�nw metasqhmatismoÐ eÐnai sunhjismènh gia ìlec tic grammikèc
omogeneÐc diaforikèc exis¸seic. 'Etsi, oi sugkekrimènec, mh tetrimmènec, sum-
metrÐec thc exÐswshc (4.16) dÐnontai apì touc telestèc X1, X2,..., X5 pou
epekteÐnontai se �lgebra Lie di�stashc 5.
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4.3.3 Metasqhmatismìc thc ExÐswshc Jermìthtac

Ac jumhjoÔme to apotèlesma tou Lie gia thn kathgoriopoÐhsh om�dwn grammi-
k¸n deÔterhc t�xhc M.D.E. me dÔo anex�rthtec metablhtèc. Sthn perÐptwsh
twn exeliktik¸n parabolik¸n exis¸sewn autì to apotèlesma tupopoieÐtai wc
ex c [54]:

JewroÔme thn oikogèneia grammik¸n parabolik¸n exis¸sewn:

P (t, x)ut +Q(t, x)ux +R(t, x)uxx + S(t, x)u = 0, P 6= 0, R 6= 0 (4.19)

H prwtarqik  �lgebra Lie LP , dhlad  h �lgebra Lie twn telest¸n pou ep�go-
ntai apì thn exÐswsh (4.19) me aujaÐretouc suntelestèc tic P (t, x), Q(t, x),
R(t, x) kai S(t, x) pou epekteÐnetai apì touc genn torec X6, Xϕ twn tetrim-
mènwn summetri¸n. K�je exÐswsh thc morf c (4.19) mporeÐ na upobibasteÐ
mèsw k�poiou metasqhmatismoÔ sth morf :

vτ = vyy + Z(τ, y)v. (4.20)

O isodÔnamoc Lie metasqhmatismìc:

y = α(t, x),

τ = β(t),

v = γ(τ, x)u, (4.21)

αx 6= 0,

βt 6= 0.

ta opoÐa paÐrnoume me th bo jeia dÔo tetragwnism¸n.

An h exÐswsh (4.19) ep�gei mia epèktash thc prwtarqik c �lgebrac Lie
LP me ènan epiplèon telest  summetrÐac tìte upobib�zetai sth morf :

vτ = vyy + Z(y)v (4.22)

gia thn opoÐa o epiprìsjetoc telest c ja eÐnai:

X =
∂

∂τ
.

An h LP epekteÐnetai kat� 3 epiprìsjetouc telestèc, tìte h exÐswsh (4.19)
gÐnetai:

vτ = vyy +
A

y2
v (4.23)

an oi 3 epiprìsjetoi telestèc eÐnai oi:
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X1 =
∂

∂τ

Q2 = 2τ
∂

∂τ
+ y

∂

∂y

X3 = τ 2 ∂

∂τ
+ τy

∂

∂y
−
(

1

4
y2 +

1

2
τ

)
v
∂

∂v

Epiplèon, an h LP epektajeÐ kat� 5 epiprìsjetouc telestèc tìte h exÐswsh
(4.19) upobib�zetai sthn exÐswsh jermìthtac:

vτ = vyy (4.24)

an oi 5 epiprìsjetoi telestèc eÐnai:

X1 =
∂

∂y
,

X2 =
∂

∂τ
,

X3 = 2τ
∂

∂y
− yv ∂

∂v
,

X4 = 2τ
∂

∂τ
+ y

∂

∂y
,

X5 = τ 2 ∂

∂τ
+ τy

∂

∂y
−
(

1

4
y2 +

1

2
τ

)
v
∂

∂v
.

Oi exis¸seic (4.22) kai (4.24) deÐqnoun thn kanonik  morf  ìlwn twn grammi-
k¸n parabolik¸n exis¸sewn 2ης t�xhc (4.19) pou ep�gei mh tetrimmènec sum-
metrÐec, dhlad  epekt�seic thc prwtarqik c �lgebrac Lie LP .

'Etsi, h exÐswsh Black-Scholes (4.16) an kei sthn teleutaÐa perÐptw-
sh kai ètsi upobib�zetai sthn exÐswsh jermìthtac ìpwc faÐnetai sthn (4.24)
me ton isodÔnamo metasqhmatismì Lie. Parak�tw ja broÔme autìn ton me-
tasqhmatismì all�zontac tic metablhtèc thc exÐswshc jermìthtac (4.16) wc
ex c:

uxx+

(
2γx
γ

+
αxαt
β′
− αxx

αx

)
ux−

α2
x

β′
ut+

(
γxx
γ

+
αxαtγx
β′γ

− α2
xγt
β′γ
− αxxγx

αxγ

)
u = 0,



128 KEFALAIO 4. EFARMOGH STA QRHMATOOIKONOMIKA

ìpou me ' sumbolÐzoume thn par�gwgo wc proc t. SugkrÐnontac aut n exÐswsh
me thn Black-Scholes (4.16) sth morf :

uxx +
B

A2x
ux +

2

A2x2
ut −

2Cu

A2x2
= 0

exis¸nontac touc antÐstoiqouc suntelestèc, katal goume sto sÔsthma:

α2
x

β′
= − 2

A2x2
(4.25)

2γx
γ

+
αxαt
β′
− αxx

αx
=

2B

A2x
(4.26)

γxx
γ

+
αxαtγx
β′γ

− α2
xγt
β′γ
− αxxγx

αxγ
= − 2C

A2x2
(4.27)

Apì thn exÐswsh (4.25) èpetai ìti:

α(t, x) =
ϕ(t)

A
lnx+ ψ(x)

β′(t) = −1

2
ϕ2(t)

ìpou oi sunart seic ϕ(t) kai ψ(t) eÐnai aujaÐretec sunart seic. An efar-
mìsoume autoÔc stouc tÔpouc sthn exÐswsh (4.26) èqoume:

γ(t, x) = v(t)x
B
A2−

1
2

+ ψ′
Aϕ

+ ϕ′

2A2ϕ
lnx

me mÐa aujaÐreth sun�rthsh v(t). Met� thn antikat�stash twn parap�nw
ekfr�sewn sthn exÐswsh (4.27), tìte katal goume se dÔo pijan� sen�ria:
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1η PerÐptwsh
'Eqoume:

ϕ =
1

L−Kt

ψ =
M

L−Kt
+N

ìpou K 6= 0 kai h sun�rthsh v(t)
ikanopoieÐ thn parak�tw exÐswsh:

v′

v
=

M2K2

2(L−Kt)2
− K

2(L−Kt)
−

−A
2

8
+
B

2
− B2

2A2
− C

2η PerÐptwsh
'Eqoume:

ϕ = L

ψ = Mt+N

L 6= 0

ìpou K, L, M kai N eÐnai aujaÐre-
tec stajerèc kai h sun�rthsh v(t)
ikanopoieÐ thn parak�tw exÐswsh:

v′

v
=

M2

2L2
− A2

8
+
B

2
− B2

2A2
− C

.

