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Me atopuxn wou evdivn xou Yvepellovtag Tig XUpKOGELS, Tou TEOBAETOVTOL ot TIC SLUTAEELS
e map. 6 tou dedpou 22 tou N. 1599/1986, dnhdvw 6t Eiuon o anoxieiotinde ouy-
yeagéag g urofBinieicag Awaxtopinrc AlatpBhic ue titho «Mathematical Modelling
of Categorical Data with Actuarial and Financial Applications». H cuyxexpiuévn Ai-
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oeoun % €dv 1 oupmepiAndy| Toug oty moapoloa epyacia UTAREE uuson 1) ToEoKPEd-
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TreNoeL anapéyxAita 600 0 Vouog opilel mepl dlavonTxAg WoxTnolag xaL €yw cuUHOpE-
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xan Tig apyéc Axadnudinric Acovtoloyiag.
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“If ..

If you can keep your head when all about you
Are losing theirs and blaming it on you,

If you can trust yourself when all men doubt you,
But make allowance for their doubting too;

If you can wait and not be tired by waiting,
Or being lied about, don’t deal in lies,

Or being hated, don't give way to hating,
And yet don’t look too good, nor talk too wise:

If you can dream — and not make dreams your master;
If you can think — and not make thoughts your aim;
If you can meet with Triumph and Disaster

And treat those two impostors just the same;

If you can bear to hear the truth youve spoken
Twisted by knaves to make a trap for fools,

Or watch the things you gave your life to broken,
And stoop and build "em up with wornout tools:

If you can make one heap of all your winnings
And risk it on one turn of pitch-and-toss,
And lose, and start again at your beginnings
And never breathe a word about your loss;

If you can force your heart and nerve and sinew
To serve your turn long after they are gone,
And so hold on when there is nothing in you
Except the Will which says to them: ‘Hold on!”

If you can talk with crowds and keep your virtue,
Or walk with kings — nor lose the common touch,
If neither foes nor loving friends can hurt you,
If all men count with you, but none too much;

If you can fill the unforgiving minute

With sixty seconds” worth of distance run —
Yours is the Earth and everything that’s in it,
And — which is more — you'll be a Man my son!.”

Rudyard Kipling
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The main focus of this thesis is on model—based inferential statistics for contingency
tables. The leading role in the search for an optimal modelling approach is played
by divergence measures. Divergence measures can be used in statistical inference
for estimating purposes, in the construction of test statistics for test—of—fit or in sta-
tistical modeling for the construction of model selection criteria. At the same time,
in most scientific fields, the interest lies in statistical analysis of multivariate cate-
gorical data. A standard way for testing purposes is via the traditional Pearson’s
chi—squared goodness—of—fit test statistic or by the likelihood ratio test statistic,
where the unknown parameters are estimated through the maximum likelihood
method. However, this procedure can lead to poor results in many circumstances
and it is possible to acquire better results by considering general families of test
statistics, as well as of general families of estimators. Under the set—up of contami-
nated data, regarding the estimation procedure, these general families of divergence
measures impose a compromise between robustness and efficiency. Furthermore, in
the situation where zero frequency cells occur, a modified version of these general
families can lead to robust estimators that are more efficient than the classical ones.
On the other hand, under the contaminated data regime, such general families can
produce more stable test statistics regarding the size and the power of the test. In
this thesis, we study and exploit the general (®, a) —power divergence family and
prominent sub—families of it, like the BHH] family of measures. Rigorous asymp-
totic results, regarding the estimators and the associated test statistics, are provided
while their applicability is presented through extensive simulation studies. Note
that, regarding the aforementioned methodology, there is a straightforward connec-
tion with the actuarial science, mainly associated with the collective risk model of
general insurance businesses and the modelling of frequency and severity of claims,
and in general with financial mathematics.
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[TANEITIXTHMIO AITAIOY

[Teplindn

Yyolt) Octixwyv Emotnuoy

Turuo Etatotinic xow AvahoyloTixdy—Xenuatooxovouixomy Modnuatixdy
Aboxtopnd

Madnuatixy Movtehonoinon Katnyopixwmv Acdouévwy pe Egapuoyéc ota
Avadoyiotind xou Xenudotooxovouixd

tou Xprotou MEXEAIAH

To x0plo evdlagépoy authc tTng SlateBric ecTidleTon 0Tr OTATIOTIXT) CUUTEQUCUATONOY (o
HOVTEAWY TOU 0pOROVY THVOXEC GUVAPELIC. LNUAVTIXG poho oty avalntnorn BErTioTou
povtéhou moflouv to uétpa andxhiong (divergence). To divergence pétpa pumopolv va
yenowonondolv yio 6xonolg EXTUNCNE TUPUUETEMY, YLl TNV XUTAOXEUT] G TUTIC TIXWDY
EAEY YWV XAUANG TROCUPUOY NS 1) OTY) OTATIOTLXY| LOVIEAOTIOINGT YOl TNV XUTAOKEUT) XELTN-
elwv emhoyhc povtéhou. Ty (Bio G TLyn, OTA TEPLOCOTERA ETUO TNULOVIXA TEDLA, TO EVOLQ-
(pépov 0 TIELETOL GTY) OTATIOTIXY AVAAUGT XATNYOoRIX®Y dedouéviy. O cuviing tednog
extiunong tou povtélou yivetan pe tov mopadoctoxd Pearson chi—squared éieyyo xa-
M mpooapuoyc 1 e tov likelihood ratio éieyyo xolfic mpocapuoyhc xaL oL dyvwoTeg
TOEAPETEOL EXTWWAOVTAL PE TNV U€V0odo NS Yéylotng mavopdvelag. 2oT600 o apxeTES
TEQLTTWOELS QUTO UTOREL VoL Uny 0dNnyHoeL oTo BEATIOTO anoTEAEoUATY, Xat efvar Suva-
TO Vol €Y0UUE XAUNOTEPA AMOTEAECUATA VEWPWOVTUC THO YEVIXES OLXOYEVEIEG G TUATIC TIXWY
EAEY YWY, XIS ETONG XU THO YEVIXESC OXOYEVELEC EXTWUNTWY. Y16 To mpioyo voleu-
uévewy (contaminated) dedopévwy, autég ol yevixég oxoyéveleg divergence uétpwy odn-
yYouv o€ “ouuPiPoacud” yetald tng aviextixdtntog (robustness) xat tne amodotixdTNTOG
(efficiency) twv extiuntodv. Emmiéov, otny neplntwon eu@dvione xehdv undevixic ou-
yvotntog, pio tpotonoinuévn (modified) exoyn auTdY TV YEVIXDY 0IXOYEVELDY UTOpE!
vor 0dnyroet oe aviextixole (robust) extiuntéc ol omolol elvar o amodotixol (efficient)
a6 6Tl oL xAaowxol exTiuntéc. AT TNy dAAN uepld, oTny Teplntwon Twy contaminated
Oedouévmv, TETOlEG YEVIXEC OwoYEVeleg dUvavtan Vo Tapdyouy mo evctadelc (stable)
otatioTixolg ehéyyous, boov agopd o apdiua TOrou I (4 uéyedoc) (size) xou Ty oyl
(power) tou eAéyyou. e auTh TN OLTEEN), UEAETAUE Xat EXUETUAAEUOUICTE TN YEVI-
xh (P, x) —power divergence owxoyévela PETpwY AmOXAONEC X0t XETOIEC TPOEEEYOUCES
uTo-oxoYEveleg auThe, omwe T BHH] owoyévela pétpmv. Avoagopxd pe toug extiun-
TEC XU TOUG TORUYOUEVOUG CTATICTIXOUS EAEYYOUG TOREYOVTOL AUCTNEA ACUUTTWTIX
ATOTEAEGUOTA, EVE 1) TEOXTIXT EQUOUOYT AUTOV TapoUCLleTon PECA OmO EXTEVEIC Ue-
AETEC TPOGOUOIWOTG. LNUELOVETAL OTL 1 avwTEPW pevodoloyia, elvar dueco GUVOEDEUEVN
HE TNV ovoAoYIo T ETOTAUN Xt UETAED dAA®Y oyeTileTal UE TO GUAROYIXO UOVTENO
XUVOUVOU TIOU AmOVTATOL OTIC YEVXES ACPUAICELS XAl T LOVIEAOTIOINOT TNE CUYVOTNTOG
(frequency) xou tng opodpdTnTag (severity) twv anatioewy (claims) xou yevixd ota
OLXOVOUXE. LA NUOTIXG.

LUYAEXQUEVA, TO XEQPIANO 2 TEYUUTEVETOL {NTHUNTA EXTIUNONG TUPUUETEWY Xl EAEY-
YWV OTATIOTIXWY LTOVECEWY, o€ ToAUGYUUIX0UE TANYuoUols. O extiuntég, xong xo
oL avtioTolyec oTaToTiKéS cuvapThoEls Tou Tpoteivovtal, Bacilovton otn yevird (P, )
owoyévew divergence pétpnv. ‘Etot, yio Ty extiunon twv nopauétewy, oplleton 1 ot-
xoyévelr v minimum (P, a) —power divergence extiuntodv, eved divoviar awotned
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VewpnTnd AMOTEAEOUATA OYETIXG UE TO AVATTUYHN TOU EXTWNTYH YUEW Omo TNV TEoY-
Lot T TS dyveotng tapapéteou (decomposition) xon TNV aGUUTTWTIXY XATAVOUY
(asymptotic distribution) autol. Xtn cuvéyela, yia Tov EAeYYO GUVIETWY UNDEVIXDVY
OTUTIOTXWY UTOVECEWY, TpoTeiveTon 1 YevixT| owxoyévela double index (P, ) —power
divergence ctatio Ty 1 onolo e€optdtan omd dvo deixteg (indices) ol Tiwéc Twv omoiwy
dadpapatilouy xooploTixd POAO GTNY AMOTEAEOUATIXOTNTO Xat TNV axpifelo Tng mpo-
tewouevne yedodoroyloc. Iloapdhinia, divovtor auotneéc amodellels avapopxd e Ty
QCUUTTOTIXY) XATAVOUT] AUTAS TNG OLXOYEVELNG CTATIC TIXGY, TOGO XATK ANO T UNOEVIXY)
uno¥eon 600 %ot %ATe Amd EVOAIXTIXES LTOVETELC oL omoleg TElVouV TPOg T1 UNdEVIXY
xoddg avZdver o uéyedog tou delypatog (Yvwotég we contiguous alternatives) xardcde
xou Ty oyl (power) tou eréyyou. To xepdhoo 2 ohoxhnpdveton Ue Tpelc extevels pe-
Aéteg mpooouolwong. H mpdtn €€ autdyv, otoyelel oty emahfieucn tTwy Jewentixdy
ATOTEAECUATWY OVOPORLXA UE TNV OCUUTTOTIXY XATAVOUT] TOU TPOTEWVOUEVOU CTAUTIOTI-
%00 XU TO XATE OGO oUTH TEPLYRAPEL 0pUMOC TNV EUTELOIXY| XUTAVOUT TOU GTUTIC TLXOU
oe memepoouéva (peydha) delypoto. Emmiéov, avadewvieton 1 enidpoon mou €youv ol
OelxTeg, amd ToUC onoloug eCUPTATOL TO CTATIOTIXG, TEVL GTNYV EUTELRLXT] XAUTUVOUN ou-
ToU. H 8eltepn yerétn eotidlel otn alyxpeion, wg meog To o@dhua tomou I (size) xou tnyv
loyV (power) tTou eAEYyou, PETAED UEAWY TNG TRPOTEWVOUEVNC OLXOYEVELNS O TUTIC TV
X0l OTATICTIXWY TOL efUIGTOL VAL YP1OULOTIOLOUVTOL XATH XOPOV YOl TA OTOLN AVAPECOVTOL
otnyv nopoloo Sten we “xhaowd”. H tpltn uehétn agopd TN olyxelon EXTUNTODY,
¢ Tpog TN anodotixotnta (efficiency) xou Ty aviextixdtnta (robustness), oo xou
CTATIOTIXOY, WS TPOS To apdiua tuttou I (size) xou v oy b (power), und to mpioya
voleupévwy xatavoumy (contaminated distributions).

To xepdhawo 3 eondleton oe mivaxeg ouvdgetag (contingency tables) ye €ugoon ot
deopeupévn aveloptnola (conditional independence) twv yetofintodv. Optleton 1 o-
xoyévewr twv restricted minimum (P, a) —power divergence extiuntdv xodde xou M
ooy OUEVY, oxoYévela Twv double index (P, w) —power divergence oTaTIo TIXMY, EVEH
TapdhAnAa Sivovtan VewpenTind anoTeAéouaTo avdAoya Ue auTd Tou xegoiaiou 2. H ye-
AT Tpocopoiwong agopd TNV TEpinTwon g deoucupévng avelaptnotag oe 2 X 2 X 2
TVOXEC GUVAPELOC Kol UTOBELXVOEL OTL UEAT TNG TPOTEWOUEVNC OLXOYEVELNS O TATIC TGV
CUUTERLPEPOVTAL, WS TEOS To o@dhua ToOTou I (size) xar tnv oyl (power) Tou ehéyyou,
T660 ®OAG 1| axOuUn XANOTEPA OE OYECT) UE TA ~ XAAOXE OTATIC T

ISwiitepo evblogpépov tapovatdlel 1 tepintwon 6mou xatnyoples (¥ xEAd) ToU TORULVLUL-
%00 LOVTEAOL EPPAVICOLY UNOEVIXES TIORUTNEOVUEVES CUYVOTNTES. XE TETOLEG MEQITTWOOELG
el mopotneniel 6TL Tpomomomuéves exdoyéc divergence pétpwy, oTic omoieg To Bdpog
ToL divetan oTIC XaTNYopleg oL eupavi{ouy UNBEVIXEC TOEATNPOVUEVES GUYVOTNTES Elvol
TAéov ula UETABANTY) TapdeTeog xou Oyt oTadepd, odnyolv ot aviextixolg (robust) e-
xuuntég mou ebvan mo amodotxol (efficient) xadde enlong xaw o mo suctodeic (stable)
otatloTxég ouvopthoee. ‘Etol, oto xepdiato 4, opiletan yio mpddtn popd n modified
(P, o) —power divergence owoyévewr pétpwyv, n modified minimum (P, a) —power
divergence owoyéveta extuntdv xadode xou  modified double index owoyéveia ota-
TIOTIXWY CUVOETACEWY. Alvovton VempnTIXd ATOTEAEGUATO AVUPOPIXE UE TO AVATTUYUOL
TOU eEXTNTA YOpw amd TNV T TNS TUPAUETEOU TOU EAXYIC TOTOLEL TNV AMOC TUGT| METO-
&0 TV TUPATNPOUPEVLY CYETIXWY GUYVOTHTOY X0l TOU TUROHUETEIXOU HOVTEAOU TIOU €YEL
Yewpnlel (decomposition) xaddc xou Tnv acuuntwtixy xatovour (asymptotic distribu-
tion) owtol, xdtw and un opdde xadoplouéva (misspecified) povtéha. Emniéov, diveton
1) ACUUTITWTIXT XATAVOUT| TNG TEOTEWVOUEVNS OXOYEVELIS TWV TPOTOTOMNUEVWY CTATIOTI-
%V, 6tay Tor uToTlEUEVO povTého Exel opBe xadopiotel. To xepdiato 4 ohoxAnpveTon
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e plo pelétn mpoooyolwong, 6mou e&etdleton 1 anodotxdtnta (efficiency) xou 1 ovie-
xTuxoTNTa (robustness), UEAOY TNS TEOTEVOUEVNS OOYEVELNG EXTIUNTMV XM TapOL-
otdleton xou 0 pdhog mou dadpopatilel n TapdueTEog Tou GYETIleTon PE TIC XATNYOplES
Tou eugavilouy undevixée mapatneolueveg cuyvotntec. Emniéoy, egetdleton 1 cuume-
ELPOEA HEADY TNS TEOTEWVOUEVNC OXOYEVELNS CTATIOTIXWY KOS TEOE 6TO G(pdAua TUTou 1
(size) t6c0 ywpic 600 xou TNV Tapousia vodeuuévwy dedouévmy (contaminated data)
e xotavouric. H uehétn unodewcviel 6ti, U€AT TN TEOTEWVOUEVTC OLXOYEVELNG O TUTIOTI-
XV elvan o guctody (stable) und v mapovaoia Sedouévev voleuong Tng xoTavouns.

To xe@dhono 5, amooxonel otV avddelln TS TEAXTIXAC EPapUoYNc Tng pedodoloyiog
Tou avamTOYUNUE OTOL TEONYOUUEVO XEQPIAMOL.  LUYXEXQUEVD, CTREPEL TO EVOLUPEROY
GTO GUANOYIXO LOVTEAD XWVOLYOU, TO OTO{0 YENOWOTOLELTAL XATE XOPOV OTIC YEVIXES O-
opolloele, xatd TN dtadxacto extiunong Tou Uoug TwV CUYOAIX®Y anuThoEwy. 'Etot, 7
XENoWOTNTA TV uet6dwy mou avartUydnxay, tapovoldleton HEow VOS TopadelyUaTog
T0 omolo €0TIELEL OTY HOVIEAOTIONCT, TNG CLYVOTNTAS XAk TNG CPOBROTNTAS TWV AUToU-
THCEWV.

To xepdhato 6, Tapovaldlel avorytd TEoBAYUoTa ToL YeNlouy TEpUTERK SlEpElVNONE Xou
anoterolV Véuota UEANOVTIXTS EPELVOLC.

Téhog, 670 TaEdETNU ToEOVCLELETAL O XWOXAS TWY UEAETMV TPOCOUOIWOTC.






Chapter 1

Introduction

The concept of distance or divergence is known since at least the time of Pearson,
who, in 1900, considered the classical goodness—of—fit (gof) problem by consid-
ering the distance between observed and expected frequencies. The problem of
statistical inference based on measures of divergence, for both discrete and dis-
cretized continuous distributions, have been in the center of attention for the last
100+ years. The classical set—up is the one considered by Pearson, where a hypoth-
esized m—dimensional multinomial distribution, say Multi(N, p1,..., pm) is exam-
ined as being the underlying distributional mechanism for producing a given sam-
ple of size N. The problem can be extended to examine the homogeneity (in terms
of the distributional mechanisms) among two independent samples or the indepen-
dence among two population characteristics. In all such problems we are dealing
with cross tabulations or crosstabs (or contingency tables). Problems of such nature
appear, frequently, in a great variety of fields including biosciences, socio—economic
and political sciences, actuarial science, finance, business, accounting and market-
ing. The need to establish, for instance, whether the mechanisms producing two
phenomena are the same or not is vital for altering economic policies, prevent-
ing socio—economic crises or enforcing the same economic or financial decisions
to groups with similar underlying mechanisms (e.g., retaining the insurance pre-
mium in case of similarity or having different premiums in case of diversity). The
intense engagement of many authors with the measures of divergence, demonstrates
the significant role that they play in statistical inference. To this regard, we provide
references to the fields where divergence measures have been applied as well as to
their uses in statistical inference. Divergence measures can be applied in various
fields such as

* signal processing and pattern recognition (Bekara et al. 2006),

¢ speech recognition (Qiao & Minematsu, 2010),

¢ clustering (Fischer, 2010),

¢ bioscience (Dubrova et al., 2002; Znaor et al., 2003),

¢ finance and economics (Toma & Leoni-Aubin, 2014; Merkové, 2015),
¢ insurance science (Geenens & Simar, 2010),

¢ socioeconomics (Bartolucci & Scaccia, 2004),

* analysis of contingency tables (Alin & Kurt, 2008; Kateri, 2018),

* multivariate data analysis (Vassiliou et al., 2004; Koutras et al., 2008),
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¢ model selection (Akaike, 1973; Cavanaugh, 2004; Shang & Cavanaugh, 2008;
Mattheou et al., 2009; Mantalos et al., 2010; Toma, 2014),

¢ parameter estimation (Alin & Kurt, 2008; Toma, 2008, 2009; Jiménez-Gamero
et al., 2011; Toma & Leoni-Aubin, 2014; Neath et al., 2015; Jiménez-Gamero &
Batsidis, 2017),

¢ goodness—of—fit tests (Zografos et al., 1990; Toma & Leoni-Aubin, 2010; Stehlik
et al., 2014; Batsidis et al., 2014, 2016a; Stehlik et al., 2018), etc.

In this thesis, emphasis will be given to actuarial and financial applications and in
particular to the collective risk model and the modelling of frequency and severity
of claims and the evaluation of the expected cost of total losses.

It is important to note that divergence measures play a pivotal role also in statisti-
cal inference in continuous settings. Indeed, for example, in Salicru et al. (1994) the
authors investigate the multivariate normal case while in a recent work (Contreras-
Reyes et al., 2021), the modified skew —normal—Cauchy (MSNC) distribution is con-
sidered, against normality.

Measures of information are powerful statistical tools directly related to statistical
inference, including robustness, with diverse applicability (see e.g. Papaioannou,
2004; Basu et al., 2011; Ghosh et al., 2013). Indeed, on one hand they can be used for
estimation purposes with classical example the well-known maximum likelihood
estimator which is the result of the implementation of the famous Kullback—Leibler
measure. On the other hand, measures are applicable in tests of fit to quantify the
degree of agreement between the distribution of an observed random sample and
a theoretical, hypothesized distribution. The problem of goodness—of—fit (gof) to
any distribution, is frequently treated by partitioning the range of data in a num-
ber of disjoint intervals. In all cases, a test statistic is compared against a known
critical value to accept or reject the hypothesis that the sample is from the postu-
lated distribution. Over the years, numerous nonparametric gof methods including
the chi—squared test and various empirical distribution function (edf) tests (see the
monograph by D’Agostino & Stephens (1986) and references therein), have been de-
veloped. At the same time measures of entropy, divergence and information are
quite popular in goodness—of—fit tests. Several measures have been suggested to
reflect the fact that some probability distributions are closer together than others.
Many of the currently used tests, such as the likelihood ratio, the chi—squared, the
score and Wald tests are defined in terms of appropriate measures.

Although, in special cases, physical data generating mechanisms suggest a good
probability model, in general, we do not have sufficient knowledge of the machinery
generating the data to convert it into a probability distribution. A way to resolve the
issue of model identification is to estimate the underlying mechanism by approaches
based on information or divergence measures, which are used for measuring the
closeness or the distance between each candidate model and the true but unknown
model.

In this chapter the focus is placed on measures of divergence and distance provid-
ing an overview of their properties and their uses in statistical inference. The most
known measures are briefly presented in Section 1.1, while some of their properties
are provided in Section 1.2. Model selection criteria and how they are derived via
divergence measures are discussed in Section 1.3, while in Section 1.4 we provide the
basic theoretical results about goodness—of—fit tests for multinomial distributions,
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which tests are based on divergence measures. Section 1.5 concludes with the scope
of this thesis.

1.1 Divergence measures

Let f and g be two probability density functions which may depend on an unknown
parameter of fixed finite dimension. For historical reasons we present first Shan-
non’s Entropy (Shannon, 1948) given by

15(X)= 15 (f) = - [ f(2)log f(2)dz = Ey [~ log f(X)],

where X is a random variable with density function f(x). The development of the
concept of entropy started in the 19th century in the field of physics and in partic-
ular in describing thermodynamics processes, but the development of the statistical
description of entropy by Boltzmann led to a strong resistance by many. Shannon’s
entropy was introduced and used during World War II in Communication Engi-
neering. Shannon derived the discrete version of I° (f), where f is a probability
mass function and named it entropy because of its similarity with thermodynamics
entropy. The continuous version was defined by analogy and it is called differen-
tial entropy (see Cover & Thomas (2006) for further details). For a finite number of
points, Shannon’s entropy measures the expected information of a signal provided
without noise from a source X with density f(x) and is related to Kullback—Leibler
divergence (Kullback & Leibler, 1951) through the following expression:

P (f) = 1°(h) = I" (f.h)

where & is the density of the uniform distribution while IX! is the Kullback—Leibler
divergence between two densities f and ¢ which is given in the sequel (see relation

(1.2)).

Many generalizations of Shannon’s Entropy were hereupon introduced. Rényi (1961)
entropy as extended by Liese & Vajda (1987) is given by

1

[Rioa(X) = [Roa(f) =T (f(x)“*l) ,a#0,1L

For more details about entropy measures the reader is referred to Mathai & Rathie
(1975) and Nadarajah & Zografos (2003).

1.1.1 ¢—divergences

The p—divergence family of measures (Csiszar, 1963; Ali & Silvey, 1966) is defined
by
19(f,¢) = / z (f(z)> dz (1.1)
xUf:8) = [ 8o | o

where ¢ is a convex function in [0, 00) such that 0¢(x/0) = lim, ,[@(x)/x] and
0¢(0/0) = 0. Many of the well-known measures of divergence can be consid-
ered as particular cases of the p—divergence measure. For instance, Pearson’s chi—
squared divergence (also known as Kagan’s divergence; Kagan (1963)) which is
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given by : ,
B8 =5 [ s (1-25) e

can be derived from (1.1) for ¢(u) = ¢g.(u) = (1 —u)?/2. Hellinger distance is
another important divergence measure that can be derived from (1.1) for ¢(u) =
2(y/u — 1) and is given by

() = ([ (/5@ - Js)a) "

Note that, Hellinger distance is the square root of Matusita’s divergence (Matusita,
1967). For ¢(u) = ¢k (u) = ulogu + 1 — u, the p—divergence measure yields the
Kullback—Leibler divergence (Kullback & Leibler, 1951) given by

IgM(f,8) = /f(Z) log ((J;Ez;) dz (12)

and for ¢(u) = @cr(u) = (WM —u—A(u—1))/(AMA+1)), A # 0,—1 yields the
family of power divergences introduced by Cressie & Read (1984), which is given by

<f(z)>A - 1] dz, A eR (1.3)

I)(;R(f'g) = /\()Ll_’_l)/f(z) g(z)

where for A = 0, —1 is defined by continuity. Note that for A — 0 the Kullback—
Leibler divergence is obtained, while for A = 1, (1.3) reduces to the Pearson’s chi—
squared divergence.

1.1.2 a—divergences

Another class of divergence measures is the class of a—divergences. The additive
and nonadditive directed divergences of order a were introduced in the 1960s and
the 1970s (Rényi, 1961; Csiszdr, 1963; Rathie & Kannappan, 1972). The so—called
order « information measure of Rényi (1961) is given by

1

0,9 = plog ([ 1@ d), 6> 0 w1,

It should be noted that for « — 1 the above measure becomes the Kullback—Leibler
divergence.

One of the most recently proposed measures is the family of pseudodistances of
order & > 0 (see Jones et al., 2001; Broniatowski et al., 2012) which is defined by

Ix(f.8) = - i 7 log </ gl*”‘(Z)ﬂiZ) + a(“lm log (/ f”"‘(Z)d2>
- tog [ fla)g 21z (1.4

where for & tending to 0 reduces to the Kullback—Leibler divergence IX:(f, g).

The BHH]J (Basu, Harris, Hjort and Jones) power divergence (Basu et al., 1998) be-
tween f and g is another measure indexed by a positive parameter a and defined
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as

131 (f,)
= / {g””‘(z) — <1 + i) f(z)g%(z) + if””‘(z)} dz, o« > 0. (1.5)

Note that for « — 0 the BHH] measure reduces to the Kullback—Leibler divergence
and for a = 1 to the square of the L, distance between f and g. Mattheou et al. (2009)
proposed a general class of divergence measures, the (®, «) —power divergence fam-
ily given by

Ip(f.8) = (1.6)

where @ is a convex function such that 0®(1/0) = limy_,c[P(x)/x] and 0D (0/0) =
0. For®(u) = 1— (14+a Y)u+a~1u! ™ (1.6) reduces to the BHH]J power divergence.
The (®,a)—measure is a broad class of measures that covers also the Cressie and
Read power divergence family and the ¢—divergence family. Indeed, for « = 0 if
we take @ = ¢ then (1.6) coincides with (1.1), while for ® = ¢3 the (®, a) —measure
reduces to (1.3).

1.1.3 Bregman divergences

Finally, the Bregman divergence (Bregman, 1967) between the probability density
functions f and g is given by

(9 = [ (9(F) 0(5() ~ ¢ (5(2)) (F(2) - 5(2)) )z

for any differentiable convex function ¢ with ¢(0) = lim,_,0¢(u) € (—o0,00). Ob-
serve that for ¢(u) = ulogu the Bregman divergence reduces to the Kullback—
Leibler divergence and for ¢(u) = a~!(u**! — u), « > 0 reduces to the BHHJ power
divergence.

1.1.4 Discrete divergences

The above divergence measures can be defined also for discrete settings. Let p =
(p1,---,pm) " and q = (q1,-..,q9m) " be two discrete finite probability distributions,
where the superscript T denotes the transpose of a vector or a matrix, while the
subscript m denotes the dimension of the probability vector of the associated multi-
nomial model and is related to the number of categories. Then the discrete version
of the p—divergence measure is given by

dp(p,q) = )_qi¢ (Z)
i=1 1

while the discrete version of the (®, a) —power divergence measure is given by
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Y git@ <pl> ; a>0
N i—1 qi
dp(p,q) =1 , | (1.7)
Zqu (Zl> ; x = 0.

i=1

Other measures of divergence can be defined in a similar fashion. Examples of
¢ functions are given in Arndt (2001) and Pardo (2006). For more details on di-
vergence measures see Cavanaugh (2004), Toma (2009), and Toma & Broniatowski
(2011). Specifically for robust inference based on divergence measures see Basu et al.
(2011) and a paper by Patra et al. (2013) on the power divergence and the density
power divergence families. The descritized version of measures has been given con-
siderable attention over the years with some representative works being by Zografos
et al. (1986) and Papaioannou et al. (1994).

1.2 Properties of divergence measures

The measures of divergence are not formal distance functions. Any bivariate func-
tion Ix(-,-) that satisfies the non—negativity property, namely Ix(-,-) > 0 with
equality if and only if its two arguments are equal can be possibly used as a mea-
sure of divergence. Note that, formal distance functions, i.e metrics, are additionally
symmetric and satisfy the triangle inequality. Several properties of divergence mea-
sures have been investigated over the years and some of them are presented in the
sequel.

p—divergences are invariant with respect to common changes of variables. Also,
generally, the divergences are not symmetric. Indeed, I?(f,g) and I9(g, f) are in
general, different. They are equal when the convex function ¢ verifies the condi-
tion ¢(x) — x¢(1/x) = c¢(x — 1), where c is a constant (Liese & Vajda, 1987). Also,
I}(f,g) = 0if and only if the two arguments are equal, provided that the function
x — ¢(x) is strictly convex in a neighborhood of x = 1. Otherwise, only "f = ¢
implies I5(f,g) = 0" occurs.

The order—preserving property has been introduced by Shiva et al. (1973) and shows
that the relation between the amount of information contained in a r.v. (random
variable) X; and that contained in another r.v. X, remains intact irrespective of the
measure of divergence used. In particular, if the superscripts 1 and 2 represent two
different measures of divergence then

Iy, (f1,81) < Iy, (f2,82) © Iz, (f1,81) < Iz, (f2, &2)-

The limiting property which refers to the y—almost everywhere convergence states
that a sequence of probability density functions fy converges to a probability density
function f if and only if the corresponding measure of divergence tends to zero, i.e.

fN — flff IX(fN/f) — 0.

Note that the y —almost everywhere convergence is a weakened version of pointwise
convergence according to which, for a measure space X, a sequence gn(x) tends to
g(x) for all x € Y, a measurable subset of X such that, #(X|Y) = 0 (see Vonta et al.,
2012).
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Another property is the Ali—Silvey property, where if f(x,0) (or simply fp) has the
monotone likelihood ratio property in x then

01 < 02 < 03 = Ix(fo,, fo,) < Ix(fo,, fo5)-

Note that a family of density functions fg has the monotone likelihood ratio property
in x if for any 61 < 6y, fg,/ fo, is a non—decreasing function of x.

Recently Vonta et al. (2012) proved the limiting property and the order preserving
property for the (¥, a) —power divergence family of measures (1.6). As they state,
the order preserving property holds for (1.6) provided that the parameter a belongs
to a specific interval, which is different for each measure. They also showed the
quadratic convergence of the (®, ) —measure. In other words they showed that the
discretized version of the (®, x) —measure converges quadratically to the theoretical
(®, w) —measure.

1.3 Model selection criteria

A model selection criterion can be considered as an approximately unbiased esti-
mator of the expected overall discrepancy, a nonnegative quantity that measures the
distance or divergence between the true unknown model and a fitted approximating
model. If the value of the criterion is small then the approximated model is good.

Let Y = (Y3,...,Yyn)' be a random vector from the distribution g (the true model)
and fp a candidate model from a parametric family of models {fy}, indexed by an un-
known p—dimensional parameter § € ®@CIR?. Akaike (1973), proposed the Akaike
Information Criterion (AIC) which is based on the Kullback—Leibler measure of di-
vergence between the true and the candidate models. For a realizationy = (v, ...,
yn) of Y= (Yi,...,Yn) ' the AIC is given by

AIC = —Zl(éMLE,' y) +2p,

where 1(6;y) is the log—likelihood and Oppe is the maximum likelihood estimator
(MLE) of the unknown parameter, i.e.

[Omiesy) = ) log(fy,,, (i) = max /(9;y).
i=1 €®

Applying the same methodology used for AIC, Mattheou et al. (2009) developed the
Divergence Information Criterion (DIC) which is based on the quantity

Wy = /{ 1) = (a3 ff () bz, a0 (1.8)

Note that (1.8) is the same as the BHH] power divergence I f(HH] (g, fo), see relation
(1.5), without the last term that remains constant irrespectively of the model fy used.
The expected overall discrepancy, which is the target theoretical quantity for which
Mattheou et al. (2009) provided an asymptotically unbiased estimator, is given by

E(W;) = E(weye - é)
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where 0 is any consistent and asymptotically normal estimator of 6, under the as-
sumption that fg is the true model. This quantity can be viewed as the average
distance between ¢ and fy up to a constant. For a set of observations y1,...,yn the
resulting criterion is given by

DIC = N Qy + (2m) */2(1 + a)*"7/?p

where
1 N
Q; = /fs}ﬂ(z)dz -1+ ,xfl)ﬁ ;fg(]/i)'

Because of the fact that the integral [ f éH‘" (z)dz in the first part of Qy, for a relatively
close to 0, is approximately constant for the various candidate models, Mantalos
et al. (2010) proposed a modified version of DIC, the Modified Divergence Informa-
tion Criterion (MDIC) which is given by

MDIC = N MQy + (27r)"“/2(1 + a)*™7P/2p,
where

MQ;=—(1+a"! Zfe vi)

and the expected overall discrepancy up to a constant, is given by
E(Vy) = E(Vol6 = 6) with Vy= —(1+a) /g(z)fg‘(z)dz

Recently, Toma et al. (2020) proposed a new model selection criterion, the so—called
Pseudodistance Information Criterion (PIC). For this new criterion the family of
pseudodistances of order &« > 0 was considered. The quantity that has been used
for the construction of the criterion is given by

Ixillog</ I+ dz>—10g</g 2)fi(z )dz)

Observe that Mj is the same as the pseudodistance I% (g, fp), given in (1.4), without
the middle term which is constant irrespectively of the model fg used. The expected
overall discrepancy is given by E(M, ) = E(My|6 = Ox), where fy is the minimum
pseudodistance estimator (Broniatowski et al., 2012) defined as

N rgelg(g{ Hlog(/f”"‘ >—i10g<;]§1fé‘(yi)> }

The resulting criterion, based on the index « and the dimension p of 6, for the uni-
variate normal case (Toma et al., 2020) is given by

. (x+1)2 1 a+1
PIC=NQ} + —~——"2— — 1= ,
Qv 2a 172" T 20+ 1

My =

where

Q. = 1x+1 (/ Lia(y )—log< ZfBNy, )
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1.4 Goodness—of—fit tests

1.4.1 Simple null hypothesis

Let X = (Xy,.. .,Xm)T be a random vector from the multinomial distribution, X
~ M(N,p), with parameters N and p = (p1,...,pm) . For a realization x = (x1,
S xm) ! of X = (Xq,...,Xm)" wehavethatp = (p1,...,Pm) " with p; = x;/N,i =
1,...,mis the nonparametric maximum likelihood estimator of the true probabilities
pi,i =1,...,mand N = Y[, x;. If we want to test the simple null hypothesis
that the data (x1,...,x,;) ' come from a known multinomial distribution M(N, po),
where pg = (p10,---, pmo) ' is the vector of hypothesized probabilities, namely

Hy:p=po (1.9)

the most commonly used test statistics are Pearson’s or chi—squared test statistic,
given by

™ (2 — Npio)?
xr2=y = (1.10)
i; Npio
and the likelihood ratio test statistic given by
GZ—Zix-lo ( L ) (1.11)
S8 \Npw ) '

In the domain of hypothesis testing, divergence measures have a pivotal role. Tra-
ditionally, for testing hypotheses, we use the chi—squared and the likelihood ratio
tests mentioned above, but Kupperman (Kupperman, 1957, 1958) proposed a new
ground—breaking way. He established a test statistic based on the Kullback—Leibler
divergence which is asymptotically distributed as a chi—squared random variable.
The connection between divergence measure theory and hypothesis testing, con-
tinued with several alternative approaches. Indeed, Simon (1973) connected the
likelihood ratio test statistic for hypothesis testing under the exponential distribu-
tion family with the Kullback—Leibler divergence. Nayak (Nayak, 1983, 1985) used
entropy measures, while Basu et al. (2010) used the Hellinger distance for the con-
struction of statistical tests for discrete populations.

Most of the above test statistics are special cases of the family of power divergence
test statistics introduced by Cressie & Read (1984) which is given by

Ao = 2N o () _
Tn (P, po) = m;pl [(Pio) 1] , A e R\{0,-1}, (1.12)

where specific values of A correspond to well known test statistics. Particularly for
A = 1and for A — 0 the chi—squared and the likelihood ratio test statistics are
obtained respectively.

Recently, Mattheou & Karagrigoriou (2010) proposed the more general (P, a) —power
divergence family of test statistics, for testing the simple null hypothesis (1.9), which
is defined by

R 2N & D;
T3(0,p0) = g Lorb e (2 (113)



10 Chapter 1. Introduction

for any convex function ® such that ®(1) = ®'(1) = 0 and (1) > 0. Observe
that for « = 0 and ® equal to ¢k,, ¢k, and ¢cr the (P, x) —power divergence test
statistic reduces to chi—squared, likelihood ratio and power divergence test statis-
tics, respectively. Note also that for « = 0 and ® as in (1.1) the test statistic (1.13)
reduces to the traditional tests of fit based on the ¢ —divergence family of measures.

Under the simple null hypothesis (1.9) the asymptotic distribution of the tests (1.10),
(1.11), (1.12) and the ¢—divergence test statistic is chi—squared with m — 1 de-
grees of freedom (X2 ). These results were established by Pearson (1900), Ney-
man & Pearson (1928), Cressie & Read (1984) and Zografos et al. (1990), respectively.
Mattheou & Karagrigoriou (2010) proved that under (1.9) the (®, a) —power diver-
gence test statistic is asymptotically (in distribution) equal to cX2_;, where c is be-
tween the min; pj, and max; pj,, with the most common value used in practice being
the middle value: ¢ = 0.5(min; p§, + max; p§) (see Mattheou & Karagrigoriou (2010,
Theorem 2)).

For the fixed alternative hypothesis Hy : p; = pio vs Hi : pi = pip, 1 = 1,...,m,
Mattheou & Karagrigoriou (2010) proved that the power of the test, using the test
statistic (1.13) with pjo = pjp, is asymptotically equal to

@7 (1) CX?%—l,l—:x — 2Ndg (py, Po)
2v/No, ’

where Z is a standard Normal random variable, Xi_lrl_ . is the (1 — &) percentile of

the XH%A distribution, which means that it satisfies the relation 171’(.)\,’"2171 < X2 11-u)

=1—waand "
i P\ 1 " Pjb ?
Ua - ‘ u ®/ ():| a ‘ a ¢/ () .
j_zl Pjb [Pjo Pi ; PivPjo Pio

It is known that it is not always possible to determine the asymptotic distribution
under any alternative. The asymptotic distribution under contiguous alternatives
is provided in the sequel. Suppose that the simple null hypothesis indicates that
pi = pio, I = 1,2,...,m when in fact it is p; = pj, Vi. As it is well known, if p;y
and pj, are fixed then as N tends to infinity, the power of the test tends to 1. In
order to examine the situation when the power is not close to 1, we must make it
continually harder for the test as N increases. This can be done by allowing the
alternative hypothesis steadily closer to the null hypothesis. As a result we define a
sequence of alternative hypotheses as follows

’ya:Pr<Z2

Hin:p=pn=po+d/VN, (1.14)

where py = (pin, .-, pun) and d = (dy,...,d,)’ is a fixed vector such that Y7 ; d;
= 0. This hypothesis is known as Pitman transition alternative or Pitman (local) alter-
native or local contiguous alternative to the null hypothesis Hy : p = po (McManus,
1991). Observe that as N tends to infinity the local contiguous alternative converges
to the null hypothesis at the rate O(N~1/2).

Mattheou & Karagrigoriou (2010) proved that, under the contiguous alternative hy-
potheses given in (1.14), the asymptotic distribution of the (®, ) —power divergence
test statistic T$ (P, po) is a non—central chi—squared times ¢ with m — 1 degrees of
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freedom, cX),_1(d), where ¢ = 0.5 (miin pey+ max p?) and noncentrality parameter
6 =YL, d2/ pio.

Due to the above results the power of the test under the fixed alternative hypothesis
Hi : pi = pip and the local contiguous alternative hypotheses (1.14) can be easily
obtained. For the case of the local contiguous alternative hypotheses, the power is
given by

N = Pr(Tg (P, po) > X;%t—l,l—a‘r)i = pini=1,..,m) = Pr(X;_,(5) > Xn%—l,l—oc)'

1.4.2 Composite null hypothesis

Although the above simple null hypothesis appears frequently in practice, it is com-
mon to test the composite null hypothesis that the unknown distribution belongs to
a known parametric family

P ={p(6) = (p1(8),...,pm(0)) : 0= (61,...,6,)" € O}

with @CRR® (s < m —1). Note that P C Ay = {(p1, ..., pm) :pi >0,i=1,...,m,
Y"1 pi = 1}. Pearson encountered this problem in the well known chi—squared
test statistic and suggested the use of a consistent estimator for the unknown pa-
rameter. He further claimed that the asymptotic distribution of the resulting test
statistic, under the null hypothesis, is a chi—squared random variable with m — 1
degrees of freedom. Later, for the same test, Fisher (1924) established that the cor-
rect distribution has m — 1 — s degrees of freedom, when the method of estimation is
the maximum likelihood for either discretized or grouped data. The result was later
discussed by Neyman (1949) and recently by Menéndez et al. (2001) and Pardo (2006,
p-258). In this case, since the null distribution depends on the unknown parameter
0, a consistent estimator of 6 is required.

Now consider a random vector X = (Xy,..., X)) from the multinomial distribu-
tion M(N, p), where p = (p1,...,pm) " is the vector of true probabilities and N is the
number of the experiments. The vector p is assumed to be unknown but belonging
to the family P. In other words, the true value 6y of the parameter 6 = (64, ..., 95)T
is assumed to be unknown. For a realization (x1,...,x,)" of X = (X1,..., X)) " we
have N = Y x;, x; > 0. Then p = (p1,...,Pm) ' with p; = x;/N is the nonpara-
metric maximum likelihood estimator of the true probabilities p;,i = 1,...,m.

In order to estimate the unknown parameter 6 one could use the maximum like-
lihood method, where in the multinomial setting it suffices to find a value 0 over
@ that maximizes Y, p;log p;(8). Then 8 is the point maximum likelihood esti-
mator (MLE) of the parameter 6. Optimal estimating approaches, like the maxi-
mum likelihood estimation, are available in the literature (e.g. Papaioannou et al.,
2007). Equivalently, the MLE can be defined as the argument that minimizes the
Kullback—Leibler divergence:

6 = arg infdx.(p, p(0)).
arg infdir.(p, p(6))
Cressie & Read (1984) proposed the minimum power divergence estimator

AN . A
Ocg = arg infdcg (P, p(0))
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and studied its properties. As they argue (Read & Cressie, 1988, p.30) this estimator
is a natural generalization of the MLE. Furthermore, Morales et al. (1995) considered
the more general minimum ¢—divergence estimator (M@DE), defined as

0, = arg eigcf)dq,(ﬁ,p((-))). (1.15)

In the sequel we assume that the model is correct, so that there exists a value 6y
which leads to the true probabilities that generate the observations. Under the reg-
ularity conditions introduced by Birch (1964) and the assumption that the function
p(0) has continuous second partial derivatives in a neighbourhood of 6y, it holds

A

B, = 60+ (A(80) "A(80)) " A(8)) "diag (p(80) /%) (p — p(60))
+o([|p—p(60)]) (1.16)

and
VN(8, — o) Ni—oﬁ N, (0, (A(BO)TA(GO))*) (1.17)

where 37:(60)
o -1/2 Pilbo
A(BO) o dlﬂg(p(@o) ) < 89]‘ >i—1,...,m’
j=1,...5
and (A(6) " A(6y)) is the Fisher information matrix associated with the multinomial
model. Note that, for a generic vector v = (v1,...,vy) ", diag(v) denotes the m x m
diagonal matrix whose (i,i) elementisv;, i =1,...,m.

Also note that, the minimum @—divergence estimator under misspecified models,
i.e. when it does not exist a value 6y which leads to the true probabilities of the
multinomial model, has been studied by Jiménez-Gamero et al. (2011).

For testing the composite null hypothesis
H(): P= p((—)o) VS. Hli P 7& p(eo), 00 SXC) - R® (118)

the family of ¢—divergence test statistics (pDTS) can be used, were the unknown
parameter 0 is estimated by the minimum ¢—divergence estimator given in (1.15),
for which we have that (Menéndez et al., 2001)

A 2N A
Ty, (85,) = md(m (B, (6y,)) ,HLOJ Xp1 e (1.19)
where @1, @2 as in (1.1). Observe that functions ¢, ¢, are not necessarily the same.
This is a general family of test statistics that includes as particular case the notable
family of power—divergence test statistics, which has been introduced by Cressie &
Read (1984) and is based on the measure given in (1.3). This family of test statistics
is given by

pi(0cr)

M
R N N
TCR <9CR) - /\1 ()\] + 1) ;pl (( A)\z ) 1) 7 (120)

where A # —1,0, —00 < A < 0.
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Particular values of A(= A1 = A;) in (1.20) correspond to well known test statistics:
chi—squared test statistic (A = 1), likelihood ratio test statistic (A — 0), Freeman—
Tukey test statistic (A = —1/2), minimum discrimination information (or modified
likelihood ratio) test statistic (Gokhale & Kullback, 1978; Kullback, 2006) (A — —1),
modified chi—squared test statistic (Neyman, 1949) (A = —2) and Cressie—Read test
statistic (A = 2/3).

Menéndez et al. (2001) proved that under the alternative hypothesis H; : p; =
pip, 1 = 1,..,m and the assumption that

VN ((B,p(8.)) = (P P(81)) > N(O,Z)

where 6 = arginfgcedy, (p,, p(0)),

Ly 212> - T
T = , L1 = dia - and X1p = Lo,
<22 T, ) T =diag(py) — PPy 12 = Lo
the asymptotic power of the test using the ¢ —divergence test statistic (1.19) is equal
to

Voo = Pr(Z 2 (2VNo) " (610 1-oa 0~ 2N (purp(01)) )

Note that in this case p(61) # p, and p LN p,, as well as p(d,,) LN p(61). More-
over, they proved that the asymptotic distribution of the test statistic (1.19) under
the contiguous alternative hypothesis

Hin:p =py=p(60) +d/VN (1.21)

is a noncentral chi—squared with m — 1 — s degrees of freedom and noncentrality
parameter J given by

6 =d'diag(p(6y) '"?) (I - A(eo)(A(BO)TA(GO))_lA(BO)T>diag(p(eo)*l/z)d,

where [ is the identity matrix. Since in this case the distribution of the p—divergence
test statistic (1.19) does not depend on the form of the functions ¢1, ¢», the power of
the test is given by Pr(X? (6) > Xn%_l_sll_“).

m—1—s
Furthermore, if we suppose that the parameter 0 is constrained by v functions, f1(6),
..., fu(6) such that fx(6) =0,k =1,...,vand v < s < m — 1 we can derive the so
called restricted minimum divergence estimators. Pardo et al. (2002) proposed the
restricted minimum ¢ —divergence estimator
0, = ar inf dy(p,p(0)). 1.22
¢ 8 peock: F(0)=0k=1,...,v »(P/P(9)) (122)

By further assuming that each constraint function f;(8) has continuous second par-
tial derivatives, while the v x s matrix Q(68g) = (9fx(60)/00;), k = 1,...,v,j =
1...,s1is of full rank, Pardo et al. (2002) proved that

0, = 60 + H" (6o) (A(80) "A(80)) ' A(60) " diag (p(60) ) (p — p(60))
+o(|p—p(60)]) (1.23)
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and

VN8, - 8)) —- N, (o,H*(eo) (A(GO)TA(BO))_lH*(GO)T>, (1.24)

N—oo

where

-1

H'(60) = I — (A(80) "A(80)) ' Q(80) " (Q(60) (A(60)TA(6)) ' Q(60))  Q(60).

In addition they showed that

~ 2N . A L
T, (9;2) = md(ﬁ (P/P(B;Z)) — X

For further references, please refer to Read & Cressie (1988); Alin & Kurt (2008);
Toma (2009); Jiménez-Gamero et al. (2011); Kim & Lee (2014); Neath et al. (2015);
Ghosh (2016); Jiménez-Gamero & Batsidis (2017); Basu et al. (2020).

Case of continuous r.v.

The above procedures can be applied in discretized versions of continuous random
variables. Indeed, letY = (Y1, ..., YN)T be a random vector from the continuous dis-
tribution F. We can test the composite null hypothesis, Hy: F = Fg,, that the distribu-
tion function F is a member of a parametric family {Fp}gco, © C R° by partitioning
the data—range into m disjoint intervals and testing the hypothesis Hy: p = p(6o)
about the parameter—vector of the resulting multinomial distribution, for some un-
known 0y € ©®© CR°ands < m — 1.

Let P = {E;}i—1m be a partition of the real line R into m intervals. The probabilities
of the intervals E;, i = 1,...,m depend on the unknown parameter 6, in such a way
that p;(60) = Prr, (Ei) = [, dFe, Letx; = Zjl\il Ig,(Y;) where

1, ifY; € E;
I ‘ Y — 7 ] 1 ,
B ] ) {O, otherwise
p = (f)l,...,ﬁm)T with p; = x;/N,i = 1,...,m be the nonparametric maximum

likelihood estimator of the true probability of the E; interval and } ;" ; x; = N.

We close this section with a discussion about the number m of classes required in
tests of fit. The partition of the data range is a delicate matter since it is frequently
associated with loss of information. For a thorough investigation on the issue, the
interested reader is referred to the works by Ferentinos & Papaioannou (1979, 1983).
The problem of determining the optimum number of classes has a long history.
Mann & Wald (1942), Cochran (1952), Dahiya & Gurland (1973) and Harrison (1985)
proposed similar techniques for the case of the chi—squared test which though ar-
rive at diverse conclusions with recommendations ranging from 3 to 24 classes. In
almost all these cases, the optimum number of classes depends on various factors
like the type of the alternative hypothesis, the “distance” between the alternative
hypothesis and the data, the minimum power to be achieved, the significance level
of the test and the sample size. One should be always aware of the danger asso-
ciated with the use of too many classes in cases where the observations are spread
too thinly over the data range. The power of the test together with the size are the
key factors in deciding if the increase of the number of classes is useful. It should
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be noted that even in cases, where the number of classes is allowed to increase as
the sample size increases, specific assumptions should be imposed in order to secure
satisfactory asymptotic results. One such assumption is the well —known sparseness
assumption according to which for m = m(N), imyn_,.o N/m = ¢ < oo (see Holst,
1972, Dale, 1986 and Read & Cressie, 1988). Typically, for classes at most equal to 10,
the results are quite satisfactory.

1.4.3 Contingency table analysis

Divergence measures play also a prominent role in contingency table analysis. If we
consider the case of three categorical variables, say X, Y and Z with corresponding I,
J and K categories, then the probability mass of a realization of a randomly selected
subject is denoted by p;x(8) = Pr(X =1i,Y = j,Z = k) > 0, where here and in what
followsi=1,...,1,j=1,...,],k=1,...,Kunless otherwise stated. The associated
probability vector is given as p(6) = {p;i(0)}, where

Oijks (i,j.k) # (1,],K)
I ] K

Pik0) =9 1- Y3 Y 6, (i,j,k) = (I,],K)
i=1j=1k=1
(k) A(LLK)

and the parameter space is © = {0;3, (i,], k) # (I,],K)}. The sample estimator of
piik(0) is pijx = nijx/ N, where n;;; is the frequency of the corresponding (i, j, k) cell.