Me autìn ton trìpo katal goume stouc dÔo diaforetikoÔc metasqhma-
tismoÔc pou sundèoun tic exis¸seic (4.16) kai (4.24) kai paratÐjentai para-
k�tw:

1oς Metasqhmatismìc
'Eqoume:

y =
lnx

A(L−Kt)
+

M

L−Kt
+N

τ = − 1

2K(L−Kt)
+ P

u = E
√
L−Kt×

×e
M2K

2(L−Kt)− 1
2(BA−A2 )

2
t−Ct

×x
B
A2−

1
2

+ MK
A(L−Kt)+ K ln x

2A2(L−Kt)u

ìpou K 6= 0.

2oς Metasqhmatismìc
'Eqoume:

y =
L

A
lnx+Mt+N

τ = −L
2

2
t+ P

u = Ee

[
M2

2L2−
1
2(BA−

A
2 )

2
−C
]
t×

×x
B
A2−

1
2

+ M
AL×

×u

ìpou K 6= 0.

O metasqhmatismìc Black-Scholes (blèpe [3], tÔpoc (9} an kei sthn
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perÐptwsh tou deÔterou metasqhmatismoÔ me:

L =
2

A
D

M = − 2

A2
D2

N =
2

A2
D(Dt∗ − ln c)

P =
2

A2
D2t∗

E = eCt
∗

ìpou oi t∗, c eÐnai stajerèc pou perilamb�nontai sto prìblhma arqik¸n tim¸n
(4.8) thc [3]. O pr¸toc metasqhmatismìc eÐnai kainoÔrioc kai mac epitrèpei na
lÔsoume me diaforetikì trìpo èna prìblhma arqik¸n tim¸n.
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4.3.4 MetasqhmatismoÐ twn LÔsewn

'Estw u = f(t, x) mÐa gnwst  lÔsh thc exÐswshc (4.16). Lamb�nontac
upìyin thn upoenìthta 4.2.2 mporoÔme na qrhsimopoi soume aut n th lÔsh gia
na par�xoume oikogèneiec nèwn lÔsewn pou perilamb�noun tic paramètrouc thc
om�dac. Se autì to shmeÐo ja efarmìsoume thc diadikasÐa stouc metasqhma-
tismoÔc pou par�gontai apì touc basikoÔc telestèc X1, X2, X3, X4, X5 kai
X6, Xϕ ìpwc perigr�fontai sthn upoenìthta 4.3.2. H efarmog  twn tÔpwn
(4.13) sta (4.15) mac dÐnei:

X1 : u = F (t− α1, x)

X2 : u = F (t, x, α−1
2 ), ìpou α2 6= 0

X3 : u = eC(1−α−2
3 )tF

(
t, α−2

3 , xα
−1
3 , eD(α−2

3 −α
−1
3 )t
)
, ìpou α3 6= 0

X4 : u = xα4e
−
(
A2α24

2
+Dα4

)
t
F
(
t, xe−A

2tα4

)

X5 : u =
exp

(
[(lnx−Dt)2+2A2Ct2]α5

1+2A2α5t

)
√

1 + 2A2α5t
F

(
t

1 + 2A2α5t
, x

t
1+2A2α5t

)
X6 : u = α6F (t, x), ìpou α6 6= 0

Xϕ : u = F (t, x) + ϕ(t, x)

.

Par�deigma 4.3.4

Xekin�me jewr¸ntac thn apl  lÔsh thc exÐswshc (4.16) pou exart�tai apo-
kleistik� apì to t:

u = eCt (4.28)

An qrhsimopoi soume ton metasqhmatismì pou par�gei h X4 brÐskoume mÐa
lÔsh pou exart�tai apì thn par�metro α4:

u = xα4e
−
(
A2α24

2
+Dα4−C

)
t
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Gia lìgouc aplìthtac, ja upojèsoume se autì to shmeÐo ìti isqÔei α4 = 1 kai
ètsi:

u = e(C−B)t

An, t¸ra efarmìsoume se aut n th lÔsh to metasqhmatismì pou par�gei o te-
lest c X5, katal goume sthn parak�tw lÔsh thc diaforik c exÐswshc (4.16):

u =
exp

(
[(lnx−Dt)2+2A2Ct2]α5+(C−B)t

1+2A2α5t

)
√

1 + 2A2α5t
x

t
1+2A2α5t (4.29)

'Eqontac, loipìn xekin sei me thn aploÔsterh lÔsh (4.28) thc exÐswshc (4.16)
mporoÔme na broÔme thn, arket� poluplokìterh, lÔsh (4.29). Epanalamb�no-
ntac thn parap�nw diadikasÐa par�goume epiplèon perÐplokec lÔseic.

AxÐzei na shmeiwjeÐ ìti h lÔsh (4.28) paramènei amet�blhth upì ton metasqh-
matismì pou par�gei o telest c X2 kai ètsi apoteleÐ par�deigma twn legìme-
nwn analloÐwtwn lÔsewn pou ja parousi�soume sthn epìmenh upoenìthta.
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4.3.5 AnalloÐwtec LÔseic

MÐa analloÐwth lÔsh wc proc mÐa upoom�da thc om�dac summetrÐac eÐnai
mÐa lÔsh h opoÐa paramènei amet�blhth upì th dr�sh twn metasqhmatism¸n
thc upoom�dac. Oi analloÐwtec lÔseic mporoÔn na ekfrastoÔn mèsw twn
analloÐwtwn thc dojeÐshc upoom�dac (blèpe p.q. [46]). Se autì to shmeÐo
ja parousi�soume tou upologismoÔc twn analloÐwtwn lÔsewn lamb�nontac
upìyin thn monoparametrik  upoom�da me ton genn tora:

X = X1 +X2 +X6 ≡
∂

∂t
+ x

∂

∂x
+ u

∂

∂u

Gia na broÔme analloÐwtec aut c thc om�dac, èstw I(t, x, u), ja axiopoi soume
thn exÐswsh:

XI = 0

kai dÐnontai apì thn:
I = J(I1, I2)

ìpou:

� I1 = t− lnx

� I2 =
U

X

eÐnai sunarthsiak� anex�rthtec analloÐwtec kai sunep¸c dhmiourgoÔn mÐa
b�sh analloÐwtwn. Epomènwc, mpoÔme na broÔme mÐa analloÐwth lÔsh sth
morf :

I2 = ϕ(I1)

 

u = xϕ(z), ìpou z = t− lnx

Antikajist¸ntac sthn exÐswsh (4.16) katal goume sth sun jh diaforik  e-
xÐswsh deÔterhc t�xhc;

A2

2
ϕ′′ +

(
1− b− A2

2

)
ϕ′ + (B − C)ϕ = 0
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ìpou ϕ′ =
dϕ

dz
. H parap�nw exÐswsh me stajeroÔc suntelestèc mporeÐ me

�nesh na lujeÐ.

H diadikasÐa pou èqoume perigr�yei mporeÐ na efarmosteÐ se èna grammikì
sunduasmì, me stajeroÔc suntelestèc, twn basik¸n gennhtìrwn X1, X2, X3,
X4, X5, X6 kaiXϕ. Efarmìzoume aut  th diadikasÐa stouc basikoÔc telestèc:

X1 : u = ϕ(x),

1

2
A2x2ϕ′′ +Bxϕ′ − Cϕ = 0

Aut  h exÐswsh upobib�zetai me stajeroÔc suntelestèc sthn nèa a-
nex�rthth metablht  z = lnx.

X2 : u = ϕ(t),

ϕ′ − Cϕ = 0.

Tìte u = KeCt.

X3 : u = eCtϕ

(
lnx√
t
−D
√
t

)
,

A2ϕ′′ − zϕ′ = 0,

z =
lnx√
t
−D
√
t.

Tìte ϕ(z) = K1

∫ z
0
e
µ2

2A2 dµ+K2.

X4 : u = exp

(
(lnx−D)2

2A2t

)
ϕ(t),

ϕ′ +

(
1

2t
− C

)
ϕ = 0.
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Tìte ϕ =
K√
t
eCt kai ètsi:

u =
K√
t

exp

(
(lnx−D)2 + Ct

2A2t

)
.

X5 : u =
1√
t

exp

(
(lnx−D)2 + Ct

2A2t

)
ϕ

(
lnx

t

)
,

ϕ′′ = 0.

Tìte u =

(
K1

lnx

t
3
2

+
K2√
t

)
exp

(
(lnx−D)2 + Ct

2A2t
+ Ct

)
.

ìpou D = B − A2

2
kai K, K1, K2 eÐnai stajerèc olokl rwshc.

Apì thn �llh pleur�, oi telestèc X6, Xϕ den parèqoun analloÐwtec lÔseic.
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4.3.6 H Jemelei¸dhc LÔsh

H melèth twn problhm�twn arqik¸n tim¸n gia uperbolikèc kai parabo-
likèc grammikèc M.D.E. mporoÔn na perioristoÔn sthn kataskeu  mÐac ori-
smènhc lÔshc me sugkekrimènec idiaiterìthtec pou eÐnai bibliografik� gnw-
stèc wc stoiqei¸deic   jemeli¸deic lÔseic (blèpe p.q. [9-11]). 'Eqei
apodeiqjeÐ ìti [47] gia sugkekrimènec kl�seic exis¸sewn, me stajeroÔc kai
metablhtoÔc suntelestèc, pou ep�goun epark¸c eureÐec om�dec summetrÐac,
h jemeli¸dhc lÔsh eÐnai mÐa analloÐwth lÔsh kai mporeÐ na kataskeuasteÐ
axiopoi¸ntac th legìmenh arq  twn analloÐwtwn.

'Eqoume , ed¸, th dunatìthta na brÐskoume th jemeli¸dh lÔsh thc
exÐswshc (4.16) qrhsimopoi¸ntac thn prosèggish apì th jewrÐa om�dwn ìpwc
parousi�zetai sto [48].

MporoÔme na perikìyoume aut  th diadikasÐa jewr¸ntac th jemeli¸dh
lÔsh u = u(t, x; t0, x0) tou probl matoc Cauchy pou orÐzetai wc ex c:

ut +
1

2
A2x2uxx +Bxux − Cu = 0 (4.30)

ìpou t < t0.
Kai

u|t→t0 = δ(x− x0) (4.31)

SÔmfwna me thn arq  twn analloÐwtwn, pr¸ta ja prèpei na na broÔme
mÐa upo�lgebra thc �lgebrac Lie epekteÐnetai apì tou telestèc Xi, ìpou

i = 1, 2, ..., 5, kai X6 = u
∂

∂u
, eÐnai de eparkèc gia thn epÐteuxh tou skopoÔ mac,

na upojèsoume ìti aut  h peperasmènhc di�stashc �lgebra mporeÐ na brejeÐ
paraleÐpontac to Xϕ, tètoia ¸ste aut  h upo�lgebra na af nei analloÐwth
thn arqik  pollaplìthta (p.q thn eujeÐa t = t0) kai o periorismìc thc sto
t = t0 diathreÐ thn arqik  sunj kh (4.31). Aut , loipìn, h upo�lgebra eÐnai
mÐa trisdi�stath �lgebra pou epekteÐnetai me th qr sh twn:

Y1 = 2(t− t0)
∂

∂t
+ (lnx− lnx0 + D(t− t0))x

∂

∂x
+ [2C(t− t0)− 1]u

∂

∂u
,

Y2 = A2(t− t0)x
∂

∂x
+ [lnx− lnx0 −D(t− t0)]u

∂

∂u
,

Y3 = 2A2(t− t0)2 ∂

∂t
+ 2A2(t− t0)x lnx

∂

∂x
+
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+[(lnx−D(t− t0))2 − ln2 x0 + 2A2C(t− t0)2 − A2(t− t0)]u
∂

∂u
.

Oi analloÐwtec orÐzontai apì to parak�tw sÔsthma:

Y1I = 0,

Y2I = 0,

Y3I = 0.

Efìson:

Y3 = A2(t− t0)Y1 +

(
1

2
A2(t− t0)−B(t− t0) + ln x+ lnx0

)
arkeÐ na lÔsoume mìno tic pr¸tec dÔo exis¸seic. H lÔsh tou eÐnai h parak�tw:

I = uxσ(t)
√
t0 − teω(t,x)

ìpou:

σ(t) =
D

A2
− lnx0

A2(t0 − t)
,

ω(t, x) =
ln2 x+ ln2 x0

2A2(t0 − t)
+

(
D2

2A2
+ C

)
(t0 − t), (4.32)

.

Oi analloÐwtec lÔseic pou dÐnontai apì thn exÐswsh I = K = σταθερ,
kai ètsi apokt� th morf :

u = K
x−σ(t)

√
t0 − t

e−ω(t,x) (4.33)

ìpou t < t0 kai oi σ(t), ω(t, x) orÐzontai apì tic exis¸seic (4.32). Me sqeti-
k  �nesh mporoÔme na exakrib¸soume ìti h sun�rthsh (4.33) ikanopoieÐ thn
exÐswsh (4.30). MporoÔme na upologÐsoume to stajerì suntelest  K apì
thn arqik  sunj kh (4.31).
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Ja qrhsimopoi soume to polÔ gnwstì ìrio:

lim
s→0+

1√
s

exp

(
−(x− x0)2

4s

)
= 2
√
πδ(x− x0) (4.34)

kai o tÔpoc allag c metablht¸n z = z(x) sto mètro Dirac (blèpe p.q.
[10,p.790]):

δ(x− x0) =

∣∣∣∣∂z(x)

∂x

∣∣∣∣
x=x0

δ(z − z0). (4.35)

Gia th sun�rthsh (4.33) èqoume ìti:

lim
t→t0

u = lim
t→t0

K√
t0 − t

e−ω(t,x)−σ(t,x) lnx = lim
t→t0

K√
t0 − t

exp

(
−(lnx− lnx0)2

2A2(t0 − t)
− D ln x

A2

)

 , enallaktik�, jètontac s = t0 − t, z =

√
2

A
lnx èqoume:

lim
t→t0

u = K exp

(
−D

A2
lnx

)
lims→0+

1√
s

exp

(
−(z − z0)2

4s

)
= 2
√
πK exp

(
−D

A2
lnx

)
δ(z − z0)

Lamb�nontac upìyin thn exÐswsh (4.35) èqoume ìti:

δ(z − z0) =
Ax0√

2
δ(x− x0)

kai epomènwc èqoume ìti:

lim
t→t0

u =
√

2πAKx0 exp

(
−D

A2
lnx0

)
δ(x− x0).