In this set—up, at least eight models of great importance of the associated three—way
contingency table arise (see Christensen, 1997). These models are:

(a) Complete independence,
(a1) X, Y and Z are all independent.
(b) One variable independent of the other two,
(b1) X, independent of Y and Z, but Y and Z are not necessarily independent.
(b2) Y, independent of X and Z, but X and Z are not necessarily independent.
(b3) Z,independent of X and Y, but X and Y are not necessarily independent.
(c) Conditional independence,
(c1) Givenavalue k of Z, X and Y are independent.
(c2) GivenavaluejofY, X and Z are independent.
(c3) Givenavaluei of X, Y and Z are independent.
(d) Additional hypotheses,
(d1) No second—order interaction, also known as no three—factor interaction.

Each of these models impose specific constraints on the unknown parameter 6y, thus
the methodology regarding the restricted minimum divergence estimators and the
associated test statistics can be incorporated in order to proceed with the statistical
inference. In this case, the formulation of the restricted minimum ¢—divergence
(rMD) estimator and the ¢ —divergence test statistic are given below
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o (%) = ¢ (1)

I ] K y Pii
T 22 ) pi(0p,)91 | — = | (1.25)

where p;j as above and the rMD estimator as

I | K D
NG pl k
0,, = arg nf Y Y)Y pi(0) g2 < - ! ) . (1.26)
Pz]k(e)

i
{0cOCRs: fi(0)=0k=1,..v} (T 5 {5

For a comprehensive study regarding the use of divergence measures in three—way
contingency tables we refer the interested reader to Pardo (2010), while for two—way
contingency tables to Pardo (2006, Ch.8).

1.4.4 Penalized divergence measures

Members of the more general families of minimum divergence estimators, intro-
duced in subsection 1.4.2, can perform better in terms of robustnees, but rather poor,
compared to the MLE, in terms of efficiency, when the sample size is small. One
reason for this poor behaviour is the fact that these robust estimators attach dispro-
portional large weight on empty cells (see e.g. Harris & Basu, 1994; Basu et al., 1996,
1997). In order to illustrate this trade—off between robustness and efficiency, caused
by the empty cells, Basu & Basu (1998) based on an equivalent form of the family of
power divergences (1.3), proposed the following decomposition

ater) = Tt (Gte) 1+ 0"

1
Fre IO (1.27)

Note that the second component in (1.27) refers to the contribution of the empty
cells, which can become very large for values of A close to —1. For the resolution of
this issue these authors considered a penalization by exchanging the weight of the
empty cells from (A +1)~! to 1, which is the weight imposed to the empty cells by
the Kullback—Leibler divergence. Later Alin (2007) considered as weight a tuning
parameter i and studied the behaviour of the resulting estimators and test statistics
in various frameworks (see also, Alin & Kurt, 2008; Alin, 2008, 2012). Thus, the
penalized family of power divergences has the following form

e = E ol Gl) 10+ ")

h Y pile). (128)
i:p;=0

The minimum penalized power divergence estimator is defined as

v
— infd:., (¥
Ocry = arg E}g@)dCR,h(P/ p(0))
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and the associated test statistic as
A A2 A N A2
TR <9CR,’12) 2Ndcy p, (p, p (GCR,hz)) :

Note that, asymptotically the probability of observing empty cells goes to zero, thus
the asymptotic distribution of the estimators and the test statistics remain intact un-
der the penalization.

Alba-Ferndndez et al. (2018) considered the p—divergence family of measures under
model misspecification. In this framework, X = (X;,... ,Xm)T ~ M(N, p), where

p=(pr-pm) €Dom={(p1,....pm)" :pi>0,i=1,...,m ¥Y",p; = 1}, in
other words some cell frequencies may be equal to zero even for large sample sizes.
Letp= (p1,...,pm) €Aomand q = (q1,...,9m) € Am, the p—divergence family

can be written in the form
= ) a9 ( )+¢(0) Y g
itp;i>0 i i:p;i=0

The penalized p—divergence family is derived from the above expression by ex-
changing the fixed weight ¢(0) regarding the empty cells, with the tuning parameter

h and is given as
don(p,q) = ) qi¢ <p1)+h Zqz
i:p;>0 q ipi=

The minimum penalized ¢—divergence estimator (MP@DE) is defined as
0y, = arg infd,,,,(p, p(6))

and the associated penalized ¢ —divergence test statistic (PpDTS) as

~ 2N . ~
T‘P1/h1 (B(Pz,hz) = Wd%/hl (p'p(6<P2,hz)) :

Under specific assumptions, the authors provided asymptotic results for the case
of model misspecification, i.e. when p = (P, pm) " € Dom- Specifically, they
proved that the MP¢DE (éq,,h) is consistent for &, where in this case ¢y = arginfoco
don (p, p(0)) and that VN (é(P,h — 1) is asymptotically normal with mean 0. In
addition to that, asymptotic results regarding the dy, 4, (P, P (84,1,)) are provided.
Under the assumption that the parametric model is correctly specified i.e. when p
=(p1,..., pm)T € P the following simplifications are obtained

VN (8, — 60) ﬁ N, (0, (A(OO)TA(BO))_l)

and
N 2N

T¢1/h1 (eqoz,hz) =

In other words, when the hypothesized parametric model holds, the asymptotic re-
sults of the MPpDE and P@DTS are the same with those of the M@pDE and ¢DTS.
These results coincide with those provided by Mandal et al. (2010).

A

Wd%/hl (P/P(é¢2,h2)) —> Xz —1-s°

N—o0

In order to achieve a better approximation to the underlying distribution of the
PyDTS, after the observation that the asymptotic X2 approximation is rather poor,
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Alba-Ferndndez et al. (2018), triggered by the fact that the MP@DE always converges
to a well —defined limit, proposed the bootstrap approximation. The null bootstrap
distribution of T, 4, (0,,,) is the conditional distribution of

2N

Ak

T;th (eq)z,hz) = q)lll(l)d(l’lrhl ( qu hz

given (Xi,..., X;;), where p* is defined as p with (Xj,..., Xy,) replaced by (Xj,

L XE) ~ M(N,p(é%hz)) and 6<pz n, = arginfeced,,, hz(p ,p(6)). By denoting the
bootstrap conditional probability law, given (Xj, ..., Xy,), as Pr, and letting X ~
M(N, p) with p € A, we have that

Ak P
sup ’Pr* o1 (64,2,;12) <x)—Pr(Y <x) o 0,
where Y ~ X2, . The proposed bootstrap p—value algorithm is comprised from

the following steps :

1. Calculate the observed value of the test statistic based on the available data
(X1, ey Xm), TOhs = T(p1,h1 (B(lehz), where 6(/)2,;12 = arg inf9€®d<p2,h2 (f), p(ﬂ))

2. Generate Bbootstrap samples (X;?,..., X;0) " ~ M(N,p(0y,1,)),b=1,...,B.

(é*b ),

3. Calculate the statistic for each bootstrap sample obtaining T** = T o2l

¢1,M
b=1,...,B.

4. Approximate the p—value by means of the expressions

card{b cT*0 > T"bs}
f’boot = B

where card{ A} denotes the number of elements in A.

5. Reject the null hypothesis if ppoor < @ (nominal size).

1.5 Scope of this thesis

In this thesis we study and exploit the general (P, x) —power divergence family and
prominent sub—families of it, like the BHH] family of measures. Rigorous asymptot-
ical results, regarding the estimators and the associated test statistics, are provided
while their applicability is presented through extensive simulation studies, covering

¢ in Chapter 2 the case of multinomial populations,

¢ in Chapter 3 the case of conditional independence in cross tabulations,
¢ in Chapter 4 the case of zero frequency cells and,

¢ in Chapter 5 the case of the collective risk model in insurance science.

In particular, in Chapter 2 the minimum (®, ) —power divergence estimator is de-
fined, while its decomposition and asymptotic distribution are provided. Further-
more, the associated general family of double index (®,a) —power divergence test
statistics is proposed, while its asymptotic distribution, both under the null hy-
pothesis and the contiguous alternatives, along with the power of the test, are pro-
vided. Finally, the asymptotic approximation to the underlying distribution of the
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test statistic is verified via simulation studies. Additionally, the undertaken simu-
lation studies reveal that, members of the proposed family of test statistics can be
considered as worthy counterparts to the classical ones.

In Chapter 3, the focus is placed on cross tabulations with emphasis on the condi-
tional independence. The restricted minimum (P, ) —power divergence estimator
is defined for estimation of the parameters under constraints. Once more, the as-
sociated double index family of test statistics is proposed, for testing procedures.
Theoretical results analogous to those of Chapter 2 are provided. The undertaken
simulation study deals with the case of conditional independence in 2 x 2 x 2 con-
tingency tables and reveals that members of the proposed family of test statistics,
perform as well as or even better, in terms of size and power, than the classical ones.

In Chapter 4, the modified (®,a) —power divergence family along with the modi-
fied minimum (P, x) —power divergence estimator and the modified double index
(@, a) —power divergence test statistic are defined for the first time. Theoretical re-
sults, regarding the decomposition and the asymptotic distribution of the estimator
under misspecified models, are provided. The asymptotic distribution of the pro-
posed family of test statistics, when the postulated model is correctly specified, is
provided as well. The undertaken simulation study, examines the efficiency and the
robustness of the proposed estimator, as well as, the performance of the proposed
test statistic in terms of size, not only under the regular case but also under the
presence of contaminating data. The study indicates that, members of the proposed
family of test statistics are more stable in terms of size, when contaminating data are
present.

Finally, Chapter 5 is devoted to the collective risk model, which is a technique of
paramount importance, in general insurance industry, for the evaluation of the ex-
pected cost of total losses in a period. In this chapter, the applicability of the dis-
cussed methodology is presented through a paradigm that focuses on the modelling
of the frequency and the severity of claims.

The syntax for the various simulation studies appears in the Appendix C
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Chapter 2

Statistical Inference for
Multinomial Populations based on
a Double Index Family of Test
Statistics

The present chapter deals with parameter estimation and hypothesis testing for
multinomial populations based on a general class of measures, namely the (®, a)—
power divergence family. In particular, the general family of double index (®,x)—
test statistics that involves two indices is proposed, the values of which playing a key
role in the effectiveness and accuracy of the proposed methodology. The asymptotic
properties of the associated estimators are examined together with the power of the
test and the asymptotic distribution under the contiguous alternatives. Finally, we
explore through extensive simulations, the effect of the shape of the multinomial
distribution on the performance of the proposed test. The theoretical results of this
chapter along with the simulation study regarding the verification of the asymptotic
results (see Subsection 2.4.1), have been published in Meselidis & Karagrigoriou
(2020)!. The remaining two simulation studies, regarding the comparison of the
test statistics and the examination under contaminated data (see Subsections 2.4.2
and 2.4.3), have been published in Karagrigoriou & Meselidis (2020)> and Meselidis
et al. (2022)°, respectively.

2.1 Introduction

Divergence measures are used as indices of similarity or dissimilarity between pop-
ulations. They are also used either to measure mutual information concerning two
variables, to perform tests and to estimate parameters, or to construct selection crite-
ria. Measures of divergence or discrepancy are used as a way to evaluate the distance
(divergence) between any two populations or functions.

Meselidis, C. and Karagrigoriou, A. (2020). Statistical Inference for Multinomial Populations based
on a Double Index Family of Test Statistics, Journal of Statistical Computation and Simulation, 90:10,
1773—1792, DOI: 10.1080/00949655.2020.1747069

ZKaragrigoriou, A. and Meselidis, C. (2020). Inferential Statistics Based on Measures of Information
and Divergence. In: Statistical Topics and Stochastic Models for Dependent Data with Applications (eds V.S.
Barbu and N. Vergne). John Wiley & Sons, Ltd. Chap. 10, 215—234. DOI: 10.1002/9781119779421.ch10

$Meselidis, C., Karagrigoriou, A. and Papaioannou T. (2022). Data Analysis based on Entropies and
Measures. In: Data Analysis and Related Applications: Theory and Practice. (eds K. N. Zafeiris et al.) Vol.
1. John Wiley & Sons, Ltd. Chap. 18. URL: https://www.iste.co.uk/book.php?id=1927
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As mentioned in Chapter 1 (see, Sections 1.3 and 1.4) Mattheou & Karagrigoriou
(2010) proposed a general class of divergence measures, the (P, a) —power diver-
gence family. Let p = (p1,...,pm)" and q = (q1,...,qm)" be two discrete finite
probability distributions, the (®, x) —power divergence family in the discrete case is
given in (1.7) and repeated here for easy access

m pi
qu”“cb <l> ;o a>0
. i-1 qi
dp(p,q) = (2.1)

m pi
D= ); a=0,
;ql (%‘)

® € F, where F is the class of all convex functions ®(u),u > 0 such that ®(1) =
0,9'(1) =0and ®”(1) > 0, with 0®(1/0) = limy_,c0[P(x) /x|, u > 0and 0P(0/0) =

0. If
u1+a

1
D(u) =1— (1 + a) u+ 2.2)
expression (2.1) reduces to the BHH] —power divergence (Basu et al., 1998), which is
the discrete version of (1.5) on page 5, given by

d%HH](P/q) = Zqur“ - (1 + oc> ZPM? + 2 ZP:‘M-

The most well known family of divergence measures is the ¢—divergence family
(Csiszar, 1963; Ali & Silvey, 1966) also known as Csiszar’s ¢—divergence, defined
by (see, Section 1.1.1)

dy(p,q) = ;qiq) (Z) (2.3)

where ¢(u),u > 0 is a convex function such that ¢(1) = 0, ¢’(1) = 0 and ¢"(1) >
0, with 0¢(0/0) = 0 and O¢(u/0) = limy ,e[@(x)/x],u > 0. Observe that the
p—divergence family can be derived from (2.1) for ®(u) = ¢(u) and a = 0.

Other important divergence measures that can be derived from (2.1) for « = 0
are the Kullback—Leibler (KL) divergence dky(p, q) (Kullback & Leibler, 1951) for
®(u) = ulogu +1 — u, Pearson’s chi—squared divergence dp(p, q) for ®(u) =
1/2(u — 1)? (also known as Kagan’s divergence; Kagan (1963)) and Matusita’s di-
vergence dy (p, q) (Matusita, 1967) for ®(u) = (1 — /u)?. If

(M —u— A —1))

Ou) = AA+1)

A #£0,—1

and & = 0, the (®,a)—power divergence family reduces to the discrete version of
Cressie and Read power divergence (Cressie & Read, 1984), see (1.3), defined as

; —00 <A <oo, A¢{0,—1}.

_ 1 & pi\"
déR(Pr‘l) = migpi [<ql> -1

We note that for A — 0 the KL—divergence is obtained and for A = 1 the Pearson’s
chi—squared divergence is obtained.
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LetX = (Xy,..., Xm)T be a random vector from the multinomial distribution, X =
(X1,---, Xm)" ~ M(N,p(6)), where p(60) = (p1(60),.-.,pm(6))" is the vector
of true probabilities and N is the number of the experiments. The vector p(6y) is
assumed to be unknown but belonging to a known family

P:{mmzwmwaJ%w»ﬂe:whuﬁge@}

with ® C R® (s < m — 1). For a realization (x1,...,x,) " of X = (Xq,...,Xu) " we
have N =Y x;,x; > 0and p = (p1,...,Pm) " with p; = x;/ N be the nonparamet-
ric maximum likelihood estimator of the true probabilities p;(6y),i =1,...,m.

In order to estimate the unknown parameter 6 one could use the maximum likeli-
hood method, where it suffices to find a value @ over @ that maximizes the quan-
tity, Y7, p:log p;(8). Then 8 is the point maximum likelihood estimator (MLE) of
the unknown parameter 0. Equivalently, the MLE can be defined as § = arginfyce
dx(P, p(0)). Cressie & Read (1984) proposed the minimum power divergence esti-
mator 0, = arginfeco d} (P, p(0)) and studied its properties. As they argue (Read
& Cressie, 1988, p.30) this estimator is a natural generalization of the MLE. Further-
more, Morales et al. (1995) considered the more general minimum ¢ —divergence es-
timator, which is defined as 8, = arg infpcod, (P, p(0)) and Pardo et al. (2002) the re-
stricted minimum @ —divergence estimator, defined as 9; = arginfigco. f,(0)=0k=1,...v}
dy(p,p(0)) where the parameter 6 is constrained by the functions f1(0) = 0, ...,

fv(8) =0.

In this thesis for testing the composite null hypothesis
Ho: p=p(60), o € ® C R’ (2.4)

we propose the new double index (P, ) —test statistic (DITS) which is associated
with the (®, a)-power divergence family and is given by

A 2N o
Ta, ("gz) = Wﬂlgﬁ (PIP(G%)) (2.5)

where &1, P, € Fand @é is the minimum (P, «) —power divergence estimator which
is going to be defined in the sequel. This general family of test statistics involves
two indices and two functions that are not necessarily equal and this feature pro-
vides greater flexibility in terms of statistical inference as it will be evident in the
following sections. The motivation of this proposal comes from the fact that often
the asymptotic distribution fails to represent fully and accurately the underlying
distribution of the test statistic.

The results show that the double index family, with proper choices of the two in-
dices, succeeds in ensuring for both the equiprobable as well as skewed models, a
very high accuracy of the asymptotic distribution with, at the same time, a Type I
error as close as possible to the nominal level.

Some important properties of the recently proposed (P, «) —power divergence mea-
sure have been studied by Vonta et al. (2012) and the development of a test statistic,
which is a special case of (2.5), for goodness—of—fit tests under the simple null hy-
pothesis is the main subject of Mattheou & Karagrigoriou (2010).
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In this chapter we consider the (®,a) —power divergence family for the purpose of
estimation and hypothesis testing and in Section 2.2 we define and study the asymp-
totic properties of the minimum (®, a) —power divergence estimator 0, which can
be seen as a more general class of estimators. In Section 2.3 we investigate the imple-
mentation of the proposed methodology in goodness—of—fit tests under the com-
posite null hypothesis as well as under the contiguous alternatives. Simulations
results are presented in Section 2.4 and in Section 2.5 we sum up with some conclu-
sions.

2.2 Minimum (®, x) —power divergence estimator
In the sequel, following an approach similar to Cox (Cox, 1984) we provide the form
of the estimator 8% and establish in Theorem 2.3 its asymptotic distribution.

Definition 2.1. Let X = (Xq,...,X,;) " be a random vector from the multinomial distri-
bution X ~ M(N, p(6)). The minimum (®,a)—power divergence estimator of 6y is any
92 € O C R° with ® € F which satisfies the condition

8 = arg infdg,(p, p(6))- (2.6)

We continue by assuming that the model is correct, so that &t = p(6p) and the un-
known parameter 0 satisfies the regularity conditions introduced by Birch (1964).
These regularity conditions are the following:

1. The point 6y is an interior point of ®.
2. W= pi(ﬂo) >0fori=1,...,m.

3. The mapping p(0): ® — P is totally differentiable at ) so that the partial
derivatives of p;(6p) with respect to each 6; exist at 6y and p(0) has a linear
approximation at 8y given by

5 dp; (6 )
pi(8) = pi(60) + )_(6; — b)) pééjo) +o(ll6—60l), i=1,...,m
=1

as 6 — 0.

4. The Jacobian matrix

J(6o) = <a};(9m>960 - (apé(e?oviq,...fﬂ

is of full rank.
5. The mapping inverse to & — p(0) exists and is continuous at 6.
6. The mapping p: ® — P is continuous at every point 0 € ©.

Note that, generalized results under misspecified models, i.e. when it does not exist
a value 6y which leads to the true probabilities of the multinomial model, are given
in Chapter 4. In order to obtain a decomposition of éﬁ; we are going to use the
Implicit Function Theorem in the form presented below (see e.g. Cox (1984)).
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Theorem 2.1 (Implicit Function Theorem). Let F: R™" — R® be continuously dif-
ferentiable in an open set D C R™*S containing the point (xo = (xo1,---,%om) ', Yo =
(Yoi,---,Yo0s) ") for which F(xo,yo) = 0. Suppose that the matrix of partial derivatives
oF / dy is nonsingular at (xo,yo). Then there exists a neighbourhood U of (xo, yo) such that
the matrix OF /dy is nonsingular for all (x,y) € U, an open set A C R™ containing xo
and a unique continuously differentiable function g = (g1,...,9s): A — R° such that

{(xy) e U: F(xy) = 0} = {(x g(x)): x € A}.

Theorem 2.2. Under the Birch regularity conditions and assuming that the function p(0)
has continuous second partial derivatives in a neighbourhood of 0y, it holds

0% = 00+ (B(0))B(8,))  B(00)diag(p(600)*")diag(p(80) /) (p — p(80))
+olllp— p(@)]) @7)

where 0y is unique in a neighbourhood of 8 and

B(60) = diag(p(60)"/*)A(60),
while the last element of B(6y) is given by

A(89) = diag(p(80)'/)J (80)-

Proof. Following the typical approach for similar results in the literature, let I be
the interior of the unit m—dimensional cube. Let V be a neighbourhood of 68y on
which p: ® — P C I has continuous second partial derivatives. Let

F=(F,...,F):I"xV >R

with
_ ads, (p,p(0))

,]=1,...,s.
a0

Fj(plz---/pnglz---/gs)

It holds that
F]‘(T(l,...,7Tm,901,...,005) = 0, ] = 1,...,5

and the matrix

"

gg - <§§Ii>£_1,...,s = @ (1)B(0) 'B(6)

is nonsingular and positive definite at (p,0) = (7, 6p).

Applying the Implicit Function Theorem there exists a neighbourhood U of (7, 6p)
such that the matrix dF /06 is nonsingular and a unique differentiable function 6*
:ACI"™ — R°suchthat m € Aand {(p,0) € U: F(p,0) =0} = {(p,0"(p)): p €
A} and 6%(7r) = 6. By the chain rule and for p = 7t we get

JF  0oF 96,

o ' 96y o

W(00) = 50 = (B(6) TB(60))  B(0) diag(p(00)"/)diag(p(60) ) (28)
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since
aayFr = —®"(1)A(60) "diag(p(6o) '/*)diag(p(60)")-

The Taylor expansion of 8 (p) around 7t along with (2.8) and for 6" (7t) = 6y gives
-1
0" (p) = 60+ (B(60) "B(6))  B(60) " diag(p(60)*/*)diag(p(60)~/*)(p — p(60))
+o(llp = p(60) D)
Since p *» 7t eventually p € A and then 8*(p) is the unique solution of the system

of equations
ddg (P, p (6°(P)))
d0;

=0,j=1,...,s

as well (p,0°(p)) € U, from where we can conclude that 8*(p) is the minimum
(®, x)—power divergence estimator fg given in (2.7). O

The asymptotic distribution of the minimum (P, «) —power divergence estimator is
established in the theorem below.

Theorem 2.3. Under the assumptions of Theorem 2.2, it holds
A L
VN (8, — 60) —— No(0, W(8)Zp(5, W(60) )

where W(0o) is given in (2.8), Ly, = diag(p(6o)) — p(680)p(80) " and N(-,-) is the
s—dimensional Normal distribution.

Proof. The result follows from Theorem 2.2 and the fact that by the Central Limit
Theorem we have that:

VNP~ p(60)) ——— N(0, Zy(ay))- 2.9)
U

Remark 2.1. It should be noted that in general, both the decomposition of the minimum
(D, o) —power divergence estimator given in (2.7) and the asymptotic variance—covariance
matrix of )8 given in Theorem 2.3, depend on the index x. At the same time, notice that
under the equiprobable model, diag(p(00)*) = m™* Ly xm, while for « = 0, diag(p(6p)*) =
Luscm. Thus, for these two special settings, the decomposition of the minimum (®, a) —power
divergence estimator takes a simplified form that does not involve the index o, namely

0o = 0+ (A(0)TA(6))  A(6y) diag(p(6) /*)(p — p(60))
+o([p — p(60)]). (2.10)

Note that this simplified form coincides with the decomposition of the minimum @ —divergence
estimator proposed in Morales et al. (1995) and is given by 8, = arginfgce do(P, p(0)).
This estimator can be derived from the minimum (®, x) —power divergence estimator if we
choose & = 0 and ® = ¢. Hence, the minimum (®, x)—power divergence estimators with
index w, can be thought of forming a general family of estimators which includes as spe-
cial cases, the estimators associated with the two settings that do not involve «, namely, the
p—divergence of Morales et al. (1995) and the equiprobable model.
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Remark 2.2 (Best Asymptotically Normal (BAN) Estimators). An estimator that satis-
fies the following asymptotic expansion

) = 0y + C(00)diag(p(60) /%) (p — p(60)) +0p(N1/?),

with C(6p) = (A(BO)TA(()O)Y1 A(80)" and A(8o) = diag(p(60)~'/%)J(8y), is called
best asymptotically normal (BAN) (see for instance Cressie & Read (1984)). BAN estimators
have three important properties: (a) They are consistent, i.e. as N — oo the estimator
converges to the true value of the estimated parameter; (b) They are asymptotically normally
distributed; (c) They are asymptotically efficient, i.e. as N — oo no other estimator has
smaller variance.

Remark 2.3. It should be also noted that the minimum (®, ) —power divergence estimator
given in (2.7) is not in general, Best Asymptotically Normal (BAN) . However, best asymp-
totic normality is achieved in the two special cases mentioned in Remark 2.1, namely, when
« = 0 and when the true model p(6y) is the equiprobable. Indeed, in both these cases, the
decomposition of the minimum (®, x) —power divergence estimator takes the simplified form
given in (2.10) with the variance—covariance matrix of Theorem 2.3 reduced to

(A0 AG0)) @11)

which is the Fisher information matrix associated with the multinomial model. Note fur-
ther that for values of w close to zero (as is the case in most applications) the minimum
(D, a) —power divergence estimator and the variance—covariance matrix mentioned above
are approximately equal to (2.10) and (2.11), respectively, and therefore the resulting esti-
mators are approximately BAN. In other words, irrespectively of the underlying modelling
mechanism (equiprobable or not), at least approximately BAN estimators are ensured pro-
vided that sufficiently small values of the index « are chosen. This feature provides the
statistician with the flexibility to choose between classical BAN estimators (for the case of
equiprobable model or when a = 0) and approximately BAN estimators (for nonnecessar-
ily equiprobable models) derived through the proposed methodology with index values in the
range (0,0.5).

Remark 2.4. Note that the present work combines under a single umbrella all measures
of divergence and the associated estimators previously investigated. In other words, cases
discussed in the past can be considered as special cases of the general family of measures
explored in this work. At the same time the double index family as it will be verified by an
extensive simulation study (Section 2.4.1) allows, for proper choices of a1 and wy, a high
accuracy of the asymptotic distribution of the associated test statistic for both equiprobable
and skewed multinomial models.

2.3 Statistical inference
The main object of this section is to provide the asymptotic distribution of the double

index (®, a)—test statistic (2.5) under the composite null hypothesis (2.4). In order
to do so, we will prove first the asymptotic distribution of the test statistic

T, (85) = J,ﬁ)d? (5. p(65)) (2.12)

where g is the minimum (&, #) —power divergence estimator (M(®, #)PDE) and ¢
asin (2.3). Furthermore, for establishing the results the following Lemma is required.
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Lemma 2.4. (Ferguson, 1996, p.57). Suppose that X = (X1,..., Xm) " ~ N (0,X) then
XX ~ x2, if and only if £ is a projection matrix of rank m, where X2, is the chi—squared
distribution with m degrees of freedom.

Theorem 2.5. Under the assumptions of Theorem 2.2, the composite null hypothesis (2.4)
and assuming further that the true model p(6y) is the equiprobable, we have

Al L 2
T(e)—> ..
¢ o N—sco m—1—s

Proof. From Birch'’s third regularity condition, we have that

p(0e) = p(60) +J(80) (85 — 60) + (/|65 — 6ol|).

By Theorem 2.3 and relation (2.9) we have that

p(85) — p(80) = M(60)(p — p(60)) +0p(N~/?),

where M(6p) = J(60)W(6y) (2.13)
" VN(p(85) — p(80)) ——— N(0,M(6))Zp (g, M(680) ). (2.14)
Then,

YN (o) ptan) 7 N (2 (o) B 1 @)
" VN(p — p(83)) —— N(0,L(60))
with

L(60) = Z,(6,) — M(00)Z (6, — Zp(e)M(60) " + M(60)Z,6,M(60)".  (2.15)
A second order Taylor expansion of d,, (p, q) around (p(6o), p(6o)) yields
ON /.y
PO (PIP(%)) =,

1

’“1 pié\(go) (f’" - pi(é‘é)y +0p(1) =X X +0,(1).

where
X = v/Ndiag(p(80) "'/2)(p — p(63)) —— N(0,T(8)).

—0

Under the assumption of the equiprobable true model, T(6) obtained via (2.15) is a
projection matrix with rank

1
rank(T(60)) = m — 1 — trace(diag(p(60)*)A(6o) (B(eo)TB(eo)) A(6)7)
=m-—1-—s.
Then the result follows from Lemma 2.4. O

Remark 2.5. When o = 0 the result of Theorem 2.5 holds true for every model of true
probabilities p(6y) and not only for the equiprobable one. In that sense when o — 0 the
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above result holds approximately true and indeed, as it will be evident in the simulation
studies of Section 2.4.1, the asymptotic distribution of the test statistic (2.12) for values of
« close to zero (e.g. & = 0.1) is practically a chi—squared distribution, even when the true
model is far from the equiprobable.

2.3.1 Asymptotic distribution of the double index (P, ) —test statistic
Now we proceed to investigate the asymptotic distribution of the test statistic (2.5).

Theorem 2.6. Under the assumptions of Theorem 2.5 we have

where c = m—™.,

Proof. A second order Taylor expansion of dg (p,q) around (p(6p), p(6o)) is given
by

a3, (pp(03) =5 Y B (5 p(@5)) " + ol pl00))
+o(llp(6z,) — p(80) 7).

By (2.9) and (2.14) we have that No([|p — p(6o)||*) = 0,(1) and No(]|p( 9(1)2
p(60)?) = 0,(1), so that

ar (A% - NPi(eo)“l N A2 2
Ty, <9q>2> = ;W (Pz —Pz(ecbz)) +0p(1).

The result follows from Theorem 2.5. O

Remark 2.6. When the true model is not the equiprobable but ay = 0 or the value of ay
is close to zero, we can reformulate Theorem 2 of Mattheou & Karagrigoriou (2010) and set

Y=3Y" %(ﬁi — pi(élgz))z in order to have

N
(min py(60)" Y«Z RO (b= (05, <ot (i (80)")Y,

where < is the symbol for usual stochastic order. Then the asymptotic distribution of the
test statistic Tgll (égz) is estimated to be approximately cxi_l_s, where

¢ = 0.5(min p;(69)** + max p;(6)*"). (2.16)
1 1

It is easy to see that when the true model is the equiprobable, the value of c in (2.16) coincides
with the one given in the statement of Theorem 2.6. Note that, for the real r.v. X and Y the
term X <4 Y is equivalent to Pr(X > x) < Pr(Y > x),x € R.

Remark 2.7. At this point it is important to clarify the role of each of the indices a1 and
ay. Index wq affects the distribution of the test statistic. Thus, for values of ay close to zero
the asymptotic distribution of the test statistic (2.5), under the equiprobable model, coincides
with the chi—squared distribution (with the appropriate degrees of freedom), while for larger
values of wy the asymptotic distribution of (2.5) coincides with c times the chi—squared
distribution.
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On the other hand, when the true model is not the equiprobable, as wy deviates from 0
the asymptotic distribution fails to describe properly the underlying distribution of the test
statistic (2.5). As it will later be clear from the simulation studies, when the value of ay is
close to zero then the asymptotic distribution of the test statistic is approximately c times the
chi—squared distribution, even when the true model is far from the equiprobable.

Also the simulation studies reveal that for small departures from the equiprobable model, the
asymptotic distribution of (2.5) coincides with c times the chi—squared distribution, even for
values of ay not close to zero.

We close this section by furnishing the power of the test statistic (2.5) under the alter-
native hypothesis H; : p = q. For this purpose, we assume that the joint asymptotic
distribution of p and p(@gz) is normal, given by

VN ((p,p(65,) — (ap(81)) —— N(0,), 2.17)

where 0; = arg infee®dé22(qf p(0)),

x Lin X2 . T
Xt = , X1 = dia — and X1y = Lo1.
(Zm Zzz> 1 g(q) —qq 12 = L2

We note that in this case p(6;) # q and p = q as well as p(@‘gz) 2, p(6:) (see e.g.
Pardo (2006, p.266)).

Theorem 2.7. Under the alternative hypothesis Hy: p = q and the assumption (2.17), the
asymptotic power of the test given in (2.5) is equal to

Yor = Pr(Z = (2VNow) ™ (@1 (1)ex 1o — 2N, (2, p(61))) )

where Z is the standard normal random variable, X%n—l—s,l— , is the (1 — a) percentile of the
X3, distribution, c as in (2.16) and

T

oz = (aaud‘gl (u,p(@l))>u_q i (a?ldé]l (U/P(Bl))>

u=q

a T
R

<2 5udi (wp(6))

u= t=p(61)
+(ad”‘1 (q t)) > (ad“l (q t))T
e ’ 22 | 3, ’
ot t=p(61) ot " t=p(61)

Proof. A first order Taylor expansion of the (®q,a1)—power divergence measure
around (q, p(61)) is given by

(P—9q)
u=q

(P(85,) — p(61)) +0p(N71/2)

5, (pp(05)) = 3 (a.p(00) + (nd, (wp(01)

0

t=p(01)
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since we have assumed that (2.17) holds under H;: p = q. The result follows imme-
diately. O

2.3.2 Asymptotic theory under contiguous alternatives

In this section we provide the asymptotic distribution of the proposed test statistic
under a sequence of alternative hypotheses of the form

d
Hin:p=pN=p(0) + — 2.18
LN P =pn~ = p(60) N (2.18)

which is known as the contiguous alternative (Neyman, 1937; McManus, 1991) to
the null hypothesis Hy: p = p(6p), 80 € ® C R® unknown, whered = (dy,...,dy)"
is a fixed vector such that }/” ; d; = 0. The following lemma is required in order
to establish in Theorem 2.9 that the asymptotic distribution of the test statistic (2.5),
under the contiguous alternative (2.18), is a non—central chi—squared distribution.

Lemma 2.8. (Ferguson, 1996, p.63) Let X = (X1,...,Xu)" ~ N(J,X). If £ is a pro-
jection matrix of rank m and L8 = &, then X' X ~ x%(8"8) where x2,(8' &) is the
non—central chi—squared distribution with m degrees of freedom and non—centrality pa-
rameter §' 6.

Theorem 2.9. Under the assumptions of Theorem 2.2, the local contiguous alternative hy-
pothesis (2.18) and assuming further that the true model p(6y) is the equiprobable, the
asymptotic distribution of the test statistic given in (2.5) is cxi_l_s(éﬁé‘) with § =
diag(p(60)~1/%) (I —M(8p)) d, M(6g) as in (2.13) and c = m~"1.

Proof. Under the contiguous alternative hypotheses (2.18) we have

A L N L
VN(p —pn) —— N(0,Z,4,)) and VN(p — p(60)) o N(d, Zpe))

N—oo
so that
VN(p — p(65,)) —— N((I—M(60))d, L(60)).
Also .
Ty (0p,) = ; Pié\elo) (;az- — pi(é‘iﬁz))Z +0,(1) = X X+ 0,(1),
where

X = v/Ndiag(p(80) /) (p — p(8%)) —=— N(&,T(6p)),

2 N—o0

with T(8p) as in the proof of Theorem 2.5 and & = diag(p(8)~'/?)(I — M(6y))d.
Then it is easy to see that under the equiprobable model, T(6y)¢ = ¢. Indeed, under
the equiprobable model, we have that (B(6y) 'B(6y)) ! = (1/m)"1(A(680) " A(6p))*
and B(60y) " diag(p(00)*2/%) = A(8p) " (1/m)* thus

& = diag(p(60)~"/*)d — A(60) (A(60) "A(80)) "A(60) " diag(p(6p)~/?)d.

The result follows from the fact that \/p(60) Tdiag(p(80)'/?)d = 0 and \/p(60)T
A(6p) =0. Then, from Lemma (2.8) we conclude that

)» 77(00) (ﬁi - Pi(ééi))z ——— X168 0)-

1

~.
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Finally, by using the same arguments as in Theorem 2.6, the distribution of the test
statistic (2.5) under (2.18) is cxi_l_s(éﬁé‘) with c = m™ "1, O

Note that although in general, the non—centrality parameter depends on the index
ay, under the equiprobable model, it is independent of a; and is given by &' & =
d"diag(p(60)~1/2) (I — A(60) (A(60) TA(60)) ' A(60) " )diag(p(6o)~1/2)d. Since,
under the equiprobable model, the distribution of the above theorem does not de-
pend on the form of the function ® or the indices a1 and a5, the power of the test un-
der the contiguous alternative hypotheses is given by Pr( X;fH(ng ) > Xiflfs )
In other words, although in general, there is no equivalence in terms of Pitman
Asymptotic Relative Efficiency (ARE), when the true model is the equiprobable, the
asymptotic power functions for all members of the double index (P, a)— test statis-
tic under the contiguous alternatives coincide, which in turn, implies that they are
equivalent in terms of Pitman ARE. Note that, the Pitman ARE concerns two test
statistics, which are based on sample sizes N1 and N,. Under the condition that the
size and the power of these two test statistics are respectively the same, considering
every time a new contiguous alternative, the limy, ;o (N2/Nj ), under the equiprob-
able model, is equal to 1. For more details about Pitman ARE see Pitman (1979,
Ch.7).

Remark 2.8. Following the lines of Remark 2.6, when the true model is not the equiprob-
able but ay = 0 or the value of «y is close to zero, the asymptotic distribution of the test
statistic given in (2.5) under the contiguous alternative hypotheses (2.18) is estimated to be
approximately cx?, (&' &) with c as in (2.16).

2.4 Simulation studies

For the simulation studies presented in this section, we used the R software (R Core
Team, 2016), while for the optimization the optimise function from the base package
stats is implemented. For the manipulation of the data we used the package dplyr
(Wickham et al., 2022) and for the visualization of the results the package ggplot2
(Wickham, 2016). The syntax is provided in Appendices C.1, C.2 and C.3.

2.4.1 Asymptotic results verification

The purpose of this simulation study, is to explore the behaviour and the accuracy
of the asymptotic distribution of the test statistics (2.12) and (2.5) not only under the
equiprobable model but also for nonnecessarily equiprobable (i.e. skewed) models.
Furthermore, the proposed simulations are used to investigate the correctness of the
size of the test. In order to study the behaviour and the accuracy of the asymptotic
distribution of the test statistics (2.12) and (2.5) we will consider the following model
of probabilities:

p(6) = (p1(6), p2(8), p3(6), pa(6))
0 0\ 1 1-0 (1-0)2 1\
:<2’9(1_2)_8’ 2 2 +8>

with 8 € (1 —+/3/2,1). Six values of 6 are going to be used, namely 6 = 0.5, 0.6, 0.7,
0.8, 0.9 and 0.999. This model has been considered due to the fact that it provides the
ability to study the behaviour of the proposed test statistic under both equiprobable
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and not equiprobable models. Observe that for 8 = 0.5 we get the equiprobable
model and as 6 deviates from 0.5 the model deviates from the equiprobable one.
Although at first sight, one may get the impression that the results of Theorems 2.5
and 2.6 are valid only under the equiprobable model, this simulation study reveals
that these results are still valid for a wide range of multinomial models by choosing
properly the values of the indices a1 and a;. The multinomial model used in this
simulation study allows the examination of the behaviour of the test statistic not only
for the equiprobable model (6 = 0.5) but also for skewed models that deviate from
the equiprobable one (right skewed for & — 1 and left skewed for 6 — 1 — +/3/2).

For the comparison between the asymptotic cumulative distribution function (CDF)
of Theorems 2.5 and 2.6 and the empirical cumulative distribution function (ECDF)
of (2.12) and (2.5), we generated 10000 samples from each multinomial model with
sample size of 10000 observations. Test statistic (2.12) is applied for ¢(u) =1/2(u —
1)? and @ as in (2.2), while the proposed double index (®, a) —test statistic is applied
for ®; and @, as in (2.2).

The ECDF of the test statistic (2.12) is presented in Figures 2.1 and 2.2 for two values
of the index a (0.1 and 5), together with the CDF of the chi—squared distribution
with two degrees of freedom (x3). As expected, for values of a close to zero (e.g.
a = 0.1) the distribution of (2.12) coincides with the asymptotic distribution x3 even
when the true model is far from the equiprobable. On the other hand, for larger val-
ues of « (e.g. @ = 5) as the true model deviates from the equiprobable, the asymptotic
distribution fails to describe properly the distribution of the test statistic. Also, we
note that for small departures from the equiprobable model (e.g. 8 = 0.6), the distri-
bution of the test statistic is almost identical to the asymptotic distribution x3 even
for values of a not close to zero (e.g. &« = 5). The ECDF of the proposed double
index (®, w)—test statistic given in (2.5) is presented in Figures 2.3 through 2.8 for
three different values of the index a1, namely a; = 0.01, 0.5, 3 and two values of
ay = 0.1, 5 together with the chi—squared distribution and the ¢ times chi—squared
distribution with c as in (2.16). From the figures, we conclude the following:

¢ As expected (see Figures 2.3 & 2.4) for a1 = 0.01 the value of c in (2.16) is close
to 1 and therefore cx3 ~ x3.

¢ For a1 small (the results for a; = 0.01 appear in Figures 2.3 & 2.4) the distribu-
tion of the test statistic in (2.5)

- coincides with the asymptotic distribution cx3 ~ x5 as long as a5 is close
to zero (a = 0.1 in Figure 2.3) for every model, and

— itis satisfactorily close to the asymptotic distribution cx3 for larger values
of a; for medium size deviations from the equiprobable model (0.3 < 6§ <
0.8).
e Almost identical results arise for medium values of a1 (x; = 0.5 in Figures 2.5
& 2.6). Indeed the distribution in (2.5) coincides with cx3

— for small values of a; (k2 = 0.1 in Figure 2.5) for all models considered,

— as well as for larger values of a; (x; = 5 in Figure 2.6) as long the depar-
ture from the equiprobable model is moderate (0.3 < 6 < 0.8).

¢ The same behaviour is observed for large values of a1 (x; = 3 in Figures 2.7 &
2.8) especially when «; is relatively close to zero (x = 0.1 in Figure 2.7).
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Figure 2.1: Comparison between the ECDF of T, (éé) and the CDF
of X2, ¢(u) = (1 —1)2/2, ®(u) asin (2.2), « = 0.1.
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Figure 2.2: Comparison between the ECDF of T, (Bé) and the CDF
of X2, ¢(u) = (u —1)2/2, ®(u) as in (2.2), « = 5.
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Figure 2.3: Comparison between the ECDF of Tgll (é‘i‘,}z) and the CDF
of x3 and cx3, ®1(u), P>(u) as in (2.2), c as in (2.16), & = 0.01, ap =
0.1.
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Figure 2.4: Comparison between the ECDF of Tg)ll (93?2) and the CDF
of x3 and cx3, @1 (1), ®2(u) asin (2.2), casin (2.16), a; = 0.01, ap = 5.
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Figure 2.5: Comparison between the ECDF of Tgll (91&?2) and the CDF
of X% and cx%, D1 (u), Py(u)asin (2.2), casin (2.16), a; = 0.5, a5 = 0.1.
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Figure 2.6: Comparison between the ECDF of Tg)ll (93?2) and the CDF
of x5 and cx3, ®1(u), D2(u) asin (2.2), casin (2.16), a3 = 0.5 & ap = 5.
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Figure 2.7: Comparison between the ECDF of Tgll (6‘3‘,32) and the CDF
of x5 and cx3, @1 (u), ®2(u) asin (2.2), casin (2.16), a3 =3 & ap = 0.1.
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Figure 2.8: Comparison between the ECDF of Tg)ll (93?2) and the CDF
of x5 and cx3, @1 (u), D»(u) asin (2.2), c as in (2.16), a1 =3 & ap = 5.
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Remark 2.9. Note that in this chapter we propose a general family of test statistics for test-
ing the composite null hypothesis (2.4) and establishing its asymptotic theory. The primary
purpose of the simulation study undertaken, is to explore the behaviour and the accuracy of
the asymptotic distribution of the test statistics (2.12) and (2.5) not only under the equiprob-
able model but also for nonnecessarily equiprobable (i.e. skewed) models. In addition, we
have included the first results regarding the power of the proposed test (end of Section 2.3.1)
and the asymptotic distribution under contiguous alternatives (Section 2.3.2). These results
set the basis for investigating, in the next level, the capabilities of the proposed tests in terms
of power. QOur intention is to evaluate the Bahadur slope of the proposed test as compared
with various competing tests available in the literature and for various alternatives. Based
on the findings of this simulation study, we claim that the efficiency of the proposed test,
as expressed by the Bahadur slope, is expected to be close to the one of similar tests for the
equiprobable model as well as for the cases where the index « is close to 0. The power be-
haviour of the test for models that deviate significantly from the equiprobable model remains
to be seen. Thus, the power performance and in particular the Bahadur slope, which is con-
sidered to be a natural definition of efficiency relying on a limiting function of the p—value
of the test under various alternatives (see Nikitin, 1995; Bahadur, 1967, 1971), remains an
open problem of future research.

Table 2.1: Type I error (0.05 significance level) calculations (%) based

on 100000 simulations from each multinomial model with sample size

10000. Comparison of the double index (P, x)—test statistic for a; =
0.01, 0.05,0.1, 0.5, 3 and &, = 0.01, 0.05, 0.1, 0.5, 5.

(@ 6=05 (b)6 = 0.6
nq a1
ay 0.01 0.05 0.10 0.50 3.00 xo 0.01 0.05 010 050 3.00
001 5.03 503 5.03 503 5.03 0.01 502 502 5.03 503 587
005 5.03 503 5.03 503 5.03 005 502 502 5.03 503 587
0.10 503 5.03 5.03 503 503 010 5.02 502 5.03 503 587
050 503 5.03 5.03 503 5.03 050 502 503 504 503 586
500 503 503 503 5.03 5.03 5.00 521 520 521 515 5.84
©8=07 (d) 6 =08
nq X1
ay 0.01 0.05 0.10 0.50 3.00 %3 0.01 0.05 010 050 3.00
0.01 507 5.07 509 521 6.14 001 504 511 520 581 544
0.05 507 5.07 509 521 6.12 005 505 511 520 579 539
0.10 5.07 5.07 509 520 6.10 010 505 511 520 576 532
050 5.10 510 511 517 596 050 526 530 537 565 4.80
500 725 721 714 675 5.64 5.00 1475 14.51 14.19 11.42 3.60
(€6 =09 (f) § = 0.999
o7 a1
xo 0.01 0.05 010 0.50 3.00 ay 0.01 0.05 0.10 0.50 3.00
0.01 504 531 560 7.04 452 001 537 7.05 898 1244 4.03
0.05 505 531 560 697 443 005 537 7.05 898 1244 4.03
010 506 531 559 691 432 010 537 7.05 897 1244 4.02
050 584 596 613 655 3.30 050 894 10.10 11.44 12.24 3.63

5.00 31.85 31.05 30.02 20.21 1.11 500 88.14 87.17 83.95 36.11 1.82
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Before closing this subsection, the Type I error is investigated for the proposed dou-
ble index (P, a)—test statistic given in (2.5). The analysis is based on five values of
a1 and ap, namely for a1 = 0.01, 0.05, 0.1, 0.5, 3 and ap = 0.01, 0.05, 0.1, 0.5, 5. In
order to have a better insight we generated 100000 samples from each multinomial
model with sample size of 10000 observations. Again, the proposed double index
(P, x) —test statistic is applied for ®; and ®; as in (2.2). The critical values that have
been used are the asymptotic critical values with a 0.05 level of significance based
on the asymptotic cx3 distribution with ¢ as in (2.16). Results are presented in Table
2.1 where we record the proportion of times that the null hypothesis is rejected. We
observe that, under the equiprobable model (6 = 0.5), the Type I error is very close
to the nominal level irrespectively of the values of the indices a1 and ;. Adequate
results, for each value of the indices, are obtained also for small departures from the
equiprobable model. Further, we can see that as we deviate from the equiprobable
model, the results are very good for small values of a; and ay with the best results
obtained when additionally « is smaller than 5.

Taking into consideration the simulation results for the accuracy of the asymptotic
distribution and the Type I error, we conclude that the double index (®, x) —family
is more effective if a; is relatively small and a; is chosen to be larger than ;. The
value of a5 is irrelevant for models close to the equiprobable model, but for mod-
els far away from the equiprobable, a small value of a, ensures very high accuracy.
The results show that it is always possible to choose an ideal pair of indices to en-
sure the correctness of the underlying distribution with a nominal Type I error for
equiprobable as well as skewed models.

2.4.2 Comparison of test statistics

LetY = (Y,..., YN)T be a random vector from the distribution F. We can test the
composite null hypothesis, Hy: F = Fy,, that the distribution function F is a member
of a parametric family {Fg}sco, @ C R® by partitioning the data—range into m dis-
joint intervals and testing the hypothesis Hy: p = p(6p) about the parameter—vector
of the resulting multinomial distribution, for some unknown 6y € ® C RR°® and
s<m-—1.

Let P = {E;}i—1,.m beapartition of the real line R into m intervals. The probabilities
of the intervals E;, i = 1,...,m depend on the unknown parameter 6y, in such a way
that p;(80) = Pr, (Ei) = [ dFe, Letx; = Zjlil Ig,(Yj),i=1,...,m where

1, ifY; € E;
I , Y — Vi ] 1 ,
B / ) {O, otherwise

with )" ; x;, = N and p; be the nonparametric MLE of the true probablity of the E;
interval, defined at the beginning of this chapter.

In order to understand the behaviour of the double index (P, a) —test statistic given
in (2.5) we compare it with three tests based on the p—divergence family of mea-
sures, namely the tests of fit based on the Kullback—Leibler measure (G?(8)), the
Pearson’s chi—squared measure (X?(y:)) and the Cressie and Read measure with
A=2/3 (CR(@éR)). Note that 2/3 is the value that Cressie & Read (1984) proposed
for A as a competing alternative to the X?(0y2) and G?(8). Observe that for every gof
test statistic the estimator of the unknown parameter is based on the same measure,
although this is not mandatory in general. The proposed test (Tq! (93)22)) is applied
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for @1 (u) =1— (1 +a;Hu+a;'u™ and @p(u) =1 — (1 +ay; ' )u +ay 'ul**2 and
three different values of 1 and ay, namely ay, x; = 0.01, 0.10, and 0.50.

For the null distribution we focus on the Gamma distribution where the shape pa-
rameter is taken to be equal to 0.44, 1 and 2. These values of the shape parameter
correspond to skewness equal to 3, 2 and 1.414, respectively. Distributions with the
same skewness values have been used as possible alternatives in each case, namely
the Weibull (Wei), Log—normal (LN) and Inverse Gaussian (IG). The scale parameter
is taken to be equal to 1 in all cases, since the Gamma distribution is scale invariant.
Note that the same distributions have been used previously by Vonta et al. (2012) in
order to examine the performance of the test statistic (1.13) for the simple null hy-
pothesis (1.9) as well as by Koutrouvelis & Karagrigoriou (2012) for the analysis of
the Inverse Gaussian distribution. This set—up has been chosen in order to examine
whether the test statistics under consideration are able to distinguish between distri-
butions with the same skewness. Likewise, this set—up can be extended to the case
where the alternative models are defined via their excess kurtosis in reference to the
kurtosis of the exponential distribution, which can be useful for practical purposes
in actuarial science, where the discrimination of distributions with fatter tails is of
great importance.

For the partition of the data—range, we use m = 3 intervals and we consider four
models for the resulting multinomial distribution, namely the equiprobable (1/3,
1/3,1/3), symmetric (0.2,0.6,0.2), left skewed (0.1,0.5,0.4) and right skewed (0.4,
0.5,0.1) model.

In order to investigate the power for various alternatives and the size of the pro-
posed test, we generated 10000 samples from each distribution with sample sizes
N = 25, 50, 75, 100, 500. The results for every sample size N are provided at the
Appendix A. Here we report only the results for N = 25 (Table 2.2) and the models

(a) equiprobable (1/3,1/3,1/3) and
(b) left skewed (0.1,0.5,0.4)
as well as for N = 50 (Table 2.3) and the models
(c) symmetric (0.2,0.6,0.2) and
(d) right skewed (0.4,0.5,0.1).

Note that, in terms of size, the test statistic with the best performance is considered to
be the one whose empirical size is closer to the nominal 0.05 one. Test statistics with
empirical size greater than 0.05 are considered as liberal, while those with empirical
size smaller than 0.05 as conservative. Nevertheless, Dale’s (Dale, 1986) criterion (see
Subsection 2.4.3, where it is used for the first time in this thesis) could be utilized
in order to derive conclusions regarding the closeness of the empirical size to the
nominal one. According to the criterion, the empirical size is considered to be close
to the nominal 0.05 if it belongs to the range [0.0357, 0.0695].

In terms of power, the best behaving test statistic among all competing tests, is con-
sidered the one with the largest power, even if it is much smaller than 1. In every
case, the largest power is depicted in bold in the tables.

In particular, in Table 2.2 we observe that for the equiprobable model, X?(8y.) and
C R(ééR) have the best performance among all competing tests for every alternative,
with the first being slightly better. Also, we observe that Tg"" (éﬁ;fo) and G2(6) have
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Table 2.2: Size (S) and powers (%) for the equiprobable and left
skewed models, N = 25. Higher power is depicted in bold.

£0.01 £0.01 £0.50 A A A
Shape parameter T%}O(Bq)z) T%?O(Bq,z) T%?l(ﬂ%) G*(8) X?(By2) CR(6zR)

Equiprobable model (1/3,1/3,1/3)

(S) Gamma(0.44) 474 4.30 493 4.83 6.12 5.63
Wei(0.77) 12.00 11.89 12.27 12.01 12.43 12.21
LN(0.729) 13.23 11.88 13.44 13.44 17.44 16.00
IG(1) 12.74 11.54 12.96 12.97 16.75 15.48
(S) Gamma(l) 4.88 4.38 494 493 6.21 5.72
Wei(1) 512 472 5.25 5.19 6.70 6.27
LN(0.551) 36.61 33.92 37.06 37.09 44.69 42.33
1G(2.25) 31.67 29.14 32.05 32.05 39.24 36.91
(S) Gamma(2) 4.71 4.36 4.84 4.78 6.14 5.63
Wei(1.259) 9.14 8.15 9.31 9.29 12.33 11.19
LN(0.423) 69.06 66.46 69.48 69.50 77.25 74.84
1G(4.5) 64.53 61.56 65.11 65.13 72.93 70.47
Left skewed model (0.1, 0.5, 0.4)
(S) Gamma(0.44) 3.99 4.06 5.74 3.84 4.58 433
Wei(0.77) 10.55 10.53 16.17 10.27 11.56 11.14
LN(0.729) 25.44 24.50 26.03 25.61 27.68 26.99
IG(1) 31.59 30.54 32.24 31.75 34.40 33.41
(S) Gamma(1) 3.95 3.90 5.61 3.90 4.65 441
Wei(1) 4.01 3.85 5.84 3.97 4.75 4.49
LN(0.551) 64.73 63.18 65.51 64.99 67.63 66.79
1G(2.25) 63.68 62.08 64.48 63.93 66.54 65.74
(S) Gamma(2) 3.97 3.58 5.73 391 4.74 449
Wei(1.259) 7.76 7.41 8.18 7.79 8.80 8.35
LN(0.423) 94.44 93.98 94.67 94.53 95.38 95.16
1G(4.5) 93.45 92.86 93.65 93.48 94.48 94.07

a similar behaviour. In terms of size (denoted by (S)) the best results are obtained

for T%?l (@%20) while X?(8y.) and CR(@?;R) appear to be liberal. Similar results (not

shown here) are obtained for bigger sample sizes (N > 50), with the exception that

against the Weibull alternative (Wei(0.77)) the best results are obtained for T%f’o (é%(zn)

and Tg" (@%E’O) with the first being slightly better.

For the left skewed model and the Weibull alternative, T(%?l (é%io) has the best per-

formance in most cases. For the remaining alternatives the best results are obtained

for X2(82), while T(%lOl (@91;30) and G?(8) have a similar behaviour with the first being

slightly better. As the sample size N increases (results not shown here) T(%?l(é%‘zo)

performs better than X?(8y2) and CR(@éR) for every alternative considered. It is
interesting to note that for alternatives like Inverse Gaussian and Log—normal the
best results when N > 50 are obtained for Tgfo(éggl). In terms of size, when N = 25
the best results are obtained for X?(@y.) while for bigger sample sizes the best re-
sults are obtained for G?(8) in most cases. The test statistic T(%?l (92;30) appears to be
liberal for every sample size.

Table 2.3 provides the results for the symmetric and right skewed models with sam-
ple size N = 50. The results reveal that for the symmetric model in most cases
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Table 2.3: Size (S) and powers (%) for the symmetric and right skewed
models, N = 50. Higher power is depicted in bold.

£0.01 £0.01 ~0.50 A A A
Shape parameter T%}O(B%) T%?O(Bq)z) T%?l(ﬂq)z) G2(6) X?(By2) CR(BzR)

Symmetric model (0.2, 0.6, 0.2)

(S) Gamma(0.44) 5.33 5.08 5.59 5.46 5.73 5.64
Wei(0.77) 28.66 25.01 3041 29.37 31.84 31.03
LN(0.729) 46.77 47.20 46.72 46.71 46.59 46.59
IG(1) 42.82 43.28 42.74 42.72 42.42 42.43
(S) Gamma(l) 5.16 493 5.30 5.19 5.45 5.34
Wei(1) 5.15 4.81 5.34 522 5.55 541
LN(0.551) 97.12 97.20 97.11 97.11 97.08 97.06
1G(2.25) 94.34 94.54 94.34 94.34 94.32 94.32
(S) Gamma(2) 5.21 4.89 5.37 5.26 5.54 5.45
Wei(1.259) 29.13 29.48 29.05 29.04 28.89 28.89
LN(0.423) 100.00 100.00 100.00  100.00 100.00 100.00
1G(4.5) 99.98 99.98 99.98 99.98 99.98 99.98
Right skewed model (0.4, 0.5, 0.1)
(S) Gamma(0.44) 4.61 3.66 5.34 495 519 5.10
Wei(0.77) 30.67 21.64 35.41 32.07 37.44 35.96
LN(0.729) 22.36 21.04 23.20 22.69 21.30 21.75
IG(1) 15.52 14.21 16.46 15.94 14.86 15.20
(S) Gamma(l) 495 422 5.72 5.23 5.37 5.34
Wei(1) 5.05 3.84 5.84 5.33 5.28 5.36
LN(0.551) 82.16 80.78 83.02 82.51 80.82 81.40
1G(2.25) 73.18 71.73 74.15 73.57 71.82 72.31
(S) Gamma(2) 5.33 4.36 6.20 5.58 5.63 5.66
Wei(1.259) 32.07 30.53 33.23 32.55 30.58 31.35
LN(0.423) 99.73 99.69 99.73 99.73 99.70 99.70
1G(4.5) 99.49 99.40 99.56 99.51 99.40 99.44

~0.01 . .
T%f’o (04, ) has the best performance among all competing tests, not only in terms of

power but also in terms of size. Test statistics X?(fy2) and CR(ééR) have an edge

against the Weibull alternative (Wei(0.77)), but they appear to be liberal. As the sam-

o . ~0.01
ple size increases, although no test is clearly better than the others, T(%lw(ﬂq,z ) has

. . . . ~0.01 .
a size quite close to the nominal level, while Tgfo(e% ) appears to have slightly
higher power in most cases as compared to all tests examined.

. . ~0.50 .
For the right skewed model in most cases ng)l(eq,z ) performs better in terms of

power than all other competing tests, but it appears to be liberal. The X?(y.) test
statistic appears to have a slight edge against the Weibull alternative (Wei(0.77)).
Similar results are obtained for bigger sample sizes.

In conclusion, for every sample size and under the right skewed model T%?l (9%?0)

appears to be the best choice among all tests considered, while for the symmetric
model T(%fo(éigl) should be preferred. For these two models X?(fy.) appears to
have a slight edge against the Weibull (Wei(0.77)) alternative. Although for small
sample sizes and the left skewed model X?(y.) appears to have the best perfor-
mance among all tests in most cases, when the sample size increases the best choice
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. ~0.50 . -
for every alternative is the Tg"! (8, ), while for alternatives like the Inverse Gaus-

sian and the Log—normal the best choice is T%fo(égggl). Finally, for the equiproba-
ble model, X?(y:) has the best performance among all tests in most cases, but as

the sample size increases Tgfl(égfo) has slightly better power against the Weibull
(Wei(0.77)) alternative.

It should also be noted that, since the empirical size of each test statistic is different
from the targeted nominal one, in order to derive solid conclusions regarding the
best test statistic in terms of power, an adjustment is mandatory. To this regard, the
method proposed by Lloyd (2005), which deploys the Receiver Operating Charac-
teristic (ROC) curves could be used. For further details see Subsection 2.4.3.

2.4.3 Examination under contaminated data

The problem of contingency tables or cross tabulations and their statistical analysis
based on measures of divergence, always attracts the attention of researchers with
a plethora of important contributions (see e.g. Kateri & Papaioannou, 1997; Kateri
et al., 1996; Kateri & Papaioannou, 1996). Such problems though, are often asso-
ciated with two serious issues that frequently appear in practice and considerably
affect both estimating and testing procedures, namely censoring and contamination
often encountered among other fields, in survival analysis (see, Sachlas & Papaioan-
nou, 2014; Vonta & Karagrigoriou, 2010; Basu et al., 2006). For an extensive overview
of such issues and their handling, refer to Tsairidis et al. (1996) and Tsairidis et al.
(2001). A thorough study of the (®, «) —power divergence family and the associated
estimators and test statistics under the censoring regime remains an open problem
of future research. The emphasis in this section is on contamination. More specifi-
cally, in order to attain a better insight of the behaviour of the proposed divergences
used both for estimation and testing purposes we proceed further with a simula-
tion study. The null hypothesis considered focuses on the Gamma distribution with
shape parameter equal to 1, denoted by I'(1). On the other hand, as alternative hy-
potheses we have used Gamma distributions with shape parameters equal to 1.5,
4.0 and 10.0 denoted by T'(1.5), I'(4) and I'(10), respectively. In every case the scale
parameter is chosen to be equal to 1 due to the fact that the Gamma distribution is
scale invariant.

The study is implemented not only for the regular case but also for cases where the
data set is contaminated. In this regard we define € as the contamination level with
€ € [0,1]. Thus the data generating distribution has the form (1 — €)I'y + €I'. where
I'; is the dominant and I'. the contaminant Gamma distribution. Note that the used
contamination level is taken to be equal to 0.075. Thus, for the examination of es-
timators and test statistics in terms of size of the test (x) we contaminate the null
distribution with observations from the alternative hypotheses and vice versa for
the examination of tests in terms of power (). Furthermore, for the implementa-
tion, we have considered a large sample size, N = 200 and 100000 repetitions of the
experiment, while for the partition of the data range we use [1/200] = 15 equiprob-
able intervals, where the [-] operator returns the least integer which is greater than
or equal to its argument.

As classical minimum divergence estimators we use those that can be derived from
the Cressie—Read family for A = —2,—1,-1/2, 0, 2/3, and 1 which are known
as the minimum modified chi—squared (fjcs), discrimination information (fypr),
Freeman—Tukey (éFT), likelihood ratio (9LR), Cressie—Read (éCR) and chi—squared
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(Bcs) estimators. On the other hand, the proposed BHHJ family (é(%,az)) of estima-
tors is applied for thirteen values of the parameter a; = 10=7,0.01,0.05,0.10 ... (0.10)
... 1.00 and @, as in (2.2) with & = ay. Furthermore, we have included in our analysis
not only the L, —distance estimator (@L2 ), which along with the likelihood ratio serve
as benchmark estimators (divergences in general) since they are equivalent with the
BHH]J family for « = 1 and a — 0, respectively, but also the maximum likelihood
estimator (éMLE) based on the ungrouped data.

In reference to the test statistics we proceed in a similar manner and retrieve from
the Cressie—Read family the classical modified chi—squared MCS(fics), minimum
discrimination information MDI (@MD 1), Freeman—Tukey F T(Arr), likelihood ratio
LR(Or), Cressie—Read CR(fcg) and Pearson’s chi—squared CS(fcs) test statistics

along with the proposed Tff;l (9(¢w2)), for a1 = 1077, 0.01, 0.05, 0.10...(0.10)...1.00
and ®; as in (2.2) with & = a;.

The examination of the behaviour of the minimum divergence estimators is based
on the mean squared error (MSE) given by

1 10° . 2
MSE; = 1o l; (6f - &)

with 6/ being the minimum divergence estimator based on any I divergence for the
1" sample.

Figure 2.9 presents the MSE for the the four cases which are associated to no contam-
ination and contamination from the three alternative distributions. The minimum
divergence estimators are displayed in ascending order following a counter clock-
wise direction according to the case where the contaminant distribution lies far form
the null, i.e. when the data are generated from 0.925T'(1) + 0.075T°(10).

The results given in Figure 2.9 indicate that in terms of MSE, estimators that can
be derived from the Cressie—Read family with A > 0 along with those that can be
derived from the BHH] family with small values of a, have better performance for
the no contamination case and when the contaminant distribution is close to the null
(Figures 2.9a & 2.9b). Note that in these two cases (9MLE) has the best performance
among all competing estimators. On the contrary, when the contaminant distribu-
tion departs further from the null (Figures 2.9c & 2.9d), estimators from the BHH]
family with larger values of a; and those from the Cressie—Read family with nega-
tive values of A appear to behave better, while the worst results arise for the 8y, . In
addition, Figure 2.9 reveals the robustness aspect of the BHH] and the Cressie—Read
estimators, since it is apparent that in the presence of contamination the larger the
value of the index ay and the smaller the value of the parameter A the smaller the
MSE.

Finally, note that in every case the MSE of é(q,wz) lies between the MSEs of the

Orr and the 0;,. We should state here that for presentation purposes the MSE has
been multiplied by 100. For more information about robust estimation for grouped
data refer to (Basu et al., 1997; Victoria-Feser & Ronchetti, 1997; Lin & He, 2006;
Toma & Broniatowski, 2011), while for the mathematical connection of the BHH]
and Cressie— Read families to Patra et al. (2013).

Under the set—up of this study we have m = 15 probabilities of the multinomial
model and k = 1 unknown parameter to estimate, thus the critical values used are



2.4. Simulation studies 49

the asymptotic critical values based on the asymptotic distribution cx?; with ¢ =
0.5(min; pig (e, ay)) + max; pig (e, a,))) for the BHH] family of test statistics, and
the x3, for the classical test statistics that can be derived from the Cressie—Read
family, with nominal level equal to 0.05.

CR(-2 CR(-2
L2 2 CR(1) L2 2 CR(1)

BHHI(1.00) 0.59% MLE BHHJ(1.00)

BHHJ(0.90) CR(2/3) BHHJ(0.90) CR(213)

BHHJ(0.80) BHHJ(0.00) BHHJ(0.80) BHHJ(0.00)

BHHJ(0.70) CR(0) BHHJ(0.70) CR(0)

CR(-1) BHHJ(0.01) CR(-1) BHHJ(0.01)

BHHJ(0.60) BHHJ(0.05) BHHJ(0.60) BHHJ(0.05)

BHHJ(0.50) BHHJ(0.10) BHHJ(0.50) BHHJ(0.10)

BHHJ(0.40) BHHJ(0.20) BHHJ(0.40) BHHJ(0.20)
CR(-1/2) BHHJ(0.30) CR(-1/2) BHHJI(0.30)

@T(1) (b) 0.925T'(1) +
0.075T'(1.5)

CR(-2) CR(-2)
L2 CR(1) L2 CR(1)

BHHJ(1.00) 3.62 MLE BHHJ(1.00) 17.2 MLE

BHHI(0.90) CR(213) BHHJ(0.90) CR(213)

BHHJ(0.80) BHHJ(0.00) BHHJ(0.80) BHHJ(0.00)

BHHJ(0.70)

CR(0) BHHJ(0.70) CR(O)

CR(-1) BHHJ(0.01) CR(-1) BHHJ(0.01)

BHHJ(0.60) BHHJ(0.05) BHHJ(0.60) BHHJ(0.05)

BHHJ(0.50) BHHJ(0.10) BHHJ(0.50) BHHJ(0.10)

BHHJ(0.40) BHHJ(0.20) BHHJ(0.40) BHHJ(0.20)
CR(-1/2) BHHJ(0.30) CR(-1/2) BHHJ(0.30)

() (d) 0.925T'(1) +
0.925T(1) + 0.075T (4) 0.075T(10)

Figure 2.9: MSE (x100) for the four cases of contamination regarding
the tests that can be derived both from the BHH] and Cressie—Read
families.

In Figure 2.10 we examine under the four aforementioned cases the behaviour of
the BHH] test statistics in terms of size for various values of the indices &1 and a5,
while in Table 2.4 the behaviour of the classical tests is presented. In general we can
see that as the index &4 increases the size decreases, while as the index a, increases
the size increases as well. Furthermore, we can observe that in the case where the
contaminant distribution lies far from the null (Figure 2.10d) the size becomes very
large, indicating the disastrous effect imposed from the contaminant distribution to
all BHH] test statistics. This disastrous effect is also apparent in the classical test
statistics. In the case where the contaminant distribution is the I'(4) (Figure 2.10c)
the BHH]J family of tests discounts the effect of contamination for values of a; >
0.8, while the classical tests are largely affected by the contamination once again.
Finally, for the no contamination and contamination from the I'(1.5), we can derive
the following conclusions about the behaviour of the tests.
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Figure 2.10: Size for the four contamination cases regarding the tests
that can be derived from the BHH] family.



Chapter 2. Statistical Inference for Multinomial Populations based on a Double

52 Index Family of Test Statistics

Table 2.4: Size (%) for the four contamination cases regarding the clas-
sical tests that can be derived from the Cressie—Read family.

Data distribution FT CR CS LR MDI  MCS
r'(1) 4028 6.538 7.841 4744 3783 4.263
0.925I'(1) +0.075I'(1.5) 3.943 6.759 8195 4.775 3.659  4.072
0.925T'(1) + 0.075I'(4) 9.546 12.762 14.392 10.539 9.063 9.521
0.925T(1) + 0.075I'(10)  83.558 85.420 85.953 85.953 82.183 68.850

Regarding the BHH] family (Figures 2.10a & 2.10b), we can observe that the larger
the value of &1 the more conservative the test is, while the best performance appears
for a3 < 0.10 and ap > 0.50. With respect to the classical tests, MDI(Oypr), FT(0rr)
and MCS(fycs) appear to be conservative, while CS(Acs) and CR(fcg) appear to
be liberal. Note that in terms of size LR(01r) appears to have the best performance
among all classical test statistics.

In terms of power, results are presented in Figure 2.11 and Table 2.5 for the BHH]J and
classical tests, respectively. Note that we only present results that are associated with
the I'(1.5) alternative since in every other case the power reaches the highest level 1
for all tests. As a general conclusion we can state that the contamination affects the
performance of all tests by notably downgrading their power. Concerning the BHH]J
tests, the best results appear for small values of a1 and large values of a;, while the
classical modified chi—squared test statistic, MCS(@MCS), has the best performance
among all classical tests.

Table 2.5: Power (%) for the no contamination & contamination from
I'(1) cases regarding the classical tests that can be derived from the
Cressie—Read family.

Data distribution FT CR CS LR MDI MCS
I'(1.5) 69.412 69911 70.887 69.061 70568 74.808
0.925T(1.5) +0.075T'(1) 55.308 57.515 59.049 55.571 56.224 60.448

Based on the preceding analysis, we proceed further with the comparison of the
tests. Beyond the classical ones we choose the following four test statistics from the
BHH] family T1 = T§% (6a,000)), T2 = T$(6(0,030)), T3 = T$%(8(0,0.60)) and
T4 = Tg?o(é(q)Z,OS())). In order to derive solid conclusions about the behaviour of the
test statistics in terms of size we consider Dale’s criterion (Dale, 1986) which involves
the following inequality

llogit(1 — &,) — logit(1 — a)| < d, (2.19)

where logit(p) = log(p/(1 — p)), while &, and « are the exact simulated and nom-
inal sizes, respectively. When (2.19) is satisfied with d = 0.35 the exact simulated
(empirical) size is considered to be close to the nominal size.

For &« = 0.05 the exact simulated size is close to the nominal if &, € [0.0357,0.0695].
This criterion has been used previously by Pardo (2010) and Batsidis et al. (2016b).
We apply the criterion not only for « = 0.05, but also for a range of nominal sizes
that are of interest, namely a € [0,0.1].
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Figure 2.11: Power for the no contamination & contamination from
I'(1) cases regarding the tests that can be derived from the BHH]J fam-

ily.
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Results are presented in Figure 2.12 where the dashed line refers to the situation
where the exact simulated equals the nominal size, thus lines that lie above this
reference line refer to liberal, while those that lie below to conservative test statistics.
Furthermore, the gray area that is depicted in Figure 2.12 refers to Dale’s criterion,
thus lines that lie into this area satisfy the criterion. From Figures 2.12a & 2.12b we
observe that in the no contamination case and when the contaminant distribution
is close to the null, besides CS and T4 every other test satisfies Dale’s criterion. On
a more granular level, we observe that the CR test statistic satisfies the criterion
only for nominal sizes « > 0.03. For the case where the contaminant distribution is
the I'(4) we can see that the only test that resist the contamination and satisfies the
criterion is the T4. One conclusion that can be derived from Figure 2.12d, is that even
though every test fails to satisfy Dale’s criterion, MCS appears to be notable resistant
to the contamination, in relation to all other tests, especially for small nominal sizes.

Apparently, the actual size of each test differs from the targeted nominal one, thus
in order to proceed further with the comparison of the tests in terms of power we
have to make an adjustment. We follow the method proposed in Lloyd (2005) which
involves the so called receiver operating characteristic (ROC) curves. In particu-
lar, let G(t) = Pr(T > t) be the survivor function of a general test statistic T, and
¢ = inf{t : G(t) < a} be the critical value, then ROC curves can be formulated by
plotting the power G (c) against the size Gy(c) for various values of the critical value
c. Note that with Gy(t) we denote the distribution of the test statistic under the null
hypothesis and with G; (t) under the alternative.

Results are presented in Figure 2.13, from where we can observe that under the ad-
justment the test statistics have similar behaviour in terms of power for both cases
of no contamination and contamination from the I'(1), with the performance be-
ing downsized in the latter case. Note also, that results under the adjustment differs
from those of the preceding analysis. In particular, we can see that even though from
Figure 2.11 we derived the conclusion that the best results arise for small values of
«1 and large values of a; in the no contamination case, T; has the worst performance
among all the BHH] tests under the adjustment in size. Similar conclusions can be
derived for the classical tests. For example, CS and CR have the worst performance
among the classical tests under the adjustment, although the results in Table 2.5 indi-
cate the opposite. This behaviour is explained from the fact that the power of the test
is highly affected from its liberality or not, making the adjustment in size mandatory
before proceeding to the comparison.

In addition, taking into account the results of Figure 2.13, we focus our interest in
the following four tests, two from each family, T4, MCS, T3, and MDI, which ap-
pear to have the best performance in terms of power. Note that, even though MDI
and T3 follow closely each other in terms of size, T3 appears to perform better in
terms of power. Additionally, we can see that the performance of T3 in terms of
power follows closely the performance of MCS and especially when the alternative
distribution is contaminated from the null. Although, T4 appears to have the best
performance among all competing tests in terms of power, we should only consider
it when the null distribution is contaminated from a distribution which is neither far
nor close to the null, since in every other case the exact simulated size fails to satisfy
Dale’s criterion.

Based on the conducted analysis with regard to the two families of estimators and
test statistics, namely the BHH] and the Cressie—Read families, we can state the
following remarks.
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For estimation purposes, under contamination, the best estimators arise for large
values of the index a; and small negative values of the parameter A, while the oppo-
site is true when there is no contamination. In relation to testing procedures, when
the null distribution is not contaminated or is contaminated from a distribution that
is close to it, the best test statistics from the BHH] family arise for values of the in-
dices a1 and a; close to 0.50, say between 0.40 and 0.60, while the most prominent
members of the Cressie—Read family arise for values of A € [—2, —1]. In the case
where the contaminant distribution lies neither too close nor too far from the null,
only test statistics that are members of the BHH] family with large values of a; near
0.90 and moderate values of &, near 0.30 are appropriate choices.

2.5 Conclusions

In this chapter we propose a general family of test statistics for testing the composite
null hypothesis (2.4) based on the the (®, a) —power divergence family, where the
unknown parameter 6 is estimated by the general minimum (®, x) —power diver-
gence estimator given in (2.6).

This general family of test statistics involves two indices, namely «; and «; and two
functions @ that are not necessarily equal. Under the equiprobable model, indepen-
dently of the values of these indices, the asymptotic distribution of the proposed test
statistic is equal to c times the chi—squared distribution, with c as in (2.16). In the
case where the true model is not the equiprobable the resemblance of the asymptotic
distribution of the test statistic to the ¢ times chi—squared distribution is achieved
for small values of a; and ay, (¢1, a2 < 0.5) and in terms of the Type I error the
best results are achieved when additionally the index &; is smaller than the index
ap. For such values of the two indices the performance of the proposed methodol-
ogy is considered to be extremely satisfactory in all cases, irrespectively of the true
probabilities of the underlying multinomial distribution. Moreover, a comparison
between members of the proposed family of test statistics and the classical ones took
place. In this case we have considered not only the equiprobable model but also
the symmetric, left skewed and right skewed ones, under some alternatives with
same skewness values. Results indicate that members of the proposed family of test
statistics can be thought of as worthy counterparts to the classical ones. Finally, we
have examined the behaviour of the proposed family of estimators and test statistics
under the framework of contamination. In this case, results revealed that the best es-
timators arise for large values of the index x; when the data are contaminated, while
the opposite is true under no contamination schemes. Regarding the test statistic,
we can conclude that members of the proposed family have a slight edge in relation
to the classical ones, mostly in cases where the contaminant distribution lies neither
too close nor too far from the null.
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Chapter 3

Contingency Table Analysis and
Inference via Double Index
Measures

In this chapter, we focus on a general family of measures of divergence for estima-
tion and testing with emphasis on conditional independence in cross tabulations.
For this purpose, a restricted minimum divergence estimator is used for the estima-
tion of parameters under constraints and a new double index (dual) divergence test
statistic is introduced and thoroughly examined. The associated asymptotic theory
is provided and the advantages and practical implications are explored via simu-
lation studies. The main results presented in this chapter has been published in
Meselidis & Karagrigoriou (2022)!.

3.1 Introduction

Let us consider the general case of two m-dimensional multinomial distributions
for which each probability depends on an s-dimensional unknown parameter, say 0
= (0,..., QS)T. Assume that the underlying true distribution of an m-dimensional
multinomial random variable with N experiments, is

X=(X1,..., Xm)" ~ Multi(N,p= (p1,...,pm) ")

where p is, in general, unknown, belonging to the parametric family
P ={p(0) = (p1(8),....pu(6))T: 0= (61,....0) €cOCR}. (1)

The sample estimate p = (p1,...,Pm) ' of p is easily obtained by p; = x;/N, where
x; is the observed frequency for the i-th category (or class).

Divergence measures can be used for estimating purposes by minimizing the asso-
ciated measure. The classical estimating technique is the one obtained from (1.7)
fora = 0 and ®(u) = Pgr(u) = ulogu +1—u. Then, the resulting KL mini-
mization is equivalent to the classical maximization of the likelihood producing the
well—known Maximum Likelihood Estimator (MLE, see Pardo, 2006, Section 5.2).
In general, the minimization, with respect to the parameter of interest, of the diver-
gence measure, gives rise to the corresponding minimum divergence estimator (see,

Meselidis, C. and Karagrigoriou, A. (2022). Contingency Table Analysis and Inference via Double
Index Measures, Entropy, 24.4, p. 477, DOI: 10.3390/e24040477
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e.g., Cressie & Read, 1984; Morales et al., 1995; Meselidis & Karagrigoriou, 2020 and
Chapter 2).

Consider the hypothesis
Ho: p = p(60) vs. Hi: p # p(60), 60 = (601,...,60s) €®CR’,  (32)

where p is the vector of the true but unknown probabilities of the underlying distri-
bution and p(6y) the vector of the corresponding probabilities of the hypothesized
distribution which is unknown and falls within the family of P with the unknown
parameters satisfying in general, certain constraints, e.g., of the form c(6) = 0, un-
der which the estimation of the parameter will be performed. The purpose of this
chapter is twofold: having as a reference the divergence measure given in (1.7), we
will first propose a general double index divergence class of measures and make
inference regarding the parameter estimators involved. Then, we proceed with the
hypothesis problem with the emphasis given to the concept of conditional indepen-
dence. As in Chapter 2, the innovative idea proposed in this chapter is the duality in
choosing among the members of the general class of divergences, one for estimating
and one for testing purposes which may not be necessarily, the same. In that sense,
we propose a double index divergence test statistic offering the greatest possible
range of options, both for the convex function ® and the indicator value & > 0.

Thus, the estimation problem can be examined considering expression (1.7) using a
function ®, € F and an indicator o, > O:

dg, (P, p( Z piT2(0) ( pr"m) (33)

the minimization of which with respect to the unknown parameter, will produce the
restricted minimum (®,, ;) divergence (rMD) estimator

Al

6(<I>2,062) = arg 66@2}%)=0ng (p/ p(6>) (34)

for some constraints c(0) = 0. Observe that the unknown vector of underlying prob-
abilities has been replaced by the vector of the corresponding sample frequencies p.
Then, the testing problem will be based on

o A~ IS, U ﬁi
3 (D, P(0(ey0 ZPH (B @y P1 <Ar> (3.5)
( 2, 2 > 2/ 2 pi(e(q)z,az))

where ®;(-) and &; may be different from the corresponding quantities used for
the estimation problem in (3.3). Finally, the duality of the proposed methodology
surfaces when the testing problem is explored via the dual divergence test statistic
formulated on the basis of the double-x-double-® divergence given by

dgl (p’ p<é1&¢'2,l)¢2) )) (36)

where @1, P, € F and aq,ap > 0.

The remaining parts of this chapter are: Section 3.2 presents the formal definition
and the asymptotic properties of the rMD estimator (rMDE). Section 3.3 deals with
the general testing problem with the use of rMDE. The associated set—up for the
case of three—way contingency tables is developed in Section 3.4 with a simulation
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section emphasizing on the conditional independence of three random variables. We
close this chapter with some conclusions.

3.2 Restricted minimum (®, «) —power divergence estimator

In what follows, we will provide the formal definition and the expansion of the
rMD estimator and prove its asymptotic normality. The assumptions required for
establishing the results of this section for the rtMD estimator under constraints, are
provided below:

Assumption 1.

(Ao) f1(8),..., f,(8) are the constraint functions on the s-dimensional parameter 6, f;.(0)
=0,k=1,...,vandv <s<m-—1;

(A1) There exists a value 8y € @, such that X = (X1, ..., Xm) " ~ Multi (N,p(6o));
(Ap) Each constraint function fi(6) has continuous second partial derivatives;
(Az) Thev x sand m X s matrices

o - (20

ond 3(60) = (P4,
i i=1,...,m

k
j j=1,...8

=1,...,v

=1,...,s
are of full rank;

(As) p(6) has continuous second partial derivatives in a neighbourhood of 6y;

(As) Oy satisfies the Birch regularity conditions (see Section 2.2 and Birch (1964)).

Definition 3.1. Under assumptions (Ag)—(Asz) the rMD estimator of 0 is any vector in
O, such that

él(/dl/x) = arginfrgcocrs: f,(0)=0k=1,..v190 (P, P(0))- (3.7)

In order to derive the decomposition of é}(’q)’lx) the Implicit Function Theorem (IFT)
is exploited according to which if a function has an invertible derivative at a point
then itself is invertible in a neighbourhood of this point but it cannot be expressed
in closed form (see e.g. Theorem 2.1).

Theorem 3.1. Under Assumptions (Ag)—(As), the rMD estimator of 0y is such that
Al -1 s o . — A
8(a) = B0+ H(80) (B(80) B(60))  B(00)  diag(p(60)*/2)diag(p(80)*/*)(p — p(00))
+o([[p —p(60)l]), (3.8)

where é}(/q)’“) is unique in a neighbourhood of 6y and

-1

H(Gu) =1 (B(60) B(60)) (6" (@) (B(60) B(@u) Q@) ) Q(ew)

B(6y) = diag(p(()o)“/z)A(Bo), while A(6y) = diug(p(ﬂo)’lm)](ﬂo).

Proof. Following the lines of the proof of Theorem 2.2 given in Chapter 2, let V be
a neighbourhood of 6y on which p(:): ® — P C I" has continuous second partial
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derivatives, where [™ is the interior of the unit cube of dimension m. Let

F=(F,...,Fys): " x RV — RV*
with

f(0), j=1,...,v

Fi(p,A,0) =< 9d% (p,p f(0) .
] /P k
—_— Ak = 1,...
89] , Z 89] - v+1l,...,v+s,

where (p,A,0) = (p1,-- -, pm, A, oo, Ay, 01,...,0s) and Ay, k = 1,...,v are the coef-
ficients of the constraints.

It holds that

Pj(pl(ﬂo),...,pm(eo),o,...,0,901,...,905) =0, ] =1,...,v+s,

and by denoting v = (v1,..., Yv+s) = (M, ..., Ay, 01,...,65), the matrix

aj _ (aF]> _ < 0yxv ) Q(BO) >
9y \9m/j=L-vts  \Q(6)" @'(1)B(6) B(6)

k=1,...,v+s

is nonsingular at (p,A,0) = (p(60),v,) = (p1(60),.--,Pm(60),0,...,0,00,...,60s)
with Yo = (01// 90)

Using the IFT a neighbourhood U of (p(6p),7,) exists, such that dF/d+v is non-
singular and a unique differentiable function 4* = (A*,0%) : A C I" — R'',
such that p(6g) € A and {(p,y) € U: F(p,v) = 0} = {(p,v*(p)): p € A} and
Y*(p(60)) = (A" (p(60)),0"(p(60))) = 7, By the chain rule and for p = p(6y) we

obtain
oF +8i o7y
ap(6o) 9y, 9p(6o)

Then
9 (E(90)>
op(6p) W(6o) )’

where

-1
”

B(60) = @' (1) (Q(60) (B(6n) B(@r)) " Ql6n)")

< Q(60) (B(60) TB(00))  B(60) " diag(p(60)")diag(p(00) )

and

W(6) = H(6o) (B("o)TB("O)y1 B(60) ' diag(p(60)*/?)diag(p(60) /?)  (3.9)

since

oF = ( 0vxm )
BP(BO) B —(I)”(1)B(90)le'ag(p(90>0¢/2)dmg(p(60)_1/2) .
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Expanding 0" (p) around p(6y) and using (3.9) gives, for 8*(p(6y)) = 6y,
0" (p) = 00 + H(00) (B(0o) "B(00))  B(0o)” diag(p(60)*/2) x
x diag(p(60)~"/?)(p — p(60)) + o(|lp — p(60) ).

Since p *» p(6y) eventually p € A and then 7*(p) = (A*(p), 0*(p)) is the unique
solution of the system

f(0) =0, k=1,...,v

3ds (p, p( d .
789 Z/\ fk =0, ]:1,...,5
and (p,v*(p)) € U. Hence, 0" (p) coincides with rMDE E ) given in (3.8). O

The theorem below establishes the asymptotic normality of rMDE which is a straight-
forward extension of Theorem 2.4 (Meselidis & Karagrigoriou, 2020) since by the
Central Limit Theorem we know that

VN(p - p(60)) Ni—og N (0, Zp (o)) (3.10)

with the asymptotic covariance matrix ) given by diag(p(6o)) — p(80)p(6o) .
Theorem 3.2. Under Assumptions (Ag)—(As), by (3.10) and for W(6y) given in (3.9),
the asymptotic distribution of rMDE is the s-dimensional Normal distribution given by

A L
VN (80 — 60) o N; (0, W(60)Zp(9)W(60) ).

Remark 3.1. The proposed class of estimators forms a family of estimators that goes beyond
the indicator « since it is easy to see that estimators obtained for the Csiszar’s ¢ family are
given for & = 0 in (1.7) and also the standard equiprobable model.

3.3 Statistical inference

In this section, we introduce the double index divergence test statistic

7

Tg;] <é(<1>z,az)> CD”( )dgl (IA),p(QZq)zM))) (3.11)

with ®;,®; € F and a1, a2 > 0 and make the additional assumptions by which we
focus on the Csiszar’s family of measures for testing purposes (the notation ¢ is used
for clarity) and the equiprobable model:

Assumption 2.
(A6) pi = 1/11’[, Vi
(A7) 491 = QD, K1 = 0.

The theorem below provides the asymptotic distribution of (3.11) under Assump-
tions (Ag)—(Ay). Assumption (A7) will be later relaxed and a general asymptotic
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result will be presented in Subsection 3.3.1 . A discussion about Assumption (Ag)
will also be made in the sequel.

Theorem 3.3. Under Assumptions (Ao)—(Ayz) and for the hypothesis in (3.2) we have

AT 2N AT
Tg (6((1)2’“2)) - qup (P/P(e(thaz))) VI X%nflfsﬂ/
with éz%,az) given in (3.8).

Proof. From Birch’s third regularity condition (see Section 2.2), we have that

p(éi(/(bz,lxz)) = p(eo) + J(GO)(éi(’q)z,az) - BO) + O(Hé;(’qb,txz) - 90”)

which by Theorem 3.2, expression (3.10), and for M(6y) = J(69)W(6y) reduces to

P(B(0,0)) — P(60) = M(60) (P — P(60)) + 0y (N71/?)

which implies that
AT L
VN(p(8(a,.,)) — P(60)) o N(0, M(60)Z(6,)M(60) 7). (3.12)

Combining the above we obtain

N (a5 00) 552N (0 (o)) Zren M)

and

where

L(60) = Z,(6,) — M(60)Z () — >:},((,O)M(60)T + M(BO)ZP(BO)M(BO)T (3.13)

The expansion of d, (p, q) around (p(6), p(6o)) yields

AT " N N At 2
T‘?’ (6(‘1’2,962)) = Z 1:(60) (Pi - pi(e(dh,zxz))) + OP(1> =X"X+ Op(l)/

where .
X = V/Ndiag(p(6o) V%) (p — P(0(@,0))) = N(0, T(6p)).

Then, under (Ag), T(6o) (see (3.13)) is a projection matrix of rank m —1 — s+ v.
Indeed, under (Ag), we have that

* diag(p(60)*?) = m "2 Lnsxm,

e H(6p) = H*(6y), with H*(6y) as is given for relation (1.24),

e B(6y) =m /2 A(8)),

* (B(60)"B(60)) ' =m™ (A(60) A(60)) "
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and thus
T(689) = L — p(00) /%) (p(80) /%)) " — A(60) (A(60) TA(B0))  A(80)T
+ A(60) (A(60) TA(60)) ' Q(8)) " (Q(Go)(A(BO)TA(BO))_lQ(GO)T)_1Q(60)><
x (A(60) TA(6)) "A(8p) .
Also
trace(T(60)) = trace(Inxm) — fmce(P("O)*l/z(P(Bo)*l/z))T)
1

~ trace( (A(80) A(6)) " A(60) "A(60))
-1

+ trace ( (Q(Bo) (A(60)"A(60)) 71Q(30)T) X

. Q(Go)(A(ﬂo)TA(Bo))_1A(90)Q(90)T>

=m—-1—s—v.

Then, the result follows from the fact (see e.g. Lemma 2.4 or Ferguson (1996, p. 57))
that X" X has a chi-squared distribution with degrees of freedom equal to the rank
of the covariance matrix of the random vector X as long as it is a projection matrix.

Note that, the asymptotic variance T(6)) can be easily estimated since the unknown

theoretical quantities p;, i = 1,...,m, can be substituted from the relevant sam-
ple equivalents. As a result, the computational complexity of the estimator of the
asymptotic variance is negligible. O

Remark 3.2. Relaxation of Assumption (Ag): Arguing as in Meselidis & Karagrigoriou
(2020), when the true model is not the equiprobable the result of Theorem 3.3 holds true as
long as ap = 0 and approximately true when ay — 0.

3.3.1 Asymptotic Theory of the Dual Divergence Test Statistic

Having established the two main results of this Chapter, namely the decomposi-
tion of the proposed restricted estimator (Theorem 3.1) together with its asymptotic
properties (Theorem 3.2), as well as the asymptotic distribution of the associated test
statistic under the class of Csiszar ¢-functions (Theorem 3.3) we continue below ex-
tended in a natural way the results of Chapter 2 for the dual divergence test statistic.
The extensions presented in this section are considered vital due to their practical
implication on cross tabulations discussed in Section 3.4. In what follows we adopt
the following notation:

X1

Py = Juin pi(B0)", plyy = max pi(Bo)" k=m—1-s+v.

c=m ",

Theorem 3.4. Under Assumptions (Ao)—(Ag) we have

AT L
T(I;)l] (e((pz,ﬂcz)) m CX%
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Proof. A second order Taylor expansion of dg (p,q) around (p(8o), p(6o)) is given
by

& (oA D) (1) & pi(60)™ /. . 2
dCI)ll (p’ p(6(®2,a2))) = 12 Z pl(eo) <p1 - pi(6(<l>2,zx2)))

i=1
+o(llp — p(60)I7) + 0(IP(8war)) — P(60)II).

By (3.10) and (3.12) we have that No(||p — p(60)||*) = 0p(1) and NO(Hp(éECDZ,aZ)) .
p(60)]|?) = 0p(1), so that

w (4 - Npi(60)™ A 2
T<1>11 (62%,“2)) - Z W (Pi o pi(eE‘I’zr“z))) + Op(l)'

i=1

The result follows from Theorem 3.3. O

Remark 3.3. Consider the case where Assumption (Ag) is relaxed. Then, the asymptotic
distribution of the test statistic T;ll (@zq)z,,xz)) is estimated to be approximately cx? where

o _|_ o
c= P(”zp(’”) (3.14)

as long as ay = 0 or ap — 0. For further elaboration of this remark we refer to Remarks 2.6
and 2.7.

Remark 3.4. Observe that if a1 — 0 then ¢ — 1 and the asymptotic distribution becomes
X3, while for ay away from 0 the distribution is proportional to x3 with proportionality index
¢ # 1. However, for not equiprobable models these statements hold true as long as 5 is close
to zero.

Consider now the hypothesis with contiguous alternatives (McManus, 1991; Ney-
man, 1937)

d
Hy:p=p(0y) vs. Hin: p =p(0y) + —, 3.15
0: p=p(6o) LN: P =p(6o) TN (3.15)

where d is an m-dimensional vector of known real values with components d; satis-
fying the assumption )" ; d; = 0.

Theorem 3.5. Under Assumptions (Ag)—(Ase) and for the hypothesis (3.15) we have

w1 (A" L
T<I>11(6(‘I>2,042)) I\H—oo> CX%(ng)

which represents a non-central chi-squared distribution with k degrees of freedom and non-
centrality parameter &' & for which & = diag(p(00)~/2)(I — J(80)W(6p))d.

Proof. Under the contiguous alternative hypotheses (3.15) we have

VN(p —py) > N(0,Zy,) and VN(p — p(60)) —— N(d, Zy(a,))
so that X .
VN (B = P(B(a))) = N((I—M(80))d, L(68))).

N—o0
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Also

. AT 2 T
(i = PilBlayan)) +0p(1) = XX +0,(1)

on

i
=

T(P(éz‘bz,ﬂlz)) = z'(eO)

1

where » .
X = VNdiag(p(60) ") (p — P(8(0,0))) ~— N(,T(60))

with T(8p) as in the proof of Theorem 3.3 and & = diag(p(6y)~'/?)(I — M(6y))d.
Then, it is easy to see that, under the assumption (Ag) at the beginning of Section 3.3,
T(69)& = &. Indeed, under the equiprobable model, we have that (B(6y) "' B(6)) !
= (1/m)~1(A(8y) "A(6p)) "' and B(0p) "diag(p(60)*>/?) = A(6y) " (1/m)* thus

& = diag(p(69)'/*)d — A(60)H"(60) (A(60) "A(60)) " A(6o) 'diag(p(6o)'/*)d.

The result follows from the fact that \/p(8o) Tdiag(p(80)'/2)d = 0 and \/p(60) T
A(6p) = 0. Then from Lemma 2.8 we conclude that

m

)3

i—1 Pi

N . A7 2
(90) (pl - pi(e(éz,zxz))> ELM) X72n7175+v(g—r§)~

Finally, by using the same arguments as in Theorem 3.4, the distribution of the test
statistic (3.11) under (3.15) is cx?,_;_,, (&' &) withc = m™, O

Remark 3.5. Observe that under Assumption (Ag) (p; = 1/m) the asymptotic distribution
is independent of ®, ay and ap. As a result, the associated power of the test is Pr( X%(Q‘Téj ) >
)(ia) where a the 100(1 — a)% percentile of the distribution. If assumption Ag is relaxed
then the distribution is approximately non-central chi-squared with proportionality index

“1

L5
_ PP
0

3.4 Cross tabulations and dual divergence test statistic

In this section, we try to take advantage of the methodology proposed earlier for the
analysis of cross tabulations. In particular we focus on the case of three categorical
variables, say X, Y, and Z with corresponding, I, ], and K categories. Then, assume
that the probability mass of a realization of a randomly selected subject is denoted by
pii(0) = Pr(X =i,Y = j,Z = k) > 0, where here and in what followsi = 1,..., 1,
j=1,...,],k=1,...,K unless otherwise stated. The associated probability vector
is given as p(0) = {p;jx(0)}, where

Oijks (i,,k) # (1], K)

I ] K
Pk =9 1- Y 3% 0, (i,j,k) = (I,],K)

i=1j=1k=1

(i,j. ) # (LK)
and the parameter space as @ = {0;i, (i,], k) # (I,],K)}. The sample estimator of
piik(0) is pijx = nijx/ N, where n;j is the frequency of the corresponding (i, j, k) cell.
Note that, even though this set—up has been given previously in Section 1.4.3, we
provide it here, once more, for easy access to the reader.



Chapter 3. Contingency Table Analysis and Inference via Double Index

70 Measures

In this set—up the dual divergence test statistics is given as

I J K o . pl]k
YN Y pin(Bayu) P i) (3.16)
ijk

T3 érq) =
@1( ( 2,042)) q?ﬁ/(l) P (q)zlxz)

where p;j as above and the rMD estimator as

I ] K 5.
A" 3 ® ijk
0(@,,0,) = AT inf YN N pi(0)'t 2q>2< f”e ) (3.17)
— Pl]k< )

{6€OCR: fi(0)=0k=1,...v} ;5] i k=

For a1, a; = 0 and special cases of the functions ®; and @, classical restricted mini-
mum divergence estimators and associated test statistics can be derived from (3.17)
and (3.16), respectively. For example, for a1, ap = 0, and &1, , = Pg;, the likeli-
hood ratio test statistic with the restricted maximum likelihood estimator (G2(8"))
can be derived, while for ®;, &, = &, and A = 1 we obtain the chi—squared
test statistic with the restricted minimum chi—squared estimator (X2(6.)), where
Oy (u) = WM —u—-AMu—-1))/(AM(A+1)), A # 0,—1. For &;, & = &, and
A = 2/3 the dual divergence test statistic reduces to the power divergence test statis-
tic with the restricted minimum power divergence estimator (CR(f¢y)), whereas for
A = —1/2 reduces to the Freeman-Tukey test statistic with the restricted minimum
Freeman-Tukey estimator (FT(8r7)).

The hypothesis of conditional independence between X, Y, and Z is given for any
triplet i, j, k by

Pisk(80) p-jk(60)

, Bp € ® unknown,
poik(60) °

Ho : pijx(60) =

where

I J
Pixk 60 ZPZ]k 60 Pxjk 90 quk 60 El?ld Psxk 6O Zzqu 60
=1 i=1j=1

Under the (I — 1)(J — 1)K constraint functions

fiik(8) = p11k(0) piji (0) — p1jx(8) pirk (8) = 0

i=2...,1,j=2,...,], k=1,...,K the above Hy hypothesis with 8, unknown,
becomes
Hy:p =p(6o), for 6y € Oy,

where @ = {0 € ©: fj4(0) =0,i=2,...,1,j=2,...,], k=1,...,K}.

Remark 3.6. For practical purposes, the choice of the values of the indices is motivated by the
work of Basu et al. (1998) where, in an attempt to achieve a compromise between robustness
and efficiency of estimators, they recommended the use of small values in the (0,1) region.
In the following subsection, our analysis will reconfirm their findings since as it will be seen,
values of both indices close to 0 (than to one 1) will be found to be associated with a good
performance not only in terms of estimation but also in terms of goodness—of—fit as it will
be reflected in the size and the power of the test.
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3.4.1 Simulation study

In this simulation study, we use the rMD estimator and the associated dual diver-
gence test statistic for the analysis of cross tabulations. Specifically, we are going to
compare in terms of size and power classical tests with those that can be derived
through the proposed methodology, for the problem of conditional independence of
three random variables in contingency tables. We test the hypothesis of conditional
independence for a 2 x 2 x 2 contingency table, thus in this case we have m = 8
probabilities of the multinomial model, s = 7 unknown parameters to estimate and
two constraint functions (v = 2) which are given by

2 2 2
f221(0) = 01116221 — 01210211 and fr22(0) = 6112 (1 -Y Yy 9ijk> — 61220212
i=1 j=1k=1
(ijh)#(2,22)

For a better understanding of the behaviour of the dual divergence test statistic
given in (3.16) we compare it with the four classical goodness—of—fit test statis-
tics mentioned earlier in Section 3.4, namely with the G2(8'), X2(y.), CR(6cR)
and FT(0;7). The proposed test Ty (92%,“2)) is applied for &1 = &,,, &, = O,

and six different values of a7 and ay, 10~7, 0.01, 0.05, 0.10, 0.50, and 1.50, where
Dy (u) =1— (1+aY)u+a 'ul™* Note that, the critical values used in this simu-
lation study, are the asymptotic critical values based on the asymptotic distribution
cx3 with ¢ as in (3.14) for the double index family of test statistics, and the x3 for
the classical test statistics. For the analysis we used 100,000 simulations and sample
sizes equal to N = 20,25 (small sample sizes) and N = 40,45 (moderate sample
sizes).

In this study, we have used the model previously considered by Pardo (2010) given
by

pP111 = 7111 — 711w P211 = 70211 + T222W — U111 W
Pi12 = 7112 + 11 W — oW P212 = 7212 + TT111W — TlopW
P121 = 7121 + 7o W P221 = 7T221 + TT220W — TT111W
P122 = 7122 + W P222 = TT222 — TT222W

where 0 < w < 1 and TUjk = Pisxx X Paja X Pask i,j,k =1,2 with

111 = 0.036254 112 = 0.164994 TT121 = 0.092809 7122 = 0.133645
1t211 = 0.092809 712 = 0.133645 o1 = 0.237591 7To02 = 0.108253.

For w = 0 we take the model under the null hypothesis of conditional independence,
while for values w # 0 we take the models under the alternative hypotheses. We
considered the following values of w = 0.00, 0.30, 0.60, and 0.90. Note that the larger
the value of w the more we deviate from the null model. For the simulation study, we
used the R software (R Core Team, 2016), while for the constrained optimization the
auglag function from the nloptr package (Johnson, 2014). The syntax is provided in
Appendix C.4.

From Table 3.1, we can observe that in terms of size the performance of the test statis-
tic Tg,ll ((-A)Eq)zl,xz)) is adequate for values of a1, a; < 0.5 both for small and moderate
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sample sizes. In addition, we can see that for a; < 0.10, Té‘)ll (92%,«2)) appears to be

liberal, while for a; > 0.5 appears to be conservative. We also note that the size
becomes smaller as &1 and a; increase with a; > ay. Table 3.2 provides the size of
the classical gof test statistics from where we can observe that C R(Ocg) has the best
performance among all competing tests for every sample size. In contrast, FT ()
has the worst performance among all competing tests and appears to be very lib-
eral. Furthermore, X2(0Y:) appears to be conservative, while G2(8') appears to be
liberal. Note that for a; € [0.01,0.5] and &> < 0.10, Tg;! (92%,“2)) behaves better than

the G2(@') test statistic and its performance is quite close to the performance of the
X2(0y.).

Table 3.1: Size (w = 0.00) calculations (%) of the Tgl(éz%m)) test
statistic for sample sizes N = 20,25,40,45. Sizes that satisfy Dale’s
criterion are presented in bold.

X2

aq 1077 0.01 005 010 050 1.50 1077 0.01 005 010 050 1.50

n=20 n=25

1077 8256 8257 8260 8263 9.216 13.856 7.863 7.865 7.878 7.920 8.927 13.192
0.01 8207 8206 8209 8224 9.224 13.623 7.753 7.754 7.763 7.817 8797 12930
005 789 7.849 7879 7886 8.719 12916 7340 7334 7.327 7.350 8313 12277
010 7.403 7.404 7378 7.356 8.046 11.994 6.965 6.959 6.940 6.934 7.675 11.364
050 3.873 3.850 3.769 3.612 3.023 4.050 3.857 3.819 3.722 3.604 3.191 4.304
1.50 0.920 0.893 0.807 0.758 0.509 0.202 1.046 1.019 0.948 0.885 0.602 0.203

n =40 n =45

10~7 7.016 7.016 7.027 7.055 7.887 11.362 6.858 6.858 6.870 6.908 7.732 11.099
0.01 6933 6933 6940 6957 7.778 11.183 6.760 6.760 6.770 6.805 7.601 10.941
0.05 6.590 6.589 6.580 6.593 7.342 10.505  6.427 6.422 6.415 6.426 7.153 10.340
010 6.246 6.239 6.228 6.222 6.794 9.758 6.082 6.070 6.053 6.043 6.612 9.586
0.50 3.854 3.832 3.762 3.661 3.367 4.362 3.813 3.789 3.716 3.635 3.331 4.269
1.50 1172 1.160 1.115 1.066 0.760 0.383 1183 1.170 1.119 1.068 0.773 0.437

In order to examine the closeness of the estimated (true) size (&,) to the nominal size
« = 0.05 we consider the criterion given by Dale (Dale, 1986), for further details see
Subsection 2.4.3. Note that in this situation the estimated (true) size is close to the
nominal one if &, € [0.0357,0.0695] and is presented in Tables 3.1 and 3.2 in bold.