Sunep¸c, h arqik  sunj kh (4.31) mac dÐnei:

K =
1√

2πAx0

exp

(
D

A2
lnx0

)

Me autìn trìpo, katal goume sto ìti h jemeli¸dhc lÔsh tou pro-
bl matoc Cauchy gia thn exÐswsh(4.16) eÐnai:

u =
1

Ax0

√
2π(t0 − t)

exp

[
−(lnx− lnx0)2

2A2(t0 − t)
−
(

D2

2A2
+ C

)
(t0 − t)−

D

A2
(lnx− lnx0)

]
.
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Par�deigma 4.3.6

H jemeli¸dhc lÔsh mporeÐ na brejeÐ epÐshc apì th jemeli¸dh lÔsh:

u =
1

2
√
πτ

exp

(
− y

2

4τ

)
(4.36)

thc exÐswshc jermìthtac (4.24) upì to deÔtero metasqhmatismì pou parousi-
�zetai sthn upoenìthta (4.3.3) me:

M = −L
A
D,

N =
L

A
Dt0 −

L

A
lnx0,

P =
L2

2
t0,

E =
Ax0

L
eCt0 ,

ètsi ¸ste me ton metasqhmatismì:

τ =
L

2
(t0 − t),

y =
L

A
D(t0 − t) +

L

A
(lnx− lnx0),

u =
Ax0

L
eC(t0−t)u.
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4.4 Montèlo Metablht¸n DÔo Paragìntwn

Oi mèjodoi thc an�lushc om�dwn Lie mporoÔn me epituqÐa na efarmostoÔn sth
majhmatik  montelopoÐhsh qrhmatooikonomik¸n problhm�twn. Se aut n thn
enìthta ja parousi�soume ta apotelèsmata pou prokÔptoun apì ton upolo-
gismì twn summetri¸n gia èna montèlo dÔo metablht¸n pou dhmioÔrghsan oi
Jacobs kai Jones [50].

4.4.1 H ExÐswsh Jacobs-Jones

To montèlo Jacobs-Jones perigr�fetai apì th grammik  M.D.E. parak�tw:

ut =
1

2
A2x2uxx + ABCxyuxy +

1

2
B2y2uyy +

(4.37)(
Dx ln

y

x
− Ex

3
2

)
ux +

(
Fy ln

G

y
−Hyx

1
2

)
uy − xu

ìpou oi A, B, C, D, E, F , G, H eÐnai stajeroÐ suntelestèc.

4.4.2 H KathgoriopoÐhsh Om�dwn

H exÐswsh (4.37) perièqei tic paramètrouc A, B, C, D, E, F , G, H, oi opoÐec
apoteloÔn ta "aujaÐreta stoiqeÐa� pou anafèrame sthn enìthta 4.2.3. SÔm-
fwna me ìsa èqoume anafèrei se aut n thn enìthta mporeÐ na prokÔyei ìti
h �lgebra Lie twn telest¸n pou ep�gei h exÐswsh (4.37) me aujaÐretouc su-
ntelestèc, dhlad  thn prwtarqik  �lgebra Lie, epekteÐnetai me sugkekrimènec
epilogèc gia touc suntelestèc A, B, C, D, E, F , G, H. Blèpoume se autì
to shmeÐo ìti h di�stash thc om�dac summetrÐac Lie gia to montèlo .(4.37), se
antÐjesh me to montèlo Black-Scholes, ousiastik� exart�tai apì thn epilog 
twn suntelest¸n A, B, C, D, E, F , G, H.
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To apotèlesma thc kathgoriopoÐhshc om�dwn

H prwtarqik  om�da Lie LP eÐnai peperasmènhc di�stashc kai epekteÐnetai
apì touc telestèc:

X1 =
∂

∂t
,

X2 = u
∂

∂u
,

Xω = ω(t, x, y)
∂

∂u
,

ìpou h ω(t, x, y) ikanopoieÐ thn exÐswsh (4.37).

JewroÔme ìlec tic pijanèc epekt�seic thc LP gia mh ekfulismènec exi-
s¸seic thc morf c (4.37), dhlad  autèc pou ikanopoioÔn tic proôpojèseic:

AB 6= 0

(4.38)

C 6= ±1

Epiplèon gia na aplopoi soume tou upologismoÔc mac ja prosjèsoume
ton epiprìsjeto periorismì:

C 6= 0. (4.39)
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H epèktash thc prwtarqik c �lgebrac Lie LP

H prwtarqik  �lgebra Lie LP epekteÐnetai stic akìloujec peript¸seic:

� 1η PerÐptwsh:

D = 0

X3 = eFty
∂

∂y

UpoperÐptwsh: AH −BCE = 0 kai F = 0.

Up�rqei mÐa epiplèon epèktash

X4 = 2AB2(1− C2)ty
∂

∂y
+ (2BC lnx− 2A ln y + (B − AC)ABt)u

∂

∂u

� 2ηPerÐptwsh:

D 6= 0,

F = −(
BD

2AC
),

H = 0,

X3 = exp

(
BD

2AC
t

)
y
∂

∂y
+

(
D

ABC
ln
G

y
+ 1

)
exp

(
BD

2AC
t

)
u
∂

∂u

� 3η PerÐptwsh:

D 6= 0,

To F prosdiorÐzetai apì thn exÐswsh:

A2F 2 − A2D2 + 2ABCDF +B2D2 = 0.

Oi stajerèc E kai H sundèontai mèsw thc sqèshc:
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BE(ACF + ACD +BD) = AH(AF + AD +BCD),

X3 = e−Dty
∂

∂y
−
(
ACF + ACD +BD

A2B(1− C2)
lnx− AF + AD +BCD

AB2(1− C2)
ln y+

+
A2CF + A2CD −B2CD − ABF

2ABD(1− C2)
+
F lnG(BCD + AF + AD)

AB2D(1− C2)

)
e−Dtu

∂

∂u
.

Parat rhsh 4.4.2.1

To pijanìtero eÐnai o periorismìc (4.39) na mhn ephre�zei thn kath-
goriopoÐhsh om�dwn. Gia par�deigma, mÐa apì thc aploÔsterec exis¸seic thc
morf c (4.38) eÐnai h:

ut = x2uxx + y2uyy − xu

h opoÐa ep�gei dÔo epiprìsjetouc telestèc sthn LP kai perièqetai sthn upo-
perÐptwsh thc perÐptwshc 1 thc kathgoriopoÐhshc.

Parat rhsh 4.4.2.2

To apotèlesma thc kathgoriopoÐhshc mac deÐqnei ìti h exÐswsh (4.37)
den mporeÐ na metasqhmatisteÐ, se kamÐa apì thc peript¸seic thc kathgorio-
poÐhshc, sthn exÐswsh jermìthtac;

vt = vxx = vzz

Pr�gmati, h exÐswsh jermìthtac ep�gei mÐa epèktash thc LP me ept� epiplèon
telestèc (blèpe p.q. [tìmoc 2, enìthta 7.2]) en¸ h exÐswsh (4.37) mporeÐ na
ep�gei mègisth epèktash me dÔo telestèc.