Regarding the proposed test we can see that for small sample sizes the estimated
(true) size is close to the nominal for a; € [0.10,0.50] and a; < 0.10, while for mod-
erate sample sizes for a; € [10_7, 0.50] and ap < 0.10. With reference to the classical
gof test statistics we can observe that the size of the CR( (:)Z;R) is close to the nominal
for every sample size, whereas the size of G2(8') and X?(8Y:) is close only for mod-
erate sample sizes. Finally, we note that the estimated (true) size of F T(6%7) fails to
be close to the nominal both for small and moderate sample sizes.

In Tables 3.3-3.5, we provide the results regarding the power of the proposed family
of test statistics for the three alternatives and sample sizes N = 20, 25,40, 45, while
Table 3.2 provides the results regarding the power of the classical gof test statistics.
The performance tends to be better as we deviate from the null model and as the
sample size increases both for the classical and the proposed tests.
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Table 3.2: Size (w = 0.00) and power (w = 0.30, 0.60, 0.90) calculations
(%) for the classical gof test statistics. Sizes that satisfy Dale’s criterion
are presented in bold.

Sample size FT G? CR X? FT G? CR X?
w = 0.00 w = 0.30

N =20 14.715 8261 4.219 3.140 18.366 9.072 4200 2.966

N =25 13.664 7.865 4.333 3.477 19.674 9.846 4.783  3.646

N =40 11154 7.016 4.722  4.059 21.920 12192 6.935 5.548

N =45 10.787 6.858 4.703  4.082 22467 12992 7471 6.081
w = 0.40 w = 0.45

N =20 29.707 14936 7.096 4.910 47.859 26.721 13.789 9.704

N =25 35.768 18.966 9.469  7.118 62.810 38.023 20.147 15296

N =40 48366 31.513 18.780 15.030  85.773 69.599 47.644 39.481

N =45 50.821 35.381 22.367 18217  89.108 76.685 57.000 48.451

Table 3.3: Power (w = 0.30) calculations (%) of the Tgll (92%1“2)) test
statistic for sample sizes N = 20, 25,40, 45.

a
& 107 001 005 010 050 150 107 001 005 010 050 150
N =20 N =25
1077 9.073 9.072 9.071 9.076 9.993 15.062 9.846 9.846 9.868 9.895 10.924 15.729
0.01 8990 8989 8988 9.006 9.948 14.724  9.630 9.630 9.651 9.727 10.712 15.343
0.05 8350 8.278 8.340 8.357 9.231 13.819 9.033 9.008 8.990 9.022 9.876 14.332
0.10 7.694 7.696 7.626 7.616 8273 12.656 8225 8216 8.194 8.188 8.890 13.111
050 3.751 3.717 3.607 3.418 2.889 4.199 3.797 3.761 3.656 3.581 3.252 4.620
1.50 0.793 0.764 0.676 0.630 0.415 0.163 0.820 0.810 0.756 0.718 0.479 0.158
N =40 N =45
1077 12.192 12.193 12.207 12.231 13.142 17.775 12.992 12.992 13.003 13.052 14.014 18.490
0.01 11.935 11.934 11.942 11.979 12.853 17.387 12.724 12.724 12.730 12.764 13.721 18.148
0.05 11.075 11.075 11.069 11.074 11.844 16.046 11.799 11.786 11.760 11.768 12.628 16.815
0.10 10.072 10.060 10.039 10.022 10.565 14.549 10.747 10.729 10.688 10.669 11.218 15.183
0.50 4.863 4.842 4.743 4.648 4.342 5.815 5214 5179 5.078 4977 4.648 6.116
1.50 0979 0970 0.928 0.890 0.662 0.379 1.032 1.019 0978 0.928 0.693 0.412
Table 3.4: Power (w = 0.60) calculations (%) of the Tg;] ((3?@2,“2)) test
statistic for sample sizes N = 20, 25,40, 45.
%)
aq 1077 0.01 005 010 050 1.50 1077 0.01 0.05 010 050 1.50
N =20 N =25
1077 14928 14.937 14.932 14.944 16.186 22.900 18.965 18.964 19.004 19.042 20.607 27.684
0.01 14.807 14.813 14.808 14.833 16.117 22.486 18.565 18.564 18.598 18.702 20.235 27.069
0.05 13.711 13.583 13.726 13.735 14.939 21.143 17.436 17.383 17.360 17.422 18.733 25.365
0.10  12.612 12.619 12.529 12.525 13.217 19.545 15.794 15.767 15.743 15.726 16.869 23.368
050 6.088 5.994 5811 5416 4.553 6.403 6.879 6.821 6.656 6.473 5912 8.458
1.50 1.118 1.077 0.944 0.889 0.553 0.215 1.275 1.240 1.152 1.081 0.729 0.260
N =40 N =45
10~7 31.513 31.518 31.533 31.608 33.469 40.799  35.381 35.381 35.404 35.465 37.411 44.556
0.01  30.904 30.903 30.925 30.999 32.868 40.221 34.848 34.845 34.863 34.941 36.744 43.942
0.05  28.949 28.946 28.938 28.956 30.509 37.756  32.727 32.716 32.697 32.715 34.310 41.510
0.10 26.504 26.485 26.434 26.398 27.631 34.747  30.146 30.110 30.051 30.014 31.289 38.456
0.50 11.949 11.867 11.598 11.409 10.830 14.703 14.052 13.966 13.632 13.321 12.731 16.901

1.50

1.797 1761 1.692 1578 1.142 0.716

1973 1945 1.870 1.776 1.295 0.838
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Table 3.5: Power (w = 0.90) calculations (%) of the Tff}l (éz%,az)) test
statistic for sample sizes N = 20, 25, 40, 45.
%)

@ 1077 001 005 010 050 150 107 001 005 010 050 150

N =20 N =25
1077 26.712 26.710 26.707 26.711 28.495 37.924 38.017 38.016 38.132 38.191 40.982 50.954
0.01 26.589 26.586 26.585 26.613 28.718 37.421 37.365 37.364 37.456 37.645 40.482 50.206
0.05 25.437 25.267 25.531 25.502 27.170 35.979 35.674 35.559 35.526 35.643 38.260 48.187
0.10 24.287 24.284 24.232 24.172 24.868 33.946 33.014 32.939 32.867 32.854 35.184 45.569
0.50 12.003 11.780 11.424 10.772 8.807 11.665 14.353 14.226 13.870 13.560 12.312 16.886
150 1.731 1.662 1489 1.422 0.904 0.298 2268 2226 2.026 1916 1.387 0.506

N =40 N =45
1077 69.599 69.605 69.637 69.755 72.196 79.363 76.685 76.685 76.731 76.805 78.802 84.683
0.01  68.923 68.923 68.954 69.049 71.518 79.003 76.177 76.173 76.192 76.264 78.143 84.344
0.05 66.310 66.309 66.306 66.365 68.576 77.069 73.760 73.745 73.732 73.766 75.748 82.751
0.10 62.500 62.455 62.372 62.343 64.660 74.161 70.295 70.264 70.144 70.131 72.172 80.319
0.50 30.094 29.904 29.349 28.848 27.895 36.902 36.612 36.465 35.792 35.073 34.056 43.732
1.50 3.748 3.678 3472 3210 2269 1.562 4.349 4274 4.017 3.747 2.665 1.927

As general comments regarding the behaviour of the proposed and the classical gof
test statistics in terms of power we state that the best results for the Tgll(éz%,az))
are obtained for small values of a; in the range (0,0.1] and large values of ay with
a1 < ap. Note that, although in terms of power results become better as a, increases
in terms of size, these are adequate only for a; < 0.5. In addition, we can observe
that the performance of Téﬁ(éz%,az)) is better than the CR(fg) and X2(fY:) for
every alternative and every sample size for a1 < 0.1 and a> < 0.5 and slightly better
than Gz(ér) for small values of a; and large values of a,, for example for 1 = 0.01
and a, = 0.50. Furthermore, we can observe that for &1 = 0.1 and a, < 0.1 the size
of the test is better than the size of the G%(#") and slightly worst from the size of the
CR(bcg) and X2(y:) test statistics, while its power is quite better than the power
of the CR(Ag) and X2(82) and slightly worst than the G2(8"). Additionally, we

can see, that as @7 and a tend to 0, the behaviour of the Tff,ll (924)2,«2)) test statistic

coincides with the GZ(Q\V) test both in terms of size and power as it was expected.

In order to attain a better insight about the behaviour of the test statistics, we apply
Dale’s criterion, not only for the nominal size « = 0.05, but also for a range of nomi-
nal sizes that are of interest. Based on the previous analysis, beside the classical tests,

we will focus our interest on the T%?5 (92%,0405) ), T30 (@24,2/0‘10) ), and T%lzo (%2,0.20) ).

The following simplified notation is used in every figure, FT = FT(@;T), ML =
AT AT AT AT AT
G?*(0'), CR = CR(Ocg), Pe = X*(0x2), T1 = Tg® (8(,005)), T2 = Tg.°(0(a,,0.10))/

and T3 = T&”@E%,@,zo))- From Figure 3.1a, we can see that for small sample sizes
AT

(N = 25) T%]ZO(B@Z,O,ZO)) and CR(0_R) satisfy Dale’s criterion for every nominal

size, while Tg}o(éz¢2,0.10)) and X2(02) for nominal sizes greater than 0.03 and 0.06,
respectively. Note that the dashed line in Figure 3.1 denotes the situation in which
the estimated (true) size equals to the nominal size and thus lines that lie above this
reference line refer to liberal tests, while those that lie below to conservative ones.
On the other hand, for moderate sample sizes (N = 45) all chosen test statistics
satisfy Dale’s criterion except FT(0rr).
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Figure 3.1: Estimated (true) sizes against nominal sizes. The shaded

area refers to Dale’s criterion. (a) N = 25. (b) N = 45.
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Figure 3.2: (a) Empirical ROC curves for N = 25. (b) The same curves

magnified over a relevant range of empirical sizes.
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Taking into account the fact that the actual size of each test differs from the tar-
geted nominal size, we have to make an adjustment in order to proceed further with
the comparison of the tests in terms of power. We focus our interest in those tests
that satisfy Dale’s criterion and follow the method proposed in Lloyd (2005) which
involves the so-called receiver operating characteristic (ROC) curves, for further de-
tails see Subsection 2.4.3.

Since results are similar for every alternative we restrict ourselves to w = 0.60 which
refers to an alternative that is neither too close nor too far from the null. For small
sample sizes (N = 25) results are presented in Figure 3.2, where we can see that the
proposed test is superior from the classical gof test statistics in terms of power. How-
ever, for moderate sample sizes (N = 45) we can observe in Figure 3.3 that G2(8')
has the best performance among all competing tests followed by the proposed test-
of-fit.

From the conducted analysis we conclude that regarding the proposed test there
is a trade off between size and power for different choices of the indices a; and
ap. In particular, we can see that as a; increases the size becomes smaller in the
expense of smaller power, while as «, increases the power becomes better and the
test more liberal. In conclusion, we could state that for values of &7 and &, in the
range (0.05,0.25) the resulting test statistic provides a fair balance between size and
power, which makes it an attractive alternative to the classical gof test statistics,
where for small sample sizes larger values of the indices are preferable, whereas for
moderate sample sizes, smaller ones are recommended.

Note that, even though in this subsection the focus is placed on the conditional in-
dependence, every other model presented in Subsection 1.4.3 is of great importance,
both from theoretical and practical perspective. Thus, the behaviour of the rtMDE
and the associated DITS under the remaining models of Subsection 1.4.3 will be ex-
amined in a future work.

3.5 Conclusions

In this chapter, a general divergence family of test statistics is presented for hypoth-
esis testing problems as in (3.2), under constraints. For estimating purposes, we
introduce, discuss and use the rMD (restricted minimum divergence) estimator pre-
sented in (3.7). The proposed double index (dual) divergence test statistic involves
two pairs of elements, namely (P, a,) to be used for the estimation problem and
(D1, a1) to be used for the testing problem. The duality refers to the fact that the
two pairs may or may not be the same providing the researcher with the greatest
possible flexibility.

The asymptotic distribution of the dual divergence test statistic is found to be pro-
portional to the chi-squared distribution irrespectively of the nature of the multino-
mial model, as long as the values of the two indicators involved are relative close
to zero (less than 0.5). Such values are known to provide a satisfactory balance be-
tween efficiency and robustness (see, for instance, Basu et al. (1998) or Mattheou &
Karagrigoriou (2010)).

The methodology developed in this chapter can be used in the analysis of contin-
gency tables which is applicable in various scientific fields: biosciences, such as ge-
netics (Dubrova et al., 2002) and epidemiology (Znaor et al., 2003); finance, such as
the evaluation of investment effectiveness or business performance (Merkova, 2015);
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insurance science (Geenens & Simar, 2010); or socioeconomics (Bartolucci & Scaccia,
2004). This chapter concludes with a comparative simulation study between clas-
sical test statistics and members of the proposed family, where the focus is placed
on the conditional independence of three random variables. Results indicate that,
by selecting wisely the values of the a; and «; indices, we can derive a test statistic
that can be thought of as a powerful and reliable alternative to the classical gof test
statistics especially for small sample sizes.
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Chapter 4

The Modified (P, a) —Power
Divergence Family

In this chapter we focus on the situations where zero frequency cells occur. The
modified (®, ) —power divergence family (M(®P, x)PDF) is defined for the first time.
Furthermore, we define the minimum modified (®, «) —power divergence estima-
tor (MM (®, «)PDE) and the associated modified double indexed (dual) test statis-
tic (MDITS). Asymptotic results are obtained under two situations, namely under
model misspecification and when the hypothesized parametric model is correctly
specified. The behaviour of the proposed family of estimators and test statistics un-
der small and moderate sample sizes is examined, through an extensive simulation
study. This chapter has been submitted for publication and is under evaluation.

The rest of this chapter is organized as follows. In Section 4.1 the M(®, «)PDEF,
MM(®, a)PDE and the MDITS are defined. Section 4.2 deals with the asymptotic
results of the proposed family of estimators and test statiscs. Finally in Section 4.3
an extensive simulation study regarding the behaviour of the MM(®, x)PDE and the
MDITS takes place.

4.1 Introduction

Following the set—up of Alba-Ferndndez et al. (2018), for a generic probability vec-
tor p* = (p},..., p;,) of length m let Aoy = {(p,....p5) " :pf >0,i=1,...,m,
Yropr =1tand Ay = {(p},...,p5) " i >0,i=1,...,m, Y/ p; = 1}. Now
letp = (p1,---,pm)" € Aomwand q = (q1,...,4m)" € Ap. Then the (P, a)—power
divergence family given in (1.7) can be expressed in the following form

dy(p.q) = ) q; @ <p> +O0) Y g7 a>0PeF (4.1)
i:p;i>0 qi i:p;i=0

which incorporates two components, the second of which is related to the zero fre-
quency cells.

The modified (¥, «) —power divergence family (M(®P, «)PDF) is defined as
dypu(pq) = ), q;7"@ <pl> +h Y g7, ah >0, dEF. 4.2)
i:p;>0 qi i:p;=0

Note that the M(®, a)PDF is derived from (4.1) by replacing the fixed value ®(0)
with the tuning parameter i > 0. Also note that we have used the term modified
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rather than penalized based on the fact that this family down—weights in advance
the effect of the empty cells through the index « in relation to the Kullback-Leibler
divergence which can be derived for a = 0.

Now let X = (Xy,... ,Xm)T be a random vector from a multinomial distribution
with parameters N and p, X ~ M(N, p),and P = {p(8) = (p1(6),...,pm(0))": 0 =
(61,...,05)" € @} C Ay, a parametric family, with ® C R° (s < m—1). If p
€ P then there exist a value 8y € ® which leads to the true probabilities of the
multinomial model and implies that dg, , (p, p(60)) = 0. On the other hand, if p €
Ao we define as #g € © the value which minimizes the M(®, «)PDF between the
probability vector of the multinomial model and the parametric family, i.e. dg =
arginfgc@ d% , (p, p(0)). The sample estimate p = (p1,...,Ppm) ' of p is easily ob-
tained by p; ‘= x;/N, where x; is the observed frequency for the i-th category (or
class). Note that, when the postulated model P has been correctly specified then
190 = 60.

The minimum modified (®, a)—power divergence estimator (MM(®, )PDE) is de-
fined as

AL . N
0o, = arg inf dg;, (P, p(6))- (4.3)
For testing the composite null hypothesis
Ho: p = p(60) vs. H1: p # p(60), 60 = (6p1,...,00s) €O CR®  (44)

where 0 is unknown, we introduce the modified double index divergence test statis-
tic (MDITS)

At 2N o
Téi?],h] (9(czl>2,h2)> = Wdé)llrhl (p,p(e(fmhz))) (4.5)

with ®1,®, € F and a1, a5, 11, hp > 0.

Note that this family of estimators and test statistics is a general family that includes
as special cases for a1 and a; equal to zero and specific forms of the ®; and &,
functions the penalized p—divergence family and the penalized power—divergence
family of estimators and test statistics.

4.2 Asymptotic results

This section is devoted to provide rigorous results regarding the decomposition and
the asymptotic distribution of the MM(®, «)PDE as well as the asymptotic distri-
bution of the MDITS. To this scope the following assumptions should be taken into
consideration.

Assumption 3.
(As1) p(0) has continuous second partial derivatives in the interior of ©.
(As2) The minimum of dg, , (p, p(0)) exists and is unique at 8.

(Ag3) Without loss of generality the components of p are sorted such as p = (p*,p°)
where p* = (p1,...,py) and p° = (py41, ..., pm) for some 1 < r < m with p; > 0
fori=1,...,randp;=0fori=r+1,...,m.

(Asa) Dom (D, P,h) ={p € Aom such that Assumption (As) holds}.
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Note that under Assumption (A4 3) we have that

%, (P, p(8)) = dg7, (P, p(6)) + hI(r < m), (4.6)
where )
gy, (P, p(6)) = 1; pi(0)“+1 @, <sz19)> (4.7)

with @, (x) = ®(x) — hI(r < m) and I(r < m) equal to 1 if r < m and 0 otherwise.
Observe that, from assumption (A43), when r = m then p; > Oforeveryi=1,...m.
Considering the expression (4.6) it is clear that the value ¢y which minimizes the
ds, , (P, p(8)) minimizes also the dg%, (p, p(6)), in other words

inf dg, ,, (P = inf d%t (P, p(0)).
arg inf d, (P, p(6)) = arg Inf d,), (P, p(6))
The decomposition of the MM(®, «)PDE is derived through the utilization of the

Implicit Function Theorem and is given in the theorem below.

Theorem 4.1. Under the Assumptions (As1) to (Asa), the MM(®,«)PDE of 8 is such
that

0o = B0 +JE(B0) 'D(d) "diag(e)(p™ —p*) +o(|pT —pT|) (4.8)

where the (i, )™ element of the s x s matrix Jy is

i AR g
( )z,] 2819819 pi(Bo)oi(Bo) + ;179 0)3g,P1(B0)wi(B0), i,j=1,....5

4.9)
with

au(on) = -+ (o0 [ (L) —hi(r < m)| = ooy 10 (L2

p1(?o) pi
(4.10)
and
_ a—1 pi N
w;(90) = a(1+a)p;(Bo) {CID (Pl(%)) hi(r < m)]
_ =25/ Pi a—3 ! P 2
20(;7[(190) o <Pl(190)> b1 + Pl(l?o) d (pl(ﬂo)> pr- (4.11)

The (i, j)™ element of the r x s matrix D is (D);; = a%p (B)i=1,...,r,j=1,...,5
) ise; = — zxpz(ﬂo)”‘ 1@’( )

while the i*" element of the r x 1 vector e = (ey, ..., e
+ pi(8o)*~ 2 d"( (1 )) pii=1,.

Proof. Let V be a neighbourhood of ¢y on which p: @ — P C A, has continuous
second partial derivatives. Let

F = (Pl,...,Fs)i Aom(q),P,h) xV - R°

with

Fj(pll"'Iprlol"~19/91/---/9)— ae] ,]:1,...,5

m-—r
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From Assumption (A4>) it holds that

L op (¢ .
Fj(pl,...,pr,O,...,O,Gm,...,905):Z pl( 0)7)1(190):0,]:1,...,5

m-—r

and that the matrix

is nonsingular and positive definite at (p™,dy) with v;(d) and JF as in (4.10) and
(4.9) respectively.

Applying the Implicit Function Theorem, there exist a neighbourhood U of (p*, )
such that the matrix J is nonsingular and a unique differentiable function 8* : A C
Aom (P, P,h) — R® such that p** € A and {(p**,0) € U: F(p**,0) = 0} = {(p™,
0 (p**)) : p*t € A} and 6*(p™) = ¥y.

By the chain rule and for p* = p we get

OF OF 06y _
op™  d0pdpT
Then SF
— = Jg(8) 'D(8) "diag(e) (4.12)
d60,
since SF
_ = — T 44
260 D(d) diag(e)

with D and e as given in the statement of Theorem 4.1.

The Taylor expansion of 8*(p**) around p* along with (4.12) and for 6*(p) = 9
gives

0" (p*") = 80+ Je(80) 'D(0) 'diag(e)(p** —p") +o([p*" —pTI]).

Since pt %> p* eventually pt € A and then 6*(p*) is the unique solution of the
system of equations

ads, (b,p(6"(p))
99,

aswellas (p*,0"(p™)) € U, from where we can conclude that 0" (p*) is the MM(P, «)
PDE given in (4.6) O

Taking into account the fact that from the Central Limit Theorem we know that

VNPt —pt) = N,(0,Z,0). (4.13)

N—oo

where L+ = diag(p™) —p*(p*) ", the theorem below, which is a straightforward
extension of Theorem 2.3, establishes the asymptotic distribution of the MM(®, x)PDE.
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Theorem 4.2. Under the Assumptions (As1) to (Asa) the asymptotic distribution of the
MM(®, a)PDE is the s-dimensional Normal distribution given by

VN(8% ), — 8) N#> N, (0,£%), (4.14)
! —00
where .
X = ]F(190)*1D(ﬂo)Tdiag(e)Zp+diag(e)D(t?o) (]F<ﬂ0)71> .
Proof. The result follows from Theorem 4.1 and relation (4.13). O

Remark 4.1. Note that, when x = 0 the statements of the above theorems coincide with those
of Alba-Ferndndez et al. (2018). On the other hand, when p € P we derive as particular
case, the associated statements given in Chapter 2.

Under the assumption that the multinomial model is the equiprobable one and that
the postulated model is correctly specified, following the lines of Mandal & Basu
(2011), the theorem below establishes that the asymptotic distribution of the MDITS

3 2 4 — —nq
isacAl, ;_ withc=m™".

Theorem 4.3. Under the Birch reqularity condition, the Assumption (A41) and assuming
further that p € P with p; = 1/m for everyi =1, ..., m we have

e AX2 L 2
Tom Ooun) 7= ¢Xn-1- (4.15)
where c = m—™.,

Proof. Note that when p € P we have that é‘i‘,&z = 9‘;32,,12, then from Theorem 2.6 we
know that

a [ %2 L 2
Tq>1(9<1>2,h2) —WO e X1

with ¢ = m~™. In order to establish the result, it is sufficient to show that

A
R]\](eq>22’h2) = OP(l)/

where
AN AN AKX
RN(quz,hz) = Tg)ll (e(bzz,hz) - T(of)lllhl (eq)zz,hz)'
We have
R(82 ) = 2N (@, (0) = 1) 3 p:(82 , )91 1(p; = 0
N( ¢‘2,h2) CD// 1 ( 1( ) )Zpl( (I)z,hz) (pl )
1( ) i=1

Then

AN ZN 1 AN o A
|RN (80, 1,)| = W\q’l(o) —h| Y pi(Bg,,,) T I(p; = 0)
=

which is equivalent to

‘RN(é{gz,hz)‘ < (1) ‘q)l(o) _h‘ zl(ﬁi =0).
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Taking expectation we have

AX2 2N m .
E<’RN(9¢2,I12)D < m\cpl(o) —h ;E(I(Pi _ 0)>
2N m N
= G| 2@ -l X (1= pi60)) (4.16)

As m is finite and p;(6g) > 0 forevery i = 1,...,m we get from (4.16)

E(|Rn(83,1,)]) —— 0.

N—oo

Then from Markov’s inequality, for every € > 0, we have that

E(|Rn(03,,)])

Pr(|Ry(8,,)] > €) < - — 0.
Thus,
A p
RN (egz,hz) o 0
and the desired result is established. O

Remark 4.2. Note that, for not equiprobable models the asymptotic distribution of the test
statistic is approximated with c as in (2.16).

4.3 Simulation study

The aim of this simulation study is to investigate the behaviour of the MM(®, «)PDE
and the MDITS for small and moderate sample sizes as well as to clarify the role of
the tuning parameter h regarding the proposed estimating and testing procedures.
As data generating mechanism we have considered the following four models, (M;)
truncated geometric model, (M>) truncated Poisson model, (M3) truncated negative
binomial model, and (M) truncated binomial model. The used definition of trun-
cation, is similar to the one given in Bishop et al. (2007), where N independent and
identically distributed variates are observed, where the observations are truncated
atk = 3. Let Xj, Xo, X3 and X4 be the number of observations taking on the values
0, 1, 2 and 3 or more, respectively. In other words, instead of allowing the r.v. to
take each distinct value {0,1,2,3,...}, the r.v. is truncated so that X = {0,1,2, > 3}.
Then, in every case, under the null hypothesized model, the random vector is de-
rived from the following multinomial model (X3, X2, X3, X4) T ~ M(N, pMi(8)")),
i=1,...,4 where

pM(05") = (P (8)"), Py (™), p3" (05™), p" (65™))

= (60, 60(1 — 6),600(1 — 6p)%, (1 — 6)°) and 8" = 0.9,
p™2(65™) = (22 (60), 12> (65), 32 (65 2), > (65 )

= (6790,906790,938790/2, 1—e¢ % —gye 0 — 93(00/2) and 06\42 =0.5,
P (0)) = (P (60), = (05™), P ("), py™ (6)"))

= ((1—60)2,2600(1 —60)%,303(1 — 60)%,1 — (1 —60)%((1+ 69)% +263))

and 6343 =0.1,
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pM(60™) = (py"*(6™), Py (8™), p3™ (85™), Py (65™))
= ((1—60)%,360(1 — 6p)%,363(1 — 6y),63) and 8} = 0.2.

Note that for notational simplicity we use 6 rather than 034 “in the resulting multino-
mial model. The associated probability mass functions for which the above models
are observed, respectively are

Pr(X=k)=(1-6), k=0,1,2,3,... and 6 € (0,1),
gke—0
Pr(X=k) = 0 k=0,1,2,3,... and 0 > 0,
-1
Pr(X:k):<k+I: )(1—9)@’{,r:2,k:O,1,2,3,...and96(0,1),

Pr(X=k) = <Z>9k(1 —0)" % n=2,k=0,1,2,3,...and 6 € (0,1).

A similar set—up has been used among others by Basu & Basu (1998) and Mandal
et al. (2010).

As sample sizes we have used N = 15, 30, 60, 120, 240. Moreover, in order to exam-
ine the robustness of the proposed estimators and test statistics we have used the
following contaminated model
w M _ € M; € M; € M; € M; €

Pt = (1= ot (- oot (- —op (- o + ).
where the contamination rate is taken as a function of N. We based this option on
the contaminated model used in Toma & Broniatowski (2011) and from the fact that
fixed amounts of contamination have greater impact in larger samples (see Basu
et al., 2010). For every sample size N, as €, we have used the value € = 0.1v/15
which is associated with the highest contamination rate, i.e. 0.1, in the case when
N = 15. For N = 30, 60, 120 and 240, the contamination rate is 0.071, 0.05, 0.035 and
0.025, respectively. Each experiment is repeated 10* times.

Regarding the examination of the MM(®, a)PDE, GAﬁ‘Ilehz is applied for ®,(u) =1 —
(14 a, Du+ oy Ly1+% which leads to the BHH] —divergence measure, for a; = 0.01,
0.05, 0.10...(0.10) ...1.00 and hy = 0.0 : 0.5 : 80.0. Note that in this case ®(0) =1
indicating that the ordinary M(®, a)PDE are derived from the MM(®, «)PDE for h;
= 1. Our conclusions are based on the root mean squared error (RMSE) which is
given as,

1 W 2
A = _ A2 —
RMSEgs = 1221 (9(d>2,h2),l 90)

which is related to the efficiency and the robustness of the estimator when the data
are generated from the null models with no contamination data and models under
contamination, respectively. Note that in general, it is not computationally intense
to calculate the RMSE for one specific member of the MM(®, «)PDE family. In this
simulation study, a considerable amount of computational time is needed, in order
for the results to be derived, since 12 x 161 = 1932 combinations of the &, index and
the hy tuning parameter are considered.
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For the examination of the size of the MDITS we have considered as ®;(u) = 1 —
(T+a;Hu+a; ul and ®p(u) =1 — (1 +a; Hu + a; 'ult2, with aq, ap = 0.01,
0.05, 0.10 : 0.10 : 1.00 and hy, hp, = 1, 5, 15, 40. Note that, the selection of the
values of the parameters /; and h; is based on the results regarding the exami-
nation of the MM(®, «)PDE. The critical values used in this simulation study, are
the asymptotic critical values based on the asymptotic distribution cxg with ¢ =
min;(p;(0))/2+max;(p;(9))/2,i = 1,...,4. As nominal level we have considered
the 0.05.

For this simulation study, we used the R software (R Core Team, 2016), while for the
optimization the optimise function from the base package stats is implemented.
For the manipulation of the data, we used the packages dplyr (Wickham et al., 2022)
and data.table (Dowle & Srinivasan, 2022). Furthermore, for the visualization of the
results we used the package ggplot2 (Wickham, 2016) while we took advantage of
the package future.apply (Bengtsson, 2021) to activate parallel computing in order
to compensate the computational burden. The syntax is provided in Appendix C.5.

The percentage of zero frequency cells occurrence, for the four data generating mod-
els, under no contamination and under contamination is presented in Tables 4.1
and 4.2, respectively. In this section, only results regarding the truncated geomet-
ric model (M;) are presented. Results for the remaining models can be found in the
Appendix B.

In relation to the efficiency of the MM(®, a)PDE, results are presented in Figures
4.1a to 4.5a. To begin with, as we expected (see, Basu et al. (1998)), we can observe
that the ordinary BHH]J—divergence estimators (i, = 1) appear to be more efficient
as the value of a; increases, for every sample size. Moreover, we can observe that
the RMSE is a convex function of the tuning parameter h,, where as h; increases an
improvement in the efficiency is achieved, regardless the value of the index «a5.

Table 4.1: (%) occurrence of zero cell frequencies for the four data
generating models under no contamination.

N X7 Xo X3 Xy X1 Xo X3 Xy
Truncated Geometric Truncated Poisson
15 0.00 24.83 86.99 98.29 0.00 0.31 31.65 80.85
30 0.00 5.93 76.01 96.90 0.00 0.00 9.35 6457
60  0.00 032 58.01 94.17 0.00 0.00 090 4243
120 0.00 0.00 3449 88.41 0.00 0.00 0.00 17.72
240 0.00 0.00 11.25 78.57 0.00 0.00 0.00 3.04
Truncated Negative Binomial Truncated Binomial
15 0.00 7.09 68.83 94.57 0.00 0.02 22.58 88.32
30 0.00 0.50 4892 89.34 0.00 0.00 5.08 7844
60  0.00 0.00 23.42 80.08 0.00 0.00 0.17 6213
120 0.00 0.00 5.65 64.15 0.00 0.00 0.00 37.45
240 0.00 0.00 0.25 41.05 0.00 0.00 0.00 14.34

In particular, we can see that specific values of the tuning parameter /1, lead to almost
the same RMSE of the estimators, at least for small sample sizes. For example, when
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Table 4.2: (%) occurrence of zero frequency cells for the four data gen-
erating models under contamination.

N X1 X2 Xz Xy X1 X2 X5 Xu
Truncated Geometric Truncated Poisson
15 0.00 28.02 88.70 20.93 0.00 0.75 34.84 1691
30 0.00 726 7748 1097 0.00 0.00 11.63 7.43
60  0.00 0.38 59.70 4.54 0.00 0.00 1.19 1.82
120 0.00 0.00 35.54 0.98 0.00 0.00 0.00 0.19
240 0.00 0.00 11.84 0.16 0.00 0.00 0.00 0.00
Truncated Negative Binomial Truncated Binomial
15 0.00 933 71.72 20.03 0.01 0.16 2543 16.28
30 000 0.61 5029 10.20 0.00 0.00 6.26 8.37
60  0.00 0.00 25.07 3.56 0.00 0.00 038 272
120 0.00 0.00 5.64 0.89 0.00 0.00 0.00 042
240 0.00 0.00 0.25 0.10 0.00 0.00 0.00 0.02

N = 15 it is apparent that the minimum RMSE for small values of the index a5 is
achieved for hy around 5, for moderate values of a; around 15 and for large values,
around 40. Similar results can be observed for N = 30, while as the size of the sample
increases we can see that the improvement in the efficiency is less significant. Note
that, the larger the sample size, the smaller the percentage of zero frequency cell
occurrence is (Tables 4.1 and 4.2).

With respect to the robustness of the MM(®, a)PDE, results are presented in Figures
4.1b to 4.5b. As we can observe, estimators corresponding to larger value of the
index ay tend to be more robust for every value of the tuning parameter h, and
every sample size. Once again, there is an improvement in the robustness of the
estimators as h; increases, which is more significant for small sample sizes.

In order to derive conclusions regarding the size of the MDITS, Dale’s (Dale, 1986)
criterion is exploited (see, Subsection 2.4.3), where for 0.05 nominal level the exact
simulated size is considered to be close to the nominal if it belongs to the range
[0.0357,0.0695].

Figures 4.6 to 4.10, usually referred as tile graphs, present results regarding the size of
the test statistic for the two cases under no contamination and under contamination.
In these figures the exact simulated size is presented for every combination of the
two indices a1, ap and the two tuning parameters h; and hy. Green tiles represent
combinations of the indices and tuning parameters that lead to test statistics which
satisfy Dale’s criterion. Cooler colors represent conservative test statistics, while
wormer colors liberal ones. As we can observe, in most of the cases for every sample
size Dale’s criterion is not satisfied both for the cases with no contamination and
under contamination.

These results are in line with those of Alba-Fernandez et al. (2018). Thus, in order
to achieve a better approximation to the underlying distribution of the MDITS we
are going to exploit to bootstrap p-value which can be derived from the following
algorithm.
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Figure 4.1: Root mean squared error for the MM(®, «)PDE. N = 15.
(a) Under no contamination. (b) Under contamination.
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Figure 4.2: Root mean squared error for the MM(®, x)PDE. N = 30.
(a) Under no contamination. (b) Under contamination.
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Figure 4.3: Root mean squared error for the MM(®, a)PDE. N = 60.
(a) Under no contamination. (b) Under contamination.
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Figure 4.4: Root mean squared error for the MM(®, «)PDE. N = 120.
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Figure 4.5: Root mean squared error for the MM(®, x)PDE. N = 240.
(a) Under no contamination. (b) Under contamination.

a2

— 0.01
— 0.05
— 01
— 0.2

0.3
0.4
0.5
0.6
0.7

— 0.8
— 09

a3

— 0.01
— 0.05
— 01
— 0.2

0.3
0.4
0.5
0.6
0.7

— 08
— 0.9



4.3. Simulation study 95

% Size
(-Inf,0]
(0,3.57]

B (357,6.95]
(6.95,10]

[ (10,20]

B (20,30]

B (30,40]

[ |

(40, Inf]

hi:1 hi:5 hi: 15 hil: 40

% Size
(0,3.57]
B (3.57,6.95]

(6.95,10]
[ (20,20]
B (20,30]
B (30,40]
[ |

(40, Inf]

(b)

Figure 4.6: (%) size for the MDITS. N = 15. (a) Under no contamina-
tion. (b) Under contamination.
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(b)

Figure 4.7: (%) size for the MDITS. N = 30. (a) Under no contamina-
tion. (b) Under contamination.
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1. Calculate the observed value of the test statistic based on the available data
Al
(X1, ..., Xq), TV = Te h, (6, 1,)-
AlD

2. Generate B bootstrap samples (X;?,..., X;") T ~ M(N,p(0s,4,)),b=1,...,B.

c . .. Al kb
3. galculate the statistic for each bootstrap sample obtaining T*’ = Tgll’;lfl (03.m,),
=1,...,B.

4. Approximate the p-value by means of the expressions

card{b ST > T"bs}
ﬁboot = B

where card{ A} denotes the number of elements in A.
5. Reject the null hypothesis if ppor < @ (nominal size).

In order to relieve the computational burden this algorithm is applied for aq, a, =
0.01, 0.10, 0.30, 0.60 and hy, hp = 1, 5, 15. The sample sizes considered are N = 15,
30, 60, 120 and 240, while B = 200 bootstrap samples have been taken into account.
Results are presented in Figures 4.11 to 4.15.

To begin with, regarding the case where no contaminating data are present, we can
see that as the sample size increases the observed size of each member of the MDITS
family considered here gets closer to the nominal 0.05. Furthermore, we can see
that in general the larger the value of the tuning parameter h,, the more liberal the
associated test is, especially for smaller values of the a; index. In particular, we can
observe that for small sample sizes N = 15 the best test statistics in terms of size
arise for values of iy < 5 and values of the a; index around 0.6. As the sample size
increases, the best test statistics are observed for h; = 1 and h, = 5 with large values
of the index a». In other words, as the tuning parameter h, increases larger values of
the index a; are preferable.

Under contamination, we can observe that, although Dale’s criterion is not satisfied,
there exists a region in which test statistics appear to be more stable in terms of size.
In this study, this region occurs for h; = 15, hp < 5, a1 < 0.3 where once again as
hy increases larger values of the a; index are preferable. A closer look at the results
indicates that the observed size of the test statistics belonging to the aforementioned
region gets closer to the nominal 0.05 as the sample size increases. On the other
hand, we can observe that the observed size of the test statistics that do not belong
to this region tends to 1 as the sample size increases. Note that, the larger the sample
size, the closer to the null model the contaminated model is. This fact indicates
that there are two groups of test statistics in the MDITS family, those that are very
sensitive to small deviations from the null model and those which can be considered
as more stable in terms of size. The choice of which group is going to be used should
be based on the perception of what these deviations refer to. If these deviations are
considered as contamination, then more stable test statistics should be used. On the
other hand, if the practitioner has the conviction that deviations comprise a pattern
which should be incorporated into the model describing the generating mechanism,
then more sensitive test statistics should be used.
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4.4 Conclusions

In this chapter, the modified (®, «) —power divergence family is defined for the first
time. This family, beyond the index «, incorporates a tuning parameter & which
determines the weight imposed on the zero frequency cells. Rigorous theoretical re-
sults regarding the decomposition and the asymptotic distribution of the associated
modified minimum (P, «) —power divergence family of estimators (MM(®, «)PDE)
are provided, under the framework of misspecified models. As particular case, when
the postulated model is correctly specified the decomposition of the MM(®, ) PDE
and its asymptotic distribution coincide with those of the ordinary minimum (®, ) —
power divergence family of estimators. Furthermore, the asymptotic distribution
of the associated modified double indexed test statistics (MDITS) is provided as
well, under the assumption that the postulated model is correctly specified. An
exhaustive simulation study reveals that through the proposed methodology, ro-
bust estimators with improved efficiency may be obtained. Moreover, members of
the MDITS family appear to be more stable in terms of size under contamination
schemes.

By replacing the density function with the probability generating function, a proba-
bility generating function—based divergence is obtained, for parameter estimation.
A similar type of divergence, could be based on the weighted squared distance be-
tween two probability generating functions, in a fashion similar to Anderson— Dar-
ling or Crammer—von Mises distance. These type of problems have been recently
discussed in Jiménez-Gamero & Batsidis (2017) and Tay et al. (2019) and could be
investigated under the scenario discussed in this chapter. The use, in our case, of
a tuning parameter and an index, could be useful in an attempt to investigate the
impact of zero frequency cells and contaminated data or outliers.
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Chapter 5

Application to General Insurance

An important task of a general insurance company is to define the appropriate pre-
mium of an insurance contract (policy). The premium may be divided into two
categories, namely the technical premium and the commercial one. Consumers (pol-
icy holders) are exposed only to the commercial premium, which is clearly defined
through a strategic process of the company and among others takes into account
the market competition, the targeted market share and other commercial considera-
tions. Not appropriate evaluation of the technical premium may lead to catastrophic
decisions, thus a well defined technical premium is of crucial importance for the
company. In its simplest form, the technical premium is comprised from the cost
of the risk and further loadings regarding the operating expenses of the company,
as well as a margin of profit. The operating expenses and the margin of profit can
deterministically be defined and they may be expressed as rate over the technical
premium. Careful consideration should be placed on the evaluation of the cost of
the risk which is referring to the expected aggregate losses of a period, for example
a year, and is a stochastic amount.

In non—life businesses (general insurance) the most commonly used technique to
evaluate the expected cost of total losses in a period (say a year) is the collective
risk model. This model places the focus to the losses. Specifically, we assume that
there is going to be a number of N independent and identically distributed losses
in each period, where each loss, say X, generates a claim amount X;, j = 1,...,N.
Usually, in order to describe the mechanism that generates the number N of claims
(frequency) we use the Poisson and the Negative Binomial models, where their main
practical difference is the variance/mean ratio, which is 1 for the former and greater
than 1 for the latter. The claim amounts (severity) X;, j = 1,..., N are commonly
modelled through the Lognormal, Gamma and Pareto distributions and considered
to be independent and identically distributed. Furthermore, we assume that N and
X are independent random variables. The collective risk model dictates that the total
losses for each period will be S = Zjlil X; while the expected amount of losses in a
given period is E(S) = E(N)E(X) and the volatility of S around E(S) is given as
Var(S) = Var(X)E(N) + E(X?)Var(N).

An approximate and very popular method to estimate the aggregate distribution
of the losses is to use the Monte Carlo simulation. This method is very popular,
mainly, due to its flexibility and ease on implementation. The implementation of this
method consists of randomly choosing a number N of losses, based on a frequency
distribution, and then for each of these losses a claim amount X;, j = 1,..., N, based
on a severity distribution. Then, by applying the aforementioned procedure a large
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number of times, we can derive conclusions about the percentiles of the distribution
of the total losses Fs(s) = Pr(S < s) (see Parodi, 2014; Klugman et al., 2008).

Asitis apparent, defining models which describe appropriately the generating mech-
anism of the number (frequency) and the amount (severity) of losses is of paramount
importance in deriving the appropriate distribution of the total losses in which the
premium is going to be based. The methodology developed in Chapters 2 and 4
can firmly be applied in order to achieve this goal. To this regard, in the sequel of
this chapter, we present a paradigm where the frequency and the severity models
are estimated through the MM(®, «)PDE, while the goodness—of—fit test is based
on the MDITS. Moreover, we include in our analysis the classical estimators and test
statistics derived from the chi—squared and the Kullback—Leibler divergences.

5.1 Frequency distribution examination

As claim number generating mechanism we consider the Poisson distribution with
rate parameter 6y = 10 and suppose that we have 15 observations at hand, i.e.
N, ..., Nis ~ Poiss(10%). The choice of the number of observations is justified from
the fact that in real case scenarios the fitting of the frequency distribution is based
on a small number of experience periods (Parodi, 2014, Ch. 14). Based on those 15
observations we are going to define the associated multinomial model with [v/15]
= 4 categories as following

p1 = Pr(N <mny),
pr = Pr(N < mny) —Pr(N <mny_q), k=23,
ps =1—Pr(N < n3),

where N ~ Poiss(0) and ny = m + ks, k = 1,2,3, with m = min;(N; : j = 1,...,15)
and s = (max;(N; : j = 1,...,15) —min;(N; : j = 1,...,15))/4. Note that in this
case the resulting multinomial model is not fixed and is based on the observed data
range. Furthermore, the non—parametric estimator of the true probabilities of the
multinomial model is defined as

—_
a1

pr = 115;1(Nj <m),
1 15 k—1
pr = E'ZI(NJ' <m) =) P k=23,
j=1 i=1
3
pa=1-Y pi

N
Il
—

where I(Z < z), which equals 1if Z < z and 0 otherwise, is the indicator function.

For the estimation of the unknown parameter, the MM(®, «)PDE is used with ®;(u)
=1—(1—a; u+a,'u*®, x = 0.01, 0.10, 0.25, 0.50, 0.75 and h = 0...(1)...10,
while we are going to consider also the minimum chi—squared (CS) and Kullback—
Leibler (KL) estimators, which can be derived from the MCRPDE for A = 1 and
A = 0, respectively. The experiment is repeated 10* times and conclusions are based
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on the root mean squared error (RMSE), which is given as

1 104 R
N E_ 92
RMSEg: = \| 153 ;((9, )
where éF is the estimation of the unknown parameter for the Ith
the E minimum divergence estimator.

Note that, in Chapter 2, instead of the RMSE we used the MSE. The main difference
of these two accuracy measures is that, the former is measured in the same units as
the targeted value and thus it is easier to interpret it. In every case, both measures
can be used without any differentiation on the conclusions, regarding the efficiency
and the robustness of the compared estimators. In this thesis, we use alternatively
either one of those two accuracy measures, aiming exclusively at better visualization
of the results.

sample regarding

Results are presented in Figure 5.1, from where we can observe that the tuning pa-
rameter does not improve significantly the efficiency of the estimators. This result
is directly connected to the number of times, zero frequency cells occur. Note that,
in this case the percentage of zero frequency cell occurrence is 0.00, 0.10, 0.12 and
0.00 for each of the four cells, respectively. As indicated from the simulation study
of Subsection 4.3, the tuning parameter is expected to improve considerably the ef-
ficiency, mainly in cases where we systematically observe zero frequency cells. In
most other cases, a relatively limited improvement is expected to take place.

o
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Figure 5.1: Root mean squared error for the MM(®,, a;)PDE along
with the minimum chi—squared (CS) and Kullback—Leibler (KL) es-
timators.
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In addition, we can see that the minimum Kullback—Leibler estimator coincides, as
expected, with the ordinary M(®,, a;)PDE for &, = 0.01. Finally, it is apparent that
the minimum chi—squared estimator has the best behaviour in terms of efficiency
among all used estimators.

In relation to the goodness—of—fit tests, we use the MDITS with ®;(u) =1 — (1 —
ay Du4a ul e, @y (u) =1 (1 —ay Hu+a; 'ult2, a1, 2 = 0.01, 0.10, 0.25, 0.50,
0.75. As tuning parameter we consider only the value /1, h; = 1, since no improve-
ment in the efficiency of the estimators is imposed by this parameter. In other words,
the family of ordinary DITS is taken into consideration. Moreover, we consider the
chi—squared and the Kullback—Leibler test statistics in our analysis. The examina-
tion of the goodness—of—fit tests is based on the size of the test. Regarding the DITS
family, results are presented in Figure 5.2, while Table 5.1 contains information about
the size of the CS and KL test statistics.

hi:1

T2y

0.01
0.

0.25
05

0.75

Q
fiey

Figure 5.2: (%) size for the DITS.

Table 5.1: (%) size for the chi—squared (CS) and Kullback—Leibler
(KL) test statistics.

CS KL
443 529

As we can observe, even though some test statistics appear to have liberal and oth-
ers conservative performance, all the test statistics under consideration satisfy Dale’s
criterion given in Subsection 2.4.3. Members of the DITS family with a, = 0.25 ap-
pear to have the best performance in terms of size.

% Size
(357,4.1]
(4.1,4.62)

B (4.85,5.15]
(5.15,5.75]
(5.75,6.35]
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5.2 Severity distribution examination

Regarding the severity of each claim, we consider as generating mechanism the
lognormal distribution with location parameter 6} = 6 and scale parameter 63 = 1
and 0.5% contamination from a generalized Pareto distribution, with location param-
eter 15000, scale parameter 1200 and shape parameter 1.5. Suppose further, that we
have 103 observations. The number of observations equals the mean of the Poisson
distribution used above to generate the frequency data. The associated multinomial
model consists of [1/1000] = 32 categories and is given as

p1 = PT"(X < xl)/
pr =Pr(X <ux;) —Pr(X<x1), k=2,...,31,
ps2 =1—Pr(X <xs),

where X ~ LN(61,6;) and x; = ks, k=1,...,31 and s is the interquartile range (IQR)
of the observed data. Thus, the resulting multinomial model is a rather data based
model than a fixed one. The non—parametric estimator of the true probabilities of
the multinomial model is defined as

1 10°
1=

10% k—

. 1 .
kaWZI(ngxk)— pr, k=2,...31,
j=1 i—=1

[ay

31

p=1-Y_pi
i=1

Once more, for the estimation of the unknown parameter, the MM(®, a)PDE is used,
with ®p(u) = 1 — (1 —a; u + a; 'ul*%2, & = 0.01, 0.10, 0.25, 0.50, 0.75 and h =
0...(1)...10, while we are going to consider also the minimum CS and KL estima-
tors which can be derived from the MCRPDE for A = 1 and A = 0, respectively. The
experiment is repeated 10* times and conclusions are based on the overall root mean
squared error (ORMSE), which is given as

1 o .
ORMSEzg, = \| 1 12 {(F6] — 65) + (E67 — 63)2}
=1

where £8; is the estimation of the unknown parameter for the I

the E minimum divergence estimator.

sample regarding

Results are presented in Figure 5.3. As we can observe the ordinary M(®,, a2 )PDE (h
= 1) appear to be more robust for larger values of the index a;. Furthermore, we can
see that the KL estimator coincides with the M(®;, a;)PDE when a; = 0.01, while
the CS estimator has the worst behaviour in terms of robustness. In addition, we can
observe that the tuning parameter /1 imposes an improvement in the robustness of
the estimators, especially for those that are derived for small values of the index a5.
In particular we can see that M(®y, a2 )PDE with a, = 0.01 appear to have the best
performance among all the considered estimators when h is around 5.

In relation to the goodness—of—fit, we use the MDITS with ®;(u) = 1— (1 —
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Figure 5.3: Overal root mean squared error for the MM(®,, a;)PDE
along with the minimum chi—squared (CS) and Kullback—Leibler
(KL) estimators.
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Table 5.2: (%) size for the chi—squared (CS) and Kullback—Leibler
(KL) test statistics.

CS KL
9237 547
; 10 20 30 40 50 60 70 80 90 100

Figure 5.5: (%) zero frequency cell occurrence.

al’l)u + al’luH"‘l, Dy(u) =1— (1 —ayYu+a; w2, a1, ap = 0.01,0.10, 0.25, 0.50,
0.75 and hy, ho = 15,5. Moreover, we consider the CS and KL test statistics in our
analysis. The examination of the goodness—of—fit tests is based on the size of the
test and results are presented in Figure 5.4 and Table 5.2 regarding the MDITS and
CS and KL respectively. Results indicate that the asymptotic X2 approximation is
rather poor and alternative approximations, like the bootstrap mentioned in Chap-
ter 4, should be considered. Note that the poor approximation of the X2 is highly
associated with the fact that in this case the percentage of zero frequency cell occur-
rence was very high in many of cells (see Figure 5.5).

Note that for the conducted simulation studies of this chapter, we used the R soft-
ware (R Core Team, 2016), while for the optimization the optimise function from the
base package stats. For the manipulation of the data we used the packages dplyr
(Wickham et al., 2022) and data.table (Dowle & Srinivasan, 2022). Furthermore, for
the visualization of the results we used the package ggplot2 (Wickham, 2016) while
we took advantage of the package future.apply (Bengtsson, 2021) to activate par-
allel computing in order to compensate the computational burden. The syntax is
provided in Appendices C.6 and C.7.

5.3 Conclusions

In this chapter the focus is placed to the collective risk model, which is used for the
evaluation of the expected cost of total losses in a period (say year) for non—life lines
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of businesses (general insurance). In particular, we present through a paradigm how
the modified minimum (P, a) —power diverge family of estimators MM(®, «)PDE
and the modified double index family of test statistics (MDITS) can be utilized in or-
der to model the frequency (number of losses in a period) and the severity (amount
of losses) of a company’s portfolio. The implementation appears to be straightfor-
ward, while the flexibility of those estimators and test statistics may lead to better
approximations of the underlying model, something that is of paramount impor-
tance to the practitioner and the insurance industry.
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Chapter 6

Future Work

6.1 Censored data

The existence of censored data in survival analysis and reliability theory is very com-
mon, while the determination of an appropriate model under such schemes is of
great importance. Our intention is to study the estimators and test statistics that
are associated with the (®,a)—power divergence family under the framework of
censored data.

In particular, for the formulation of the problem one possible solution is to follow
the lines of Vonta & Karagrigoriou (2014), who have studied Csiszar’s family of
measures under this framework. Let suppose that subjects are observed during a
time interval [0, 7], which is partitioned into k subintervals of the form E; = (7;_1, 7],
i=1,...,kkwith0=1% <7 <--- <7 = T. Let n; be the number of subjects at
risk at the beginning of the i interval, while d; is the number of failures during the
i" interval. Let further, hf = 1 — h; and h; be the survival and hazard rate for the
it" interval respectively. For each i, let F; = o{ds,...,d;_1,n1,...,n;} be the c—field
generated by dy,...,d;_1,n1,...,n;. Then, conditionally on ;, the random variables
di,i =1,...,k are independent and specifically, the number of failures d; follows a
binomial distribution

Pr(d; = j| Fi) = <’;l> W —h)" T, j=0,...,n 6.1)

Suppose further that there are N subjects with failure and censoring time denoted by

X;and Cj,i =1,..., N respectively, with F being the distribution function of X;. The

data consist of pairs (Tj, §;), where T; = min(X;,C;) and é; = I(T; < C;),i=1,...,N.

Under the assumption that the censoring occurs only at 7; equation (6.1) holds with
F(z) — F(ti1)

h; = ,i=1,...,k,
T F(ny)

which is the hazard rate for the discrete case.

For testing the composite null hypothesis

Hy:F= F()(e) or equivalenty Hop:h= (h1,. . .,hk)T = ho(e) = (hlg(e),. . .,hko(e))T
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we propose the following family of test statistics

k
di/n;
T (d, n, h(H3 . hy " (0g,) @ e
<I>1( ( CDZ = { 2) 1 (hzo(equ)>

AL d /n
K 1+m i) 2 CI) ,\le ,
i0 ( (I)z) (hc (e(bzz)> }

AN . . .« . . . .
where 0, is the associated minimum (@, a;) —power divergence estimator given

by

AN . k & d/Tl o d/Tl
O, = arggg(g;ni{hg(r 2(9)d, (h;o(61)> + S, (9), (h;0(61)> :

Our quest is to find the asymptotic distribution of the estimator and the test statis-
tic and then, through an extensive simulation study, to compare the behaviour of
members of this family with those that can be derived from the Csiszar’s family.

6.2 Selection procedures of optimum indices

Another issue of great importance is the selection of optimal indices, that are in-
corporated on families of estimators and test statistics, based on a data driven or a
theoretical procedure.

Regarding the calibration of the index «, of the minimum BHH]J —divergence estima-
tor, which governs the trade-off between efficiency and robustness, Warwick & Jones
(2005) in order to determine the optimal index value proposed a data driven proce-
dure, which minimizes an empirical measure of the mean squared error of the esti-
mator. Recently, Sugasawa & Yonekura (2021) proposed a selection criterion based
on an asymptotic approximation of the Hyvarinen score applied to an unnormalized
model defined by robust divergence. Furthermore, Mandal et al. (2010) proposed a
data driven procedure in order to determine the optimal value of the tuning param-
eter h of the penalized estimators. This procedure is based on the minimization of
the error in estimation based on Rao’s (Rao, 1963) expression from the estimated bias
in multinomial model for the BHH] family.

In this thesis, general families of test statistics have been considered that provide
flexibility, through their indices and tuning parameters, resulting in improved per-
formance. However, the construction of a procedure that determines the optimal
values of those indices and tuning parameters is of paramount importance and to
the best of our knowledge there is a void in the literature.
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Appendix A

Further Results Regarding the
Comparison of Test Statistics

In this appendix, all results regarding the comparison of the test statistics of Section
2.4.2 are presented.



130 Appendix A. Further Results Regarding the Comparison of Test Statistics

Table A.1: Size (S) and powers (%) for the Equiprobable (1/3, 1/3, 1/3) model.

Shape parameter Tglm (éggl) ngfo (@%21) Tg;?l (éﬁ;i“) G%(0) X2(8y2) CR(ééR)
N =25
(S) Gamma(0.44) 474 430 193 183 612 563
Wei(0.77) 12.00 11.89 12.27 12.01 12.43 12.21
LN(0.729) 13.23 11.88 13.44 13.44 17.44 16.00
IG(1) 12.74 11.54 12.96 12.97 16.75 15.48
(S) Gamma(1) 4.88 438 494 493 621 5.72
Wei(1) 5.12 4.72 5.25 5.19 6.70 6.27
LN(0.551) 36.61 33.92 37.06 37.09 44.69 42.33
1G(2.25) 31.67 29.14 32.05 32.05 39.24 36.91
(S) Gamma(2) 4.71 4.36 4.84 4.78 6.14 5.63
Wei(1.259) 9.14 8.15 9.31 9.29 12.33 11.19
LN(0.423) 69.06 66.46 69.48 69.50 77.25 74.84
1G(4.5) 64.53 61.56 65.11 65.13 72.93 70.47
N =50
(S) Gamma(0.44) 131 416 137 134 i85 470
Wei(0.77) 21.46 21.54 21.52 21.42 20.87 21.02
LN(0.729) 18.67 17.40 18.87 18.88 22.09 20.92
1G(1) 17.61 16.54 17.87 17.87 21.19 20.20
(S) Gamma(1) 4.14 3.98 420 4.17 4.59 441
Wei(1) 4.47 4.33 4.50 4.49 4.95 4.76
LN(0.551) 63.94 61.89 64.32 64.34 69.05 67.67
1G(2.25) 56.15 54.11 56.50 56.50 61.32 59.63
(S) Gamma(2) 429 410 433 431 476 459
Wei(1.259) 9.66 8.94 9.79 9.79 11.62 11.00
LN(0.423) 95.83 95.20 95.92 95.93 97.12 96.78
1G(4.5) 93.65 92.94 93.85 93.87 95.47 94.94
N=75
(S) Gamma(0.44) 177 164 481 480 525 512
Wei(0.77) 23.16 23.28 23.17 23.06 22.50 22.68
LN(0.729) 35.50 34.53 35.75 35.75 38.74 37.73
1G(1) 32.97 32.15 33.10 33.10 35.88 35.10
(S) Gamma(1) 4.64 4.45 4.65 4.65 5.18 4.99
Wei(1) 4.87 4.75 4.92 4.91 5.30 5.14
LN(0.551) 89.71 89.13 89.82 89.82 91.37 90.96
1G(2.25) 84.08 83.26 84.19 84.19 86.29 85.55
(S) Gamma(2) 5.09 494 5.09 511 5.60 5.37
Wei(1.259) 18.62 17.91 18.80 18.80 20.95 20.09
LN(0.423) 99.86 99.86 99.86 99.86 99.86 99.86
1G(4.5) 99.83 99.80 99.83 99.83 99.85 99.84
N = 100
(S) Gamma(0.44) 491 4.90 493 4.90 522 5.07
Wei(0.77) 31.36 31.64 31.36 31.29 30.70 30.85
LN(0.729) 42.01 41.26 42.14 42.14 45.39 44.19
IG(1) 37.45 36.65 37.59 37.59 40.35 39.37
(S) Gamma(1) 511 5.01 5.14 5.14 5.40 532
Wei(1) 4.59 4.48 4.61 4.58 4.87 4.85
LN(0.551) 95.62 95.36 95.65 95.65 96.41 96.17
1G(2.25) 91.42 91.06 91.46 91.46 92.65 92.27
(S) Gamma(2) 5.08 4.98 5.13 5.12 5.27 5.18
Wei(1.259) 22.04 21.48 22.22 22.22 24.46 23.66
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00
1G(4.5) 99.99 99.99 99.99 99.99 100.00 100.00
N = 500
(S) Gamma(0.44) 261 457 461 261 4.66 162
Wei(0.77) 88.79 88.81 88.79 88.79 88.51 88.61
LN(0.729) 98.39 98.34 98.41 98.41 98.49 98.45
IG(1) 96.04 96.00 96.05 96.05 96.15 96.13
(S) Gamma(1) 4.62 4.63 4.62 4.61 4.77 4.72
Wei(1) 4.66 4.64 4.67 4.67 4.77 4.75
LN(0.551) 100.00 100.00 100.00 100.00 100.00 100.00
1G(2.25) 100.00 100.00 100.00 100.00 100.00 100.00
(S) Gamma(2) 471 468 471 471 478 479
Wei(1.259) 80.85 80.65 80.92 80.92 81.62 81.39
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00

1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
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Table A.2: Size (S) and powers (%) for the Symmetric (0.2, 0.6, 0.2) model.

Shape parameter T%lm (9&21) T%fo (é%(zn) T(%?] (@%io) G*(9) X2(8y2) C R(ééR)
N=25
(S) Gamma(0.44) 5.47 5.33 5.66 5.43 6.08 5.83
Wei(0.77) 13.99 10.75 16.05 14.68 17.39 16.52
LN(0.729) 29.69 30.66 29.48 29.44 30.10 29.85
1G(1) 27.88 28.73 27.71 27.65 28.30 28.08
(S) Gamma(1) 5.53 551 5.69 5.50 6.09 5.88
Wei(1) 5.37 5.36 5.60 5.43 5.92 5.78
LN(0.551) 77.33 78.33 77.14 77.14 77.78 77.53
1G(2.25) 71.24 72.30 70.98 70.94 71.70 71.35
(S) Gamma(2) 5.05 5.05 5.8 5.07 5.73 554
Wei(1.259) 18.85 19.69 18.72 18.71 19.18 18.94
LN(0.423) 98.69 98.82 98.68 98.68 98.78 98.72
1G(4.5) 98.29 98.48 98.23 98.22 98.37 98.31
N =50
(S) Gamma(0.44) 533 5.08 559 5.46 573 5.64
Wei(0.77) 28.66 25.01 30.41 29.37 31.84 31.03
LN(0.729) 46.77 47.20 46.72 46.71 46.59 46.59
1G(1) 42.82 43.28 42.74 42.72 42.42 42.43
(S) Gamma(1) 5.16 493 5.30 5.19 5.45 5.34
Wei(1) 5.15 4.81 5.34 522 5.55 5.41
LN(0.551) 97.12 97.20 97.11 97.11 97.08 97.06
1G(2.25) 94.34 94.54 94.34 94.34 94.32 94.32
(S) Gamma(2) 5.21 4.89 5.37 5.26 5.54 5.45
Wei(1.259) 29.13 29.48 29.05 29.04 28.89 28.89
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00
1G(4.5) 99.98 99.98 99.98 99.98 99.98 99.98
N=75
(S) Gamma(0.44) 195 162 513 5.04 523 519
Wei(0.77) 40.70 36.65 42.34 41.52 43.55 43.07
LN(0.729) 60.78 60.95 60.80 60.80 60.47 60.54
1G(1) 55.64 55.82 55.64 55.64 55.23 55.36
(S) Gamma(1) 5.04 4.86 5.0 512 5.29 521
Wei(1) 4.99 4.62 5.16 5.08 5.31 5.23
LN(0.551) 99.70 99.70 99.70 99.70 99.68 99.70
1G(2.25) 99.03 99.05 99.03 99.03 98.98 98.99
(S) Gamma(2) 5.19 482 534 528 5.58 5.45
Wei(1.259) 39.19 39.28 39.19 39.19 38.74 38.83
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00
1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
N =100
(S) Gamma(0.44) 5.18 4.82 5.39 5.25 5.49 5.42
Wei(0.77) 52.19 48.66 53.50 52.96 54.55 54.01
LN(0.729) 72.87 72.78 72.88 72.88 72.64 72.68
1G(1) 65.88 65.76 65.90 65.90 65.50 65.62
(S) Gamma(1) 5.19 478 535 531 5.42 535
Wei(1) 493 4.67 5.08 5.05 524 5.14
LN(0.551) 99.98 99.98 99.98 99.98 99.98 99.98
1G(2.25) 99.90 99.90 99.90 99.90 99.90 99.90
(S) Gamma(2) 5.10 476 527 523 534 530
Wei(1.259) 48.98 48.92 49.01 49.02 48.52 48.66
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00
1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
N = 500
(S) Gamma(0.44) 142 392 456 153 156 459
Wei(0.77) 99.29 99.19 99.34 99.32 99.36 99.36
LN(0.729) 99.99 99.99 99.99 99.99 99.99 99.99
1G(1) 99.84 99.81 99.84 99.84 99.84 99.84
(S) Gamma(1) 5.22 4.66 5.31 5.29 5.22 5.29
Wei(1) 5.06 4.56 5.25 5.24 5.28 5.29
LN(0.551) 100.00 100.00 100.00 100.00 100.00 100.00
1G(2.25) 100.00 100.00 100.00 100.00 100.00 100.00
(S) Gamma(2) 515 467 534 534 533 534
Wei(1.259) 99.11 99.06 99.12 99.12 99.10 99.11
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00

1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
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Table A.3: Size (S) and powers (%) for the Left Skewed (0.1, 0.5, 0.4) model.

Shape parameter Tglm (éggl) ngfo (@%21) Tg;?l (éﬁ;i“) G%(0) X2(8y2) CR(ééR)
N =25
(S) Gamma(0.44) 3.99 4.06 5.74 3.84 458 433
Wei(0.77) 10.55 10.53 16.17 10.27 11.56 11.14
LN(0.729) 25.44 24.50 26.03 25.61 27.68 26.99
IG(1) 31.59 30.54 32.24 31.75 34.40 3341
(S) Gamma(1) 3.95 3.90 5.61 3.90 4.65 441
Wei(1) 4.01 3.85 5.84 3.97 4.75 4.49
LN(0.551) 64.73 63.18 65.51 64.99 67.63 66.79
1G(2.25) 63.68 62.08 64.48 63.93 66.54 65.74
(S) Gamma(2) 3.97 358 5.73 391 474 449
Wei(1.259) 7.76 7.41 8.18 7.79 8.80 8.35
LN(0.423) 94.44 93.98 94.67 94.53 95.38 95.16
1G(4.5) 93.45 92.86 93.65 93.48 94.48 94.07
N =50
(S) Gamma(0.44) 5.02 575 633 176 513 5.03
Wei(0.77) 14.00 14.24 19.48 13.69 14.97 14.58
LN(0.729) 61.96 63.01 62.70 61.57 61.75 61.70
1G(1) 72.44 73.58 73.09 72.12 72.35 72.30
(S) Gamma(1) 5.46 5.79 6.71 531 5.61 5.55
Wei(1) 5.35 5.60 6.65 5.12 5.46 5.37
LN(0.551) 97.84 98.00 97.98 97.78 97.81 97.79
1G(2.25) 97.13 97.39 97.32 97.11 97.13 97.13
(S) Gamma(2) 5.05 517 6.12 494 5.15 5.06
Wei(1.259) 18.46 19.54 19.07 18.26 18.40 18.35
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00
1G(4.5) 99.99 99.99 99.99 99.99 99.99 99.99
N=75
(S) Gamma(0.44) 445 521 570 124 145 134
Wei(0.77) 23.32 24.24 29.18 22.67 23.89 23.57
LN(0.729) 73.86 75.54 74.59 73.42 73.51 73.47
1G(1) 84.14 85.62 84.71 83.80 83.94 83.89
(S) Gamma(1) 4.63 5.19 5.94 441 4.65 4.59
Wei(1) 4.74 5.18 5.98 4.55 4.72 4.68
LN(0.551) 99.71 99.75 99.74 99.70 99.70 99.70
1G(2.25) 99.69 99.74 99.72 99.68 99.68 99.68
(S) Gamma(2) 445 4.68 5.94 438 467 456
Wei(1.259) 18.05 19.81 18.69 17.56 17.67 17.62
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00
1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
N =100
(S) Gamma(0.44) 5.30 6.08 6.31 4.99 513 5.10
Wei(0.77) 24.92 25.99 30.88 24.53 25.59 25.12
LN(0.729) 90.26 91.28 90.91 89.94 89.78 89.81
IG(1) 95.23 95.86 95.43 95.09 95.00 95.04
(S) Gamma(1) 5.14 5.82 6.24 498 5.13 5.08
Wei(1) 5.24 5.84 6.45 5.06 525 5.16
LN(0.551) 99.98 99.98 99.98 99.98 99.98 99.98
1G(2.25) 99.98 99.98 99.98 99.98 99.98 99.98
(S) Gamma(2) 5.00 5.35 6.06 4.89 5.09 5.02
Wei(1.259) 28.06 30.38 28.92 27.48 27.36 27.42
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00
1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
N = 500
(S) Gamma(0.44) 531 643 6.24 496 496 495
Wei(0.77) 84.36 85.46 86.67 83.81 84.15 84.06
LN(0.729) 100.00 100.00 100.00 100.00 100.00 100.00
IG(1) 100.00 100.00 100.00 100.00 100.00 100.00
(S) Gamma(1) 5.28 6.08 6.26 5.03 5.05 5.03
Wei(1) 5.21 6.06 6.35 4.89 4.95 4.90
LN(0.551) 100.00 100.00 100.00 100.00 100.00 100.00
1G(2.25) 100.00 100.00 100.00 100.00 100.00 100.00
(S) Gamma(2) 5.44 6.05 6.65 521 526 5.4
Wei(1.259) 84.54 86.25 85.60 83.94 83.75 83.82
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00

1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
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Table A.4: Size (S) and powers (%) for the Right Skewed (0.4, 0.5, 0.1) model.

Shape parameter T%lm (9&21) T%fo (é%(zn) T(%?] (@%io) G*() X2(0y2) C R(ééR)
N=25
(S) Gamma(0.44) 353 213 153 397 533 194
Wei(0.77) 22.99 15.25 27.41 24.52 30.09 28.55
LN(0.729) 9.97 8.55 10.84 10.47 10.82 10.74
1G(1) 8.40 6.76 9.18 8.76 9.37 9.19
(S) Gamma(1) 3.49 231 436 3.76 493 454
Wei(1) 4.20 2.67 5.02 4.46 5.64 5.22
LN(0.551) 42.88 39.57 43.88 43.72 43.59 43.62
1G(2.25) 34.04 30.95 34.96 34.77 34.49 34.53
(S) Gamma(2) 346 247 466 3.79 4388 462
Wei(1.259) 11.65 10.26 12.06 12.01 11.99 12.00
LN(0.423) 84.57 82.27 85.31 85.18 85.12 85.12
1G(4.5) 81.09 78.37 81.93 81.73 81.63 81.66
N =50
(S) Gamma(0.44) 161 3.66 534 495 519 5.10
Wei(0.77) 30.67 21.64 35.41 32.07 37.44 35.96
LN(0.729) 22.36 21.04 23.20 22.69 21.30 21.75
1G(1) 15.52 14.21 16.46 15.94 14.86 15.20
(S) Gamma(1) 495 422 5.72 523 537 534
Wei(1) 5.05 3.84 5.84 5.33 528 5.36
LN(0.551) 82.16 80.78 83.02 82.51 80.82 81.40
1G(2.25) 73.18 71.73 74.15 73.57 71.82 72.31
(S) Gamma(2) 5.33 4.36 6.20 5.58 5.63 5.66
Wei(1.259) 32.07 30.53 33.23 32.55 30.58 31.35
LN(0.423) 99.73 99.69 99.73 99.73 99.70 99.70
1G(4.5) 99.49 99.40 99.56 99.51 99.40 99.44
N=75
(S) Gamma(0.44) 134 3.02 515 162 511 498
Wei(0.77) 52.79 45.09 57.59 54.21 58.52 57.24
LN(0.729) 21.62 20.83 22.47 21.80 20.78 21.27
1G(1) 13.50 12.54 14.40 13.75 13.07 13.30
(S) Gamma(1) 452 3.57 545 477 5.08 5.00
Wei(1) 4.45 3.31 5.30 473 5.03 493
LN(0.551) 91.42 90.79 91.91 91.57 90.65 90.93
1G(2.25) 82.79 81.69 83.62 83.04 81.58 81.99
(S) Gamma(2) 449 3.69 555 469 5.16 5.03
Wei(1.259) 35.30 33.83 36.58 35.74 33.63 34.31
LN(0.423) 99.99 99.99 99.99 99.99 99.99 99.99
1G(4.5) 99.98 99.98 99.98 99.98 99.98 99.98
N =100
(S) Gamma(0.44) 4.85 3.85 5.62 5.15 5.16 5.09
Wei(0.77) 57.96 50.00 62.28 59.33 62.83 61.80
LN(0.729) 31.08 30.15 32.55 31.43 29.84 30.42
1G(1) 18.78 17.89 19.84 19.06 18.16 18.45
(S) Gamma(1) 5.14 439 6.07 5.41 5.44 539
Wei(1) 4.89 4.16 5.50 5.07 5.07 5.11
LN(0.551) 98.11 97.96 98.23 98.13 97.88 97.99
1G(2.25) 93.75 93.34 94.33 93.89 93.22 93.42
(S) Gamma(2) 528 450 5.99 543 547 5.48
Wei(1.259) 53.91 52.30 55.61 54.36 51.88 52.75
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00
1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
N = 500
(S) Gamma(0.44) 161 355 567 197 5.06 5.08
Wei(0.77) 99.81 99.78 99.86 99.82 99.83 99.83
LN(0.729) 80.56 79.44 82.13 80.95 80.14 80.46
1G(1) 45.04 43.14 47.19 45.59 44.55 44.96
(S) Gamma(1) 4.61 3.76 5.51 4.80 4.81 4.80
Wei(1) 4.93 3.81 5.94 5.11 5.18 5.18
LN(0.551) 100.00 100.00 100.00 100.00 100.00 100.00
1G(2.25) 100.00 100.00 100.00 100.00 100.00 100.00
(S) Gamma(2) 460 402 5.61 476 479 476
Wei(1.259) 99.53 99.45 99.63 99.57 99.49 99.50
LN(0.423) 100.00 100.00 100.00 100.00 100.00 100.00

1G(4.5) 100.00 100.00 100.00 100.00 100.00 100.00
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Further Results Regarding the
MM (P, «)PDE

In this appendix results regarding the three remaining models mentioned in Section
4.3 are presented.
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Figure B.1: Root mean squared error for the MM(®, «)PDE. N = 15.
(a) Under no contamination. (b) Under contamination.
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Figure B.2: Root mean squared error for the MM(®, #)PDE. N = 30.
(a) Under no contamination. (b) Under contamination.
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Figure B.3: Root mean squared error for the MM(®, 2)PDE. N = 60.
(a) Under no contamination. (b) Under contamination.
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Figure B.4: Root mean squared error for the MM(®, #)PDE. N = 120.
(a) Under no contamination. (b) Under contamination.
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Figure B.5: Root mean squared error for the MM(®, x)PDE. N = 240.
(a) Under no contamination. (b) Under contamination.
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B.2 Truncated Negative Binomial model
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Figure B.6: Root mean squared error for the MM(®, «)PDE. N = 15.
(a) Under no contamination. (b) Under contamination.
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Figure B.7: Root mean squared error for the MM(®, #)PDE. N = 30.
(a) Under no contamination. (b) Under contamination.
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Figure B.8: Root mean squared error for the MM(®, 2)PDE. N = 60.
(a) Under no contamination. (b) Under contamination.
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Figure B.9: Root mean squared error for the MM(®, x)PDE. N = 120.
(a) Under no contamination. (b) Under contamination.
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Figure B.10: Root mean squared error for the MM(®, x)PDE. N = 240.
(a) Under no contamination. (b) Under contamination.
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Figure B.11: Root mean squared error for the MM(®, «)PDE. N = 15.
(a) Under no contamination. (b) Under contamination.
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Figure B.12: Root mean squared error for the MM(®, #)PDE. N = 30.
(a) Under no contamination. (b) Under contamination.
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Figure B.13: Root mean squared error for the MM(®, a)PDE. N = 60.
(a) Under no contamination. (b) Under contamination.
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Figure B.14: Root mean squared error for the MM(®, «)PDE. N = 120.
(a) Under no contamination. (b) Under contamination.
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Figure B.15: Root mean squared error for the MM(®, )PDE. N = 240.
(a) Under no contamination. (b) Under contamination.
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Appendix C

Simulation Platform

In this appendix, the syntax regarding the simulations studies undertaken in this
thesis is presented. For each simulation study, the R software (R Core Team, 2016)
is used. All packages that have been used are presented in the following lines.
Thus, for the manipulation of the data, the packages data.table (Dowle & Srini-
vasan, 2022), dplyr (Wickham et al., 2022), and tibble (Miiller & Wickham, 2022)
are used, while for the visualization of the results the packages ggplot2 (Wickham,
2016), ggpubr (Kassambara, 2020), gridExtra (Auguie, 2017), lattice (Sarkar, 2008),
ggsci (Xiao, 2018), hrbrthemes (Rudis, 2020), directlabels (Hocking, 2021), ggrepel
(Slowikowski, 2021), scales (Wickham, 2018), fmsb (Nakazawa, 2022), latex2exp
(Meschiari, 2022) and viridis (Garnier et al., 2021) are used. In order to save the
results into an .x/sx file, the packages rJava (Urbanek, 2021) and xIsx (Dragulescu
& Arendt, 2020) are used, while in order to activate parallel computing the pack-
age future.apply (Bengtsson, 2021) is used. In order to generate random sample
data from the inverse Gaussian distribution and the generalized Pareto distribution
the packages statmod (Giner & Smyth, 2016) and eva (Bader & Yan, 2020) are used
respectively. Finally, for the optimization the optimise function from the base pack-
age stats is implemented while for the constrained optimization the auglag function
from the nloptr package (Johnson, 2014) is implemented.

C.1 Asymptotic results verification

C11 ECDFof T, (8 ) and Ty (03,)

# Used packages
library (data. table)

3 library (future.apply)

4
5
6
8
9

10

11

12

plan(multisession) #

n <- 10000 # Sample size.
N <- 10000 # Number of simulated samples .

u_vect <- ¢(0.5, 0.6, 0.7, 0.8, 0.9, 0.999) # Value of the parameter.

# NULL MODEL DEFINITION
hypvector <- function(v){
z <— c(v / 2
, v (1l-v/2)-1/38
s (1 -v) /2
, (1 -v)A2/2+17/8

return(z)

# Definition of the Divergence Measures
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# Power Divergence Measure for the Estimation of the unknown parameter
CR_Divergence_Function <- function(u, lamda, probvector) {
if (lamda == 0) {
vect <- probvector * log(probvector)
vect[vect == 'NaN’] <- 0
z <— sum(vect) — sum(probvector * log(hypvector(v=u)))
} else if (lamda == -1) {
z <— sum(hypvector (v=u)
+ (log(hypvector(v=u)) - log(probvector)))
} else {
z <— (1 / (lamda * (lamda + 1))) * (sum((probvector N (lamda + 1)
) / (hypvector(v=u) » lamda)) - 1)
}
return(z)

}

# BHH] Divergence Measure for the Estimation of the unknown parameter
BHHJ_Divergence_Function <- function(u, alpha, probvector) ({
z <— sum(hypvector(v = u) » (1 + alpha)) -
(1 +1 / alpha) * sum(probvector * hypvector(v = u) ” alpha) +
(1 / alpha) * sum(probvector A (1 + alpha))
return(z)

}
# Definition of the Test Statistics

# Cressie—Read Test Statistic
CR_Test_Statistic <- function(ul, lamdal, probvectorl, n) {
if (lamdal == 0) {
z <—
2 * n *= CR_Divergence_Function(u = ul,
lamda = lamdal,
probvector = probvectorl)
} else if (lamdal == -1) {
zZ <—
2 + n = CR_Divergence_Function(u = ul,
lamda = lamdal,
probvector = probvectorl)
} else {
7z <—
2 + n + CR_Divergence_Function(u = ul,
lamda = lamdal,
probvector = probvectorl)
}
return(z)

}

# BHH] Test Statistic
BHHJ_Test_Statistic <- function(ul, alphal, probvectorl, n) {
z <-—
((2 * n) / (1 + alphal)) = BHHJ_Divergence_Function(u = ul,
alpha = alphal,
probvector = probvectorl)
return(z)

}

# Implementation for the CR test statistics with the BHH] estimator.
#
a2_vect <- ¢(0.01, 0.05, seq(from = 0.1, to = 1.0, by = 0.1), 3, 5)
a2 <— rep(a2_vect, each = N)

for (j in u_vect){
u <-j
print(u)
# Sample generation
set.seed(seed = 1)
relfreq <- setNames(as.data.table (t(rmultinom(n = N
, size = n
, prob hypvector (v=u)

)/n
)
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95 , c¢("phat_1","phat_2","phat_3","phat_4")) # Each line represents a vector of
relative frequencies.

96

97

98  # Data table generation

99 Data <- data.table(n, N, u, a2, relfreq) # relfreq table is repeated as many times
as the length of a2

101 # Estimation of the unknown parameter
102 Data[, MDE := future_apply(Data, 1, function(i){

103 optimise (

104 BHHJ_Divergence_Function

105 ,interval = ¢(0.134,1)

106 ,alpha = i[["a2"]]

107 ,probvector = c(i[["phat_1"]]

108 ,i[["phat_2"]]

109 ,i[["phat_3"]]

110 ,i[["phat_4"1]) ) $minimum
1

112

113 # Test statistic 's wvalue calculation

114 Data[, ChiSqTestStat := future_apply(Data, 1, function(i){
115 CR_Test_Statistic(ul = i[["MDE"]]

116 , lamdal =1

117 , probvectorl = c(i[["phat_1"]]
118 Si[["phat_2"]]
119 ,i[["phat_3"]]
120 Si[["phat_4"1])
121 , n=1i[["n"]])

122 }

123 )

124 ]

125

126 # Save results in a .csv file

127 fwrite (Data, paste("CR_MDE_and_TS_u"

128 , u
129 , "N", N

130 , 'n", n

131 , ".csv"

132 , sep = "_"))
133}

134

135 # Load results for each parameter value u

136 dt_1 <- fread ("CR_MDE_and_TS_u_0.5_N_10000_n_10000_.csv"
137 dt_2 <— fread ("CR_MDE_and_TS_u_0.6_N_10000_n_10000_.csv"
138 dt_3 <- fread ("CR_MDE_and_TS_u_0.7_N_10000_n_10000_.csv"
139 dt_4 <- fread ("CR_MDE_and_TS_u_0.8_N_10000_n_10000_.csv"
140 dt_5 <- fread ("CR.MDE_and_TS_u_0.9_N_10000_n_10000_.csv"

141 dt_6 <- fread ("CR_MDE_and_TS_u_0.999_N_10000_n_10000_.csv")
142

143 # Combine results for each parameter value u

144 Total_dt <-— rbind(dt_1

145 , dt_2
146 , dt_3
147 , dt_4
148 , dt_5
149 , dt_6
150 )

151

152 # Save results for every parameter value u in one .csv file
153 fwrite(Total_dt

154 ,paste ("CR_MDE_and_TS_Total"
155 , 'N", N

156 , 'n", n

157 , ".csv"

158 , sep = "_")

159 )

160
161 # Implementation for the BHH] test statistics with the BHH] estimator.
162 #

163 al_vect <= ¢(0.01, 0.05, seq(from = 0.1, to = 1.0, by = 0.1), 3, 5)
164 a2_vect <- ¢(0.01, 0.05, seq(from = 0.1, to = 1.0, by = 0.1), 3, 5)
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165

166 # For the combination of al_vect with th a2_vect for each sample
167 a2 <— rep(a2_vect, each = length(al_vect) x N)

168 al <— rep(al_vect, each = N, times = length(a2_vect))

169
170 for (j in u_vect){
171w <= j

172 print(u)

173 # Data Sample Generation (Frequencies & Relative Frequencies)
174 set.seed(seed = 1)

175 # The sample

176 relfreq <- setNames(as.data.table (t(rmultinom(n = N

177 , size =n

178 , prob = hypvector(v=u)
179 )

180 )/n

181 )

182 , ¢("phat_1","phat_2","phat_3","phat_4")) # Each line represents a vector of
relative frequencies.

183

184 # Data Table Generation

185 Data <- data.table(n, N, u, a2, al, relfreq)

186

187 Data[, MDE := future_apply(Data, 1, function(i){

188 optimise (

189 BHHJ_Divergence_Function

190 ,interval = ¢(0.134,1)

191 ,alpha = i[["a2"]]

192 ,probvector = c(i[["phat_1"]]

193 ,i[["phat_2"]]

194 Si[["phat_3"]]

195 ,i[["phat_4"1]) ) $minimum

196 1

197

198 Data[, BHH]TestStat := future_apply(Data, 1, function(i){
199 BHHJ _Test_Statistic(ul = i[["MDE"]]

200 , alphal = i[["al"]]

201 , probvectorl = c(i[["phat_1"]]
202 ,i[["phat_2"]]
203 ,i[["phat_3"]]
204 ,i[["phat_4"1])
205 , n=1[["n"]])

206 }

207 )

208 ]

209

210 Data[, c_param := future_apply(Data, 1, function(i){
211 0.5 * ((max(hypvector(v = i[["u"]]))) ~ i[["al"]] +
212 (min(hypvector(v = i[["u"]]))) ~ i[["al"]])
213 }

214 )

215 ]

216
217 fwrite (Data, paste("BHHJ_MDE and_TS_u"
218 u

,
219 , "N", N

220 , 'mn", n

221 , ".csv"

222 , sep = "_"))
223}

224

225 # Load results for each parameter value u

26 dt_1 <— fread ("BHHJ_MDE_and_TS_u_0.5_N_10000_n_10000_.csv")
227 dt_2 <- fread ("BHHJ_MDE_and_TS_u_0.6_N_10000_n_10000_.csv")
28 dt_3 <- fread ("BHHJ_MDE_and_TS_u_0.7 _N_10000_n_10000_.csv")
229 dt_4 <- fread ("BHHJ_MDE_and_TS_u_0.8_N_10000_n_10000_.csv")
230 dt_5 <- fread ("BHHJ_MDE_and_TS_u_0.9_N_10000_n_10000_.csv"
231 dt_6 <- fread ("BHHJ_MDE and_TS_u_0.999_N_10000_n_10000_.csv")

233 # Combine results for each parameter value u
234 Total_dt <- rbind (dt_1
235 , dt_2
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236 , dt_3
237 , dt_4
238 , dt_5
239 , dt_6
240 )

241

242 # Save results for every parameter value u in one .csv file
243 fwrite(Total_dt

244 ,paste ("BHHJ_MDE_and_TS_Total"
245 , 'N", N

246 , 'm", n

247 , ".csv”

248 , sep = "_")

249 )

For the production of the associated plots, the following code was implemented. It
is given only for the case regarding Tfl?l (é’éfz) . For the case regarding T, (9;) the
code can accordingly be modified.

library (data. table)
library (dplyr)
library (ggplot2)
library (latex2exp)
library (gridExtra)
library (ggpubr)

L I N N

8 hypvector <— function(v) {

9 z <— c(v / 2

, v (1 -v/2)-1/38
11 , (1 -v) /2
12 , (1 -v)y~2/2+1/38
13 )

14 return(z)

15 }

17 Data_Table <- fread ("BHHJ MDE_and_TS_Total _N_10000_n_10000_.csv")

19 al_vect <- c¢(0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 3, 5)

20 a2_vect <- ¢(0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, 3, 5)

21 u_vect <= ¢(0.5, 0.6, 0.7, 0.8, 0.9, 0.999)

2

23 for (i in al_vect){

24 for(j in a2_vect){

25 1 <=0

26 for(k in u_vect){

27 print(c(i, j, k))

28 Il <-1+1

29 ¢ <— (min(hypvector(v = k))”"i + max(hypvector(v = k))"i)/2

30

31 assign(paste("'p", 1, sep = "_")

32 , ggplot() +

33 geom_hline (yintercept = 1, color = "grey60", linetype = 2, size =
0.9) +

34 geom_hline (yintercept = 0, color = "grey60", linetype = 2, size =
0.9) +

35 theme_light () +

36 theme(panel. grid = element_line (color = "gray90")

37 ,panel.grid .minor = element_line ("gray90")

38 ) +

39 stat_function (fun = pgamma # CDF of Gamma with shape = df/2 and scale
= 2+0.5%(max(Pi) + min(Pi))

40 , args = list(

A1 shape = 2 / 2

42 , scale =2 * ¢

43 )

44 , size = 1.1

45 , xlim = ¢(0.

46 , qgamma(p = 0.995
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, shape = 2 /2
, scale =2 = ¢
)
)
, aes(colour = "a"
, linetype = "a")
) +
stat_function (fun = pchisq
, args = list(
df = 2
)
, size = 1.1
, xlim = c(0.
, qgamma(p = 0.995
, shape = 2 /2
, scale = 2 * ¢
)
)
, aes(colour = "b"
, linetype = "b")
) +
stat_ecdf(
data = data.frame(x = Data_Table[u == as.numeric(k)
& a2 == as.numeric(j)
& al == as.numeric(1i)
, BHHJTestStat ])
, aes(x = x
, colour = "¢"
, linetype = "c¢")
# , col = "red”
, pad = FALSE
) +
coord_cartesian (xlim = ¢(0, qgamma(p = 0.993
, shape =2 /2
, scale = 2 * ¢
)
)
)+
scale_y_continuous(name = "F(x)") +
scale_linetype_manual(""
, values = c("a" = 2
,"'b" =6
et = 1)
, labels = c(TeX("CDF of $c\\chi”2_2%")
, TeX("CDF of $\\chi”2_2$")
, TeX("ECDF of $T_{\\Phi_1}/{\\
alpha_1}$% $(\\hat{\\theta}_{\\
Phi_2}~{\\alpha_2})$")
)
) + # We define the names of the groups here, because we are using
latex expressions
scale_colour_manual(""
, values = c("a" = "blue"
,"b" = "black"
,'¢" = "red")
, labels = c¢(TeX("CDF of $c\\chi”2_2%$")
, TeX("CDF of $\\chin2_2%")
, TeX("ECDF of $T_{\\Phi_1}*{\\alpha
_1}%$ $(\\hat{\\theta}_{\\Phi
_2}~{\\alpha_2})$")
) + # We define the names of the groups here, because we are using
latex expressions
ggtitle (TeX(paste("$\\theta = $", k))) +
theme(plot. title = element_text(hjust = 0.5)
,legend .key.width = unit(1.5,"em")) +
guides (linetype = guide_legend (
override.aes = list(size = ¢c(1.1, 1.1, 1))))
)
}
pdf(file = paste("al", i, "a2", j, ".pdf", sep = "_" ),

width = 7,
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height = 10,
onefile = FALSE)
print(ggarrange(p_1, p_2, p_3, p_4, p_5, p_6
, ncol = 2
, nrow = 3
, common. legend = TRUE
, legend="bottom")
)
dev.off ()
}
}

C.1.2 Typel error of Tgll (é‘i‘,?z)

# Packages
library ("rJava"
library ("xIsx")

u <—- 0.5 # Value of the parameter theta. Repeat for u = 0.6, 0.7, 0.8, 0.9 and 0.99

# The alpha parameter for the BHH] Test Statistic
al_vector <- ¢(0.01, 0.05, 0.1, 0.5, 3)

# The alpha parameter for the BHH] Minimum Distance Estimator
a2_vector <- ¢(0.01, 0.05, 0.1, 0.5, 5)

n <- 10000 # Sample size.
N <- 100000 # Number of simulated samples .

# Definition of the divergence measure (in order to use it for the parameter
estimation and the test statistic respectivly):
BHHJ_Divergence_Function <- function(u, alpha, probvector) ({
z <— sum(c(u / 2
,us (1 -—u/2)-1/8
(1 - /2
, I —u)y~r2/2+1/38
) A (1 + alpha)

- (1 +1 / alpha) * sum(
probvector * (c(u / 2

,us* (1 —=u/2)-1/28
, (T -u) /2
, (1 —u)~2/2+1/ 8) ~ alpha)
)

+ (1 / alpha) * sum(probvector A (1 + alpha))

return(z)

}

# Vector of parameters of Multinomial Distribution
multpar <- c(u / 2

,ux (1 —u/2)-1/38

, (1 —u) /2

, (1 —u)y~2/2+1/38)
# Vector of Type I Error for the 5 wvalues of al
TypelErrorVector <- rep(NA, length(al_vector))
TypelErrorComparisonTable <- NULL

for (1 in 1:length(a2_vector)) f{
a2 <— a2_vector[1]
for (k in 1:length(al_vector)) f{
al <- al_vector[k]
cl <= 0.5 * (max(multpar A al) + min(multpar ~ al))
f <- (1 + al)
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51 # Definition of the (Phi, alpha) — power divergence test statistic (it
depends on the parameter al)

52 BHHJ_Test_Statistic <- function(ul, alphal, probvectorl) {
53 z <— ((2 * n) / f) = BHHJ_Divergence_Function(u = ul, alpha = alphal,
probvector = probvectorl)

54 return(z)

55 }

56

57 # Computation of the MDE and the Test Statistic:

58 BHHJ_Test_Statistic _VECIOR <- rep(NA, N)

59

60 for (i in 1:N) {

61 set.seed (i)

62 # The Sample.

63 mult_obs <- rmultinom(n = 1, size = n, prob = multpar)

64 # Vector of Relative Frequencies

65 relfreq <- as.vector(mult_obs / n)

66

67 # Minimum Divergence Estimation for each one of the N samples:

68 BHHJ_MDE <- optimise (BHHJ_Divergence_Function

69 , interval = ¢(0.134, 1)

70 , alpha = a2

71 , probvector = relfreq)$minimum

73 BHHJ_Test_Statistic _VECITOR[i] <-

74 BHHJ_Test_Statistic (ul = BHHJ_MDE

75 , alphal = al

76 , probvectorl = relfreq)

//

78 }

79

80 # Number of times that we reject the null hypothesis

81 RejectionOfNullHypothesis <— BHHJ_Test_Statistic _VECTOR[BHH]_ Test_Statistic_
VECTOR > cl1 * qchisq(0.95, df = 2)]

82

83 # The proportion of times that we reject the null hypotesis. Each column of
the vector corresponds to a different value of al

84 TypelErrorVector [k] <- length(RejectionOfNullHypothesis) / length (BHHJ_Test_
Statistic_VECIOR)

85 }

86

87 temp <- TypelErrorVector

88

89 # Each line of the table below corresponds to a different value of a2.

90 TypelErrorComparisonTable <- rbind (TypelErrorComparisonTable, temp)

91 }

92

3 paste(’theta’, =" , u)

94 rownames (TypelErrorComparisonTable) <-—

95 c(’a2=0.01", ’a2=0.05", ’"a2=0.1", 'a2=0.5", ’a2=5")

96 colnames (TypelErrorComparisonTable) <-—

97 c¢(’al=0.01", ’al=0.05", ’"al=0.1", "al=0.5", ’al=3")

9¢ TypelErrorComparisonTable <- round(TypelErrorComparisonTable » 100, digits =2)

9

100 TypelErrorComparisonTable

101

102 # Write the table in xlsx format

103 write.xlsx (TypelErrorComparisonTable, file = "TypelError.xlsx", sheetName = "Theta
0,5", col.names = TRUE, row.names = TRUE)

C.2 Comparison of test statistics

C.2.1 Gamma(0.44) under the equiprobable model

# Packages
library (statmod)
library (rJava)

W ON =
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4 library (xlsx)

5

6 N <= 10000 # Number of simulated samples.
n <— 25 # Number of observations. Repeat for n = 50, 75, 100, 500

9 # Definition of the divergence functions (in order to use them for the parameter
estimation and the test statistics respectivly):
10 BHHJ_Divergence_Function <- function(u, alpha, probvector) {
11 z <- sum(c(pgamma(quant[1], u), pgamma(quant[2], u) - pgamma(quant[1], u), 1 -
pgamma(quant[2], u)) ~ (1 + alpha)) -

12 (1 + 1 / alpha) * sum(probvector * c(pgamma(quant[1], u), pgamma(quant
[2], u) - pgamma(quant[1], u), 1 - pgamma(quant[2], u)) ~ alpha) +

13 (1 / alpha) * sum(probvector N (1 + alpha))

14 return(z)

15}

17 KL_Divergence_Function <- function(u, probvector) ({

18 vect <- probvector * log(probvector)

19 vect[vect == 'NaN’] <- 0

20 z <— sum(vect) — sum(probvector * log(c(pgamma(quant[1], u), pgamma(quant[2], u)
— pgamma(quant[1], u), 1 — pgamma(quant[2], u))))

21 return(z)

2}

24 Pearsons_Divergence_Function <- function(u, probvector) {

25 z <— (1 / 2) = sum(((probvector — c(pgamma(quant[1], u), pgamma(quant[2], u) -
pgamma(quant[1], u), 1 — pgamma(quant[2], u))) " 2)
26 / c(pgamma(quant[1], u), pgamma(quant[2], u) - pgamma(quant[1], u), 1
- pgamma(quant[2], u)))
27 return(z)
28}

30 CR_Divergence_Function <- function(u, lamda, probvector) {

31 if (lamda == 0) {

32 vect <— probvector * log(probvector)

33 vect[vect == 'NaN’] <= 0

34 z <- sum(vect) — sum(probvector * log(c(pgamma(quant[1], u), pgamma(quant
[2], u) - pgamma(quant[1], u), 1 — pgamma(quant[2], u))))

35 } else if (lamda == -1) {

36 z <— sum(c(pgamma(quant[1], u), pgamma(quant[2], u) - pgamma(quant[1], u), 1
— pgamma(quant[2], u))

37 + (log(c(pgamma(quant[1], u), pgamma(quant[2], u) - pgamma(quant[1], u)

, 1 — pgamma(quant[2], u))) — log(probvector)))
38 } else {
39 z <— (1 / (lamda * (lamda + 1))) * (sum((probvector N (lamda + 1)) / (c(

pgamma(quant[1], u), pgamma(quant[2], u) - pgamma(quant[1l], u), 1 -
pgamma(quant[2], u))) » lamda) - 1)

40 }
41 return(z)
2}

44 # Definition of the Test Statistics
45 BHHJ_Test_Statistic <- function(ul, alphal, probvectorl) f{

46 z <-= ((2 *» n) /(1 + alphal)) = BHHJ_Divergence_Function(u = ul, alpha = alphal,
probvector = probvectorl)

47 return(z)

48}

50 KL_Test_Statistic <— function(ul, probvectorl) ({

51 z <- 2 * n » KL_Divergence_Function(u = ul, probvector = probvectorl)
52 return(z)

53}

54

55 Pearsons_Test_Statistic <- function(ul, probvectorl) ({

56 z <— 2#n * Pearsons_Divergence_Function(u = ul, probvector = probvectorl)
57 return(z)
58}

60 CR_Test_Statistic <— function(ul, lamdal, probvectorl) {

61 if (lamdal == 0) f{

62 z <- 2 = n *» CR_Divergence_Function(u = ul, lamda = lamdal, probvector =
probvectorl)
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63 } else if (lamdal == -1) {

64 z <— 2 * n * CR_Divergence_Function(u = ul, lamda = lamdal, probvector =
probvectorl)

65 } else {

66 z <- 2 » n = CR_Divergence_Function(u = ul, lamda = lamdal, probvector =
probvectorl)

67 }

68 return(z)

69 }

71 power_table <- NULL
72 for (1 in 1:4) {

73 # Computation of the MDE and the Test Statistic:

74 BHHJ_0.01_0.01_Test_Statistic _VECTOR <- rep(NA, N)

75 BHHJ_0.01_0.10_Test_Statistic _VECTOR <- rep(NA, N)

76 BHHJ_0.10_0.01_Test_Statistic _VECIOR <- rep(NA, N)

77 BHHJ_0.10_0.10_Test_Statistic _VECTOR <- rep(NA, N)

78 BHHJ_0.50_0.01_Test_Statistic _VECTOR <- rep(NA, N)

79 BHHJ_0.01_0.50_Test_Statistic _VECTOR <- rep(NA, N)

80 BHHJ_0.00001_0.00001_Test_Statistic _VECTOR <- rep(NA, N)

81

82 KL_Test_Statistic _VECTOR <- rep(NA, N)

83 Pearsons_Test_Statistic _VECIOR <- rep (NA, N)

84 CR_Test_Statistic _VECITOR <— rep (NA, N)

85

86 RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.01 <- rep (NA, N)

87 RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.10 <- rep (NA, N)

88 RejectionOfNullHypothesis_BHHJ_VECTOR_0.10_0.01 <- rep (NA, N)

89 RejectionOfNullHypothesis _BHHJ_VECTOR_0.10_0.10 <- rep(NA, N)

90 RejectionOfNullHypothesis_BHHJ_VECTOR_0.50_0.01 <- rep (NA, N)

91 RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.50 <- rep (NA, N)

92 RejectionOfNullHypothesis_BHHJ_VECTOR_0.00001_0.00001 <- rep (NA, N)

93

94 for (i in 1:N) {

95 set.seed (1)

96 # The Sample

97 if (1 == 1) {

98 Obs <— rgamma(n = n, shape = 0.44, scale = 1)

99 } else if (1 == 2) {

100 Obs <— rweibull(n=n, shape = 0.77, scale = 1)

101 } else if (1 == 3) {

102 Obs <— rlnorm(n = n, meanlog = 0, sdlog = 0.729)

103 } else {

104 Obs <- rinvgauss(n = n, mean = 1, shape = 1)

105 }

106 # The 1/3 and 2/3 quantiles (for these quantiles we get the model (1/3, 1/3,
1/3))

107 quant <- quantile(x = Obs, c(1/3, 2/3), names = FALSE)

108 # Observed frequencies:

109 nl <- length (Obs[Obs <= quant[1]])

110 n2 <- length(Obs[Obs <= quant[2]]) - length(Obs[Obs <= quant[1]])
111 n3 <-n - nl - n2

113 obsfreq <— c¢(nl, n2, n3) # Vector of observed frequencies

114 relfreq <— obsfreq / n # Vector of relative frequencies.

115

116 # Minimum Divergence Estimation for each one of the N samples:

117 BHHJ_MDE_0.01 <- optimise (BHHJ_Divergence_Function, interval = c(0, 10),
alpha = 0.01, probvector = relfreq)$minimum

118 BHHJ_MDE_0.10 <- optimise (BHHJ_Divergence_Function, interval = c(0, 10),
alpha = 0.10, probvector = relfreq)$minimum

119 BHHJ_MDE_0.50 <- optimise (BHHJ_Divergence_Function, interval = ¢(0, 10),
alpha = 0.50, probvector = relfreq)$minimum

120 BHHJ_MDE_0.00001 <- optimise (BHHJ_Divergence_Function, interval = c¢(0, 10),
alpha = 0.00001, probvector = relfreq)$minimum

121

122 KL_MDE <- optimise (KL_Divergence_Function, interval = c(0, 10), probvector =
relfreq ) $minimum

123 Pearsons_MDE <- optimise (Pearsons_Divergence_Function, interval = c(0, 10),
probvector = relfreq)$minimum

124 CR_MDE <- optimise (CR_Divergence_Function, interval = c¢(0, 10), lamda = 2/3,

probvector = relfreq)$minimum
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125

126 # We use the following lines in order to compute c.