144 KEFALAIO 4. EFARMOGH STA QRHMATOOIKONOMIKA

4.4.3 AnalloÐwtec LÔseic

Ta parap�nw apotelèsmata mporoÔn na axiopoihjoÔn sthn kataskeu  a-
krib¸n (analloÐwtwn lÔsewn) thc exÐswshc (4.37). Ja l�boume upìyin se
autì to shmeÐo paradeÐgmata lÔsewn analloÐwtwn upì disdi�statec upo�lge-
brec thc �lgebrac summetrÐac Lie. Sth sunèqeia mÐa lÔsh thc exÐswshc (4.37)
brÐsketai apì mÐa grammik  deÔterhc t�xhc sun jh diaforik  exÐswsh kai me
autìn ton trìpo to prìblhma an�getai se mÐa exÐswsh Riccati. Ta paradeÐg-
mata aut� ja ja mac eÐxoun ton genikì algìrijmo pou mporeÐ me eukolÐa na
efarmosteÐ kai se �llec peript¸seic.

Gia thn kataskeu  mÐac lÔseic analloÐwthc upì mÐa disdi�stath �lge-
bra summetrÐac apaiteÐtai h epilog  dÔo telest¸n:

Y1 = ξ0
1(t, x, y, u)

∂

∂t
+ ξ1

1(t, x, y, u)
∂

∂x
+ ξ2

1(t, x, y, u)
∂

∂y
+ η1(t, x, y, u)

∂

∂u

Y1 = ξ0
2(t, x, y, u)

∂

∂t
+ ξ1

2(t, x, y, u)
∂

∂x
+ ξ2

2(t, x, y, u)
∂

∂y
+ η2(t, x, y, u)

∂

∂u

pou ep�gontai apì thn exÐswsh (4.37) sèbontai th sqèsh thc �lgebrac Lie,
dhlad :

[Y1, Y2] = λ1Y1 + λ2Y2

ìpou λ1, λ2 stajerèc. H disdi�stath upo�lgebra Lie pou par�getai apì touc
telestèc Y1, Y2, ja sumbolÐzetai me:

(Y1, Y2).

Aut  h �lgebra èqei dÔo sunarthsiak� anex�rthtec analloÐwtec I1(t, x, z, u),
I2(t, x, z, u) an èqoume:

rank

(
ξ0

1 ξ1
1 ξ2

1 η1

ξ0
2 ξ1

2 ξ2
2 η2

)
= 2

Me autèc tic proôpojèseic, oi analloÐwtec prosdiorÐzontai apì to parak�tw
sÔsthma diaforik¸n exis¸sewn: {

Y1I = 0
Y2I = 0

}
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Gia na up�rqoun analloÐwtec lÔseic proôpotÐjetai ìti:

rank

(
∂I1

∂u
,
∂I2

∂u

)
= 1

Tìte oi analloÐwtec lÔseic ja èqoun th morf :

I2 = ϕ(I1) (4.40)

An antikatast soume thn exÐswsh (4.40) sthn exÐswsh (4.37) katal goume
se mÐa sun jh diaforik  exÐswsh thc sun�rthshc ϕ.

Par�deigma 4.4.3

JewroÔme thn parak�tw exÐswsh:

ut =
1

2
A2x2uxx+ABCxyuxy+

1

2
B2y2uyy−Ex

3
2ux−

BCE

A
yx

1
2uy−xu (4.41)

SÔmfwna me thn parap�nw kathgoriopoÐhsh om�dwn, h exÐswsh (4.41) ep�gei
touc parak�tw telestèc:

X1 =
∂

∂t
,

X2 = u
∂

∂u
,

X3 = y
∂

∂y
,

X4 = 2AB2(1− C2)ty
∂

∂y
+ [2BC lnx− 2A ln y + (B − AC)ABt]u

∂

∂u
,

Xω = ω(t, x, y)
∂

∂u
,

(4.42)

ìpou h ω(t, x, y) apoteleÐ lÔsh tou thc exÐswshc (4.41).

Ja jewr soume, t¸ra, analloÐwtec lÔseic wc proc tic treic diafore-
tikèc disdi�statec upo�lgebrec thc �lgebrac (4.42).
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1η: H upo�lgebra 〈X1, X3〉 èqei tic anex�rthtec analloÐwtec:

I1 = x

I2 = u

'Etsi, h analloÐwth lÔsh paÐrnei th morf :

u = ϕ(x) (4.43)

kai prosdiorÐzetai apì thn exÐswsh:

1

2
A2x2ϕ′′ − Ex

3
2ϕ′ − xϕ = 0 (4.44)

Pou an�getai sthn exÐswsh Riccati:

ψ′ + ψ − 2E

A2
√
x
ψ − 2

A2x
= 0

me th sun jh antikat�stash, dhlad :

ψ =
ϕ′

ϕ
(4.45)

2η: H upo�lgebra 〈X1 +X2, X3〉 èqei tic anex�rthtec analloÐwtec:

I1 = x

I2 = ue−t.

Epomènwc, h antÐstoiqh analloÐwth lÔsh ja èqei th morf :

u = etϕ(x) (4.46)

Antikajist¸ntac sthn exÐswsh (4.41) brÐskoume thn:

1

2
A2x2ϕ′′ − Ex

3
2ϕ′ − (x+ 1)ϕ = 0, (4.47)

h opoÐa an�getai se mÐa exÐswsh Riccati me thn antikat�stash (4.45).

3η: H upo�lgebra 〈X1, X2 +X3〉 èqei tic analloÐwtec:

I1 = x

I2 =
u

y
.
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Oi analloÐwtec lÔseic ja èqoun th morf :

u = yϕ(x), (4.48)

ìpou h exÐswsh ϕ(x) brÐsketai apì thn parak�tw exÐswsh:

1

2
A2x2ϕ′′ + (ABCx− Ex

3
2 )ϕ′ −

(
BCE

A
X

1
2 + x

)
ϕ = 0 (4.49)

Kai p�li me thn antikat�stash (4.45), h parap�nw exÐswsh an�getai se
Riccati.
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4.4.4 'Apeiro Ide¸dec Wc Genn torac KainoÔriwn

LÔsewn

JumÐzoume ìti to �peiro sÔnolo telest¸n Xω den parèqei �peirec lÔseic
me thn eujeÐa mèjodo, thn opoÐa eÐdame sthn upoenìthta 4.3.5. Wstìso, mpo-
roÔme na par�xoume nèec lÔseic apì tic prohgoÔmenec,  dh gnwstèc, ìpwc
perigr�fetai parak�tw.