127 multpar_0.01 <- c(pgamma(quant[1], BHHJ_MDE_0.01), pgamma(quant[2], BHHJ_MDE
_0.01) - pgamma(quant[1], BHHJ MDE_0.01), 1 - pgamma(quant[2], BHHJ_ MDE
_0.01))

128 multpar_0.10 <- c(pgamma(quant[1], BHHJ_MDE_0.10), pgamma(quant[2], BHHJ_MDE
_0.10) - pgamma(quant[1], BHH] _MDE_0.10), 1 - pgamma(quant[2], BHHJ_MDE
_0.10))

129 multpar_0.50 <- c(pgamma(quant[1], BHHJ_MDE_0.50), pgamma(quant[2], BHHJ_MDE
_0.50) - pgamma(quant[1], BHHJ]_MDE_0.50), 1 - pgamma(quant[2], BHHJ_MDE
_0.50))

130 multpar_0.00001 <- c(pgamma(quant[1], BHHJ_MDE_0.00001), pgamma(quant[2],

BHHJ_MDE_0.00001) - pgamma(quant[1], BHHJ_MDE_0.00001), 1 - pgamma(quant
[2], BHHJ_MDE_0.00001))

131

132 # We need a parameter c for each combination of al and a2

133 ¢_0.01_0.01 <= 0.5 * (max(multpar_0.01 A 0.01) + min(multpar_0.01 ~ 0.01))

134 ¢_0.01_0.10 <= 0.5 * (max(multpar_0.10 A 0.01) + min(multpar_0.10 ~ 0.01))

135 c_0.10_0.01 <= 0.5 * (max(multpar_0.01 ~ 0.10) + min(multpar_0.01 ~ 0.10))

136 ¢_0.10_0.10 <= 0.5 * (max(multpar_0.10 A 0.10) + min(multpar_0.10 ~ 0.10))

137 c_0.50_0.01 <= 0.5 * (max(multpar_0.01 A~ 0.50) + min(multpar_0.01 ~ 0.50))

138 ¢_0.01_0.50 <= 0.5 * (max(multpar_0.50 A 0.01) + min(multpar_0.50 ~ 0.01))

139 ¢_0.00001_0.00001 <- 0.5 * (max(multpar_0.00001 ~ 0.00001) + min(multpar
_0.00001 ~ 0.00001))

140

141 #(BHHJ_al_a2 = BHH]_0.01_0.01)

142 BHHJ_0.01_0.01_Test_Statistic_VECIOR[i] <- BHHJ_Test_Statistic (ul = BHHJ_MDE
_0.01, alphal = 0.01, probvectorl = relfreq)

143 #(BHHJ_al_a2 = BHHJ]_0.01_0.10)

144 BHHJ_0.01_0.10_Test_Statistic _VECTOR[i] <- BHHJ Test_Statistic (ul = BHHJ MDE
_0.10, alphal = 0.01, probvectorl = relfreq)

145 #(BHHJ_al_a2 = BHHJ]_0.10_0.01)

146 BHHJ_0.10_0.01_Test_Statistic_VECTOR[i] <- BHHJ_Test_Statistic (ul = BHHJ_MDE
_0.01, alphal = 0.10, probvectorl = relfreq)

147 #(BHHJ_al_a2 = BHH]_0.10_0.10)

148 BHHJ_0.10_0.10_Test_Statistic _VECIOR[i] <- BHHJ_Test_Statistic (ul = BHHJ MDE
_0.10, alphal = 0.10, probvectorl = relfreq)

149 #(BHHJ_al_a2 = BHH]_0.50_0.01)

150 BHHJ_0.50_0.01_Test_Statistic_VECIOR[i] <- BHHJ_Test_Statistic (ul = BHHJ_MDE
_0.01, alphal = 0.50, probvectorl = relfreq)

151 #(BHHJ_al_a2 = BHHJ_0.01_0.50)

152 BHHJ_0.01_0.50_Test_Statistic_VECTOR[i] <— BHHJ_Test_Statistic (ul = BHHJ_MDE
_0.50, alphal = 0.01, probvectorl = relfreq)

153 #(BHH]_al_a2 = BHHJ]_0.0001_0.0001)

154 BHHJ_0.00001_0.00001_Test_Statistic _VECIOR[i] <— BHHJ_Test_Statistic(ul =
BHHJ_MDE_0.00001, alphal = 0.00001, probvectorl = relfreq)

155

156 KL_Test_Statistic _VECTOR[i] <- KL_Test_Statistic (ul = KL_.MDE, probvectorl =
relfreq)

157 Pearsons_Test_Statistic _VECIOR[i] <- Pearsons_Test_Statistic(ul = Pearsons_
MDE, probvectorl = relfreq)

158 CR_Test_Statistic _VECTOR[i] <— CR_Test_Statistic (ul = CR_.MDE, lamdal = 2/3,
probvectorl = relfreq)

159

160 # In each loop we implement a hypothesis test, if we reject the null

hypothesis the wvalue TRUE is stored in the vector. We work in this way
because the wvalue of c is immediately related with the quantiles and for
each sample the quantiles may be different.

161 RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.01[i] <— BHHJ _Test_Statistic (ul
= BHHJ_.MDE_0.01, alphal = 0.01, probvectorl = relfreq) > ¢_0.01_0.01 =
qchisq (0.95, df = 1)

162 RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.10[i] <— BHHJ_Test_Statistic (ul
= BHHJ_MDE_0.10, alphal = 0.01, probvectorl = relfreq) > ¢_0.01_0.10 =
qchisq (0.95, df = 1)

163 RejectionOfNullHypothesis_BHHJ_VECTOR_0.10_0.01[i] <— BHHJ_Test_Statistic (ul
= BHHJ_ MDE_0.01, alphal = 0.10, probvectorl = relfreq) > ¢_0.10_0.01 =
qchisq (0.95, df = 1)

164 RejectionOfNullHypothesis_BHHJ_VECTOR_0.10_0.10[i] <— BHHJ_Test_Statistic (ul
= BHHJ_MDE_0.10, alphal = 0.10, probvectorl = relfreq) > ¢_0.10_0.10 =
qchisq (0.95, df = 1)
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RejectionOfNullHypothesis_BHHJ_VECTOR_0.50_0.01[i] <- BHHJ _Test_Statistic (ul
= BHHJ_MDE_0.01, alphal = 0.50, probvectorl = relfreq) > ¢_0.50_0.01 =
qchisq(0.95, df = 1)

RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.50[i] <— BHHJ_Test_Statistic (ul
= BHHJ_MDE_0.50, alphal = 0.01, probvectorl = relfreq) > ¢_0.01_0.50 =
qchisq(0.95, df = 1)

RejectionOfNullHypothesis_BHHJ_VECTOR_0.00001_0.00001[i] <— BHHJ_Test_
Statistic (ul = BHHJ_MDE_0.00001, alphal = 0.00001, probvectorl = relfreq
) > ¢_0.00001_0.00001 = qchisq(0.95, df = 1)

}

# The number of times that we reject the null hypothesis is given below. Here
the decision rule is dependent only on the wvalue of the test statistic , so
we implement the test in

# an aggregate way.

RejectionOfNullHypothesis_KL <- KL_Test_Statistic _VECTOR[KL_Test_Statistic_
VECTOR > qchisq(0.95, df = 1)]

RejectionOfNullHypothesis_Pearsons <— Pearsons_Test_Statistic_VECIOR[Pearsons_
Test_Statistic _VECTOR > qchisq(0.95, df = 1)]

RejectionOfNullHypothesis_CR <- CR_Test_Statistic _VECTIOR[CR_Test_Statistic_
VECTOR > qchisq(0.95, df = 1)]

# The proportion of times that we reject the null hypotesis.
power_BHHJ_0.01_0.01 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.01)
power_BHHJ_0.01_0.10 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.10)
power_BHHJ_0.10_0.01 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.10_0.01)
power_BHHJ_0.10_0.10 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.10_0.10)
power_BHHJ_0.50_0.01 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.50_0.01)
power_BHHJ_0.01_0.50 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.01_0.50)
power_BHHJ_0.00001_0.00001 <- sum(RejectionOfNullHypothesis_BHH]_VECTOR
_0.00001_0.00001) / N

NN NN NS
2222277

power_KL <- length (RejectionOfNullHypothesis_KL) / N
power_Pearsons <- length(RejectionOfNullHypothesis_Pearsons) / N
power_CR <- length (RejectionOfNullHypothesis_CR) / N

power_vector <- c(power_BHHJ_0.01_0.01, power_BHH]_0.01_0.10, power_BHH]J
_0.10_0.01, power_BHHJ_0.10_0.10, power_BHHJ_0.50_0.01, power_BHH]J
_0.01_0.50, power_BHHJ_0.00001_0.00001, power_KL, power_Pearsons, power_CR)

# Each line of the table below corresponds to a different value of the shape
parameter .
power_table <- rbind (power_table, power_vector)

}

paste(’'Model : (1/3, 1/3, 1/3)")
paste (expression (Sample_Size), '=’, n)
paste(expression(Simulations), '=’, N)
paste(’(S) is the size’)

rownames (power_table) <- c(’gamma(shape = 0.44, scale = 1)(S)’, ’"weibull(shape =
0.77, scale = 1)’, ’Inorm(meanlog = 0, sdlog = 0.729)’, ’invgauss(mean = 1,
shape = 1))

colnames (power_table) <- c¢(’ BHHJ_0.01_0.01 “, ’ BHHJ_0.01_0.10 *, ~ BHHJ_0.10_0.01
", 7 BHHJ_0.10_0.10 ’, ’~ BHHJ_0.50_0.01 ’, “ BHHJ_0.01_0.50 ’, ' BHH]
_0.00001_0.00001 “, ’ Kullback-Leibler “, ' Pearsons ’, ' Cressie Read 2/3 ')

power_table <- round(power_table + 100, digits = 2)

power_table

# Write the table in xlsx format
write . xIsx (power_table , file = "Gamma(0,44).xlsx", sheetName = "n 25", col.names =
TRUE, row.names = TRUE)

Note that for the symmetric model, the above code can be applied by exchanging
the line 107 with the following line of code,

quant <— quantile(x = Obs, c(0.2, 0.8), names = FALSE) # The 0.2 and 0.8 quantiles (
for this quantiles we get the model (0.2, 0.6, 0.2))
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for the left skewed model with,

0.6) , names = FALSE) # The 0.1 and 0.6 quantiles (
model (0.1, 0.5, 0.4))

I quant <— quantile(x = Obs, ¢ (0.1,
for this quantiles we get the

and for the right skewed with,

0.9), names = FALSE) # The 0.4 and 0.9 quantiles (
model (0.4, 0.5, 0.1))

I quant <— quantile(x = Obs, c (0.4,
for this quantiles we get the

For the remaining null models and the associated alternatives, the above code can
be used by appropriately altering the lines 97 to 105.

C.3 Examination under contaminated data

C.3.1 Efficiency and robustness examination

1 N = 100000 # Number of simulated samples.
2 n <— 200 # Number of observations.
3 exp_par <— 1 # Parameter of Exponential distribution. Exp(1) and Gamma(1l) coincide.
4 cont_rate <— 0 # 0 for no contamination, 0.075 for 7.5% contamination
6 gamma_shape <- 1.5 # 1.5, 4 and 10.
8 # Null model definition
9 hypvector <— function(v) {
z <— c(l-exp(-vxquant[1]),
exp (-vsquant[1])
12 exp (-v+quant[2])
exp (-v+quant[3])

exp (-vs+quant[2]),
exp (-v+quant[3]),
exp (-v+quant[4]),

14 exp(-v+quant[4]) - exp(-vxquant[5])

15 exp(-vsquant[5]) — exp(-vs:quant[6]),

16 exp(-v+quant[6]) — exp(-vsquant[7]),

17 exp(-vsquant[7]) - exp(-v:quant[8]),

18 exp(-v+quant[8]) — exp(-vsquant[9]),

19 exp(-v+quant[9]) - exp(-vxquant[10]),
20 exp(-v+quant[10]) — exp(-vsquant[11]),
21 exp(-vs+quant[11]) - exp(-vxquant[12]),
22 exp(-vsquant[12]) - exp(-vsquant[13]),
23 exp(-v+quant[13]) — exp(-vxquant[14]),
24 exp(—vs+quant[14]))

25 return(z)

26 }

28 # Definintion of Divergence Measures

CR_Divergence_Function <- function(u, lamda, probvector) ({

31 if (lamda == 0) {

32 vect <— probvector * log(probvector)

33 vect[vect == 'NaN’] <- 0

34 z <— sum(vect) — sum(probvector * log(hypvector(v=u)))

35 } else if (lamda == -1) {

36 z <— sum(hypvector (v=u)

37 + (log(hypvector(v=u)) - log(probvector)))

38 } else {

39 z <- (1 / (lamda * (lamda + 1))) % (sum((probvector A (lamda + 1)) / (hypvector(
v=u)) /N lamda) - 1)

40 }

41 return(z)

2}

43

44 BHH]_Divergence_Function <- function(u, alpha a2, probvector relfreq) {
45 z <— sum(hypvector(v=u) ~ (1 + alpha)) -

46 (1 +1 / alpha) * sum(probvector = hypvector(v=u) ~ alpha) +
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(1 / alpha) * sum(probvector A (1 + alpha))
return(z)

}

L2_Distance_Function <- function(u, probvector){
z <— sqrt(sum((probvector — hypvector(v=u))”2 ))
return(z)

}

# Definition of the Log — Likelihood function:

Log_Likelihood _Function <- function(u, obs){
z <- length(obs)+log(u) — u * sum(obs)
return(z)

}
# Computation of the MDE:
KL_MDE_VECTOR <- rep(NA, N)

Pe_MDE_VECTOR <- rep (NA, N)
CR_MDE_VECTOR <- rep(NA, N)

7 FT_MDE_VECTOR <- rep(NA, N)
s MD_MDE_VECTOR <- rep (NA, N) # Minimum discrimination
o M(H.MDE_VECTOR <- rep(NA, N) # Modified chi squared statistic

L2_MDE_VECTOR <- rep (NA, N)

BHHJ_MDE_0.00_VECTOR <- rep (NA, N)
BHHJ MDE_0.01_VECTOR <- rep (NA, N)
BHHJ_MDE_0.05_VECTOR <- rep (NA, N)
BHHJ MDE_0.10_VECTOR <- rep (NA, N)
BHHJ_MDE_0.20_VECTOR <- rep (NA, N)
BHHJ_MDE_0.30_VECTOR <- rep (NA, N)
BHHJ]_MDE_0.40_VECTOR <- rep (NA, N)
BHHJ_MDE_0.50_VECTOR <- rep (NA, N)
BHHJ_MDE_0.60_VECTOR <- rep (NA, N)
BHHJ_MDE_0.70_VECTOR <- rep (NA, N)
BHHJ MDE_0.80_VECTOR <- rep (NA, N)
BHHJ_MDE_0.90_VECTOR <- rep (NA, N)
BHHJ MDE_1.00_VECTOR <- rep (NA, N)

MLE_VECTOR <- rep(NA, N)

ExpObs <- rep(NA, n)

for (i in 1 : N){
set.seed (i)

cont_vect <— runif(n) <= cont_rate
# The Sample.

information statistic

ExpObs <- cont_vect * rgamma(n = n, shape = gamma_shape, rate = exp_par) + (1 -

cont_vect) * rexp(n = n, rate = exp_par)

# The quantiles

quant <- quantile(x = ExpObs, c(1/15,
2/15,
3/15,
4/15,
5/15,
6/15,
7/15,
8/15,
9/15,
10/15,
11/15,
12/15,
13/15,
14/15
),

names = FALSE)
# Observed frequencies:
nl <- length (ExpObs[ExpObs<=quant

[111)

n2 <- length (ExpObs[ExpObs<=quant[2]]) - length (ExpObs[ExpObs<=quant][1
[311)
[411)

[
n3 <- length (ExpObs[ExpObs<=quant
n4 <- length (ExpObs[ExpObs<=quant

1
- length (ExpObs[ExpObs<=quant [2]])
— length (ExpObs[ExpObs<=quant[3]])
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118 n5 <- length (ExpObs[ExpObs<=quant[5]]) - length (ExpObs[ExpObs<=quant[4]])
119 n6 <- length (ExpObs[ExpObs<=quant[6]]) - length (ExpObs[ExpObs<=quant[5]])
120 n7 <- length (ExpObs[ExpObs<=quant[7]]) - length (ExpObs[ExpObs<=quant[6]])
121 n8 <- length (ExpObs[ExpObs<=quant[8]]) - length (ExpObs[ExpObs<=quant[7]])
122 n9 <- length (ExpObs[ExpObs<=quant[9]]) - length (ExpObs[ExpObs<=quant[8]])
123 nl0 <- length (ExpObs[ExpObs<=quant[10]]) - length (ExpObs[ExpObs<=quant[9]])
124 nll <- length (ExpObs[ExpObs<=quant[11]]) - length (ExpObs[ExpObs<=quant[10]])
125 nl2 <- length (ExpObs[ExpObs<=quant[12]]) — length (ExpObs[ExpObs<=quant[11]])
126 nl3 <- length (ExpObs[ExpObs<=quant[13]]) - length (ExpObs[ExpObs<=quant[12]])
127 nl4 <- length (ExpObs[ExpObs<=quant[14]]) — length (ExpObs[ExpObs<=quant[13]])
6 —

128 nl5 <-n-nl —-n2 -n3 -n4d - n5 - n n7 - n8 - n9 - nl0 - nll - n12 - nl13 -

nl4

130  # Vector of observed frequencies
131 obsfreq <— c¢(nl, n2, n3, n4, n5, n6, n7, n8, n9, nl0, nll, nl2, nl3, nl4, nl5)

133 # Vector of relative frequencies.
134 relfreq <- obsfreq/n

136 # Minimum Divergence Estimation for each one of the N samples:

137 CR_MDE_VECTOR[i] <- optimise (CR_Divergence_Function, interval = c(0, (length(
ExpObs) /sum (ExpObs) ) +10) , lamda = 2/3, probvector = relfreq)$minimum

138 KL_MDE_VECTOR[i] <- optimise (CR_Divergence_Function, interval = c¢(0, (length(
ExpObs) /sum(ExpObs) ) +10) , lamda = 0, probvector = relfreq)$minimum

139 Pe_MDE_VECTOR[i] <- optimise(CR_Divergence_Function, interval = c(0, (length(
ExpObs) /sum (ExpObs) ) +10), lamda = 1, probvector = relfreq)$minimum

140 FT_MDE_VECTOR[i] <- optimise (CR_Divergence_Function, interval = c¢(0, (length(
ExpObs) /sum (ExpObs) ) +10) , lamda = -1/2, probvector = relfreq)$minimum

141 MD_MDE_VECTOR[i] <- optimise (CR_Divergence_Function, interval = c(0, (length(
ExpObs) /sum (ExpObs) ) +10) , lamda = -1, probvector = relfreq)$minimum

142 MOH MDE_VECTOR[i] <- optimise (CR_Divergence_Function, interval = c(0, (length(
ExpObs) /sum(ExpObs) ) +10) , lamda = -2, probvector = relfreq)$minimum

144 BHHJ_MDE_0.00_VECTOR[i] <- optimise(BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum (ExpObs) ) +10) , alpha = (107"-7), probvector = relfreq)$
minimum

145 BHHJ_MDE_0.01_VECTIOR[i] <- optimise (BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum(ExpObs) ) +10) , alpha = 0.01, probvector = relfreq)$minimum

146 BHHJ_MDE_0.05_VECTIOR[i] <- optimise (BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum(ExpObs) ) +10) , alpha = 0.05, probvector = relfreq)$minimum

147 BHHJ_MDE_0.10_VECTOR[i] <- optimise (BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum (ExpObs) ) +10) , alpha = 0.10, probvector = relfreq)$minimum

148 BHHJ_MDE_0.20_VECTOR[i] <- optimise(BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum (ExpObs) ) +10) , alpha = 0.20, probvector = relfreq)$minimum

149 BHHJ_MDE_0.30_VECIOR[i] <- optimise(BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum (ExpObs) ) +10) , alpha = 0.30, probvector = relfreq)$minimum

150 BHHJ MDE_0.40_VECTOR[i] <- optimise (BHHJ_Divergence_Function, interval = c(0, (
length (ExpObs) /sum(ExpObs) ) +10) , alpha = 0.40, probvector = relfreq)$minimum

151 BHHJ_MDE_0.50_VECTOR[i] <- optimise (BHHJ_Divergence_Function, interval = c(0, (
length (ExpObs) /sum(ExpObs) ) +10) , alpha = 0.50, probvector = relfreq)$minimum

152 BHHJ_MDE_0.60_VECTOR[i] <- optimise (BHHJ_Divergence_Function, interval = c(0, (
length (ExpObs) /sum (ExpObs) ) +10) , alpha = 0.60, probvector = relfreq)$minimum

153 BHHJ_MDE_0.70_VECTOR[i] <- optimise (BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum(ExpObs) ) +10) , alpha = 0.70, probvector = relfreq)$minimum

154 BHHJ_MDE_0.80_VECTOR[i] <- optimise (BHHJ_Divergence_Function, interval = c(0, (
length (ExpObs) /sum (ExpObs) ) +10) , alpha = 0.80, probvector = relfreq)$minimum

155 BHHJ_MDE_0.90_VECTOR[i] <- optimise(BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum (ExpObs) ) +10) , alpha = 0.90, probvector = relfreq)$minimum

156 BHHJ_MDE_1.00_VECTOR[i] <- optimise(BHH]J_Divergence_Function, interval = c(0, (
length (ExpObs) /sum (ExpObs) ) +10) , alpha = 1.00, probvector = relfreq)$minimum

157

158 L2_MDE_VECIOR[i] <- optimise(L2_Distance_Function, interval = c(0, (length (ExpObs)
/sum(ExpObs))+10), probvector = relfreq )$minimum

159

160  # Maximum Likelihood Estimation for each one of the N samples :

161 MLE_VECTOR[i] <- optimise(Log_Likelihood_Function, interval = ¢(0, (length (ExpObs)
/sum(ExpObs))+10), obs = ExpObs, maximum = T)$maximum

162

163 print (i)

164

165 }

166
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CR_MDE MEAN <—
KL_MDE MEAN <—
Pe_MDE_MEAN <—
FT_MDE MEAN <-—
MD_MDE_MEAN <—

value

of the

mean (F

Minimum Divergence

mean (CR_MDE_VECTOR)
mean (KL_MDE_VECTOR)
mean (Pe_MDE_VECTOR)

T_MDE_VECTOR)

mean (MD_MDE_VECTOR)

MCH_MDE_MEAN <— mean (MOH_MDE_VECTOR)

BHHJ_MDE_0
BHHJ_MDE_0
BHHJ_MDE_0

BHHJ_MDE_0
BHHJ_MDE_0

BHHJ]_MDE_0
BHHJ_MDE_0

5 BHHJ_MDE_0

BHHJ]_MDE_0
BHH]_MDE_0

# SD value

.00_MEAN <-
.01_MEAN <-
.05_MEAN <-
BHHJ_MDE_0.
.20_MEAN <-
BHHJ_MDE_0.
.40_MEAN <-
.50_MEAN <—
.60_MEAN <—
.70_MEAN <
.80_MEAN <-
.90_MEAN <
; BHHJ_MDE_1.

10_MEAN <-

30_MEAN <—

00_MEAN <—

of the Min

mean (BHHJ_MDE_0
mean (BHHJ_MDE_0
mean (BHHJ_MDE_0

mean (BHHJ_MDE_0.
.20_VECTOR)
.30_VECTOR)
.40_VECTOR)
.50_VECTOR)
.60_VECTOR)
.70_VECTOR)
.80_VECTOR)
.90_VECTOR)
.00_VECTOR)

mean (BHHJ_MDE_0
mean (BHHJ_MDE_0
mean (BHHJ_MDE_0
mean (BHHJ_MDE_0
mean (BHHJ_MDE_0
mean (BHH]_MDE_0
mean (BHHJ_MDE_0
mean (BHHJ]_MDE_0
mean (BHHJ_MDE_1

) L2_MDE MEAN <- mean(L2_MDE_VECTOR)

> MLE_MEAN <- mean (MLE_VECTOR)

imum Divergence

Estimators

.00_VECTOR)
.01_VECTOR)
.05_VECTOR)

10_VECTOR)

Estimations

we

we

used and the MILE.

used and the

CR_MDE_sd
7 KL_MDE_sd
s Pe_MDE_sd
FT_MDE_sd
0 MD_MDE_sd

sd (KL_MDE_VECTOR)
sd (KL_MDE_VECTOR)
sd (KL_MDE_VECTOR)
sd (KL_MDE_VECTOR)
sd (MD MDE_VECTOR)

MO MDE_sd <- sd (MCH_MDE_VECTOR)

s BHHJ_MDE_0.00_sd
+ BHHJ_MDE_0.01_sd
5 BHHJ_MDE_0.05_sd

BHHJ_MDE_0.10_sd

)7 BHHJ_MDE_0.20_sd

208 BHHJ_MDE_0.30_sd

BHHJ_MDE_0.40_sd
BHHJ_MDE_0.50_sd
BHHJ_MDE_0.60_sd
BHHJ_MDE_0.70_sd
BHHJ_MDE_0.80_sd
BHHJ_MDE_0.90_sd

sd (BHHJ_MDE_0.00_VECTOR)
sd (BHHJ_MDE_0.01_VECTOR)
sd (BHHJ_MDE_0.05_VECTOR)
sd (BHHJ_MDE_0.10_VECTOR)
sd (BHHJ_MDE_0.20_VECTOR)
sd BHHJ_MDE_0.30_VECTOR)
BHHJ_MDE_0.40_VECTOR)
sd (BHHJ_MDE_0.50_VECTOR)
sd (BHHJ_MDE_0.60_VECTOR)
S
sd (BHHJ_MDE_0.80_VECTOR)
sd (BHHJ_MDE_0.90_VECTOR)

@

(
d(
E
(BHHJ_MDE_0.70_VECTOR)
(
(
(

BHHJ_MDE_1.00_sd <~ sd (BHHJ_MDE_1.00_VECTOR)

L2_MDE_sd <- sd(L2_MDE_VECTOR)

BN

MLE_sd <~ sd (MLE_VECTOR)

NN N NNNNN
®

21 # Mean Square Error of the Minimum Divergence Estimators and the MLE.
223 CR_.MDE_MSE <- mean ((CR_MDE_VECTOR - exp_par) " 2)

224 KL_MDE_MSE <- mean ((KL_MDE_VECTOR - exp_par) ~ 2)

225 Pe_MDE_MSE <- mean ((Pe_MDE_VECTOR - exp_par) ~ 2)

226 FT_MDE_MSE <- mean ((FT_MDE_VECTOR - exp_par) ~ 2)

227 MD_MDE_MSE <- mean ((MD_MDE_VECTOR - exp_par) ~ 2)

228 MCH.MDE _MSE <- mean ((M(H MDE_VECIOR - exp_par) " 2)

231 BHHJ_MDE_0.00_MSE <- mean ((BHHJ_MDE_0.00_VECIOR - exp_par) " 2)
232 BHHJ_MDE_0.01_MSE <- mean ((BHHJ_MDE_0.01_VECTOR - exp_par) ~ 2)
233 BHHJ_MDE_0.05_MSE <- mean ((BHHJ_MDE_0.05_VECIOR - exp_par) " 2)
234 BHHJ_MDE_0.10_MSE <- mean ((BHHJ_MDE_0.10_VECIOR - exp_par) " 2)
235 BHHJ_MDE_0.20_MSE <- mean ((BHHJ_MDE_0.20_VECTOR - exp_par) *~ 2)
236 BHHJ_MDE_0.30_MSE <- mean ((BHHJ_MDE_0.30_VECIOR - exp_par) " 2)
237 BHHJ_MDE_0.40_MSE <- mean ((BHHJ_MDE_0.40_VECIOR - exp_par) " 2)
238 BHHJ_MDE_0.50_MSE <- mean ((BHHJ_MDE_0.50_VECIOR - exp_par) " 2)
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BHHJ_MDE_0.60_MSE
BHHJ_MDE_0.70_MSE
BHHJ_MDE_0.80_MSE
BHHJ_MDE_0.90_MSE
BHHJ_MDE_1.00_MSE

mean ((BHHJ_MDE_0.
mean ((BHHJ_MDE_0.
mean ( (BHHJ_MDE_O.
mean ((BHHJ_MDE_O0.
mean ((BHHJ_MDE_1.

0_VECTOR
0_VECTOR
80_VECTOR
90_VECTOR
00_VECTOR

N O

L2_MDE_MSE <- mean ((L2_MDE_VECTOR- exp_par)"2)

MLE_MSE <- mean ((MLE_VECTOR-exp_par) "2)

# Result storage

251 Mean_Of_N_Estimations <- ¢ (CR_MDE MFAN

,KL_MDE MFAN
,Pe_MDE_MFAN
,FT_MDE_MFAN
,MD_MDE_MFAN

M _MDE_MEAN
,BHHJ_MDE_0.00_MEAN
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,BHHJ_MDE_0.30_MFAN
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,BHHJ MDE_0.70_MEAN
,BHHJ_MDE_0.80_MFAN
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291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310

,MLE_MFAN)

SD_Of_N_Estimations <— c¢(CR_MDE_sd

,KL_MDE_sd
,Pe_MDE_sd
,FT_MDE_sd
MD MDE_sd
MCH MDE_sd

,BHHJ_MDE_0.00_sd
,BHHJ_MDE_0.01_sd
,BHHJ_MDE_0.05_sd
,BHHJ_MDE_0.10_sd
,BHHJ_MDE_0.20_sd
,BHHJ_MDE_0.30_sd
,BHHJ_MDE_0.40_sd
,BHHJ_MDE_0.50_sd
,BHHJ_MDE_0.60_sd
,BHHJ_MDE_0.70_sd
,BHHJ_MDE_0.80_sd
,BHHJ_MDE_0.90_sd
,BHHJ_MDE_1.00_sd

,L2_MDE_sd
,MLE_sd)

Mean_Square_Error <- c¢(CR_MDE_MSE

,KL_MDE_MSE

,Pe_MDE_MSE

,FT_MDE_MSE

MD MDE_MSE

MJ1_MDE_MSE
,BHHJ_MDE_0.00_MSE
,BHHJ_MDE_0.01_MSE
,BHHJ_MDE_0.05_MSE
,BHHJ_MDE_0.10_MSE
,BHHJ_MDE_0.20_MSE
,BHHJ_MDE_0.30_MSE
,BHHJ_MDE_0.40_MSE
,BHHJ_MDE_0.50_MSE
,BHHJ_MDE_0.60_MSE

exp_par)
exp_par)
exp_par)
exp_par)
exp_par)
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,BHH]_MDE_0.70_MSE
,BHHJ_MDE_0.80_MSE
,BHH]_MDE_0.90_MSE
,BHHJ]_MDE_1.00_MSE
,L2_MDE_MSE
,MLE_MSE)

Minimum_Divergence_Estimator <- c("CR"
,"KL"
,"Pe"
,FT"
,"MCH"
,"BHHJ_0.00"
"BHHJ_0.01"
"BHHJ_0.05"
"BHHJ_0.10"
"BHHJ_0.20"
"BHHJ_0.30"
,"BHHJ_0.40"
"BHHJ_0.50"
"BHHJ_0.60"
"BHHJ_0.70"
"BHHJ_0.80"
"BHHJ_0.90"
"BHHJ_1.00"
"o
"MLE")

dt_Mean_SD_MSE_n_200_cp_0.00 <- data.frame(Mean_Of N_Estimations , SD_Of_N_
Estimations , Mean_Square_Error, stringsAsFactors = FALSE, row.names = Minimum_
Divergence_Estimator)

dt_Mean_SD_MSE_n_200_cp _0.00[ order (Mean_Square_Error), ]

dt_MSE_n_200_cp_0.00 <- t(data.frame(Mean_Square_Error, stringsAsFactors = FALSE,
row.names = Minimum_Divergence_Estimator))
dt_MSE_n_200_cp_0.00[ ,order (Mean_Square_Error) |

save (dt_Mean_SD_MSE n_200_cp_0.00
,file = "dt_Mean_SD_MSE_n_200_cp_0.00.RData"
)

save (dt_MSE_n_200_cp_0.00
,file = "dt_MSE_n_200_cp_0.00.RData"
)

Note that, in the above code, the object cont_rate in line 4 controls the existence or
not of contamination data. Furthermore, the object gamma_shape in line 6 defines the
model from which those contamination data are drown.

For the production of the associated plots, the following code was implemented. We
present only the implementation regarding the no contamination case. The remain-
ing cases can be implemented in a similar way.

library (fmsb)
sing_dig <- 3 # significant digits used in the signif function.

load (file = "dt_MSE_n_200_cp_0.00.RData")

load (file = "dt_MSE_n_200_cp_0.075_gamma_shape _1.5.RData")
load (file = "dt_MSE_n_200_cp_0.075_gamma_shape _4.0.RData")
load (file = "dt_MSE_n_200_cp_0.075_gamma_shape _10.0.RData")

dt_MSE_n_200_cp_0.00[, order(dt_MSE n_200_cp_0.075_gamma_shape_10.0) ]

dt_MSE_n_200_cp_0.075_gamma_shape _1.5[, order(dt_MSE_n_200_cp_0.075_gamma_shape
_10.0)]

dt_MSE_n_200_cp_0.075_gamma_shape _4.0[, order(dt_MSE_n_200_cp_0.075_gamma_shape
_10.0)]
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dt_MSE_n_200_cp_0.075_gamma_shape _10.0[, order(dt_MSE_n_200_cp_0.075_gamma_shape

~10.0) ]

14 # Names are defined based on the gamma_hape_10.00 where distances are in ascending

15

29
30
31
32
33
34
35
36
37
38
39

40

66

69

order in accordance to the MSE.
names_gamma_hape_10.00 <— c(
"CR(-2)"
,L2"
,"BHHJ(1.00)"
,"BHHJ(0.90)"
,"BHHJ(0.80) "
,"BHHJ(0.70) "
,"CR(-1)"
"BHHJ(0.60) "
"BHHJ(0.50) "
"BHHJ(0.40)"
"CR(-1/2)"
"BHHJ(0.30) "
"BHHJ (0.20) "
"BHHJ(0.10) "
"BHHJ(0.05)"
"BHHJ(0.01)"
,"CR(0)"
"BHHJ(0.00)"
,"CR(2/3)"
,"MLE"
,"CR(1)"
)

morder <— order (dt_MSE_n_200_cp_0.075_gamma_shape _10.0)
length (dt_MSE_n_200_cp _0.00)

# contamination level 0.00
df_cp_0.00 <— as.data.frame(
rbind (
max = rep (max(dt_MSE_n_200_cp_0.00), length(dt_MSE_n_200_cp_0.00))
, mmin = rep (min(dt_MSE_n_200_cp_0.00), length (dt_MSE_n_200_cp_0.00))
, ¢p_0.00 = dt_MSE_n_200_cp_0.00[ morder]
)

)
colnames (df_cp_0.00) <- names_gamma_hape_10.00

min_mse_cp_0.00 <— signif (min(dt_MSE_n_200_cp_0.00) = 100, sing_dig )
max_mse_cp_0.00 <— signif (max(dt_MSE_n_200_cp_0.00) = 100, sing_dig )
diff_cp_0.00 <— max_mse_cp_0.00 — min_mse_cp_0.00

vl_cp_0.00 <- signif(min_mse_cp_0.00 + 1 = diff_cp_0.00/4, sing_dig )
v2_cp_0.00 <— signif(min_mse_cp_0.00 + 2 » diff_cp_0.00/4, sing_dig
v3_cp_0.00 <- signif(min_mse_cp_0.00 + 3 =+ diff_cp_0.00/4, sing_dig

~ —

pdf(file = "Radar_graph_cp_000.pdf", width = 7, height = 6)
par(mar = c(0,0,0,0))

radarchart(df_cp_0.00
, axistype = 4
, seg = 4 # number of segments for each axis
, cglcol = "gray80"
, axislabcol = "gray40"

caxislabels = c¢(min_mse_cp_0.00, vl_cp_0.00, v2_cp_0.00, v3_cp_0.00,

max_mse_cp_0.00)
, cglwd = 0.5
,vlcex = 0.8

)
dev.off ()
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C.3.2 Size and power examination

For reasons of space economy, the following code is given only for a; = 10~7. For
the remaining values of the a; index, the code can be adjusted accordingly.

1 N = 100000 # Number of simulated samples.

G W N

6
7

8

n <- 200 # Number of observations.

exp_par <- 1 # Parameter of Exponential distribution function.
cont_rate <— 0.00

gamma_shape <- 1 # 1.5, 4, 10

hypvector <- function(v) {

z <- c(l-exp(-v+quant[1]),
exp(-v+quant[1]) - exp(-vxquant[2]),
exp (-v+quant[2]) - exp(-v:quant[3]),
exp(-v+quant[3]) — exp(-vsquant[4]),
exp(-v+quant[4]) - exp(-vs:quant[5]),
exp(-v+quant[5]) — exp(-vsquant[6]),
exp(-v+quant[6]) — exp(-vsquant[7]),
exp(-v+quant[7]) - exp(-v:quant[8]),
exp(-v+quant[8]) — exp(-vxquant[9]),
exp (-v+quant[9]) — exp(-v:quant[10]),
exp(-v+quant[10]) - exp(-vxquant[11]),
exp(-v+quant[11]) - exp(-vxquant[12]),
exp(-v+quant[12]) - exp(-vxquant[13]),
exp (-v+quant[13]) - exp(-vxquant[14]),
exp (—v+quant[14]))

return(z)

# Definintion of Divergence Measures for the Estimation of the unknown parameter
CR_Divergence_Function <- function(u, lamda, probvector) {

if (lamda == 0) {
vect <- probvector * log(probvector)

vect[vect == 'NaN’] <- 0
z <— sum(vect) — sum(probvector * log(hypvector(v=u)))
} else if (lamda == -1) {

z <— sum(hypvector (v=u)
+ (log(hypvector(v=u)) - log(probvector)))
} else {
z <— (1 / (lamda # (lamda + 1))) * (sum((probvector ~ (lamda + 1)) / (hypvector(
v=u)) A lamda) - 1)
}
return(z)

}

BHHJ_Divergence_Function <- function(u, alpha = a2, probvector = relfreq) {
z <— sum(hypvector(v=u) ~ (1 + alpha)) -
(1 + 1 / alpha) % sum(probvector * hypvector(v=u) ” alpha) +
(1 / alpha) * sum(probvector ~ (1 + alpha))
return(z)

7}

# Definintion of the Test Statistics

CR_Test_Statistic <- function(ul, lamdal, probvectorl) ({
if (lamdal == 0) {
z <— 2 = n * CR_Divergence_Function(u = ul, lamda = lamdal, probvector =
probvectorl)
} else if (lamdal == -1) {
z <— 2 » n * CR_Divergence_Function(u = ul, lamda = lamdal, probvector
probvectorl)
} else {
z <— 2 = n + CR_Divergence_Function(u = ul, lamda = lamdal, probvector =
probvectorl)

}

return(z)

}

BHHJ_Test_Statistic <— function(ul, alphal, probvectorl) {
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63 z <- ((2 * n) / (1 + alphal)) » BHHJ_Divergence_Function(u = ul, alpha = alphal,
probvector = probvectorl)

64 return(z)

65 }

66

67 FT_vector <- rep(NA, N)

68 KL_vector <- rep(NA, N)

60 CR_vector <- rep(NA, N)

70 Pe_vector <- rep(NA, N)

71 MD_vector <- rep(NA, N) # Minimum discrimination information statistic

72 M(H_vector <— rep(NA, N) # Modified chi squared statistic

74 BHHJ_0.00_0.00_vector <— rep(NA, N)
75 BHHJ_0.01_0.00_vector <- rep(NA, N)
76 BHHJ_0.05_0.00_vector <— rep(NA, N)
77 BHHJ_0.10_0.00_vector <— rep(NA, N)
7¢ BHHJ_0.20_0.00_vector <— rep(NA, N)
79 BHHJ_0.30_0.00_vector <— rep(NA, N)
80 BHHJ_0.40_0.00_vector <— rep(NA, N)
81 BHHJ_0.50_0.00_vector <— rep(NA, N)
s2 BHHJ_0.60_0.00_vector <- rep(NA, N)
83 BHHJ_0.70_0.00_vector <— rep(NA, N)
84 BHHJ_0.80_0.00_vector <- rep(NA, N)
85 BHHJ_0.90_0.00_vector <— rep(NA, N)
se BHHJ_1.00_0.00_vector <— rep(NA, N)
87
88
89
90
91
92
93
94

95

.00_0.00_vector <- rep(NA, N)
01_0.00_vector <- rep(NA, N)
.05_0.00_vector <- rep(NA, N)
.10_0.00_vector <— rep(NA, N)
.20_0.00_vector <- rep(NA, N)
.30_0.00_vector <- rep(NA, N)
.40_0.00_vector <- rep(NA, N)
.50_0.00_vector <- rep(NA, N)
.60_0.00_vector <- rep(NA, N)
.70_0.00_vector <- rep(NA, N)
.80_0.00_vector <— rep(NA, N)
.90_0.00_vector <- rep(NA, N)
.00_0.00_vector <- rep(NA, N)

96

97

98

99

100

101

102 for (i in 1 : N){

103 set.seed (1)

104 cont_vect <— runif(n) <= cont_rate

105

106 # The Sample.

107 Obs <— cont_vect * rgamma(n = n, shape = gamma_shape, rate = exp_par) + (1 - cont
_vect) * rexp(n = n, rate = exp_par)

0 0O 0 0006006060600 0
RO OO0 OO

108
109 # The quantiles
110 quant <- quantile(x = Obs, c(1/15,

111 2/15,
112 3/15,
113 4/15,
114 5/15,
115 6/15,
116 7/15,
117 8/15,
118 9/15,
119 10/15,
120 11/15,
121 12/15,
122 13/15,
123 14/15

124 ),

125 names = FALSE)

126

127 nl <- length (Obs[Obs<=quant[1]])

128 n2 <- length (Obs[Obs<=quant[2]])

129 n3 <- length (Obs[Obs<=quant[3]])

130 n4 <- length (Obs[Obs<=quant[4]])
11
1)

length (Obs[Obs<=quant[1]])
length (Obs[Obs<=quant[2]])
length (Obs[Obs<=quant[3]])
1D
11)

131 n5 <- length (Obs[Obs<=quant[5
132 n6 <- length (Obs[Obs<=quant|[6

length (Obs[Obs<=quant [ 4
- length (Obs[Obs<=quant[5
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136
137
138
139
140
141

142
143
144
145
146
147

149
150

156

157

158

159

160

161

162

163
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167

168
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n7 <- length (Obs[Obs<=quant[7]]
n8 <— length (Obs[Obs<=quant[8]]
n9 <- length (Obs[Obs<=quant[9]]
nl0 <- length (Obs[Obs<=quant[10
nll <- length (Obs[Obs<=quant[11
nl12 <- length (Obs[Obs<=quant[12]
nl3 <- length (Obs[Obs<=quant[13]] length (Obs[Obs<=quant[12]])

nl4 <- length (Obs[Obs<=quant[14]]) length (Obs[Obs<=quant[13]])

nl5 <-n-nl -n2-n3-n4d -n5-n6-n7-n8 -n9 - nl0 - nll - nl2 - nl13 -

nl4

) — length (Obs[Obs<=quant[6]])

) — length (Obs[Obs<=quant[7]])

) — length (Obs[Obs<=quant[8]])
11) - length (Obs[Obs<=quant[9]])
11) — length (Obs[Obs<=quant[10]])
)
)

— length (Obs[Obs<=quant[11]])

# Vector of observed frequencies
obsfreq <- c¢(nl, n2, n3, n4, n5, n6, n7, n8, n9, nl0, nll, nl2, nl3, nl4, nl5)

# Vector of relative frequencies.
relfreq <- obsfreq/n

# Minimum Divergence Estimation for each one of the N samples:

optim_CR <— optimise (CR_Divergence_Function, interval = c(0, (length(Obs)/sum(Obs)
)+10), lamda = 2/3, probvector = relfreq)$minimum

optim_KL <- optimise (CR_Divergence_Function, interval = c(0, (length (Obs)/sum(Obs)

)+10), lamda = 0, probvector = relfreq)$minimum

optim_Pe <-— optimise (CR_Divergence_Function, interval = c(0, (length(Obs)/sum(Obs)
)+10), lamda = 1, probvector = relfreq)$minimum

optim_FT <- optimise (CR_Divergence_Function, interval = c(0, (length(Obs)/sum(Obs)
)+10), lamda = -1/2, probvector = relfreq)$minimum

optim_MD <- optimise (CR_Divergence_Function, interval = c(0, (length(Obs)/sum(Obs)
)+10), lamda = -1, probvector = relfreq)$minimum

optim_MH <- optimise (CR_Divergence_Function, interval = c(0, (length(Obs)/sum(Obs
))+10), lamda = -2, probvector = relfreq)$minimum

optim_BHHJ_0.00 <- optimise (BHHJ_Divergence_Function, interval = c(0, (length(Obs
)/sum(Obs) )+10), alpha = (10~A-7), probvector = relfreq)$minimum

¢_0.00_0.00_vector[i] <= 0.5 % (max(hypvector(v = optim_BHHJ_0.00) ~ 0.0000001) +
min (hypvector (v = optim_BHHJ_0.00) ~ 0.0000001))

¢_0.01_0.00_vector[i] <= 0.5 % (max(hypvector(v = optim_BHHJ_0.00) ~ 0.01) + min(
hypvector (v = optim_BHH]_0.00) ~ 0.01))

¢_0.05_0.00_vector[i] <— 0.5 % (max(hypvector(v = optim_BHHJ_0.00) A 0.05) + min(
hypvector(v = optim_BHHJ_0.00) ~ 0.05))

c_0.10_0.00_vector[i] <— 0.5 * (max(hypvector(v = optim_BHHJ_0.00) A 0.10) + min(
hypvector (v = optim_BHHJ_0.00) ~ 0.10))

c_0.20_0.00_vector[i] <— 0.5 * (max(hypvector(v = optim_BHHJ_0.00) A 0.20) + min(
hypvector (v = optim_BHHJ_0.00) ~ 0.20))

c_0.30_0.00_vector[i] <= 0.5 % (max(hypvector(v = optim_BHH]_0.00) A 0.30) + min(
hypvector (v = optim_BHHJ_0.00) ~ 0.30))

c_0.40_0.00_vector[i] <- 0.5 % (max(hypvector(v = optim_BHHJ_0.00) ~ 0.40) + min(
hypvector (v = optim_BHH]_0.00) ~ 0.40))

¢_0.50_0.00_vector[i] <= 0.5 * (max(hypvector(v = optim_BHHJ_0.00) ~ 0.50) + min(
hypvector (v = optim_BHH]_0.00) ~ 0.50))

¢_0.60_0.00_vector[i] <= 0.5 * (max(hypvector(v = optim_BHHJ_0.00) ~ 0.60) + min(
hypvector (v = optim_BHH]_0.00) ~ 0.60))

¢_0.70_0.00_vector[i] <= 0.5 % (max(hypvector(v = optim_BHHJ_0.00) ~ 0.70) + min(
hypvector (v = optim_BHH]_0.00) ~ 0.70))

c_0.80_0.00_vector[i] <— 0.5 % (max(hypvector(v = optim_BHHJ_0.00) A 0.80) + min(
hypvector(v = optim_BHHJ_0.00) ~ 0.80))

c_0.90_0.00_vector[i] <— 0.5 % (max(hypvector(v = optim_BHHJ_0.00) A 0.90) + min(
hypvector(v = optim_BHHJ_0.00) ~ 0.90))

c_1.00_0.00_vector[i] <— 0.5 % (max(hypvector(v = optim_BHHJ_0.00) A 1.00) + min(
hypvector(v = optim_BHHJ_0.00) ~ 1.00))

BHHJ_0.00_0.00_vector[i] <— BHHJ Test_Statistic (ul = optim_BHH]_0.00, alphal =
0.0000001, probvectorl = relfreq)

BHHJ_0.01_0.00_vector[i] <— BHHJ Test_Statistic (ul = optim_BHH]_0.00, alphal =
0.01, probvectorl = relfreq)

BHHJ_0.05_0.00_vector[i] <— BHHJ _Test_Statistic (ul = optim_BHH]_0.00, alphal =
0.05, probvectorl = relfreq)

BHHJ_0.10_0.00_vector[i] <— BHHJ_Test_Statistic(ul = optim_BHHJ_0.00, alphal =
0.10, probvectorl = relfreq)
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179

180

199 df_Exp_Model _TS_Size_value_n_200_cp_0.00 <- data.frame(

BHHJ_0.20_0.00_vector[i] <— BHHJ_Test_Statistic (ul

0.20, probvectorl

BHHJ_0.30_0.00_vector[i] <— BHHJ_Test_Statistic (ul

0.30, probvectorl

BHHJ_0.40_0.00_vector[i] <— BHHJ_Test_Statistic (ul

0.40, probvectorl

BHHJ_0.50_0.00_vector[i] <— BHHJ_Test_Statistic (ul

0.50, probvectorl

BHHJ_0.60_0.00_vector[i] <— BHHJ_Test_Statistic (ul

0.60, probvectorl

BHHJ_0.70_0.00_vector[i] <— BHHJ_Test_Statistic (ul
0.70, probvectorl = relfreq)
BHHJ_0.80_0.00_vector[i] <— BHHJ_Test_Statistic (ul

0.80, probvectorl

BHHJ_0.90_0.00_vector[i] <— BHHJ_Test_Statistic (ul

0.90, probvectorl

BHHJ_1.00_0.00_vector[i] <— BHHJ_Test_Statistic (ul

1.00, probvectorl

FT_vector[i] <— CR_Test_Statistic (ul

relfreq)

KL_vector[i] <— CR_Test_Statistic (ul

relfreq)

CR_vector[i] <— CR_Test_Statistic (ul

relfreq)

Pe_vector[i] <— CR_Test_Statistic (ul

relfreq)

MD_vector[i] <— CR_Test_Statistic (ul

relfreq)

M _vector[i] <— CR_Test_Statistic (ul

relfreq)

print(i)

FT_vector
,KL_vector
,CR_vector
,Pe_vector
MD_vector
M _vector

,BHH]_0.00_0.00_vector
,BHHJ_0.01_0.00_vector
,BHHJ_0.05_0.00_vector
,BHHJ_0.10_0.00_vector
,BHHJ_0.20_0.00_vector
,BHHJ_0.30_0.00_vector
,BHHJ_0.40_0.00_vector
,BHHJ_0.50_0.00_vector
,BHHJ_0.60_0.00_vector
,BHH]_0.70_0.00_vector
,BHHJ_0.80_0.00_vector
,BHHJ_0.90_0.00_vector
,BHHJ_1.00_0.00_vector

.00_0.00_vector
.01_0.00_vector
.05_0.00_vector
.10_0.00_vector
.20_0.00_vector
.30_0.00_vector
.40_0.00_vector
.50_0.00_vector
.60_0.00_vector
.70_0.00_vector
.80_0.00_vector
.90_0.00_vector
.00_0.00_vector

0O N 0000060060600 0
H O OO0 ODODODODOOO

optim_FT,
optim_KL,
optim_CR,
optim_Pe,

optim_MD,

lamdal

lamdal =

lamdal =

lamdal =

optim_BHHJ_0.00, alphal
optim_BHHJ_0.00, alphal
optim_BHHJ_0.00, alphal
optim_BHHJ_0.00, alphal
optim_BHHJ_0.00, alphal
optim_BHHJ_0.00, alphal
optim_BHHJ_0.00, alphal
optim_BHHJ_0.00, alphal

optim_BHHJ_0.00, alphal

lamdal = -0.5, probvectorl

0.0, probvectorl
2/3, probvectorl
1.0, probvectorl

-1.0, probvectorl

optim_MCH, lamdal = -2.0, probvector

1
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247

288
289
290
291
292
293

294

s chi_sq_crit_val =

2 Pe_size
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7 BHHJ_0.00_0.00_size

=0.05, df = 13,

s BHHJ_0.01_0.00_size

=0.05, df = 13,
BHHJ_0.05_0.00_size
=0.05, df = 13,

BHHJ_0.10_0.00_size
=0.05, df = 13,
BHHJ_0.20_0.00_size
=0.05, df = 13,
BHHJ_0.30_0.00_size
=0.05, df = 13,

3 BHHJ_0.40_0.00_size

=0.05, df = 13,
BHHJ_0.50_0.00_size
=0.05, df = 13,
BHHJ_0.60_0.00_size
=0.05, df = 13,
BHHJ_0.70_0.00_size
=0.05, df = 13,
BHHJ_0.80_0.00_size
=0.05, df = 13,

s BHHJ_0.90_0.00_size

=0.05, df = 13,
BHHJ_1.00_0.00_size
=0.05, df = 13,

FT_null_Cum_Fun
CR_null_Cum_Fun
Pe_null_Cum_Fun
KL_null_Cum_Fun
MD_null_Cum_Fun
MMH_null_Cum_Fun <-

FT_size <- 1
CR_size <- 1
<=1
1
1

KL_size
MD_size

<—

<— sum(BHHJ_0.00_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.01_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.05_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.10_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.20_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.30_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.40_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.50_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.60_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.70_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.80_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_0.90_0.00_vector
lower. tail = FALSE))/N
<— sum(BHHJ_1.00_0.00_vector
lower. tail = FALSE))/N

ecdf (FT_vector)
ecdf(CR_vector)
ecdf (Pe_vector)
ecdf(KL_vector)
ecdf (MD_vector)
ecdf MCH_vector)

— FT_null_Cum_Fun(chi_sq_crit_val)
- CR_null_Cum_Fun(chi_sq_crit_val)
Pe_null_Cum_Fun(chi_sq_crit_val)
KL_null_Cum_Fun(chi_sq_crit_val)
MD_null_Cum_Fun(chi_sq_crit_val)
5 MH size <- 1 — ML _null_Cum_Fun(chi_sq_crit_val)

7 Exp_Model_Size_a2_0.00 <- c(

BHHJ_0.00_0.00_size

,BHHJ_0.01_0.00_s
,BHHJ_0.05_0.00_s
JBHHJ_0.10_0.00_s
,BHHJ_0.20_0.00_s
,BHHJ_0.30_0.00_s
,BHHJ_0.40_0.00_s
,BHHJ_0.50_0.00_s
,BHHJ_0.60_0.00_s
,BHHJ_0.70_0.00_s
,BHHJ_0.80_0.00_s
,BHHJ_0.90_0.00_s
,BHHJ_1.00_0.00_s

)

ize
ize
ize
ize
ize
ize
ize
ize
ize
ize
ize
ize

Exp_Model_Size_Classical <- c(

FT_size

,CR_size

,Pe_size

JKL_size

MD_size

MH _size
)

_0.00_

_0.01

_0.05_
_0.10_
_0.20_

_0.30_

_0.50_
_0.60_
_0.70_
_0.80_
_0.90_

_1.00_

df_Exp_Model_Size_BHH]_n_200_cp_0.00 <- data.frame(
a2_0.00 = Exp_Model_Size_a2_0.00

)

0.
_0.

0.

0

0.
0.
_0.40_0.
0.
0.

0.

0

0.

0.

00_vector
00_vector

00_vector

.00_vector

00_vector
00_vector
00_vector
00_vector
00_vector

00_vector

.00_vector

00_vector

00_vector

qchisq(p=0.05, df = 13, lower. tail = FALSE)

qchisq (p
qchisq(p
qchisq (p
qchisq (p
qchisq (p
qchisq (p
qchisq (p
qchisq (p
qchisq(p
qchisq(p
qchisq (p
qchisq (p

qchisq(p
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row .names (df_Exp_Model_Size _BHHJ_n_200_cp_0.00) <- c(
"al_0.00"
,"al_0.01"
,"al_0.05"
,"al_0.10"
,"al_0.20"
,"al_0.30"
,"al_0.40"
,"al_0.50"
,"al_0.60"
,"al_0.70"
,"al_0.80"
,"al_0.90"
,"al_1.00"

)

df_Exp_Model_Size_Classical _n_200_cp_0.00 <- data.frame(
FT = FT_size
,CR = CR_size
,Pe = Pe_size
KL = KL_size
MD = MD_size
M = M(H_size
)
save (df_Exp_Model _TS_Size_value_n_200_cp_0.00
,file = "Exp_Model _TS_Size_value_n_200_cp_0.00.RData"
)

save (df_Exp_Model_Size BHHJ_n_200_cp_0.00
,file = "df_Exp_Model_Size _BHHJ n_200_cp_0.00.RData"
)

save (df_Exp_Model_Size_Classical_n_200_cp_0.00
,file = "df_Exp_Model_Size_Classical_n_200_cp_0.00.RData"

)

The code for the examination of the power is similar with the one given above. The
only difference is that the line 107 is exchanged with the following code,

Obs <— (1 — cont_vect) * rgamma(n = n, shape = gamma_shape, rate = exp_par) + cont
_vect * rexp(n = n, rate = exp_par)

Note that in this case the gamma_shape object given in line 5 should take a value that
leads to the appropriate alternative model.

For the associated surface graphs, the following code was implemented. We present
only the implementation regarding the no contamination case under the null hy-
pothesis. The remaining cases can be implemented in a similar way.

library (lattice)
load ("df_Exp_Model_Size_BHH]J_n_200_cp_0.00.RData")
df_Exp_Model_Size_BHHJ_n_200_cp_0.00

xval <= ¢(0.00,

0
yval <-= ¢(0.00, 0
g <- expand.grid(x

1, 0.05, seq(from = 0.10, to = 1.00, by =
1, 0.05, seq(from = 0.10, to = 1.00, by =
= xval, y = yval)

.0
.0

g%z <— unlist (df_Exp_Model_Size BHHJ_n_200_cp_0.00)

pdf(file = "Surface_Chart_Size_cp_000.pdf", width = 7, height = 6)
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wireframe(z ~ x * y

)
dev.off ()

, data = g
, panel = lattice.getOption("panel.wireframe")
, pretty =T

#, panel.aspect = 0.99
#, aspect = c(1, 1)
#, groups = gr
, scales = list (arrows = FALSE
, col="black"
#, font=10
, distance = c(0.7, 0.7, 0.7) # defines the
the labels from the axis

, x = list( tick.number = 10)
, y = list( tick.number = 10)
, z = list( tick.number = 8)

)
, drape = TRUE
#, shade = TRUE
, col = "grey"
, colorkey =list(

TRUE

, heigh = 0.65

, axis.line = list(min = 5)

#, labels = list(

# label = ¢("a”, "b")
# , at = c(4, 5)

# )

) # the heigh of the colorkey as fraction
, col.regions = rainbow (

100
, s =1
, v=1

, start =0

, end = max(1, 100 - 1) / 100

, alpha =1

) # sets the color of the surface
#, alpha.regions = 0.85
, par.settings = list(

axis.line = list(col = "transparent") # removes the

panel grid
, regions = list(alpha = 0.85) # adds
, layout.heights = list(
top.padding = 1
, main.key.padding = 0
, key.axis.padding = -5
# , axis.xlab.padding = 0
, xlab.key.padding = 0
, key.sub.padding = 0
, bottom.padding = -7
)
, layout.widths = list(
left.padding = 0
, key.ylab.padding = 0
, ylab.axis.padding = -10
, axis.key.padding = -5
, right.padding = -5
)
)

, zoom = 0.85

, screen = list(z = -43, x = =60, y = 0) # Changes the angle

#, light.source = c(0,0,0)

, xlab = list (expression(alpha[1l]), rot 0)
, ylab = list (expression(alpha[2]), rot = -0)
, zlab = list("Size",rot=92)

#, main = "0% Contamination”

, zlim = ¢(0,0.07)

distance of

transparency
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C.3.3 Empirical against nominal size graphs

The following code refers to the case of no contamination under the null model. The
remaining cases can similarly be implemented.

load ("Exp_Model _TS_Size_value_n_200_cp _0.00.RData")

1
2

3 df_Exp_Model _TS_Size_value_n_200_cp_0.00

4 colnames (df_Exp_Model _TS_Size_value_n_200_cp_0.00)

FT_vector <— df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"FT_vector"]

7 KL_vector <- df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"KL_vector"]

8 CR_vector <— df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"CR_vector"]

9 Pe_vector <— df_Exp_Model_TS_Size_value_n_200_cp_0.00[,"Pe_vector"]
10 MD_vector <- df_Exp_Model _TS_Size_value_n_200_cp_0.00[, " MD _vector"]

11 M(H_vector <— df_Exp_Model _TS_Size_value_n_200_cp_0.00[, M vector"]

13 BHHJ_0.05_0.05_vector <-

14 df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"BHHJ_0.05_0.05_vector"]
15 ¢_0.05_0.05_vector <—

16 df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"c_0.05_0.05_vector"]

®

BHHJ_0.05_0.90_vector <-
19 df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"BHHJ_0.05_0.90_vector"]
c_0.05_0.90_vector <-—

df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"c_0.05_0.90_vector"]

S}

@ N

BHHJ_0.30_0.30_vector <-

4 df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"BHH]_0.30_0.30_vector"]
5 ¢_0.30_0.30_vector <-—

26 df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"c_0.30_0.30_vector"]

NN NN

28 BHHJ_0.90_0.30_vector <-

29 df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"BHH]_0.90_0.30_vector"]
0 ¢_0.90_0.30_vector <-

df_Exp_Model _TS_Size_value_n_200_cp_0.00[,"c_0.90_0.30_vector"]

33 N <= 100000
34 size <— seq(from = 0.00000, to = 0.10, by = 0.001)

36 # Dale’s Criterion

37 d<-0.35 # d = 0.35 ——> Close to the nominal sizes
38 dl.vector <- rep(NA, length(size))

39 du.vector <— rep(NA, length(size))

41 for(i in 1: length(size)){

2 dl.vector[i] <- 1/(1+(exp(d + log((1-size[i])/size[i]))))
43 du.vector[i] <- 1/(1+(exp(—d + log((1-size[i])/size[i])))
4}

45

)

IS

# Nominal — Simulated Size plot

48 BHHJ_0.05_0.05_size <— rep(x=NA, times = length(size))
49 BHH]_0.05_0.90_size <- rep(x=NA, times length(size))
50 BHHJ_0.30_0.30_size <- rep(x=NA, times length (size))
51 BHHJ_0.90_0.30_size <- rep(x=NA, times = length(size))

5¢ for(i in 1 : length(size)){

55 BHHJ_0.05_0.05_size[i] <— sum(BHHJ_0.05_0.05_vector > ¢_0.05_0.05_vector = qchisq(
p=size[i], df = 13, lower. tail = FALSE))/N

56 BHHJ_0.05_0.90_size[i] <- sum(BHHJ_0.05_0.90_vector > ¢_0.05_0.90_vector * qchisq(
p=size[i], df = 13, lower. tail = FALSE))/N

57 BHHJ_0.30_0.30_size[i] <- sum(BHHJ_0.30_0.30_vector > ¢_0.30_0.30_vector * qchisq(
p=size[i], df = 13, lower. tail = FALSE))/N

58 BHHJ_0.90_0.30_size[i] <- sum(BHHJ_0.90_0.30_vector > ¢_0.90_0.30_vector * qchisq(
p=size[i], df = 13, lower. tail = FALSE))/N

60
61

62 FT_null_Cum_Fun <- ecdf(FT_vector)
63 CR_null_Cum_Fun <- ecdf(CR_vector)
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64 Pe_null_Cum_Fun <- ecdf(Pe_vector)

65 KL_null_Cum_Fun <- ecdf(KL_vector)

66 MD_null_Cum_Fun <- ecdf(MD_vector)

67 MH_null_Cum_Fun <- ecdf (MM _vector)

68

69

70 chi_sq_crit_val = qchisq(p=size, df = 13, lower. tail = FALSE)

71

72 FT_size <- 1 — FT_null_Cum_Fun(chi_sq_crit_val)

73 CR_size <— 1 — CR_null_Cum_Fun(chi_sq_crit_val)

74 Pe_size <- 1 — Pe_null_Cum_Fun(chi_sq_crit_val)

75 KL_size <— 1 — KL_null_Cum_Fun(chi_sq_crit_val)

76 MD_size <— 1 — MD_null_Cum_Fun(chi_sq_crit_val)

77 MH_size <- 1 — MOH_null_Cum_Fun(chi_sq_crit_val)

78

79 opar <- par(no.readonly = T) # save current graphical parameters
80

81 par(mar = c(3.5, 4.1, 1.5, 1.5)) # Change the margins of the plot
82

83 library (ggplot2)

84 library (hrbrthemes)

85 library (directlabels)

86 library (dplyr)

87 library (ggrepel)

88 library (scales)

89 hrbrthemes :: import_roboto_condensed ()

90

9

@

3

mydata <- data.frame(size, dl.vector, du.vector)

92 nom_size <- rep(size, times = 10)

95 emp_size <- c(FT_size

94 , CR_size

95 , Pe_size

9% , KL_size

97 , MD_size

98 , M(H_size

99 , BHHJ_0.05_0.05_size

100 , BHHJ_0.05_0.90_size

101 , BHHJ_0.30_0.30_size

102 , BHHJ_0.90_0.30_size

103 )

104

105 test_stat <— c(rep("FT", times = length(FT_size))

106 , rep("CR", times = length(CR_size))
107 , rep("CS", times = length(Pe_size))
108 , rep("LR", times = length(MD_size))
109 , rep("MDI", times = length (MO size))
110 , rep("MCS", times = length(KL_size))
111 , rep("T1", times = length(KL_size))

112 , rep("T2", times = length(KL_size))
113 , rep("T3", times = length(KL_size))
114 , rep("T4", times = length(KL_size))
115 )

116

117 mydata_1 <- data.frame(test_stat, nom_size , emp_size)

118

9 pdf(file = "Nominal_Simulated_n_200_cp_000.pdf", width = 7, height = 6)

120

21 ggplot(data = mydata_1) +

122 geom_ribbon(data = mydata, aes(x= size, ymin = dl.vector, ymax = du.vector), fill
= "grey", alpha = 0.3) +

123 geom_line (data=mydata, aes(x=size, y=size), color = "black", size = 1, linetype =
"dashed") +

124 geom_line (aes(x=nom_size , y=emp_size, color = test_stat), size = 0.75) +

125 # gmmfpoinf(avs(x:nomfsizc , }/:L’)’)l}.’7751'2(’ , color = test_stat, shnpc = test_stat),
size = 1)+

126 # geom_dl(aes(x=nom_size , y=emp_size ,label = test_stat, color = test_stat),

127 # method = list (dl.trans(size = size + 1.5), "last.points”, cex = 0.7)) + #

for labeling the lines.
128 theme_light () +
129 theme(panel.grid = element_line(color = "gray90"),
130 panel.grid .minor = element_line ("gray97"),
131 legend . position = "none"
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132 ) +

133 scale_y_continuous (minor_breaks = seq(0 , 0.14, 0.01), breaks = seq(0, 0.14, 0.01)
, limits = ¢(0, 0.143)) +

134 scale_x_continuous (minor_breaks = seq(0 , 0.10, 0.01), breaks = seq(0, 0.10, 0.01)
, limits = ¢(0, 0.101)) +

135 labs (x= "Nominal size", y = "Exact simulated size") +

136 geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "CS"),

137 aes(x=nom_size , y=emp_size ,label = test_stat, color = test_stat,
segment.size = 0.2),

138 box.padding = -0.1,

139 point.padding = -0.1,

140 nudge_x = 0.001,

141 nudge_y = 0.000,

142 cex = 2.8

143 # na.rm = TRUE

144 ) +

145 geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "CR"),

146 aes(x=nom_size , y=emp_size , label = test_stat, color = test_stat,
segment.size = 0.2),

147 box.padding = -0.1,

148 point.padding = -0.1,

149 nudge_x = 0.001,

150 nudge_y = 0.000,

151 cex = 2.8

152 # na.rm = TRUE

153 ) +

154 geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "T1"),

155 aes(x=nom_size , y=emp_size , label = test_stat, color = test_stat,
segment.size = 0.2),

156 box.padding = -0.1,

157 point.padding = -0.1,

158 nudge_x = 0.001,

159 nudge_y = 0.002,

160 cex = 2.8

161 # na.rm = TRUE

162 ) +

163 geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "T2"),

164 aes(x=nom_size , y=emp_size ,label = test_stat, color = test_stat,
segment.size = 0.2),

165 box.padding = -0.1,

166 point.padding = -0.1,

167 nudge_x = 0.001,

168 nudge_y = 0.002,

169 cex = 2.8

170 # na.rm = TRUE

171 ) +

172 geom_text_repel (data = subset(mydata_1, nom_size == 0.1 & test_stat == "T3"),

173 aes (x=nom_size , y=emp_size ,h label = test_stat, color = test_stat,
segment.size = 0.2),

174 box.padding = -0.1,

175 point.padding = -0.1,

176 nudge_x = 0.001,

177 nudge_y = -0.001,

178 cex = 2.8

179 # na.rm = TRUE

180 ) +

181 geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "T4"),

182 aes (x=nom_size , y=emp_size , label = test_stat, color = test_stat,
segment.size = 0.2),

183 box.padding = -0.1,

184 point.padding = -0.1,

185 nudge_x = 0.001,

186 nudge_y = 0.000,

187 cex = 2.8

188 # na.rm = TRUE

189 ) +

190 geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "LR"),

191 aes(x=nom_size , y=emp_size ,label = test_stat, color = test_stat,
segment.size = 0.2),

192 box.padding = -0.1,

193 point.padding = -0.1,

194 nudge_x = 0.001,
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nudge_y = -0.001,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "FT"),
aes (x=nom_size , y=emp_size ,label = test_stat, color = test_stat,
segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = 0.001,
nudge_y = 0.002,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "M(S"),
aes(x=nom_size , y=emp_size , label = test_stat, color = test_stat,
segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = 0.002,
nudge_y -0.001,
cex = 2
# na.rm

I oo

TRUE
) +
geom_text_repel(data = subset(mydata_1, nom_size == 0.1 & test_stat == "MDI"),
aes(x=nom_size , y=emp_size ,label = test_stat, color = test_stat,
segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = 0.001,
nudge_y = 0.000,
cex = 2.8
# na.rm = TRUE

)
dev. off ()

C.3.4 ROC curves

The following code refers to the case of no contaminating data when the alternative
model is the gamma with shape parameter 1.5. The remaining cases can similarly be
implemented.

load ("Exp_Model _TS_Size_value_n_200_cp_0.00.RData")
load ("Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_shape _1.5.RData")

df_Exp_Model _TS_Size_value_n_200_cp_0.00
df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_shape_1.5

names (df_Exp_Model _TS_Size_value_n_200_cp_0.00)
names (df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_shape _1.5)

FT_vector_Size <— df_Exp_Model _TS_Size_value_n_200_cp_0.00[ ,"FT_vector"]
KL_vector_Size <- df_Exp_Model _TS_Size_value_n_200_cp_0.00[ ,"KL_vector"]
CR_vector_Size <- df_Exp_Model _TS_Size_value_n_200_cp_0.00[ ,"CR_vector"]
Pe_vector_Size <- df_Exp_Model _TS_Size_value_n_200_cp_0.00[ ,"Pe_vector"]

14 MD_vector_Size <- df_Exp_Model _TS_Size_value_n_200_cp_0.00[ ,"MD_vector"]
15 MH_vector_Size <- df_Exp_Model TS_Size_value_n_200_cp_0.00[ ,"™MOL vector"]

16

BHHJ_0.05_0.05_vector_Size <- df_Exp_Model _TS_Size_value_n_200_cp_0.00[ ,"BHHJ
_0.05_0.05_vector"]

BHHJ_0.05_0.90_vector_Size <- df_Exp_Model _TS_Size_value_n_200_cp_0.00[ ,"BHH]
_0.05_0.90_vector"]

BHHJ_0.30_0.30_vector_Size <- df_Exp_Model TS_Size_value_n_200_cp_0.00[ ,"BHH]J
_0.30_0.30_vector"]

BHHJ_0.90_0.30_vector_Size <- df_Exp_Model TS_Size_value_n_200_cp_0.00[ ,"BHH]J
_0.90_0.30_vector"]

FT_vector_Power <- df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_shape _1.5[ ,"FT_
vector"]
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N
S

> KL_vector_Power <— df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_shape _1.5[ ,"KL_
vector"]

3 CR_vector_Power <— df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_shape _1.5[ ,"CR_
vector"]

24 Pe_vector_Power <- df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_shape _1.5[ ,"Pe_
vector"]

25 MD_vector_Power <- df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_shape _1.5[ ,"MD_
vector"]

26 M(H_vector_Power <- df_Exp_Model_TS_Power_value_n_200_cp_0.000_gamma_shape_1.5[ ,"
MH_vector"]

27 BHHJ_0.05_0.05_vector_Power <- df_Exp_Model TS_Power_value_n_200_cp_0.000_gamma_
shape_1.5[ ,"BHHJ_0.05_0.05_vector"]

26 BHHJ_0.05_0.90_vector_Power <— df_Exp_Model_TS_Power_value_n_200_cp_0.000_gamma_
shape_1.5[ ,"BHHJ_0.05_0.90_vector"]

20 BHHJ_0.30_0.30_vector_Power <- df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_
shape_1.5[ ,"BHH]_0.30_0.30_vector"]

30 BHHJ_0.90_0.30_vector_Power <- df_Exp_Model _TS_Power_value_n_200_cp_0.000_gamma_

shape_1.5[ ,"BHHJ_0.90_0.30_vector"]

N
ov}

1
> size <- seq(from = 0.0, to = 1, by = 0.0001)

34 # Exact critical wvalues.

35 FT_crit_val <- quantile(x = FT_vector_Size, probs = 1-size)
36 KL_crit_val <- quantile(x = KL_vector_Size, probs = 1-size)
37 CR_crit_val <- quantile(x = CR_vector_Size, probs = 1-size)
38 Pe_crit_val <- quantile(x = Pe_vector_Size, probs = 1-size)
30 MD_crit_val <- quantile(x = MD_vector_Size, probs = 1-size)
40 M(H_crit_val <- quantile(x = M _vector_Size, probs = 1-size)

42 BHHJ_0.05_0.05_crit_val<- quantile(x = BHHJ_0.05_0.05_vector_Size, probs = 1 - size)

43 BHHJ_0.05_0.90_crit_val<— quantile(x = BHHJ_0.05_0.90_vector_Size, probs = 1 - size)

44 BHHJ_0.30_0.30_crit_val<- quantile(x = BHHJ_0.30_0.30_vector_Size, probs = 1 - size)

45 BHHJ_0.90_0.30_crit_val<- quantile(x = BHHJ_0.90_0.30_vector_Size, probs = 1 - size)

46

47 # ECDF of the Test Statistic under the alternative hypothesis.

48

49 FT_Cum_Fun <- ecdf(FT_vector_Power)

50 KL_Cum_Fun <- ecdf(KL_vector_Power)

51 CR_Cum_Fun <- ecdf(CR_vector_Power)

52 Pe_Cum_Fun <- ecdf(Pe_vector_Power)

53 MD_Cum_Fun <- ecdf (MD_vector_Power)

54 M(H_ Cum_Fun <- ecdf (MH_vector_Power)

56 BHHJ_0.05_0.05_Cum_Fun <- ecdf(BHHJ_0.05_0.05_vector_Power)

57 BHHJ_0.05_0.90_Cum_Fun <- ecdf(BHHJ_0.05_0.90_vector_Power)

58 BHHJ_0.30_0.30_Cum_Fun <- ecdf(BHHJ_0.30_0.30_vector_Power)

50 BHHJ_0.90_0.30_Cum_Fun <- ecdf(BHHJ_0.90_0.30_vector_Power)

60

61 # Exact power of the Test Statistic.

62

63 FT_power <- 1 — FT_Cum_Fun(FT_crit_val)

64+ KL_power <— 1 — KL_Cum_Fun(KL_crit_val)

65 CR_power <- 1 — CR_Cum_Fun(CR_crit_val)

66 Pe_power <— 1 — Pe_Cum_Fun(Pe_crit_val)

67 MD_power <— 1 — MD Cum_Fun(MD_crit_val)

68 M(H_power <- 1 — MOH Cum_Fun (M _crit_val)

69

70 BHHJ_0.05_0.05_power <— 1 — BHHJ_0.05_0.05_Cum_Fun(BHHJ_0.05_0.05_crit_val)

71 BHHJ_0.05_0.90_power <— 1 — BHHJ_0.05_0.90_Cum_Fun(BHHJ_0.05_0.90_crit_val)

72 BHHJ_0.30_0.30_power <— 1 - BHHJ_0.30_0.30_Cum_Fun(BHHJ_0.30_0.30_crit_val)

73 BHHJ_0.90_0.30_power <— 1 — BHHJ_0.90_0.30_Cum_Fun(BHHJ_0.90_0.30_crit_val)

74

75 opar <— par(no.readonly = T) # save current graphical parameters

76

77 par(mar = c(3.5, 4.1, 1.5, 1.5)) # Change the margins of the plot (first —> bottom
margin)

78

79 emp_size <- rep(size, times = 10)

80 emp_power <- c(FT_power

81 , CR_power

82 , Pe_power

83 , KL_power
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, MD_power

, M(H_power

, BHHJ_0.05_0.05_power
, BHHJ_0.05_0.90_power
, BHHJ_0.30_0.30_power
, BHHJ_0.90_0.30_power

)

test_stat <— c(rep("FT", times = length(size))

, rep("CR", times = length(size))
, rep("CS", times = length(size))
, rep("LR", times = length(size))
, rep("MDI", times = length(size))
, rep("MCS", times = length(size))
, rep("T1", times length (size))
, rep("T2", times length (size))
, rep("T3", times = length(size))
, rep("T4", times = length(size))

size_power_data <- data.frame(test_stat, emp_size, emp_power)

library ("ggplot2")

library (dplyr)

library (hrbrthemes)

library (grid)

library (directlabels)

library (ggrepel)

library ("scales")

hrbrthemes :: import_roboto_condensed ()

hex_codesl <- hue_pal()(7) # Identify hex codes
hex_codesl

mycolors <— c("#F8766D", "#C49A00", "#53B400", "#00C094", "#00B6EB", "#A58AFF", "#

FB61D7")

mycolors[c(2,3,6,7)]

pdf(file = "Size_Power_n_200_cp_0000_gs_015.pdf", width = 7, height = 6)

ggplot(data = size_power_data, ) +

geom_abline (intercept=0,slope=1,colour="gray80", linetype = "dashed", size =
0.1)+

#geom_line (data=size_power_data , aes(x=emp_size , y=emp_size), color = "black
", size = 0.5, linetype = "dashed”) +

geom_line (aes(x=emp_size , y=emp_power, color = test_stat), size = 0.5) +

# geom_point (aes (x=nom_size , y=emp_size , color = test_stat , shape = test_
stat), size = 1)+

geom_text_repel(data = subset(size_power_data, emp_size == 0.150 & test_stat
== "FT"),

aes (x=emp_size , y=emp_power,label = test_stat, color = test
_stat, segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = 0.01,
nudge_y = 0.05,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(size_power_data, emp_size == 0.05 & test_stat
= "),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_
stat , segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = -0.01,

nudge_y = -0.05,
cex = 2.8
# na.rm = TRUE
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geom_text_repel(data = subset(size_power_data, emp_size == 0.025 & test_stat

== "Cs),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_

stat, segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = 0.01,

nudge_y = -0.01,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(size_power_data, emp_size == 0.075 & test_stat
== "LR"),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_
stat, segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = -0.01,
nudge_y = -0.04,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(size_power_data, emp_size == 0.200 & test_stat
== "MDI"),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_
stat, segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = 0.01,
nudge_y = 0.04,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(size_power_data, emp_size == 0.248 & test_stat
= "M3"),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_
stat, segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = 0.01,
nudge_y = 0.025,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(size_power_data, emp_size == 0.10 & test_stat
== "T1"),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_
stat , segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = -0.01,
nudge_y = -0.04,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(size_power_data, emp_size == 0.125 & test_stat
== "T2"),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_
stat, segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = -0.01,
nudge_y = -0.03,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(size_power_data, emp_size == 0.170 & test_stat
= "13"),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_
stat, segment.size = 0.2),

box.padding = -0.1,
point.padding = -0.1,
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nudge_x = 0.01,
nudge_y = 0.04,
cex = 2.8
# na.rm = TRUE
) +
geom_text_repel(data = subset(size_power_data, emp_size == 0.281 & test_stat
== "T4"),
aes (x=emp_size , y=emp_power,label = test_stat, color = test_
stat , segment.size = 0.2),
box.padding = -0.1,
point.padding = -0.1,
nudge_x = 0.01,
nudge_y = 0.02,
cex = 2.8
# na.rm = TRUE
) +
#geom_dl (aes (x=emp_size , y=emp_power ,label = test_stat, color = test_stat),
# method = list (dl.trans(size = emp_size + 0.5), "last.points”, cex =
0.7)) +
theme_light () +
theme(panel. grid = element_line (color = "gray90"),
panel.grid .minor = element_line ("gray97"),
legend . position = "none"
) +
scale_y_continuous(minor_breaks = seq(0 , 1, 0.05), breaks = seq(0, 1, 0.1),
limits = ¢c(NA, 1)) +
scale_x_continuous (minor_breaks = seq(0 , 1, 0.05), breaks = seq(0, 1, 0.1),
limits = c¢(NA, 1)) +
#scale_color _manual (values = mycolors[c(1,4,6,7)]1) + # manually defines the
color pallet.
labs (x= "Empirical size", y = "Empirical power")
dev.off ()

C.4 Conditional independence

For reasons of space economy, the following code is given only for a; = 10~7. For
the remaining values of the a; index, the code can be adjusted accordingly.

library (nloptr)
n = 40 #20 #25, #40, # 45
N = 100000

ql <- 0.036254
q2 <— 0.164994
q3 <- 0.092809
q4 <— 0.133645
q5 <- 0.092809
q6 <— 0.133645
q7 <~ 0.237591
q8 <- 0.108253

# For w = 0 we get the Conditional Independent Models
# while for w <> 0 we get the Alternative Models

# 0 <=w<1

w <- 0.90 #0.00, 0.15, 0.30, 0.45, 0.60, 0.75, 0.90

# Multinomial Parameters

pl <= ql - ql »w
P2 <- q2 + ql * w - g8 *» w
p3 <- q3 + g8 * w
p4 <- q4 + ql = w
p5 <— g5 + g8 * w—-ql *w
p6 <— q6 + ql * w - q8 * w
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28 p7 <= q7 + q8 * w—-ql = w
29 p8 <- q8 - q8 * w

CI_Model <- c(pl, p2, p3, p4, p5, p6, p7, p8)
# Definintion of Divergence Measures for the Estimation of the unknown parameter

35 CR_Divergence_Function <- function(u, lamda, probvector) {

36 if (lamda == 0) {

37 vect <— probvector * log(probvector)

38 vect[vect == 'NaN’] <= 0

39 z <—- sum(vect) — sum(probvector * log(c(ul[l], ul[2], u[3], u[4], u[5], ul6],
ul7], ul8])))

40 } else if (lamda == -1) {

41 z <— sum(c(u[l], u[2], u[3], u[4], u[5], u[6], ul[7], ul[8])

42 + (log(c(ul[l], u[2], ul3], u[4], u[5], u[6], u[7], u[8])) - log(

probvector)))

43 } else {

44 z <- (1 / (Jamda * (lamda + 1))) * (sum((probvector A (lamda + 1)) / (c(u
[1], u[2], u[3], u[4], u[5], ul[6], ul[7], u[8])) N lamda) - 1)

15 }

46 return(z)

47 1}

48

19 BHHJ_Divergence_Function <- function(u, alpha = a2, probvector = relfreq) {

50 z <— sum(c(u[1l], u[2], u[3], ul[4], u[5], u[6], u[7], u[8]) ~ (1 + alpha)) -

51 (I + 1 / alpha) * sum(probvector = c(u[l], u[2], u[3], ul[4], u[5], ul[6], u
[7]1, u[8]) ~ alpha) +

52 (1 / alpha) * sum(probvector ~ (1 + alpha))

53 return(z)

54}

55

57 # Definintion of the Test Statistics
58 CR_Test_Statistic <- function(ul, lamdal, probvectorl) f{

59 if (lamdal == 0) {

60 z <- 2 » n * CR_Divergence_Function(u = ul, lamda = lamdal, probvector =
probvectorl)

61 } else if (lamdal == -1) {

62 z <— 2 * n + CR_Divergence_Function(u = ul, lamda = lamdal, probvector =
probvectorl)

63 } else {

64 z <= 2 = n + CR_Divergence_Function(u = ul, lamda = lamdal, probvector =

probvectorl)
65 }
66 return(z)
67 }
68
60 BHHJ_Test_Statistic <- function(ul, alphal, probvectorl) ({

70 z <= ((2 * n) / (1 + alphal)) =+ BHHJ_Divergence_Function(u = ul, alpha = alphal,
probvector = probvectorl)
71 return(z)

72}

74 # The constraint function
75 nloptr_constfunc <- function(u) {

76 gl <= u[l] * ul[7] — u[3] = u[5]

77 g2 <— ul[2] = ul[8] - ul[4] = u[6]

78 g3 <= u[l] + ul[2] + u[3] + u[4] + u[5] + u[6] + ul[7] + ul8] -1
79 return(c(gl, g2, g3))

80 }
82 inval <- ¢(0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5) # Initial wvalues

84 lowbound <- rep(0.00001, 8)
85 uppbound <- rep(0.99999, 8)

87 lamda_1_vector_m0.5 <- rep(NA, N)
88 lamda_1_vector _0.0 <- rep(NA, N)
39 lamda_1_vector_CR <- rep(NA, N)
90 lamda_1_vector_1.0 <- rep(NA, N)
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92 BHHJ_0.0000001_0.0000001_Test_Statistic _VECIOR <- rep (NA, N)
93 BHHJ_0.0000001_0.01_Test_Statistic _VECIOR <- rep (NA, N)
94 BHHJ_0.0000001_0.05_Test_Statistic _VECIOR <- rep (NA, N)
95 BHHJ_0.0000001_0.1_Test_Statistic _VECIOR <- rep (NA, N)
96 BHHJ_0.0000001_0.5_Test_Statistic _VECIOR <- rep (NA, N)
97 BHHJ_0.0000001_1.5_Test_Statistic _VECIOR <- rep (NA, N)

99 RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.0000001 <- rep(NA, N)
100 RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.01 <- rep (NA, N)
101 RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.05 <- rep(NA, N)
102 RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.1 <- rep (NA, N)
103 RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.5 <- rep (NA, N)
104 RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_1.5 <- rep (NA, N)

107 for (i in 1:N) {

108 set.seed (i)

109 Obs <- as.vector(rmultinom(n = 1, size = n, prob = CI_Model) / n)

110

111 # Minimum Divergence Estimation for each one of the N samples

112 optim_FT <- auglag(x0 = inval, fn = CR_Divergence_Function, lower = lowbound,

upper = uppbound, heq = nloptr_constfunc, localsolver = c("SLSQP"), lamda =
-1/2, probvector = Obs)$par
113 optim_ML <- auglag(x0 = inval, fn = CR_Divergence_Function, lower = lowbound,
upper = uppbound, heq = nloptr_constfunc, localsolver = c¢("SLSQP"), lamda =
0, probvector = Obs)$par
114 optim_CR <- auglag(x0 = inval, fn = CR_Divergence_Function, lower = lowbound,
upper = uppbound, heq = nloptr_constfunc, localsolver = c("SLSQP"), lamda =
2/3, probvector = Obs)$par
115 optim_Pe <- auglag(x0 = inval, fn = CR_Divergence_Function, lower = lowbound,
upper = uppbound, heq = nloptr_constfunc, localsolver = c¢("SLSQP"), lamda =
1, probvector = Obs)$par
116
117 optim_BHHJ_0.0000001 <- auglag(x0 = inval, fn = BHHJ_Divergence_Function, lower
= lowbound, upper = uppbound, heq = nloptr_constfunc, localsolver = c("SLSQP
"), alpha = 0.0000001, probvector = Obs)$par
118 optim_BHHJ_0.01 <- auglag(x0 = inval, fn = BHHJ _Divergence_Function, lower =
lowbound, upper = uppbound, heq = nloptr_constfunc, localsolver = c("SLSQP")
, alpha = 0.01, probvector = Obs)$par
119 optim_BHHJ_0.05 <- auglag(x0 = inval, fn = BHHJ_Divergence_Function, lower =
lowbound, upper = uppbound, heq = nloptr_constfunc, localsolver = c("SLSQP")
, alpha = 0.05, probvector = Obs)$par
120 optim_BHHJ_0.1 <- auglag(x0 = inval, fn = BHHJ_Divergence_Function, lower =
lowbound, upper = uppbound, heq = nloptr_constfunc, localsolver = c("SLSQP")
, alpha = 0.1, probvector = Obs)$par
121 optim_BHHJ_0.5 <- auglag(x0 = inval, fn = BHHJ Divergence_Function, lower =
lowbound, upper = uppbound, heq = nloptr_constfunc, localsolver = c("SLSQP")
, alpha = 0.5, probvector = Obs)$par
optim_BHHJ_1.5 <- auglag(x0 = inval, fn = BHHJ_Divergence_Function, lower =
lowbound, upper = uppbound, heq = nloptr_constfunc, localsolver = c("SLSQP")
, alpha = 1.5, probvector = Obs)$par

)
[N

123

124 # We need a parameter c¢ for each combination of al and a2

125 ¢_0.0000001_0.0000001 = 0.5 * (max(optim_BHHJ_0.0000001 ~ 0.0000001) + min(optim
_BHHJ_0.0000001 ~ 0.0000001))

126 ¢_0.0000001_0.01 = 0.5 * (max(optim_BHHJ_0.01 ~ 0.0000001) + min(optim_BHHJ_0.01
A 0.0000001))

27 c_0.0000001_0.05 = 0.5 * (max(optim_BHHJ_0.05 ~ 0.0000001) + min(optim_BHHJ_0.05
A 0.0000001))

128 c_0.0000001_0.1 = 0.5 * (max(optim_BHHJ_0.1 A 0.0000001) + min(optim_BHHJ_0.1 »
0.0000001))

129 c_0.0000001_0.5 = 0.5 * (max(optim_BHHJ_0.5 A 0.0000001) + min(optim_BHH]_0.5 »
0.0000001))

130 ¢_0.0000001_1.5 = 0.5 * (max(optim_BHHJ_1.5 ~ 0.0000001) + min(optim_BHHJ_ 1.5 »

0.0000001))

133 BHHJ_0.0000001_0.0000001_Test_Statistic _VECTOR[i] <- BHHJ_Test_Statistic (ul =
optim_BHHJ_0.0000001, alphal = 0.0000001, probvectorl = Obs)
134 BHHJ_0.0000001_0.01_Test_Statistic _VECIOR[i] <— BHHJ_Test_Statistic (ul = optim_

BHHJ_0.01, alphal = 0.0000001, probvectorl = Obs)
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}

BHHJ_0.0000001_0.05_Test_Statistic _VECIOR[i] <— BHHJ_Test_Statistic (ul = optim_
BHHJ_0.05, alphal = 0.0000001, probvectorl = Obs)

BHHJ_0.0000001_0.1_Test_Statistic _VECIOR[i] <— BHHJ_Test_Statistic (ul = optim_
BHHJ_0.1, alphal = 0.0000001, probvectorl = Obs)

BHHJ_0.0000001_0.5_Test_Statistic_VECTOR[i] <— BHHJ_Test_Statistic (ul = optim_
BHHJ_0.5, alphal = 0.0000001, probvectorl = Obs)

BHHJ_0.0000001_1.5_Test_Statistic_VECTOR[i] <— BHHJ_Test_Statistic (ul = optim_
BHHJ_1.5, alphal = 0.0000001, probvectorl = Obs)

# For each sample we implement a hypothesis test , if we reject the null
hypothesis the wvalue TRUE is stored in the wvector. We work in this way
because the wvalue of c is immediately related with the quantiles and for
each sample the quantiles may be different.

RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.0000001[i] <— BHHJ_Test_
Statistic (ul = optim_BHHJ_0.0000001, alphal = 0.0000001, probvectorl = Obs)
> ¢_0.0000001_0.0000001 % qchisq(0.95, df = 2)

RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.01[i] <- BHHJ_Test_Statistic(
ul = optim_BHHJ_0.01, alphal = 0.0000001, probvectorl = Obs) > ¢
_0.0000001_0.01 = qchisq(0.95, df = 2)

RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.05[i] <- BHHJ_Test_Statistic(
ul = optim_BHHJ_0.05, alphal = 0.0000001, probvectorl = Obs) > ¢
_0.0000001_0.05 * qchisq(0.95, df = 2)

RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.1[i] <- BHHJ_Test_Statistic (ul
= optim_BHHJ_0.1, alphal = 0.0000001, probvectorl = Obs) > ¢_0.0000001_0.1
+ qchisq(0.95, df = 2)

RejectionOfNullHypothesis_BHHJ_VECIOR_0.0000001_0.5[i] <- BHHJ_Test_Statistic (ul
= optim_BHHJ_0.5, alphal = 0.0000001, probvectorl = Obs) > ¢_0.0000001_0.5
+ qchisq(0.95, df = 2)

RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_1.5[i] <- BHHJ_Test_Statistic (ul
= optim_BHHJ_1.5, alphal = 0.0000001, probvectorl = Obs) > ¢_0.0000001_1.5
+ qchisq(0.95, df = 2)

lamda_1_vector_m0.5[i] <— CR_Test_Statistic (ul=optim_FT, lamdal
probvector1=0Obs)

lamda_1_vector _0.0[i] <- CR_Test_Statistic (ul=optim_ML, lamdal = 0.0,
probvector1=0Obs)

lamda_1_vector_CR[i] <— CR_Test_Statistic (ul=optim_CR, lamdal = 2/3,
probvector1=0Obs)

lamda_1_vector _1.0[i] <- CR_Test_Statistic (ul=optim_Pe, lamdal = 1.0,
probvector1=0bs)

-0.5,

print (i)

RejectionOfNullHypothesis_lamda_1_m0.5 <- lamda_1_vector_m0.5[lamda_1_vector_m0.5 >

qchisq(0.95, df = 2)]

RejectionOfNullHypothesis_lamda_1_0.0 <- lamda_1_vector_0.0[lamda_1_vector_0.0 >

qchisq(0.95, df = 2)]

RejectionOfNullHypothesis_lamda_1_CR <- lamda_1_vector_CR[lamda_1_vector_CR > qchisq

(0.95, df = 2)]

RejectionOfNullHypothesis_lamda_1_1.0 <- lamda_1_vector_1.0[lamda_1_vector_1.0 >

Power_FT <- length(RejectionOfNullHypothesis_lamda_1_m0.5)/
Power_ ML <- length (RejectionOfNullHypothesis_lamda_1_0.0) /
Power_CR <- length (RejectionOfNullHypothesis_lamda_1_CR) /
Power_Pe <- length(RejectionOfNullHypothesis_lamda_1_1.0) /

qchisq(0.95, df = 2)]

Power_BHHJ_0.0000001_0.0000001 <- sum(RejectionOfNullHypothesis_BHH]J_VECTOR

_0.0000001_0.0000001) / N

Power_BHHJ_0.0000001_0.01 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR

_0.0000001_0.01) / N

Power_BHHJ_0.0000001_0.05 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR

_0.0000001_0.05) / N

Power_BHHJ_0.0000001_0.1 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.1)

/ N

Power_BHHJ_0.0000001_0.5 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_0.5)

/ N

Power_BHHJ_0.0000001_1.5 <- sum(RejectionOfNullHypothesis_BHHJ_VECTOR_0.0000001_1.5)

/ N
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Power. Vector <-round (c(
Power_FT,
Power_ML,
Power_CR,
Power_Pe,
Power_BHHJ_0.0000001_0.0000001,
Power_BHHJ_0.0000001_0.01,
Power_BHHJ_0.0000001_0.05,
Power_BHHJ_0.0000001_0.1,
Power_BHHJ]_0.0000001_0.5,
Power_BHHJ_0.0000001_1.5
)+100,digits=4)

Test.Statistics <— c(
"Power_FT",
"Power_ML",
"Power_CR",
"Power_Pe",
"BHHJ]_0.0000001_0.0000001",
"BHHJ_0.0000001_0.01",
"BHHJ]_0.0000001_0.05",
"BHHJ_0.0000001_0.1",
"BHHJ_0.0000001_0.5",
"BHHJ_0.0000001_1.5"

)

results <- data.frame(abs_dist, Power.Vector, stringsAsFactors = FALSE, row.names =

Test.Statistics)

The code for the empirical against the nominal size graphs and the ROC curves is
similar with the one presented in Subsections C.3.3 and C.3.4, respectively.

C.5 Zero frequency cells

library (tibble)

library (dplyr)

library (data. table)

library (future.apply)
plan(multisession) # Activates

N = 10000 # Number of simulated samples.

# Definition of the Modified Divergence Measures
# Penalized BHH] divergence

parallel computation.

P_BHHJ_Divergence_Function <- function(u, alpha, probvector, w) {

boolvect <— probvector > 0

ul <- hypvector(v=u)[boolvect]

u2 <- hypvector(v=u)[!boolvect]
probvectorl <— probvector[boolvect]
z <— sum(ul ~ (1 + alpha)) -

(1 + 1 / alpha) * sum(probvectorl * ul ~ alpha) +
(1 / alpha) * sum(probvectorl A (1 + alpha)) +

w + sum(u2 N (1 + alpha))
return(z)

}

# Definition of the Modified Test
# Modified BHH] Test Statistic

Statistics

P_BHHJ_Test_Statistic <- function(ul, alphal, probvectorl, wl, n) {

z <—

((2 * n) / (1 + alphal)) + P_BHHJ_Divergence_Function(

u = ul,
alpha =
probvector =
w = wl

alphal,
probvectorl,
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32
33
34}
35
36
37 #
38

)

return(z)

Parameters Definition for the composition of the Data Table

39 a2_vect <- ¢(0.01, 0.05, seq(0.1, 1, 0.1)) # a2 wvalues.

40

41 # MDE & Squared Error Calculation

42

43 epsilon <— 0.1 * sqrt(15) # For n = 15 this wvalue of epsilon leads to 10%

44

contamination rate.

45 for (model in (c(#701_Geometric”

46
47
48

'S
©

50

51 )

DN

[ E=NNES S ES S IS, B, IS, IS, NS S |
= S 0 % O & O b

62

66

77
78
79
80
81

83
84
85
86

88
89
90
91
92
93
94
95
96
97
98
99

101
102

#, "02_Poisson”
#, "03_Negative_Binom”
"04_Binomial"

)
)
print (model)
if (model == "01_Geometric"){ # GEOMETRIC MODEL
u <- 0.9 # theta parameter

# NULL MODEL DEFINITION
hypvector <— function (v) {

z <= c((v),

(vx(1-v)),
(v+(1-v)"2),
((1-v)~3))
return(z)
}
# CONTAMINATED MODEL DEFINITION
cont_hypvector <- function(v) {

z <— c((1-cont_rate) = (v),
(1-cont_rate) * (vx(1-v)),
(1-cont_rate) = (vx(1-v)AN2),
(1-cont_rate) % ((1-v)~3) + cont_rate)

return(z)

}
h2_vect <- seq(0, 80, 0.5) # h2 wvalues.

a2 <- rep(a2_vect, each length (h2_vect) = N)
h2 <- rep(h2_vect, each = N, times = length(a2_vect))

} else if (model == "02_Poisson"){ # POISSON MODEL
u <- 0.5 # theta parameter
# NULL MODEL DEFINITION
hypvector <— function (v) {
z <= c((exp(-v)),
(v * exp(-v)),
((vh2 » exp(-v))/2),
(T = (exp(-v)) = (v » exp(-v)) - ((v*2 » exp(-Vv))/2)))
return(z)
}
# CONTAMINATED MODEL DEFINITION
cont_hypvector <- function(v) {
z <— c((1-cont_rate) = (exp(-v)),
(I1-cont_rate) = (v * exp(-v)),
(I-cont_rate) = ((v/~2 * exp(-v))/2),
(1-cont_rate) = (
1 -
exp(-v)) — (v = exp(-v)) — ((v*2 % exp(-v))/2)) + cont_rate)
return(z)

}

h2_vect <- seq(0, 18, 0.1) # h2 wvalues

a2 <—- rep(a2_vect, each length (h2_vect) = N)
h2 <— rep(h2_vect, each = N, times = length(a2_vect))

} else if (model == "03_Negative_Binom"){ # NEGATIVE BINOMIAL MODEL
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u <- 0.1 # theta parameter
# NULL MODEL DEFINITION
hypvector <- function(v){
z <= c(((1-v)~r2),
(2xv2(1-v)AN2),
(3xvA2x%(1-v)~2),
(I-((1=v) "2+ ((14V)A242xvA2))))
return(z)
}
# CONTAMINATED MODEL DEFINITION
cont_hypvector <- function(v) {
z <— c¢((1-cont_rate) = ((1-v)~2),
(1-cont_rate) = (2xvx*(1-v)~"2),
(1-cont_rate) =» (3xvA2x(1-v)~2),
(I1-cont_rate) = (1-((1-v)"2=((1+v)"24+2%v~2)))+ cont_rate)
return(z)
}
h2_vect <- seq(0, 12, 0.1) # h2 wvalues.
a2 <- rep(a2_vect, each = length(h2_vect) = N)
h2 <- rep(h2_vect, each = N, times = length(a2_vect))
} else if (model == "04_Binomial"){ # BINOMIAL MODEL
u <— 0.2 # theta parameter
# NULL MODEL DEFINITION
hypvector <- function(v){
z <= c(((1-v)"3),
(Bxve(1-v)~"2),
(3xv"2+(1-v)),
(v"3))
return(z)
}
# CONTAMINATED MODEL DEFINITION
cont_hypvector <— function(v){
z <— c((l-cont_rate) * ((1-v)~3),
(1-cont_rate) = (3*vx(1-v)A"2),
(1-cont_rate) = (3*v"2x(1-v)),
(1-cont_rate) = (v~3) + cont_rate)
return(z)
}
h2_vect <- seq(0, 10, 0.1) # h2 values.
a2 <- rep(a2_vect, each = length(h2_vect) * N)
h2 <- rep(h2_vect, each = N, times = length(a2_vect))
}

for (n in c¢(15, 30, 60, 120, 240)){
for (cont_rate in c(0, epsilon/sqrt(n))){

print(c(n, cont_rate))

# Data Sample Generation
set.seed(seed = 1)
# The sample

(Frequencies & Relative Frequencies)

mult_obs <- if (cont_rate == 0) t(rmultinom (n=N
, size = n
, prob = hypvector(v=u)
)
) else t(rmultinom (n=N
, size = n
, prob = cont_hypvector(v=u)
)
)

relfreq <- setNames(as.data.table (mult_obs/n)
, c¢("phat_1","phat_2","phat_3","phat_4")) # Each line
represents a vector of relative frequencies.

#

# Data Table Generation

MDE_Data <- data.table(n, N, cont_rate, u, a2, h2, relfreq) # relfreqg

table is

repeated as many times as the length of a2 or h2
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#

#

MDE_Data[, MDE := future_apply(MDE_Data, 1, function(i){

optimise (

P_BHHJ_Divergence_Function

,interval = ¢(0,1)
,alpha = i[["a2"]]
wo= i[["h2"]]

,probvector = c(i[["phat_1"]]
Ji[["phat_2"]]
S [["phat_3"]]
,i[["phat_4"]]))$minimum
})1[, Squared_Error := (u - MDE)~2]

fwrite (MDE_Data, paste(model
"Simulations", N
"SampleSize", n
"ContRate", cont_rate
"ThetaParamet", u

’

}
}

"

.CsVv

sep = L)

# TEST STATISTIC CALCULATION PROCEDURE

#

hl_vect <- c¢(1, 5, 15, 40)

al_vect <- ¢(0.01, 0.05, seq(0.1, 1, 0.1))

for (n in c(15, 30, 60, 120, 240)){
for (cont_rate in c(0, epsilon/sqrt(n))){

print(c(n, cont_rate))

if (model == "01_Geometric"){ # GEOMETRIC MODEL

MDE_Data <- fread (paste (model

, "ThetaParamet", 0.9
S esv"
, sep = "_")
)
} else if (model == "02_Poisson"){ # POISSON MODEL

"MDE"
"Simulations", N
"SampleSize", n

"ContRate", cont_rate

MDE_Data <- fread (paste (model

)

} else if (model == "03_Negative_Binom"){ # NEGATIVE BINOMIAL MODEL

"MDE"
"Simulations", N
"SampleSize", n

"ContRate", cont_rate

"ThetaParamet",

" "

Ccsv

sép ="_")

MDE_Data <- fread (paste (model

)

} else if (model == "04_Binomial"){ # BINOMIAL MODEL

"MDE"
"Simulations", N
"SampleSize", n

"ContRate", cont_rate

"ThetaParamet",

" "

. CSV
sep = n_u)

MDE _Data <- fread (paste (model

’

’

"Simulations", N

0.5

0.1



246

250

255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276

277

278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305

307
308
309
310

196

Appendix C. Simulation Platform

, "SampleSize", n

, "ContRate", cont_rate

, "ThetaParamet",
, ".csv
,sep = ")

}
u <- MDE_Data[1, u]

0.2

# Extract only the rows for which h2 is in the set of hl_vect:
MDE_Data_extract <— MDE_Data[h2 %in% hl_vect]

# count the rows of the data.table in which
row_count <- nrow (MDE_Data_extract)

# Test Statistic Data Table Generation

# create a table where the MDE for a2 and h2 is

# as many times as al_vect times hl_vect
al <- rep(al_vect, each = length(hl_vect) =
hl <- rep(hl_vect, each = row_count,

# Keep track of the calculations
index <- 1l:length(al)

# Data table Generation.
Test_Stat_Data <- data.table(index, al, hl,

rm(list = c¢("MDE_Data"
,"MDE_Data_extract")
)
# Definition of the number of rows for which the slice
implemented

mslice <— nrow(Test_Stat_Data)/10
# Calculation of the Test Statistic and the
for (mi in (1:10)){
Test_Stat_Data]|
(((mi-1)*mslice)+1) (mi = mslice)
, c_param := future_apply(
Test_Stat_Data|
(((mi-1)+mslice)+1)
, 1
, function (i){

(mi * mslice)]

times =

we are going to work

repeated

row_count)
length(al_vect))

through the index.