'Estw u = ω(t, x, y) mÐa gnwst  lÔsh thc exÐswshc (4.37) tètoia ¸ste
o telest c Xω na ep�getai apì thn Ðdia exÐswsh. Tìte, an o X eÐnai opoios-
d pote telest c pou ep�gei h exÐswsh (4.37), èqoume:

[Xω, X] = Xω̄, (4.50)

ìpou ω̄(t, x, y) eÐnai mÐa lÔsh thc exÐswshc (4.37), sth genik  perÐptwsh dia-
foretik  apì thn ω(t, x, y). H sqèsh (4.50) mac dÐnei ìti to sÔnolo Lω twn
telest¸n thc morf c Xω apoteloÔn èna ide¸dec thc �lgebrac summetrÐac Lie.
Epiplèon, epeid  to sÔnolo twn lÔsewn ω(t, x, y) eÐnai �peiro, h Lω ja ono-
m�zetai �peiro ide¸dec.

Katal goume, loipìn, sto sumpèrasma ìti dedomènhc mÐac lÔshc ω(t, x, y),
o tÔpoc (4.50) mac dÐnei mÐa kainoÔria lÔsh ω̄(t, x, y) thc exÐswshc (4.37). Ja
efarmìsoume ta parap�nw stic lÔseic tou paradeÐgmatoc thc prohgoÔmenhc
upoenìthtac jètontac X = X4 apì thn (4.42).

'Eqoume tic parak�tw peript¸seic:

1η: Xekin¸ntac apì thn exÐswsh (4.43), èqoume ω(t, x, y) = ϕ(x), ìpou ϕ(x)
eÐnai h exÐswsh pou prosdiorÐzetai apì thn diaforik  exÐswsh (4.44).
Tìte:

[Xω, X4] = (2BC lnx2A ln y + (B − AC)ABt)ϕ(x)
∂

∂u

Epomènwc, h nèa lÔsh pou prokÔptei, u = ω̄(t, x, y), eÐnai:

ω̄(t, x, y) =
[
(2BC lnx− 2A ln y + (B − AC)ABt)2ϕ(x) + 4A2B2(1− C2)tϕ(x)

] ∂
∂u
,

(4.51)
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ìpou h sun�rthsh ϕ(x) prosdiorÐzetai apì thn exÐswsh (4.44).
MporoÔme, t¸ra na epanal�boume th diadikasÐa jewr¸ntac thn lÔsh
(4.51) wc ω(t, x, y) sthn exÐswsh (4.50). Tìte:

[Xω, X4] = [(2BC lnx−2A ln y+(B−AC)ABt)2ϕ(x)+4A2B2(1−C2)tϕ(x)]
∂

∂u
.

Me autìn ton trìpo katal goume sth lÔsh:

u = [(2BC lnx− 2A ln y + (B − AC)ABt)2 + 4A2B2(1− C2)t]ϕ(x),
(4.52)

ìpou h ϕ(x) apoteleÐ kai p�li mÐa lÔsh th exÐswshc (4.44).

Epanalamb�nontac aut  th diadikasÐa, mporoÔme na kataskeu�soume èna
�peiro sÔnolo lÔsewn thc exÐswshc (4.41). MporoÔme na brÐskoume epi-
prìsjetec nèec lÔseic antikajist¸ntac ton telest  X4 me opoiond pote
grammikì sunduasmì twn telest¸n (4.42).

2η: Gia th lÔsh (4.46), ω(t, x, y) = etϕ(x), ìpou h sun�rthsh ϕ(x) pros-
diorÐzetai apì thn exÐswsh (4.47). Se aut n thn perÐptwsh èqoume:

[Xω, X4] = (2BC lnx− 2A ln y + (B − AC)ABt)etϕ(x)
∂

∂u
,

kai h nèa lÔsh, èstw u = ω̄(t, x, y), ja èqei th morf :

ω̄(t, x, y) = (2BC lnx− 2A ln y + (B − AC)ABt)etϕ(x), (4.53)

ìpou h sun�rthsh ϕ(x) prosdiorÐzetai apì thn exÐswsh (4.47). Sth su-
nèqeia mporoÔme na epanal�boume th diadikasÐa.

3η: Gia th lÔsh(4.48), dhlad  ω(t, x, y) = yϕ(x), ìpou h sun�rthsh ϕ(x)
prosdiorÐzetai apì thn exÐswsh (4.49). Se aut n thn perÐptwsh èqoume:

[Xω, X4] = (2BC lnx− 2A ln y + (2BC2 −B − AC)ABt)yϕ(x)
∂

∂u
,

ìpou h sun�rthsh ϕ(x) prosdiorÐzetai apì thn exÐswsh (4.49). Epana-
lamb�nontac aut n th diadikasÐa katal goume se �peirec seirèc lÔsewn.
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4.5 Sumper�smata

Sthn paroÔsa ergasÐa, h an�lush om�dwn Lie efarmìzetai sta montèla
twn Black-Scholes-Merton kai Jacobs-Jones. H prosèggish aut  mac dÐnei me-
g�lo eÔroc analutik¸n lÔsewn twn zhtoÔmenwn exis¸sewn.

Gia thn exÐswsh Black-Schles, ep�getai o metasqhmatismìc thc sthn
exÐswsh th jermìthtac. O opoÐoc mac epitrèpei na lÔsoume probl mata ar-
qik¸n tim¸n me diaforetikì trìpo apì autìn pou dÐnetai sthn [3]. Epiplèon,
qrhsimopoi same thn arq  thc ametablhtìthtac gia thn kataskeu  jemeliw-
d¸n lÔsewn, oi opoÐec mporoÔn na axiopoihjoÔn gia th genik  an�lush k�poiou
aujaÐretou probl matoc arqik¸n tim¸n.

Gia to montèlo twn Jacobs-Jones, parousi�zoume thn kathgoriopoÐh-
sh om�dwn, h opoÐa mac odhgeÐ sto sumpèrasma ìti h di�stash thc �lgebrac
summetrÐac Lie ousiastik� exart�tai apì tic paramètrouc tou montèlou. 'Ena
epiplèon sumpèrasma pou prokÔptei apì thn kathgoriopoÐhsh om�dwn eÐnai
ìti h exÐswsh Jacobs-Jones den mporeÐ na metasqhmatisteÐ sthn klasik  dis-
di�stath exÐswsh jermìthtac.



BibliografÐa

[1] Milton Abramowitz and Irene A Stegun. Handbook of Mathematical Fu-

nctions with Formulas, Graphs, and Mathematical Tables. National Bu-

reau of Standards Applied Mathematics Series 55. Tenth Printing. ERIC,
1972.

[2] Gerd Baumann. Symmetry analysis of di�erential equations with Mathe-

matica With 1 CD-ROM (Windows, Macintosh and UNIX). Springer-
Verlag�TELOS, New York, 2000.

[3] Black, F. and Scholes, M., "The pricing of options and corporate liabili-
ties", Journal of Political Economy 81, 1973, 637-654.

[4] George W. Bluman and Stephen C. Anco. Symmetry and integration me-

thods for di�erential equations. Vol. 154. Applied Mathematical Sciences.
New York: Springer-Verlag, 2002.

[5] George W. Bluman, Alexei F. Cheviakov, and Stephen C. Anco. Ap-
plications of symmetry methods to partial di�erential equations. Vol.
168. Applied Mathematical Sciences. New York: Springer, 2010. URL:
http://dx.doi.org/10.1007/978- 0- 387- 68028-6.