MDE_Data_extract)

is going to be

C parameter for each block of data

0.5 * ((max(hypvector(v = i[["MDE"]]))) ~ i[["al"]] +
| (min(hypvector(v = i[["MDE"]]))) ~ i[["al"]])
)
1[
(((mi-1)*mslice)+1) (mi » mslice)
, TestStat := future_apply(
Test_Stat_Data]|
(((mi-1)+mslice)+1) (mi * mslice)]
, 1
, function (i){
P_BHHJ_Test_Statistic(ul = i[["MDE"]]
, alphal = i[["al"]]
, wl = i[["h1"]]
, probvectorl = c(i[["phat_1"]]
Jil["phat_2"]]
,i[["phat_3"]]
,i[1"phat_4"1])
} ,no=1i[["n"]1])
)
]
print(mi)

}

fwrite (Test_Stat_Data, paste(model
, "TestStatData"
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, "Simulations", N

, "SampleSize", n

, "ContRate", cont_rate
, "ThetaParamet", u

, ".csv
,sep = "_")

rm(list = c("Test_Stat_Data"))

C.5.1 Efficiency and robustness examination

library (ggplot2)
library (viridis)
library (ggsci)
library (dplyr)
library (latex2exp)
library (xlsx)

library (rJava)
library (data. table)
library (future.apply)

# Data uploading

# No Contamination Data

# MDE_Data_DF <— fread ("01_Geometric_MDE_Simulations_10000_SampleSize_15_ContRate_0_
ThetaParamet _0.9_.csv”)

# MDE_Data_DF <— fread ("01_Geometric_MDE_Simulations_10000_SampleSize_30_ContRate_0_
ThetaParamet _0.9_.csv”)

# MDE_Data_DF <— fread ("01_Geometric_MDE_Simulations_10000_SampleSize _60_ContRate_0_
ThetaParamet _0.9_.csv ")

# MDE_Data_DF <— fread ("01_Geometric_MDE_Simulations_10000_SampleSize_120_ContRate
_0_ThetaParamet _0.9_.csv ")

# MDE_Data_DF <— fread ("01_Geometric_MDE_Simulations_10000_SampleSize_240_ContRate
_0_ThetaParamet _0.9_.csv ")

# Contaminated Data

# MDE_Data_DF <— fread ("01_Geometric_MDE_Simulations_10000_SampleSize _15_ContRate
_0.1_ThetaParamet _0.9_.csv”)

# MDE_Data_DF <— fread("01_Geometric_MDE_Simulations_10000_SampleSize _30_ContRate
~0.0707106781186548_ThetaParamet _0.9_.csv”)

# MDE_Data_DF <— fread ("01_Geometric_MDE_Simulations_10000_SampleSize _60_ContRate
_0.05_ThetaParamet _0.9_.csv”)

# MDE_Data_DF <— fread (”"01_Geometric_MDE_Simulations_10000_SampleSize_120_ContRate
_0.0353553390593274_ThetaParamet _0.9_.csv ")

MDE_Data_DF <- fread ("01_Geometric_ MDE_Simulations_10000_SampleSize_240_ContRate

_0.025_ThetaParamet _0.9_.csv"

# MSE calculation
df_results <— MDE_Data_DF %%
group_by(n, u, cont_rate, a2, h2) %%
summarise (samples = max(N)
, avg_MDE = mean (MDE)
, MSE = mean(Squared_Error)
, .groups = ’‘drop’)

sample_size <— min(df_results[["n"]])
cont_rate <— min(df_results[["cont_rate"]])
samples <— max(df_results [["samples"]])
theta <— max(df_results[["u"]])

df_results [["MSE"]] <- sqrt(df_results[["MSE"]])

mmax <— max(df_results [[ "MSE" ]]
mmin <- min(df_results [[ "MSE"]]

)
)
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mydata <— df_results

# get the line for which the minimum is achieved!
minMSEh2 <- mydata %%

group_by(a2) %%

filter (MSE == min(MSE) ) %%

select (h2)

minMSER2[[ "h2" ]]

h2_a2_MSE_data <- mydata %%
group_by(a2) %%
filter (h2 %in% c(1, minMSEh2[[ "h2"]]))

fwrite (h2_a2_MSE data

,file = paste("Geometric_MSE"
,"h2_values_min_occurrence"
,"SampleSize", sample_size
,"ContRate", cont_rate
,"Samples", samples
,"theta", theta
,"ocesv”
, sep = ")

)

# Zero frequency cells , percentage occurrence calculation.
zero_cell <— MDE_Data_DF %%
group_by(n) %%
filter (a2 == 0.01 & h2 == 1) %%
select(n, phat_1, phat_2, phat_3, phat_4) %%
summarise (pl = sum(phat_1==0) / nrow (MDE_Data_DF %%
filter (a2 == 0.01 & h2 == 1))
,p2 = sum(phat_2==0) / nrow (MDE_Data_DF %%
filter (a2 == 0.01 & h2 == 1))
sum(phat_3==0) / nrow (MDE_Data_DF %%
filter (a2 == 0.01 & h2 == 1))
,p4 = sum(phat_4==0) / nrow (MDE_Data_DF %%
filter (a2 == 0.01 & h2 == 1))

,p3

,.groups = 'drop’)

7 zero_cell

fwrite (zero_cell

,file = paste("Geometric"
,"zero_cell _occurrence"
,"SampleSize", sample_size
,"ContRate", cont_rate
,"Samples", samples
,"theta", theta
" oesv!”

,sep = ")

)

# Graph construction
pdf(file = paste("Geometric_MSE"
, "SampleSize", sample_size
, "ContRate", cont_rate
, "Samples", samples
, "theta", theta
".pdf", sep = "_")

, width = 10, height = 6)
ggplot(data = mydata, aes(x=h2
, y=MSE
, group = a2
, color = factor(a2)
)) +
geom_vline (xintercept = 1, color = "grey70", linetype = 2) +

geom_line (alpha = 1, size = 0.2) +
theme_light () +
theme(panel. grid = element_line(color = "gray94")
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118 ,panel. grid .minor = element_line("gray98")

119 #,legend . position = "none”

120 ) +

121 # scale_y_continuous (minor_breaks = seq(0, mmax, 0.001), breaks = seq(0, mmax,

0.0025), limits = c(mmin, mmax)) + # For the No contamination case
122 scale_y_continuous (minor_breaks = seq(0, mmax, 0.0075), breaks = seq(0, mmax,
0.015), limits = c(mmin, mmax)) + # For the contamination case

123 scale_x_continuous (minor_breaks = seq(0, 80, 0.5), breaks = seq(0, 80, 2), limits

= c(0, 80)) +
124 #scale_color_grey ()
125  #scale_color_npg()

126 scale_color_viridis (discrete = TRUE, option = "turbo")+
127 # scale_color_manual (values = c("azured”

128 # ,"aquamarine2”

129 # ,"cadetblue3”

130 # ,"chocolate2”

131 # " blue”

132 # ,"brown”

133 # ,yellow”

134 # ,“purple”

135 # ,"chartreuse”

136 # ,"magenta”

137 # ,pink”

138 # L red”

139 # ,"black "))

140 labs (x = TeX("$h_2$"), y = TeX("RMSE"), colour = TeX("$\\alpha_2$")) + # colour

refers to the title of the legend

141 theme(legend . title .align = 0.5) # fo align in the center the title of the legned

142
143 dev. off ()

C.5.2 Size examination

library (dplyr)
library (plotly)
library (viridis)
library (latex2exp)
library (xlsx)
library (rJava)
library (data. table)

O ® N U W N =

# Data uploading
# NO CONTAMINATION
# TestStat_Data_prep _DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize _15_ContRate_0_ThetaParamet _0.9_.csv ")
TestStat_Data_prep _DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize_30_ContRate_0_ThetaParamet _0.9_.csv ")
13 # TestStat_Data_prep _DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize_60_ContRate_0_ThetaParamet _0.9_.csv ")
14 # TestStat_Data_prep _DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize_120_ContRate_0_ThetaParamet _0.9_.csv ")
15 # TestStat_Data_prep _DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize _240_ContRate_0_ThetaParamet _0.9_.csv ")

S

-
-

—_
N
FH

16

17 # WITH CONTAMINATION

18 # TestStat_Data_prep _DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize_15_ContRate _0.1_ThetaParamet _0.9_.csv ")

19 # TestStat_Data_prep _DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize_30_ContRate_0.0707106781186548_ThetaParamet _0.9_.csv ")

20 TestStat_Data_prep_DF <- fread("01_Geometric_TestStatData_Simulations_10000_
SampleSize_60_ContRate_0.05_ThetaParamet_0.9_.csv"

21 # TestStat_Data_prep DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize_120_ContRate_0.0353553390593274_ThetaParamet _0.9_.csv ")

2 # TestStat_Data_prep _DF <— fread ("01_Geometric_TestStatData_Simulations_10000_
SampleSize_240_ContRate _0.025_ThetaParamet _0.9_.csv ")

23

24 TestStat_Data_prep_DF

25

26 n <— TestStat_Data_prep_DF %%
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summarise (min(n))

cont_rate <- TestStat_Data_prep_DF %%

summarise (min(cont_rate))

mydata <- TestStat_Data_prep_DF %%

#select (—one_of (extra_cols)) %%
mutate (HORejection = if_else(TestStat >= c_param * qchisq(p=0.05
, df =2
, lower. tail = FALSE)
, 1, 0)) %%
group_by(al, a2, hl, h2) %%
summarize (RejectionTimes = sum(HORejection)
, RejectionPercentage = (sum(HORejection)/10000)+100)

if (cont_rate == 0){

pdf(file = paste("TestStat_Size No_Cont_Geometric_NomLev_0.05_n"
, n, "N_10000.pdf"

"o

, sep = "_"),
width = 10, height = 6)
} else {
pdf(file = paste("TestStat_Size_ With_Cont_Geometric_NomLev_0.05_n"
, n
, "N_10000.pdf"
, sep = "_"),
width = 10, height = 6)
}
ggplot(mydata
, aes(x = factor(al)
, y = factor(a2)
, fill = cut(RejectionPercentage
, ¢(-Inf ,0, 3.57, 6.95, 10, 20, 30, 40, Inf)))) +
geom_tile (size = 0.2, color = "white") + # the size and the color refer to the
line between the tiles
#geom_text (aes(label = RejectionPercentage), color = "black”, size = 2)+

#coord_fixed ()+
facet_grid (h2~hl, labeller = label_both) + # lines ~ columns
theme_light () +

theme(panel. grid = element_line (color = "gray94")
,panel.grid .minor = element_line ("gray98")
#,legend . position = "none”
) +
#scale_y_continuous(breaks = c(0.01, 0.05, seq(0.1, 1, 0.1)), limits = c(0, 1.05))
+
#scale_x_continuous(breaks = c(0.01, 0.05, seq(0.1, 1, 0.1)), limits = c(0, 1.05))
+
#scale_fill _viridis (discrete = TRUE, option = "inferno”, direction = -1) + #
direction = -1 changes the direction of the color scale
scale_fill _manual(values = c(#"lightcyanl”
"lightskyblue2"

'

,"lightseagreen'
,"lightpink”
,"palevioletred1"
,"violetred2"
,"violetred3"
,"violetred4 "))+
labs(x = TeX("$\\alpha_1%$"), y = TeX("$\\alpha_2$"), fill = TeX("% Size")) + #
colour refers to the title of the legend
theme(legend. title .align = 0.0 ) + # fto align in the center the title of the
legned
theme(legend .key.size = unit(0.4, ‘em’))+ # change legend key size (the size of
the tiles in the legend)

theme(legend . title = element_text(size = 9)) + # change the legend title fond size
theme(legend . text = element_text(size = 8)) + # change the legend text fond size
theme(axis.text = element_text(size = 6)) + # change the fond size of the axes

theme(axis.text.x = element_text(angle = 90, vjust = 0.5, hjust=1)) + # rotation
of the x axis points

theme(strip.text = element_text(size = 8, color = "gray30")) + # change the font
size and the color of the facets
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89 theme(strip .background =element_rect(fill="gray95")) + # change the background
color of the facets

theme(panel.border = element_rect(color = "gray93")) # change the color of the
outer border of the graphs

Pl

91
92
93 dev.off ()

C.5.3 Bootstrap p—value

I library (tibble)

> library (dplyr)

3 library (data. table)
4 library (future.apply)
5 plan(multisession)

7 hypvector <- function(v){
8 z <= c((v),

5 (ve(1-v)),
10 (v+(1-v)~2),
1 ((1-v)"3))

12 return(z)

15}

14

15 # Penalized BHH] divergence

16 P_BHHJ_Divergence_Function <- function(u, alpha, probvector, w) {
17 boolvect <— probvector > 0

18 ul <- hypvector(v = u)[boolvect]

19 u2 <- hypvector(v = u)[!boolvect]

20 probvectorl <- probvector[boolvect]

21 z <- sum(ul ~ (1 + alpha)) -

22 (1 + 1 / alpha) * sum(probvectorl = ul ~ alpha) +
23 (1 / alpha) % sum(probvectorl ~ (1 + alpha)) +

24 w + sum(u2 A (1 + alpha))

25 return(z)

26 }

28 # Modified BHH] Test Statistic
29 P_BHHJ_Test_Statistic <- function(ul, alphal, probvectorl, wl, n) {
30 z <—

31 ((2 = n) / (1 + alphal)) » P_BHHJ_Divergence_Function (
32 u = ul,

33 alpha = alphal,

34 probvector = probvectorl,

35 w = wl

36 )

37 return(z)

38}

40 al_vect <- ¢(0.01, 0.1, 0.3, 0.6)
41 a2_vect <- ¢(0.01, 0.1, 0.3, 0.6)
©» hl_vect <- ¢(1, 5, 15)
43 h2_vect <= c(1, 5, 15)

45 trial_table <— fread("01_Geometric_TestStatData_Simulations_10000_SampleSize _240_
ContRate _0.025_ThetaParamet_0.9_.csv")

47 # Retain only the important columns
48 trial_table_1 <- trial_table[ , c("phat_1"

49 ’ "phat_Z"

50 , "phat_3"

51 , "phat_4"

52 , "Squared_Error"

53 , "c_param") := NULL][ al %in% al_vect

54 & a2 %in% a2_vect

55 & hl %in% hl_vect

56 & h2 %in% h2_vect, ]
57

58 rm(list = "trial_table")
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59
60 # Bootstrap samples

61 B <= 200

62

63 for (i in al_vect){

64 for (j in a2_vect){

65 for(k in hl_vect) {
66 for(l in h2_vect){
67

68 test_1 <— trial_table_1[al == i

69 & a2 == j

70 & hl == k

71 & h2 == 1, ]

72

73 # Repeat each line of a data table a number of times
74 test_1 <- test_I1[rep(1:.N, each = B)]

/9

76 # Create the random vector for each line
77 boot_rel_freq <- setNames(

78 as.data. table(

79 t(future_apply(

80 test _1[]

81 , 1

82 , function (i) {

83 rmultinom(n = 1

84 , size = i[["n"]]

85 , prob = hypvector(i[[ "MDE"]])
86 )/ ill"'n"1]

87 }

88 , future.seed = TRUE

89 )

90 )

91 )

92 ,

93 c("b_phat_1", "b_phat_2", "b_phat_3", "b_phat_4")
94 )

95

96

97 test_1 <— cbind(

98 test_1

99 , boot_rel_freq

100 )

101

102 m(list = "boot_rel_freq")

103

104 # Calculate the bootstrap minimum divergence estimator
105 test _1[, boot_ MDE := future_apply(

106 test_1

107 1

108 ,function (i) {

109 optimise (

110 P_BHHJ_Divergence_Function

111 ,interval = c(0,1)

112 ,alpha = i[["a2"]]

113 w = i[["h2"]]

114 ,probvector = c(i[["b_phat_1"]]

115 ,i[["b_phat_2"]]
116 ,i[["b_phat_3"]]
117 ,i[["b_phat_4"]]) )$minimum
118 }

119 )

120 ]

121

122 # Calculate the bootstrap P_BHH] Test
123

124 test _1[, boot_TS := future_apply(

125 test_1

126 ,1

127 ,function (1) {

128 P_BHHJ_Test_Statistic (ul = i[["boot MDE"]]

129

130

,alphal =
wL= i[["h1"]]

i[[a1"]]
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,probvectorl = c(i[["b_phat_1"]]
A[["b_phat 2"]]
,i[["b_phat_3"]]
A[["b_phat 4"]])
m o= i[["n"]]
)
}
)
]
# Check if boot_TS >= Observed TS (TestStat)
test _1[, check_TS := future_apply(test_1
, function (i) {
i[["boot_TS"]] >= i[["TestStat"]]
D1
# Calculate the bootstrap p_value
test _1[, boot_p_value := sum(check_TS)/.N, by = index]
# Create a table with the index and the boot p_value as columns (p_value by
index)
boot_pvalue <— as.data.table (unique(test_1[, .(index, boot_p_value)], by =
index"))
# Append the boot p_value to the initial table
vv <— as.vector (boot_pvalue[,index])
bpv <- as.vector (boot_pvalue[,boot_p_value])
trial_table_1[index %in% vv
, boot_pvalue := bpv]
rm(list = c¢("test_1", "boot_pvalue"))
print(c(i,j k,1))
}
}
}
)
}
fwrite(trial_table_1, file = paste(

"01_Geometric_boot_pvalue"

, "u", min(trial_table_1[,u])

, "'n", min(trial_table_1[,n])

, "N", min(trial_table_1[,N])

, "B", B

, "cont_rate", min(trial_table_1[,cont_rate])
, ".csv"

, sep = "_"

C.6 Frequency distribution examination

library (dplyr)
library (data. table)
library (future.apply)
plan(multisession)
# Count Data Model Parameter Estimation
# Poisson Distribution
hypvector <- function(p, x){

z <— ¢

ppois(q = x[1], lambda = p)

,ppois(q = x[2], lambda = p) - ppois(q = x[1], lambda

p)
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lambda = p) - ppois(q = x[2

lambda = p)

,ppois(q = x[3],
,1 - ppois(q = x[3],

)

return(z)

}

# oo

Modified BHH] divergence

P_BHHJ_Divergence_Function <- functlon(u y, alpha, probvector,

boolvect <— probvector > 0

ul <- hypvector(p=u, x=y)[boolvect]
u2 <- hypvector(p=u, x=y)|[!boolvect]
probvectorl <— probvector[boolvect]
z <- sum(ul N (1 + alpha)) -

1,

lambda = p)

w)

(I + 1 / alpha) * sum(probvectorl = ul ” alpha) +
(1 / alpha) * sum(probvectorl A (1 + alpha)) +

w + sum(u2 A (1 + alpha))
return(z)

}

# —— Modified BHH] Test Statistic
P_BHHJ _Test_Statistic <— function(ul,
z <—

yl,

alphal,

probvectorl, wl,

n) |

((2 » n) / (1 + alphal)) » P_BHHJ_Divergence_Function (
u = ul,
y = yl,
alpha = alphal,
probvector = probvectorl,
w = wl

)

return(z)

}

z <—
} else
z <—

if (lamda == -1) {

sum(hypvector (p=u, x=y)

# - Cressie—Read divergence -—
 CR_Divergence_Function <- function(u, y, lamda, probvector) {
if (lamda == 0) {
vect <— probvector * log(probvector)
vect[vect == 'NaN’] <-= 0

sum(vect) — sum(probvector = log(hypvector(p=u, x=y)))

+ (log(hypvector(p=u, x=y)) — log(probvector)))

} else {
z <- (1 / (lamda = (lamda + 1))) = (sum((

probvector A (lamda + 1)) / (hypvector(p=u,

}

return(z)

}

# —— Cressie—Read Test Statistic
CR_Test_Statistic <- function(ul, y1,
if (lamdal == 0) f{

lamdal,

z <- 2 = n *» CR_Divergence_Function(u = ul,
probvectorl)
} else if (lamdal == -1) {
z <— 2 = n + CR_Divergence_Function(u = ul,
probvectorl)
} else {
z <— 2 = n + CR_Divergence_Function(u = ul,

probvectorl)

}

return(z)

}

# Data Table Generation
N <- 10000 # Repetitions of the Experiment

n <- 15 # Size of the sample

u <— 1000 # Poisson rate

mmin <- rep (NA, times = N)

y

y

y

x=y)) " lamda) - 1)

probvectorl, n) {

= yl, lamda = lamdal, probvector =
= yl, lamda = lamdal, probvector =
= yl, lamda = lamdal, probvector =
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mmax <— rep(NA, times = N)
mstep <- rep(NA, times = N)

phat_1 <— rep(NA, times = N)
phat_2 <— rep(NA, times = N)
phat_3 <— rep(NA, times = N)
phat_4 <- rep(NA, times = N)

for (i in 1 : N){
set.seed(seed = i)
obs <- rpois(n = n, lambda = u)
mmin[i] <- min(obs)
mmax[i] <— max(obs)
mstep[i] <— (max(obs) — min(obs))/4
phat_1[i] <- sum(obs <= min(obs) + 1 * (max(obs) — min(obs))/4) / length(obs)
phat_2[i] <-
(sum(obs <= min(obs) + 2 = (max(obs) — min(obs)) / 4)
— sum(obs <= min(obs) + 1 % (max(obs) — min(obs)) /
4)) / length(obs)
phat_3[i] <-
(sum(obs <= min(obs) + 3 = (max(obs) — min(obs)) / 4)
— sum(obs <= min(obs) + 2 % (max(obs) — min(obs)) /
4)) / length(obs)
phat_4[i] <- sum(obs > min(obs) + 3 x (max(obs) — min(obs))/4) / length(obs)
}

Pois_Data_Table <- data.table(index = 1:N

, mmin

, mmax

, mstep

, phat_1

, phat_2

, phat_3

, phat_4

, u)

Pois_Data_Table[, sum(phat_1
, phat_2
, phat_3
, phat_4) , by = index]

Parameters Definition for the composition of the Data Table

H o H*

The h tuning parameter may have no impact on the estimation and the test statistic
, since no empty cell may occur!.
# Before proceed further we should check the results regarding the empty cells.

zero_cell <- Pois_Data_Table[,
(
phat_1
, phat_2
, phat_3
, phat_4
)
1L,
(
sum(phat_1 == 0)/.N
, sum(phat_2 == 0)/.N
, sum(phat_3 == 0)/.N
, sum(phat_4 == 0)/.N
)
]

zero_cell

# Minimum Modified BHH] Divergence Estimator

h2_vect <- seq(0, 10, 1) # h2 wvalues.

a2_vect <- ¢(0.01, 0.1, 0.25, 0.50, 0.75) # a2 values.

a2 <— rep(a2_vect, each = length(h2_vect) * N)
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154 h2 <— rep(h2_vect, each = N, times = length(a2_vect))
155

156 MDE_Data <— data.table (a2, h2, n, Pois_Data_Table)
157

158 MDE_Data[, MDE := future_apply (MDE_Data, 1, function(i)/{

159 optimise (

160 P_BHHJ_Divergence_Function

161 ,interval = ¢(800,1200)

162 ,y = c(i[["mmin" ] + i[["mstep"]]

163 , A[["mmin"]] + 2 = i[["mstep"]]
164 , i1[["mmin"]] + 3 = i[["mstep"]])
165 ,alpha = i[["a2"]]

166 w o= 1i[["h2"]]

167 ,probvector = c(i[["phat_1"]]

168 ,i[["phat_2"]]

169 ,i[["phat_3"]]

170 ,i[["phat_4"]1]) ) $minimum
171 })1[, Squared_Error := (u - MDE)/2]

172

173

174 fwrite (x = zero_cell

175 , file = "Poisson_Model_Zero_Count.csv")

176

177 fwrite (x = MDE_Data

178 , file = "Poisson_Model MDE. csv")

179

180

181 # Minimum CR Divergence Estimator

182 1 <= c(rep(1, times = N), rep(0, times = N))

183

184 MDE_Data_CR <- data.table(l, n, Pois_Data_Table)
185

186 rm(list = "Pois_Data_Table")

187

188 MDE_Data_CR[, MDE := future_apply (MDE_Data_CR, 1, function(i){
189 optimise (

190 CR_Divergence_Function

191 ,interval = ¢(500,2000)

192 ,y = c(i[["mmin" J] + i[["mstep"]]

193 , i[["mmin"]] + 2 % i[["mstep"]]
194 , i[["mmin"]] + 3 = i[["mstep"]])
195 ,Jamda = i[["1"]]

196 ,probvector = c(i[["phat_1"]]

197 Si[["phat_2"]]

198 ,i[["phat_3"]]

199 ,i[["phat_4"1]) ) $minimum
200 }) [, Squared_Error := (u — MDE)"2]

201

202 fwrite (x = MDE_Data_CR

203 , file = "Poisson_Model MDE CR.csv")
204

205 # Test Statistic Calculation

206 #

207

208 # Modified BHH] Test Statistic
200 MDE_Data <— fread ("Poisson_Model MDE. csv")

211 MDE_Data <— MDE_Data[h2 == 1]

213 # count the rows of the data.table in which we are going to work
214 row_count <— nrow (MDE_Data)

217 hl_vect <= 1 #seq(0, 10, 1) # hl values.

218 al_vect <— ¢(0.01, 0.1, 0.25, 0.50, 0.75) # al wvalues.

219

220 # Test Statistic Data Table Generation

21 # create a table where the MDE for a2 and h2 is repeated

22 # as many times as al_vect times hl_vect

23 al <— rep(al_vect, each = length(hl_vect) * row_count)

224 hl <- rep(hl_vect, each = row_count, times = length(al_vect))

225
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226 Test_Stat_Data <— data.table(al,hl ,MDE_Data)

227

28 rm(list = "MDE_Data")

229

230 # Definition

232

233 for (mi in (1:1)){
Test_Stat_Data]|

234
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((

7

1,

0.5 * ((max(hypvector(p

(mi-1)*mslice)+1)

of the number

of rows for which the slice is going to be implemented
231 mslice <— nrow(Test_Stat_Data)/1

(mi * mslice)

c_param := future_apply(Test_Stat_Data[

(((mi-1)*mslice)+1)
1, function(i) {

(min(hypvector (p

(mi * mslice)

i[["™MDE"]]
o x = c(i[["mmin"]] + i[["mstep"]]
, [["mmin" J] + 2 + i[["mstep"]]

, A[["mmin"]] + 3 % i[["mstep"]])))) A i[["al"]]

+
i [["MDE' 1]

, ; c(i[["mmin"]] + i[["mstep"]]

, A[["mmin"]] + 2 % i[["mstep"]]

,i[[mmin']] + 3« i[["mstep’]11)))) A il["al"

1
1
Test_Stat_Data|
(((mi-1)*mslice)+1) (mi = mslice)
, TestStat := future_apply(Test_Stat_Data[

(((mi-1)=*mslice) +1)
1, function(i) {

(mi = mslice)

P_BHHJ_Test_Statistic (ul = i[["MDE"]]

1,
1
}
fwrite

(x = Test_Stat_Data,

, alphal = i[["al"]]
, y1 = c(i[["mmin"]] + i
, i [["mmin"]] +
, i[["mmin"]] +
, wl = i[["h1"]]
, probvectorl = c(i[["phat_1"]]
,i[["phat_2"]]
,il["phat_3"]]
Ji[["phat_4"1])

[[ "mstep"]]

[
2 « i[["mstep"]]
3 « i[["mstep"]])

;o= i[["n"]])

file = "Poisson_Model _TS.csv")

# CR Test Statistic
MDE_Data_CR <- fread ("Poisson_Model MDE CR.csv")

# count the rows of the data.table in which we are going to work
row_count <- nrow (MDE_Data_CR)

Test_Stat_Data_CR <- data. table (MDE_Data_CR)

rm(lis

t = "MDE_Data_CR")

# Definition of the number
mslice <- nrow(Test_Stat_Data_CR)/1

for (mi in (1:1)){

Test
((

’

1,

_Stat_Data_CR][
(mi-1)*mslice)+1)

of rows for which the slice is going to be implemented

(mi = mslice)

TestStat := future_apply(Test_Stat_Data_CR[

(((mi-1)+mslice)+1)
1, function(i) {
CR_Test_Statistic (ul

(mi = mslice)

= i[["MDE"]]

, lamdal = i[["1"]]

, vyl = c(i[["mmin"]] + i[["mstep"]]
, 1[["mmin" J] + 2 + i[["mstep"]]
, i[["mmin"]] + 3 * i[["mstep"]])
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, probvectorl = c(i[["phat_1"]]
A[["phat_2"]]
ALl phat_3"]]
A [["phat_4"])
, o= i[["n"]])
1

}

fwrite (x = Test_Stat_Data_CR,
file = "Poisson_Model _TS_CR.csv")

mydata <- Test_Stat_Data_CR %%

#select (—one_of (extra_cols)) %%
mutate (HORejection = if_else(TestStat >= qchisq(p=0.05, df = 2, lower. tail = FALSE

Y, 1, 0)) %%

group_by (1) %%
summarize (RejectionTimes = sum(HORejection), RejectionPercentage = (sum(

HORejection)/10000)+100)

fwrite (x = mydata,
file = "Poisson_Model _TS_Size CR.csv")

C.7 Severity distribution examination

library (data. table)
library (future.apply)
plan(multisession)
library (eva)

# data range generation
<- c(rlnorm(n = 995, meanlog = 6, sdlog = 1)
, rgpd(n = 5,loc = 15000 , scale =

obs

# number of bins
bins <- ceiling (sqrt(length(obs)))

hypvector <- function(p, x){

z

1200, shape = 1.5))

plnorm(q = x[1], meanlog = p[1], sdlog = p[2])

,plnorm(q = x[2], meanlog
[1], sdlog = p[2])
,plnorm(q = x[3], meanlog
[1], sdlog = p[2])
,plnorm(q = x[4], meanlog
[1], sdlog = pl[2])
,plnorm(q = x[5], meanlog
[1], sdlog = p[2])
,plnorm(q = x[6], meanlog
[1], sdlog = p[2])
,plnorm(q = x[7], meanlog
[1], sdlog = pl[2])
,plnorm(q = x[8], meanlog
[1], sdlog = pl[2])
,plnorm(q = x[9], meanlog
[1], sdlog = p[2])
,plnorm(q = x[10], meanlog
[1], sdlog = p[2])
,plnorm(q = x[11], meanlog
[1], sdlog = p[2])
,plnorm(q = x[12], meanlog
[1], sdlog = p[2])
,plnorm(q = x[13], meanlog
[1], sdlog = p[2])
,plnorm(q = x[14], meanlog
[1], sdlog = p[2])
,plnorm(q = x[15], meanlog
[1], sdlog = pl[2])
,plnorm(q = x[16], meanlog
[1], sdlog = pl[2])
,plnorm(q = x[17], meanlog
[1], sdlog = pl[2])

plll,
pl1l,
pl1l,
pl1l],
pl1],
pl1],
pl1l,
pl1l,
pl1l,
pl1l,
pl1l],
pl1],
pl1],
pl1],
pl1l,

pl1l],

sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog
sdlog

sdlog

= pl2])
= pl2])
= pl2])
= pl2])
= pl2D)
= pl2D)
= pl2])

= pl2])

= pl2])
= pl2])
= pl2])
= pl2])
= pl2D)
= pl2D
= pl2])

= pl2])

plnorm(q =
plnorm(q =
plnorm(q =
plnorm(q =
plnorm(q =
plnorm(q =
plnorm (q =

plnorm(q =

plnorm (q
plnorm(q
plnorm(q
plnorm(q
plnorm(q
plnorm(q
plnorm (q

plnorm(q

x[1], meanlog = p
x[2], meanlog = p
x[3], meanlog = p
x[4], meanlog = p
x[5], meanlog = p
x[6], meanlog = p
x[7], meanlog = p
x[8], meanlog = p
x[9], meanlog = p
x[10], meanlog =
x[11], meanlog =
x[12], meanlog =
x[13], meanlog =
x[14], meanlog =
x[15], meanlog =

x[16], meanlog =



68
69

70

89
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,plnorm(q = x[18], meanlog = p[1], sdlog = p[2]) - plnorm(q = x[17], meanlog = p
[1], sdlog = p[2])
,plnorm (q = x[19], meanlog = p[1], sdlog = p[2]) - plnorm(q x[18], meanlog = p
[1], sdlog = pl[2])
,plnorm (q = x[20], meanlog pll]l, sdlog = p[2]) - plnorm(q x[19], meanlog = p
[1], sdlog = pl[2])
,plnorm (q = x[21], meanlog pl1l], sdlog = p[2]) - plnorm(q x[20], meanlog = p
[1], sdlog = p[2])
,plnorm(q = x[22], meanlog pll], sdlog = p[2]) - plnorm(q x[21], meanlog = p
[1], sdlog = p[2])
,plnorm(q = x[23], meanlog = p[1], sdlog = p[2]) - plnorm(q = x[22], meanlog = p
[1], sdlog = p[2])
,plnorm(q = x[24], meanlog = p[1], sdlog = p[2]) - plnorm(q = x[23], meanlog = p
[1], sdlog = p[2])
,plnorm(q = x[25], meanlog pll], sdlog = p[2]) - plnorm(q x[24], meanlog = p
[1], sdlog = p[2])
,plnorm(q = x[26], meanlog = p[1], sdlog = p[2]) - plnorm(q = x[25], meanlog = p
[1], sdlog = p[2])
,plnorm (q = x[27], meanlog = p[1], sdlog = p[2]) - plnorm(q x[26], meanlog = p
[1], sdlog = pl[2])
,plnorm (q = x[28], meanlog pll], sdlog = p[2]) - plnorm(q x[27], meanlog = p
[1], sdlog = pl[2])
,plnorm(q = x[29], meanlog = p[1], sdlog = p[2]) - plnorm(q = x[28], meanlog = p
[1], sdlog = pl[2])
,plnorm(q = x[30], meanlog pll], sdlog = p[2]) - plnorm(q x[29], meanlog = p
[1], sdlog = pl[2])
,plnorm(q = x[31], meanlog = p[1], sdlog = p[2]) - plnorm(q = x[30], meanlog = p

)

[1], sdlog = pl[2])

,1 — plnorm(q = x[31], meanlog = p[1], sdlog = p[2])

return(z)

}

P

Penalized BHH] divergence

P_BHHJ_Divergence_Function <- function(u, y, alpha,
boolvect <— probvector > 0
ul <- hypvector(p=u, x=y)[boolvect]
u2 <- hypvector(p=u, x=y)[!boolvect]
probvectorl <— probvector[boolvect]
z <— sum(ul A (1 + alpha)) -

(1 + 1 / alpha) * sum(probvectorl = ul A alpha) +

(1 / alpha) * sum(probvectorl A (1 + alpha)) +

w + sum(u2 A (1 + alpha))

return(z)

}

FT

zZ <—

((2

u ul,

y =yl,

alpha = alphal,
probvector = probvectorl,
w = wl

)

I n =

return(z)

}

# o

Cressie—Read divergence

Modified BHH] Test Statistic
P_BHHJ _Test_Statistic <- function(ul, yl, alphal, probvectorl, wl, n) {

probvector, w) {

n) / (1 + alphal)) = P_BHHJ_Divergence_Function (

CR_Divergence_Function <- function(u, y, lamda, probvector) {
if (lamda == 0) {
vect <- probvector * log(probvector)

}

vect[vect == 'NaN’] <- 0

z <— sum(vect) — sum(probvector * log(hypvector(p=u, x=y)))

else if (lamda == -1) {

z <— sum(hypvector(p=u, x=y)

+ (log(hypvector(p=u, x=y)) - log(probvector)))

else {

z <— (1 / (Jamda = (lamda + 1))) = (sum((
probvector A (lamda + 1)) / (hypvector(p=u, x=y)) » lamda) - 1)
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90 }

91 return(z)

92 }

93

94 # —— Cressie—Read Test Statistic ———

95 CR_Test_Statistic <— function(ul, yl, lamdal, probvectorl, n) {
9% if (lamdal == 0) {

97 z <— 2 » n * CR_Divergence_Function(u = ul, y = yl, lamda = lamdal, probvector =
probvectorl)

98 } else if (lamdal == -1) {

99 z <— 2 = n + CR_Divergence_Function(u = ul, y = yl, lamda = lamdal, probvector =
probvectorl)

100 } else {

101 z <- 2 » n * CR_Divergence_Function(u = ul, y = yl, lamda = lamdal, probvector =
probvectorl)

102 }

103 return(z)

104 }

105

106

107 #

108 # Data Table Generation

109

110 N <— 1074 # Repetitions of the Experiment

111 n <— 1073 # Size of the sample

112 mu <- 6 # menanlog parameter

13 sd <= 1 # sdlog parameter

114

115 mstep <— rep(NA, times = N)

116

117 phat_1 <— rep(NA, times = N)

115 phat_2 <- rep(NA, times = N)

119 phat_3 <— rep(NA, times = N)

120 phat_4 <- rep(NA, times = N)

121 phat_5 <— rep(NA, times = N)

122 phat_6 <- rep(NA, times = N)

123 phat_7 <— rep(NA, times = N)

124 phat_8 <— rep(NA, times = N)

125 phat_9 <- rep(NA, times = N)

126 phat_10 <— rep(NA, times = N)

127 phat_11 <- rep(NA, times = N)

128 phat_12 <- rep(NA, times = N)

129 phat_13 <- rep(NA, times = N)

130 phat_14 <- rep(NA, times = N)

131 phat_15 <— rep(NA, times = N)

132 phat_16 <- rep(NA, times = N)

133 phat_17 <— rep(NA, times = N)

134 phat_18 <- rep(NA, times = N)

135 phat_19 <- rep(NA, times = N)

136 phat_20 <- rep(NA, times = N)

137 phat_21 <- rep(NA, times = N)

138 phat_22 <- rep(NA, times = N)

139 phat_23 <- rep(NA, times = N)

140 phat_24 <— rep(NA, times = N)

141 phat_25 <- rep(NA, times = N)

142 phat_26 <— rep(NA, times = N)

143 phat_27 <- rep(NA, times = N)

144 phat_28 <- rep(NA, times = N)

145 phat_29 <- rep(NA, times = N)

146 phat_30 <- rep(NA, times = N)

147 phat_31 <— rep(NA, times = N)

148 phat_32 <- rep(NA, times = N)

149

150 for (i in 1 : N){

151 set.seed(seed = i)

152 obs <— c(rlnorm(n = 995, meanlog = mu, sdlog = sd)

153 , rgpd(n = 5,loc = 15000 , scale = 1200, shape = 1.5))

154 # step for the construction of the bins

155 step <— ceiling (quantile(obs, 0.75)[[1]] - quantile(obs, 0.25)[[1]])
156 # step vector for the construction of the bins

157 mstep[i] <- step

158 phat_1[i] <- sum(obs <= step) / n
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phat_2[i]

phat_3[1i]

phat_4[i]

phat_5[1i]

phat_6[i]

phat_7[i]

phat_8[i]

phat_9[i]

phat_10[1i]
phat_11[i]
phat_12[i]
phat_13[i]
phat_14[i]
phat_15[i]
phat_16[i]
phat_17[i]
phat_18[1i]
phat_19[1i]
phat_20[1i]
phat_21[i]
phat_22[i]
phat_23[1i]
phat_24[i]
phat_25[1i]
phat_26[1i]
phat_27[i]
phat_28[1i]
phat_29[i]
phat_30[1i]
phat_31[i]
phat_32[i]

}

<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
<— (sum(obs
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LogNor_Data_Table[,
sum(c(phat_1
, phat_2
, phat_3
, phat_4
, phat_5
, phat_6
, phat_7
, phat_8
, phat_9
, phat_10
, phat_11
, phat_12
, phat_13
, phat_14
, phat_15
, phat_16
, phat_17
, phat_18
, phat_19
, phat_20
, phat_21
, phat_22
, phat_23
, phat_24
, phat_25
, phat_26
, phat_27
, phat_28
, phat_29
, phat_30
, phat_31

phat_32)),

by = index]

zero_cell <— LogNor_Data_Table[,

.(phat_1

’

’

phat_2
phat_3
phat_4
phat_5
phat_6
phat_7
phat_8
phat_9
phat_10
phat_11
phat_12
phat_13
phat_14
phat_15
phat_16
phat_17
phat_18
phat_19
phat_20
phat_21
phat_22
phat_23
phat_24
phat_25
phat_26
phat_27
phat_28
phat_29
phat_30
phat_31
phat_32) ][,

. sum(phat_1 == 0) / .N
, sum(phat_2 == 0) / .N
, sum(phat_3 == 0) / .N
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, sum(phat_4 == 0) / .N
, sum(phat_5 == 0) / .N
, sum(phat_6 == 0) / .N
, sum(phat_7 == 0) / .N
, sum(phat_8 == 0) / .N
, sum(phat_9 == 0) / .N
, sum(phat_10 == 0) / .N
, sum(phat_11 == 0) / .N
, sum(phat_12 == 0) / .N
, sum(phat_13 == 0) / .N
, sum(phat_14 == 0) / .N
, sum(phat_15 == 0) / .N
, sum(phat_16 == 0) / .N
, sum(phat_17 == 0) / .N
, sum(phat_18 == 0) / .N
, sum(phat_19 == 0) / .N
, sum(phat_20 == 0) / .N
, sum(phat_21 == 0) / .N
, sum(phat_22 == 0) / .N
, sum(phat_23 == 0) / .N
, sum(phat_24 == 0) / .N
, sum(phat_25 == 0) / .N
, sum(phat_26 == 0) / .N
, sum(phat_27 == 0) / .N
, sum(phat_28 == 0) / .N
, sum(phat_29 == 0) / .N
, sum(phat_30 == 0) / .N
, sum(phat_31 == 0) / .N
, sum(phat_32 == 0) / .N
)
]
zero_cell
fwrite(x = zero_cell,
file = "Severity_Model_Zero_Cell.csv")

#
#

Parameters

Definition for the composition of the Data Table

h2_vect <- ¢(0, 1,
a2_vect <- ¢(0.01,

a2 <- rep(a2_vect,
h2 <- rep(h2_vect, each = N, times = length(a2_vect))

2,3,4,5,6,7,8,9, 10) # h2 values.
0.1, 0.25, 0.50, 0.75) # a2 values.

each = length(h2_vect) = N)

MDE_Data <- data.table(a2, h2, n, LogNor_Data_Table)

# Minimum Divergence Estimation

# Minimum Modified BHH] Estimation

MDE_Data[, opt_vect := future_apply (MDE_Data, 1, function(i){
as.list (optim(par = c(4, 1.5)

,P_BHHJ_Divergence_Function

,y = c(1

+ i[["mstep"]]

2 % i[["mstep"]]
3 + i[["mstep"]]
4 » i[["mstep"]]
5 % i[["mstep"]]
6 * i[["mstep"]]
7 % i[["mstep"]]
8 + i[["mstep"]]
9 % i[["mstep"]]
10 # i[["mstep"]]
11 = i[["mstep"]]
12 + i[["mstep"]]
13 + i[["mstep"]]
14 + i[["mstep"]]
15 + i[["mstep"]]
16 + i[["mstep"]]
17 + i[["mstep"]]
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375 , 18 % i[["mstep"]]

376 , 19 « i[["mstep"]]

377 , 20 % i[["mstep"]]

378 , 21 + i[["mstep"]]

379 , 22 % i[["mstep"]]

380 , 23 % i[["mstep"]]

381 , 24 + i[["mstep"]]

382 , 25 % i[["mstep"]]

383 , 26 * i[["mstep"]]

384 , 27 % i[["mstep"]]

385 , 28 + i[["mstep"]]

386 , 29 % i[["mstep"]]

387 , 30 + i[["mstep"]]

388 , 31 = i[["mstep"]]

389 )

390 , alpha = i[["a2"]]

391 , w=1[["h2"]]

392 , probvector = c(i[["phat_1"]]

393 , i[["phat_2"]]
394 , i[["phat_3"]]
395 , i[["phat_4"]]
396 , i[["phat_5"]]
397 , i[["phat_6"]]
398 , i[["phat_7"]]
399 , i[["phat_8"]]
400 , i[["phat_9"]]
401 , i[["phat_10"]]
402 , i[["phat_11"]]
403 , i[["phat_12"]]
404 , i[["phat_13"]]
405 , i[["phat_14"]]
406 , i[["phat_15"]]
407 , i[["phat_16"]]
408 , i[["phat_17"]]
409 , i[["phat_18"]]
410 , i[["phat_19"]]
411 , i[["phat_20"]]
412 , i[["phat_21"]]
413 , i[["phat_22"]]
414 , i[["phat_23"]]
415 , i[["phat_24"]]
416 , i[["phat_25"]]
417 , i[["phat_26"]]
418 , i[["phat_27"]]
419 , i[["phat_28"]]
420 , i[["phat_29"]]
421 , i[["phat_30"]]
422 , i[["phat_31"]]
423 , i[["phat_32"]]
424 )

425 #,lower = c(5, 0.8)

426 #,upper = c(7, 1.2)

427

428 )$par)

2 )]

430

431

432 MDE_Data[, meanlog := future_apply (MDE_Data, 1, function(i){
433 i[["opt_vect"11[[1]]

14 1) ]

435

436 MDE_Data[, sdlog := future_apply (MDE_Data, 1, function(i){
437 i[["opt_vect"]][[2]]

38 1)1

439

440 MDE_Data[, c¢("muSE", "sdSE") := .((meanlog — mu)”2
441 ,(sdlog — sd)”"2 )]
442

443 MDE_Data[, overallSE := muSE + sdSE]

444

45 fwrite(x = MDE_Data[, opt_vect := NULL]
446 , file = "Severity_Model MDE.csv")
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# Minimum CR Estimation
1 <- c(rep(1, times = N), rep(0, times = N))

MDE_Data_CR <- data.table(l, n, LogNor_Data_Table)

MDE_Data_CR[, opt_vect := future_apply (MDE_Data_CR, 1, function(i){
as.list (optim(par = c(4, 1.5)
,CR_Divergence_Function
, ¥y =c(l » i[["mstep"]]

, 2 % i[["mstep"]]

, 3 % i[["mstep"]]

, 4+ i[["mstep"]]

, 5 % i[["mstep"]]

, 6 % i[["mstep"]]

, 7« i[["mstep"]]

, 8 % i[["mstep"]]

, 9 % i[["mstep"]]

, 10 # i[["mstep"]]
, 11 = i[["mstep"]]
, 12 % i[["mstep"]]
, 13 % i[["mstep"]]
, 14 + i[["mstep"]]
, 15 % i[["mstep"]]
, 16 + i[["mstep"]]
, 17 % i[["mstep"]]
, 18 + i[["mstep"]]
, 19 = i[["mstep"]]
, 20 = i[["mstep"]]
, 21 % i[["mstep"]]
, 22 % i[["mstep"]]
, 23 + i[["mstep"]]
, 24 + i[["mstep"]]
, 25 + i[["mstep"]]
, 26 % i[["mstep"]]
, 27 + i[["mstep"]]
, 28 + i[["mstep"]]
, 29 % i[["mstep"]]
, 30 + i[["mstep"]]
, 31 » i[["mstep"]]

)

, lamda = i[["1"]]

, probvector = c(i[["phat_1"]]
, i[["phat_2"

i[["phat_3"

i[["phat_4"
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, i[["phat_31"]]
, i[["phat_32"]]
)
#,lower = c(5, 0.8)
#,upper = c(7, 1.2)

)$par)
N1

VMDE_Data_CR[, meanlog := future_apply (MDE Data_CR, 1, function(i){
i[["opt_vect"]][[1]]
D1

MDE_Data_CR[, sdlog := future_apply (MDE_Data_CR, 1, function(i)/{
i[["opt_vect"]][[2]]
D1

>37 MDE_Data_CR[, c("muSE", "sdSE") := .((meanlog — mu)”2
,(sdlog - sd)”2 )]

MDE_Data_CR[, overallSE := muSE + sdSE]

fwrite (x = MDE_Data_CR[, opt_vect := NULL]
, file = "Severity_Model MDE CR.csv")

# Test Statistic Calculation

# Modified BHH] Test Statistic
MDE_Data <- fread("Severity_Model MDE.csv")
MDE_Data <— MDE_Data[h2 %in% c(1,5)]

# count the rows of the data.table in which we are going to work
3 row_count <- nrow (MDE_Data)

hl_vect <- c(1,5) # hl values.
al_vect <= ¢(0.01, 0.1, 0.25, 0.50, 0.75) # al values.

# Test Statistic Data Table Generation

# create a table where the MDE for a2 and h2 is repeated

# as many times as al_vect times hl_vect

al <— rep(al_vect, each = length(hl_vect) * row_count)

hl <- rep(hl_vect, each = row_count, times = length(al_vect))

5 Test_Stat_Data <— data.table(al,hl,MDE Data)
rm(list = "MDE Data")

# Definition of the number of rows for which the slice is going to be implemented
mslice <— nrow(Test_Stat_Data)/100

for (mi in (1:100)){
print (mi)
Test_Stat_Data]
(((mi-1)*+mslice)+1) : (mi = mslice)
, c_param := future_apply(Test_Stat_Data]
(((mi-1)*mslice)+1) : (mi = mslice)
], 1, function(i) {
0.5 + ((max(hypvector(p = c(i[["meanlog"]], i[["sdlog"]])
, = ¢(1l = i[["mstep"]]
+ i[["mstep
+ 1[["mstep
+ i[["mstep
+ 1[["mstep
+ i[["mstep
*

X

N

i[["mstep
i[["mstep
i[["mstep
0 % i[["mstep’
, 11 = i[["mstep’

SV G S G ey

1]
3 1]
4 1]
5 1]
, 6 1]
7 1]
8 1]
9 1]
1 ]
]

1]
11
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N N N

)))) A 1[["a1 11+
c(i[["meanlog"]], i[["sdlog"]I)
= c(1

(min(hypvector (p

, X

D1

Test_Stat_Data]|
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663 , 10 # i[["mstep"]]
664 , 11 « i[["mstep"]]
665 , 12 % i[["mstep"]]
666 , 13 + i[["mstep"]]
667 , 14 + i[["mstep"]]
668 , 15 = i[["mstep"]]
669 , 16 + i[["mstep"]]
670 , 17 % i[["mstep"]]
671 , 18 + i[["mstep"]]
672 , 19 % i[["mstep"]]
673 , 20 + i[["mstep"]]
674 , 21 = i[["mstep"]]
675 , 22+ i[["mstep"]]
676 , 23 % i[["mstep"]]
677 , 24 + i[["mstep"]]
678 , 25 + i[["mstep"]]
679 , 26 % i[["mstep"]]
680 , 27 + i[["mstep"]]
681 , 28 + i[["mstep"]]
682 , 29 « i[["mstep"]]
683 , 30 * i[["mstep"]]
684 , 31x i[["mstep"]]
685 )
686 , wl = i[["h1"]]
687 , probvectorl = c(i[["phat_1"]]
688 , i[["phat_2"]]
689 , i[["phat_3"]]
690 , i[["phat_4"]]
691 , i[["phat_5"]]
692 , i[["phat_6"]]
693 , i[["phat_7"]]
694 , i[["phat_8"]]
695 , i[["phat_9"]]
696 , i[["phat_10"1]]
697 , i[["phat_11"]]
698 , i[["phat_12"]]
699 , i[["phat_13"1]]
700 , i[["phat_14"]]
701 , i[["phat_15"1]]
702 , i[["phat_16"]]
703 , i[["phat_17"1]]
704 , i[["phat_18"]]
705 , i[["phat_19"1]]
706 , i[["phat_20"]]
707 , i[["phat_21"]]
708 , i[["phat_22"]]
709 , i[["phat_23"]]
710 , i[["phat_24"]]
711 , i[["phat_25"]]
712 , i[["phat_26"1]]
713 , i[["phat_27"]]
714 , i[["phat_28"]]
715 , i[["phat_29"]]
716 , i[["phat_30"]]
717 , i[["phat_31"]]
718 , i[["phat_32"]]
719 )
720 , n=1[["n"]])
721 1) ]
722
723}
724
725 Test_Stat_Data[index == 1]
726
727 fwrite (x = Test_Stat_Data
728 , file = "Severity_Model _TS.csv")
729
730

731 # CR Test

Statistic

732 MDE_Data_CR <- fread ("Severity_Model MDE CR.csv")

733

734 # count the rows of the data.table in which we are going to work
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804
805
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row_count <- nrow (MDE_Data_CR)

Test_Stat_Data_CR <- data.table (MDE_Data_CR)

rm( lis

# Definition of the number of rows for which the slice

t = "MDE_Data_CR")

mslice <— nrow(Test_Stat_Data_CR)/1

for (mi in (1:1)){
print(mi)
Test_Stat_Data_CR[

((

I,

(mi-1)*mslice)+1)

(((mi-1)*mslice)+1)
1, function(i) {
CR_Test_Statistic (ul

(mi = mslice),
TestStat := future_apply(Test_Stat_Data_CR[
(mi * mslice)

= c(i[["meanlog"]1], i[["sdlog"]])
if["1"]]
+ 1[["mstep"]]
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807 , i[["phat_23"]]
808 , i[["phat_24"]]
809 , i[["phat_25"]]
810 , i[["phat_26"1]]
811 , i[["phat_27"]]
812 , i[["phat_28"]]
813 , i[["phat_29"1]]
814 , i[["phat_30"]]
815 , i[["phat_31"]]
816 , i[["phat_32"]]
817 )

818 , n=1[["n"]])

819 1)1

820 }

821

822 fwrite(x = Test_Stat_Data_CR

823 , file = "Severity_Model _TS_CR.csv")

824

825 mydata <— Test_Stat_Data_CR %%

826  #select (—one_of(extra_cols)) %%

827 mutate (HORejection = if_else(TestStat >= qchisq(p=0.05, df = 29, lower. tail =
FALSE), 1, 0)) %%

828 group_by (1) %%

829 summarize(RejectionTimes = sum(HORejection), RejectionPercentage = (sum(
HORejection)/10000)+100)

830

831 fwrite (x = mydata,

832 file = "Severity_Model TS_Size_CR.csv")
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