[6] G. W. Bluman and J. D. Cole. Similarity methods for di�erential e-

quations. Applied Mathematical Sciences, Vol. 13. New York: Springer-
Verlag, 1974.

[7] George W. Bluman and Sukeyuki Kumei. Symmetries and di�erential

equations. Vol. 81. Applied Mathematical Sciences. New York: Springer-
Verlag, 1989.

[8] DR Brecher and AE Lindsay. �Results on the CEV process, past and
present�. In: preprint (2010).

151



152 BIBLIOGRAFIA

[9] Haim Brezis. Functional analysis, Sobolev spaces and partial di�erential

equations. Universitext. New York: Springer, 2011.

[10] Damiano Brigo and Fabio Mercurio. Interest rate models�theory and

practice. Second. Springer Finance. With smile, in�ation and credit. Ber-
lin: Springer-Verlag, 2006

[11] Nicolette C. Caister, John G. O'Hara, and Keshlan S. Govin-
der. �Solving the Asian option PDE using Lie symmetry methods�.
In: Int. J. Theor. Appl. Finance 13.8 (2010), pp. 1265�1277. URL:
http://dx.doi.org/10.1142/S0219024910006194.

[12] Ren-Raw Chen and Cheng-Few Lee. �A Constant Elasticity of Variance
(CEV) Family of Stock Price Distributions in Option Pricing, Review,
and Integration�. In: Handbook of Quantitative Finance and Risk Mana-

gement. Springer, 2010.

[13] Choquet-Bruhat, Y., "Sur la théorie des propagateurs", Annales di Ma-

tematica, sér. 4, 64, 1964.

[14] HW Chuang, YL Hsu, and CF Lee. �Application of the Characteristic
Function in Financial Research�. In: Handbook of Quantitative Finance

and Risk Management. Springer, 2010.

[15] Courant, R. and Hilbert, D., Methods of Mathematical Physics, Vol. II,
Interscience Publishers, New York, 1962.

[16] F.G. Cordoni and L. Di Persio. �Transition density for the CIR process
by Lie symmetries and application to ZCB pricing�. In: International

Journal of Pure and Applied Mathematics (preprint).

[17] John C. Cox, Jonathan E. Ingersoll Jr., and Stephen A. Ross. �A theory
of the term structure of interest rates�. In: Econometrica 53.2 (1985).
URL: http://dx.doi. org/10.2307/1911242.

[18] M. J. Craddock and A. H. Dooley. �Symmetry group methods for
heat kernels�. In: J. Math. Phys. 42.1 (2001), pp. 390�418. URL:
http://dx.doi.org/10.1063/1. 1316763.

[19] M. J. Craddock and A. H. Dooley. �On the equivalence of Lie symmetries

and group representations�. In: J. Di�erential Equations 249.3 (2010), pp.
621�653. URL: http: //dx.doi.org/10.1016/j.jde.2010.02.003.



BIBLIOGRAFIA 153

[20] Mark Craddock and Kelly A. Lennox. �Lie group symmetries
as integral transforms of fundamental solutions�. In: J. Di�ere-
ntial Equations 232.2 (2007), pp. 652�674. ISSN: 0022-0396. URL:
http://dx.doi.org/10.1016/j.jde.2006.07.011.

[21] Mark Craddock and Kelly A. Lennox. �Lie symmetry me-
thods for multi-dimensional parabolic PDEs and di�usions�.
In: J. Di�erential Equations 252.1 (2012), pp. 56�90. URL:
http://dx.doi.org/10.1016/j.jde.2011.09.024.

[22] Mark Craddock and Kelly A. Lennox. �The calculation of expectations
for classes of di�usion processes by Lie symmetry methods�. In: Ann. Ap-
pl. Probab. 19.1 (2009), pp. 127�157. URL: http://dx.doi.org/10.1214/08-
AAP534.

[23] Mark Craddock and Eckhard Platen. Symmetry group methods for fun-

damental solutions and characteristic functions. School of Finance and
Economics, University of Technology, Sydney, 2003.

[24] Mark Craddock and Eckhard Platen. �Symmetry group methods for
fundamental solutions�. In: J. Di�erential Equations 207.2 (2004), pp.
285�302. URL: http://dx. doi.org/10.1016/j.jde.2004.07.026.

[25] Mark Craddock and Eckhard Platen. �On explicit probability laws for
classes of scalar di�usions�. In: Quantitative Finance Research Centre

Research Paper 246 (2009).

[26] Mark Craddock. �Fundamental solutions, transition densities and the
integration of Lie symmetries�. In: J. Di�erential Equations 246.6 (2009),
pp. 2538�2560. URL: http: //dx.doi.org/10.1016/j.jde.2008.10.017

[27] Mark Craddock. �Symmetry groups of partial di�erential equations, se-
paration of variables, and direct integral theory�. In: J. Funct. Anal. 125.2
(1994), pp. 452�479. URL: http://dx.doi.org/10.1006/jfan.1994.1133

[28] Mark Craddock. �The symmetry groups of linear partial di�erential e-
quations and representation theory. I�. In: J. Di�erential Equations 116.1
(1995), pp. 202�247. URL: http://dx.doi.org/10.1006/jdeq.1995.1034.

[29] Jak²a Cvitanic and Fernando Zapatero. ´ Introduction to the economics

and mathematics of �nancial markets.Cambridge, MA: MIT Press, 2004.

[30] Yu. V. Egorov and M. A. Shubin. Foundations of the classical theory of

partial di�erential equations. Berlin: Springer-Verlag, 1998.



154 BIBLIOGRAFIA

[31] Klaus-Jochen Engel and Rainer Nagel. One-parameter semigroups for

linear evolution equations. Vol. 194. Graduate Texts in Mathematics. New
York: Springer-Verlag, 2000.

[32] Lawrence C. Evans. Partial di�erential equations. Second. Vol. 19. Gra-
duate Studies in Mathematics. Providence, RI: American Mathematical
Society, 2010

[33] William Feller. �Two singular di�usion problems�. In: Ann. of Math. (2)
54 (1951), pp. 173�182.

[34] Avner Friedman. Partial di�erential equations of parabolic type. Engle-
wood Cli�s, N.J.: Prentice-Hall Inc., 1964.

[35] R. K. Gazizov and N. H. Ibragimov. �Lie symmetry analysis of dif-
ferential equations in �nance�. In: Nonlinear Dynam. 17.4 (1998),
pp. 387�407. ISSN: 0924-090X. DOI: 10.1023/A:1008304132308. URL:
http://dx.doi.org/10.1023/A: 1008304132308

[36] Robert Gilmore. Lie groups, physics, and geometry. An introduction
for physicists, engineers and chemists. Cambridge: Cambridge University
Press, 2008.

[37] Joanna Goard. �Fundamental solutions to Kolmogorov equations via re-
duction to canonical form�. In: J. Appl. Math. Decis. Sci. (2006), Art.
ID 19181, 24. URL: http : //dx.doi.org/10.1155/JAMDS/2006/19181.

[38] J. Goard. �New solutions to the bond-pricing equation via Lie's classical
method�. In: Math. Comput. Modelling 32.3-4 (2000), pp. 299�313. URL:
http://dx.doi.org/ 10.1016/S0895-7177(00)00136-9.

[39] K. S. Govinder. �Lie subalgebras, reduction of order, and group-invariant
solutions�. In: J. Math. Anal. Appl. 258.2 (2001), pp. 720�732. URL:
http://dx.doi.org/10. 1006/jmaa.2001.7513.

[40] Hadamard, J., Lectures on Cauchy's Problem in Linear Partial Di�ere-

ntial Equations, Yale University Press, New Haven, 1923. (Reprinted by
Dover Publications, New York, 1952.)

[41] Brian C. Hall. Lie groups, Lie algebras, and representations. Vol. 222.
Graduate Texts in Mathematics. An elementary introduction. New York:
Springer-Verlag, 2003.



BIBLIOGRAFIA 155

[42] Steven L Heston. �A closed-form solution for options with stochastic
volatility with applications to bond and currency options�. In: Review of

�nancial studies 6.2 (1993), pp. 327-343.

[43] Y. L. Hsu, T. I. Lin, and C. F. Lee. �Constant elasticity of va-
riance (CEV) option pricing model: integration and detailed deriva-
tion�. In: Math. Comput. Simulation 79.1 (2008), pp. 60�71. URL:
http://dx.doi.org/10.1016/j.matcom.2007.09.012.

[44] James E. Humphreys. Introduction to Lie algebras and representation

theory. Vol. 9. Graduate Texts in Mathematics. Second printing, revised.
New York: Springer-Verlag, 1978.

[45] Peter E. Hydon. Symmetry methods for di�erential equations. Cambrid-
ge Texts in Applied Mathematics. A beginner's guide. Cambridge: Cam-
bridge University Press, 2000

[46] Ibragimov, N. H. (ed.), CRC Handbook of Lie Group Analysis of Dif-

ferential Equations, Vol. 1, 1994; Vol. 2, 1995; Vol. 3, 1996, CRC Press,
Boca Raton, FL.

[47] Ibragimov, N. H., Primer on Group Analysis, Znanie, Moscow, 1989.

[48] Ibragimov, N. H., "Di�erential equations with distributions: Group the-
oretic treatment of fundamental solutions", in CRC Handbook of Lie

Group Analysis of Di�erential Equations, Vol. 3, N. H. Ibragimov (ed.),
CRC Press, Boca Raton, FL, 1996, pp. 69�90.

[49] N. H. Ibragimov. Transformation groups and Lie algebras. 2009. URL:
http ://gammett.ugatu.su/images/docs/publ-ibr/tr-groups-nhi.pdf

[50] Jacobs, R. L. and Jones, R. A., "A two factor latent model of the term
structure of interest rates", Economics Department, Simon Fraser Uni-
versity, Burnaby, B.C., Canada, 1986.

[51] M. S. Joshi. The concepts and practice of mathematical �nance. Se-
cond. Mathematics, Finance and Risk. Cambridge: Cambridge University
Press, 2008.

[52] Damien Lamberton and Bernard Lapeyre. Introduction to stochastic ca-

lculus applied to �nance. Second. Chapman and Hall/CRC Financial Ma-
thematics Series. Chapman and Hall/CRC, Boca Raton, FL, 2008.



156 BIBLIOGRAFIA

[53] Cheng-Few Lee, Alice C Lee, and John Lee. Handbook of quantitative

�nance and risk management. Springer, 2010. [Olv93] Peter J. Olver.
Applications of Lie g

[54] Lie, S., "On integration of a class of linear partial di�erential equations
bymeans of de�nite integrals", Archiv for Mathematik og Naturvidenskab

VI(3), 1881, 328�368 [in German]. Reprinted in S. Lie, Gesammelte A-

bhandlundgen, Vol. 3, paper XXXV. (English translation published in N.
H. Ibragimov (ed.), CRC Handbook of Lie Group Analysis of Di�erential

Equations, Vol. 2, 1995, CRC Press, Boca Raton, FL.)

[55] Sophus Lie. �Theorie der transformationsgruppen I�. In: Mathematische

Annalen 16.4 (1880), pp. 441�528.

[56] Chi Fai LO, PH Yuen, and CH Hui. �Constant elasticity of variance
option pricing model with time-dependent parameters�. In: International
Journal of Theoretical and Applied Finance 3.04 (2000), pp. 661�674

[57] Merton R. C., "Ootimum consumption and portfolio rules in a conti-
nuous time model", Journal of Economic Theory 3(4), 1971, 373-413.

[58] Merton R. C., "Theory of rational option pricing" Bell Journal of Eco-

nomic and Management Sciences 4, 1973, 141-183.

[59] Peter J. Olver. Applications of Lie groups to di�erential equations. Se-
cond. Vol. 107. Graduate Texts in Mathematics. New York: Springer-
Verlag, 1993. URL: http://dx. doi.org/10.1007/978-1-4612-4350-2.

[60] Ovsiannikov, L. V. Group analysis of di�erential equations. New York:
Academic Press Inc. [Harcourt Brace Jovanovich Publishers], 1982.

[61] Ovsyannikov, L. V., Group Properties of Di�erential Equations, USSR
Academy of Sciences, Siberian Branch, Novosibirsk, 1962 [in Russian].

[62] di Elea Parmenide. PerÐ FÔsewc, Peri Physeos. 500 a.C

[63] Andrea Pascucci. PDE and martingale methods in option pricing.

Vol. 2. Bocconi and Springer Series. Milan: Springer, 2011. URL:
http://dx.doi.org/10.1007/978-88-470-1781-8.

[64] Andrea Pascucci. PDE and martingale methods in option pricing.

Vol. 2. Bocconi and Springer Series. Milan: Springer, 2011. URL:
http://dx.doi.org/10.1007/ 978-88-470-1781-8.



BIBLIOGRAFIA 157

[65] Sandro Salsa. Partial di�erential equations in action. Universitext. From
modelling to theory. Springer-Verlag Italia, Milan, 2008.

[66] Sharp, K. P., "Stochastic di�erential equations in �nance", Applied Ma-

thematics and Computation 39, 1990, 207�224.

[67] W. Sinkala, P. G. L. Leach, and J. G. O'Hara. �Invaria-
nce properties of a general bondpricing equation�. In: J.

Di�erential Equations 244.11 (2008), pp. 2820�2835. URL:
http://dx.doi.org/10.1016/j.jde.2008.02.044.

[68] W. Sinkala, P. G. L. Leach, and J. G. O'Hara. �Zero-coupon bond prices
in the Vasicek and CIR models: their computation as group-invariant
solutions�. In: Math. Methods Appl. Sci. 31.6 (2008), pp. 665�678. URL:
http://dx.doi.org/10.1002/mma.935

[69] Steven E. Shreve. Stochastic calculus for �nance. II. Springer Finance.

Continuous-time models. New York: Springer-Verlag, 2004.

[70] Hans Stephani. Di�erential equations. Their solution using symmetries.

Cambridge: Cambridge University Press, 1989.

[71] V. S. Varadarajan. Lie groups, Lie algebras, and their representations.

Vol. 102. Graduate Texts in Mathematics. Reprint of the 1974 edition.
New York: Springer-Verlag, 1984.


